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Abstract: The aim of this work is to study oscillatory behavior of solutions for even-order neutral
nonlinear differential equations. By using the Riccati substitution, a new oscillation conditions is
obtained which insures that all solutions to the studied equation are oscillatory. The obtained results
complement the well-known oscillation results present in the literature. Some example are illustrated
to show the applicability of the obtained results.
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1. Introduction

Neutral differential equations appear in models concerning biological, physical and chemical
phenomena, optimization, mathematics of networks, dynamical systems and their application in
concerning materials and energy as well as problems of deformation of structures, elasticity or
soil settlement, see [1].

Recently, there has been steady enthusiasm for acquiring adequate conditions for oscillatory and
nonoscillatory behavior of differential equations of different orders; see [2-13]. Particular emphasize
has been given to the study of oscillation and oscillatory behavior of these equations which have been
under investigation by using different methods an various techniques; we refer to the papers [14-26].
In this paper we study the oscillatory behavior of the even-order nonlinear differential equation

(r© (=" 1 ©)") +a@x (G(e) =0, )

where ¢ > o, n is an even natural number and z (¢) = x(g) + p(¢)x(7(¢)). Throughout
this paper, we suppose that: r € Clgp, ), r(g) > 0,7 (¢) > 0, p,g € C([g0,0)), q(¢) > 0,
0 < p(g) < po < 0, q is not identically zero for large ¢, T € Cl[gp, ), § € Clgo, ), T/ (g) > 0,
T(6) < ¢, limg 00 T(g) = lim¢ 400 0 (g) = 00, & is @ quotient of odd positive integers and

/oo r~V% () ds = co. )

S0
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Definition 1. Let x be a real function defined for all ¢ in a real interval I := [gx, 00), Gx > Go, and having an
(n— 1)”‘ derivative for all ¢ € 1. The function f is called a solution of the differential Equation (1) on I if it
fulfills the following two requirements:

(r©@ (B +p )"V (9)") € C (g )

and
x (g) satisfies (1) on [y, 00).

Definition 2. A solution of (1) is called oscillatory if it has arbitrarily large zeros on (g, 00), and otherwise is
called to be nonoscillatory.

Definition 3. The Equation (1) is said to be oscillatory if all its solutions are oscillatory.

We collect some relevant facts and auxiliary results from the existing literature.
Bazighifan [2] using the Riccati transformation together with comparison method with second
order equations, focuses on the oscillation of equations of the form

(r@ (" @)") +a(e) f (x(3(e)) =0, )

where 7 is even.

Moaaz et al. [27] gives us some results providing informations on the asymptotic behavior of (1).
This time, the authors used comparison method with first-order equations.

In [28] (Theorem 2), the authors considered Equation (1) and proved that (1) is oscillatory if

/oo (‘I’ (5) 24 r(s) (¢’ (S))Hl) ds = oo,
% (

a +1)a+1 ‘uthZapzx (S)

for some p € (0,1) and

[ (o (@ mir o) -5g)e-

where ¥ () := 8p () Q(¢) (1 p (g (¢, ))" (g (¢, @) /6)™.
Xing et al. [29] proved that (1) is oscillatory if

(671©) 28>0, 7 () 21 >0, T (3(0)) < ¢

and

lim inf ¢ q(s) (s”*1>ads > <1 + Py ) ((n = 1)!)“,
=00 Jr-1(5(g)) 7 (5) do  domo e
where 7 (¢) := min {g (67" (¢)) .9 (67" (7 (¢))) }-
In this article, we establish some oscillation criteria for the Equation (1) which complements some
of the results obtained in the literature. Some examples are presented to illustrate our main results.
To prove our main results we need the following lemmas:

Lemma 1 ([28]). Let o > 1 be a ratio of two odd numbers. Then
a Doc+1

Dw — (e+)/e %
w—Cw — (0(+1)“+1 Cu 4

C>0.
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Lemma 2 ([30]). Let i (¢) € C" ([co,0),(0,00)). If k"= (¢) b (¢) < 0 for all ¢ > ¢, then for every
0 € (0,1), there exists a constant M > 0 such that

W (0c) = M¢"2h" "V (g),
for all sufficient large g.

Lemma 3 ([31] Lemma 2.2.3). Let x € C" ([gg, ), (0,00)). Assume that x\") (¢) is of fixed sign and not
identically zero on [o, o) and that there exists a ¢, > ¢o such that x("=1) (¢) x(") (¢) < 0 forall ¢ > ¢;.
Iflim¢ o0 x (g) # O, then for every y € (0,1) there exists g, > g1 such that

x(g) > (nfl)!g”‘l 0 (o)) for ¢ > gy

Lemma 4 ([32]). Let h € C" ([go, ), (0,00)) . If k") (¢) is eventually of one sign for all large g, then there
exists a ¢y > ¢ for some ¢1 > ¢o and an integer m, 0 < m < n with n + m even for K™ (¢) > 0 or
n 4 m odd for K" (¢) < 0 such that m > 0 implies that h'©) (¢) > 0 for ¢ > ¢y, k=10,1,...,m — 1 and
m < n — 1 implies that (—1)m+kh(k) (¢) >0forc>¢cyk=mm+1,...,n—1.

2. One Condition Theorem
Notation 1. Here, we define the next notation:

_ 8(s) 8 (s)\""
00 = s (PO 5

(
_9(s) (n—2)n)" 9 (s) """
O = T (#0450

and
Q(s)=min{q (67()) ,q (67 (r(5))) }-
Following [33], we say that a function ® = @ (g,s,/) belongs to the function class Y if
® € (E,R) where E = {(g,s,1) : go <1 < s < ¢} which satisfies ® (¢,¢,I) = 0, ®(g,1,I) = 0 and
D (g,s5,1) >0,forl < s < ¢ and has the partial derivative 0®/ds on E such that 9®/9s is locally

integrable with respect to s in E.

Definition 4. Define the operator B [-;1,g] by

B[h;l,g]:/lg<1>(g,s,l)h(s)ds,

forgo <1<s<gandh € C([gp,),R). The function ¢ = ¢ (g,s,1) is defined by

0D (¢,s,1
Rlesl) g gs s,

Remark 1. It is easy to verify that B [-;1,g] is a linear operator and that it satisfies
B [i;1,¢] = —Blhe;Lcl, forh € Cl([co, ), R). @

Lemma 5. Assume that x is an eventually positive solution of (1) and

(67 (@) 28>0 (t(©) 2w >0. 5)
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Then

& 0(70) & (@)
L F (r(67 ) (2" (67t r (g))))"‘)' L Q)2 () <0. ©

J0To

Proof. Let x be an eventually positive solution of (1) on [go, o). From (1), we see that

0= ((5—11(g)), (r (5*1 (g)) (z(nfl) ((571 (g))>a)’ g (5,1 (g)> X (c). @)
Thus, for all sufficiently large ¢, we have
- e )

gy (@) (0 (e @))
+q (571()) x* () + pia (67 (T (6))) ¥ (7 (c))- ®)

From (8) and the definition of z, we get

7 (671 (6)) " (6) +pba (67 (1(6))) x* (x (<))

(AVARRAYS

(c)- )

Thus, by using (8) and (9), we obtain

sy ((0) (0 5 0)) )

toay CETE@) T (e @))") +e@=©). o

From (5), we get

0= E (@) (Y (@)

(1 (57 (@) (200 (6 @)) + Q02 (9.

J0To

This completes the proof. O

Theorem 1. Let (2) hold. Assume that there exist positive functions ¢ € C' ([gp,00),R) such that for all
M>0

lim supB
G—00

r(671(s)) por (671 (T (s)))
9 (s s)— Qs H 0, 11
5 Q) <>( T ol (T(S)))“)a) g] S0, a

for some A € (0,1), then (1) is oscillatory.
Proof. Suppose that (1) has a nonoscillatory solution in [gg, c0). Without loss of generality, we let x be

an eventually positive solution of (1). Then, there exists a g1 > ¢o such that x (¢) > 0, x (7 (¢)) > 0
and x (6 (¢)) > 0 for ¢ > ¢1. Thus, we have
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2(¢) >0, 2 (¢) >0, 2"V (¢) >0, z" (¢) < 0. (12)
By Lemma 2, we get
2 (A¢) = M¢" %"V (g), (13)
where M is positive constant. Now, we define a function i by

o

r(071(e) (21 (571 (e)))

¥ (g) =1(c) A0 (14)
Then we obtain ¢ (¢) > 0 for ¢ > ¢1, and
, @) (2 (57 ) (r(671 (@) (=) (67 ()"
P(c) = (o) z¢ (Ag) +9(c) z¢ (Ag)
r(671(0) (2070 (671 (€))7 (Ag)
—aAd (g) 21 (Ag) . (15)
Combining (13) and (14) in (15), we obtain
T () (0 6 )")
P (g) < 19(g)llﬂ(c;)Jrﬁ(r;) (A0
PV R AN (1(9) e 16
O oo™ !
Similarly, define
] (67 (x (o) (2 (5 (z(0)
P (c) =19(c) A0 : (17)
Then we obtain ¢ (g) > 0 for ¢ > ¢1, and
- ¥ (¢) -~ (T (671 (7 (g))) (z("—l) (671 (T(g))))ay
Pile) = Fove+e A0
M (61 O (1(5) e a8
M) G e e
Therefore, from (16) and (18), we obtain
N o9 (107 @) (" 07 )")
IS e A OB TR0
w (re o) (e o))
+ﬁﬁ(g) z* (Ag)
¥ (c) Py () -
5019(€)¢ (6)+ (5020 8 (g) 40
1 N B (4 (5) i
——aAM (671
M (071 0) (9 (e)r (671 ()"
B (i 2 ()
M D) S e @
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From (16), we obtain

po ¥ (¢) -
5019(9)lp(€)+5020 8 (g )lp( ¢)

1 2 (p(g) e
R CNE) @ ()r (6 (o))"

)
Y. n-2 (§ ()"
M (7 CO) GG

P
50 T0

A
|
(=3
o
O
o
_l’_

S () + L4 (o)
0

Applying B [-;1,¢] to (20), we obtain

, ~

B[Ly () + 59 (0)ile] < BI-8(5)Q(s)+ 1y <>+5m (s)
_(T“)LM< 1( ) +1/

1<s N

a+1/a
—aAM i (5 l( ()))” 2 ((s) . .] g]'

ST

(8(s)r(-2(x(s)))) "

By (4) and the inequality above, we find

c0©0Eitd < di (¢s0+ 5 v+ £ (s + 5 )0
1 =2 (p(s)t
——aAM (6~
M OO

Y s a+1/a

—MM({)’%} (5*1(1(5))) e 5(5( )1)( o) )W;l,g}.
Using Lemma 1, we set
IR0 _ FeAM (6 ()" d o
=% ((”( )+ 19(s>>’ €= (®(s)r (671 (s))"" shd w=g

we have

1 1 a2 () e

5 (26 g ) ¥~ geam (67 ”) <<g>r< AL
R 8 5\ 0()r (51 (x(s)))

RRCERVEEES (¢(9>+§(s)> (AM(al()) 2)

Hence, from (22) and (23), we have

¢ (s)\ " 9(s)r (671 (s))
B9 Hy < B o
peo@itd < sllew+ ) (atto 1077

(TN

9 <s>>““ pid (s)r (671 (t(s)))
(e +1)

Easily, we find that

w1gym (AM (671 (2 ()" )"

60f 11

(20)

(21)

(22)

(23)
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/ a+1
B [19 (S) Q (S) ;l,g] < B[ﬁo(tx + 119)15?1 (AM)“ (q) <S) + 1199((55))>
o) pir (671 (1 (s)))

That is,

r(671(s)) pir (67" (z(s)))
B |9 (s s)—Q
(1) =0l (61 )" ?) ’ % (61 (x(s))" )"

Taking the super limit in the inequality above, we obtain

, r (671 (s)) pir (071 (7 (s)))
limsu 3 (s s)—Q (s oS <0,
m supB (5)Q(s) =2 (s) ((571 (S))n_z)a + - ((571 e ))n_2>a ¢l <0, (24

which is a contradiction. The proof is complete. [

3. Tow Conditions Theorem

Lemma 6 ([22]). (Lemma 1.2) Assume that x is an eventually positive solution of (1). Then, there exists two
possible cases:

() z(g) > 0,2 () >0,2"(c) >0, 2"V (¢) >0, 2" (¢) <0,
(I)  z(c) > 0,200 (¢c) > 0,20tV (¢) < 0 for all odd integer
jed{1,2,...,n=3}, z(”_1>(g) >0,z (¢) <0,

for ¢ > g1, where g1 > ¢ is sufficiently large.

Lemma 7 ([22]). (Lemma 1.2) Assume that x is an eventually positive solution of (1) and

“ (g 2 &)@ E) Y
/. (‘P” DT R (9) )d - >

where
¥(6)=00(6)4(6) (1—p(6(c))"* (6(c)\e)™,
where p € C' ([go, %), (0,0)), then it will be z does not satisfy case (Iy) .

Lemma 8. Let (2) holds and assume that x is an eventually positive solution of (1). If there exists positive
functions ® € C! ([go, 00) ,R) such that for all M > 0

limsupB |8(5)Q(s) — 0 (s) [ (i)l (e (T(Si)jz itel >0, @0
00 ((5—1 (s)) ) T ((6—1 (T(s))) )

for some u € (0,1), then z not satisfies case (I) .

Proof. Assume to the contrary that (1) has a nonoscillatory solution in [gg,o0). Without loss
of generality, we let x be an eventually positive solution of (1). From Lemma 3, we obtain

O e A OF @7
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Now, we define a function w by

(28)

w'(g) < =150

O DN S o1 () i
7 7O G o™ >

Similarly, define

(30)

Thus, we get

. r(071(s)) pir (071 (v (s)))
limsupB |9 (s) Q(s) — O (s) 7+ z|:L¢l <0,
s { ( (1)) w (@)™ ) ]

which is a contradiction. The proof is complete. [
Theorem 2. Assume that (25) and (26) hold for some y € (0,1). Then every solution of (1) is oscillatory.
Example 1. Consider the equation

(x(¢) +2x (¢ = 57))" + qox (¢ — ) = 0. (31)

We note that r(¢) = 1, p(g) = 2, t(g) = ¢—5m, 6(g) = ¢—m, 67 1(s) = ¢+ and
q(¢) = Q(g) = qo. Thus, if we choose ® (¢) = (¢ —s) (s — 1), then it is easy to see that

=9 ==
N L)

and

_ 8 (s) & (s)\""
Q@) = do(a + 1)* L (AM)" (4’ (s) + 19)

1 (le=s) = (s=D)?
B 4/\M( (¢—=s)(s=1) ) ’
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Thus,
o1 ap (51
limsupB [8(5)Q(s) — .(s) | - (iz)z i (T(Siz < sne
e | (1)) (@ @E)"?)
. ' 3 (g—s)—(s—l))2
=1 B (g0 — ;Lg| >0.

P 4AM( c-96-0 ) "*

Therefore, by Theorem 1, every solution of Equation (31) is oscillatory.

Example 2. Consider the equation
(x(¢) + pox (s = 57)) ) + gox (¢ — ), (32)

where o > 0. Let r(¢) = 1, p(g) = po, T(5) = ¢—57m, 68(¢c) = ¢—7m, 67" (s) = ¢+ mand
q(¢) = Q(g) = qo, then we have
/ r~V% () ds = oo.
¢

0

Next, if we choose ¢ (¢) = (¢ —s) (s — 1), then we conclude that the conditions (25) and (26) are satisfied.
Thus, using Theorem 2, Equation (32) is oscillatory.

4. Conclusions

In this work, by using the generalized Riccati transformations technique, we provided new
oscillation criteria for (1). Furthermore, in future work, by using the comparison method, we find
some new Hille and Nehari types and Philos type oscillation criteria of (1).
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