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Abstract: There are many methods for finding a common solution of a system of variational inequalities,
a split equilibrium problem, and a hierarchical fixed-point problem in the setting of real Hilbert spaces.
They proved the strong convergence theorem. Many split feasibility problems are generated in real
Hillbert spaces. The open problem is proving a strong convergence theorem of three Hilbert spaces with
different methods from the lasted method. In this research, a new split variational inequality in three
Hilbert spaces is proposed. Important tools which are used to solve classical problems will be developed.
The convergence theorem for finding a common element of the set of solution of such problems and the
sets of fixed-points of discontinuous mappings has been proved.
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1. Introduction

We use the following symbols throughout this paper: let H be a real Hilbert space and C be a
nonempty closed convex subset of H. We also use the symbols W — /7 and W — //, which represent strong
and weak convergence, respectively. The variational inequality problem (VIP) is a well known problem.
That is to find a point @, such that

(y — @4, Goy) >0, forally € C, (1)

where G : C — H is a mapping. The set of all solutions of (1) is denoted by Var(C, G).

The variational inequality problem has been applied in various fields such as industry,
finance, economics, social, ecology, regional, pure and applied sciences; see [1-3]. For everyi = 1,2,
let H; be a real Hilbert space and C, Q be nonempty closed convex subset of Hj, and Hj, respectively.
Recently, Censor [4] has introduced a new variational problem called the split inequality problem (SIP).
It entails finding a solution of one variational inequality problem (VIP), the image of which, under a given
bounded linear transformation, is a solution of another VIP.

The split variational inequality problem is assigned to the following formula; find a point @, € C
such that

(f (0«),x —@y) >0, for allx € C )
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and a point y* = Aw, solves

(y—y",8y")) >0, forally € Q, 3)

where A : Hi — Hj is a bounded linear operator and f : H; — Hy, g : Hy» — Hj are mappings. The set of
all solutions of (2) and (3) is denoted by

Q={xeVar(C,f): forallx € Var (Q,g)}.

The split variational inequality problem can be applied to model in intensity-modulated radiation
therapy (IMRT) treatment planning.

There are also a lot of authors who have introduced convergence theorem related to the split
variational inequality and fixed point problems; see [5-7] for an example. In [8], they have studied
the Mann implicit iterations for strongly accreative and strongly pseudo-contractive mappings and found
that this implicit scheme gives a better convergence rate estimate.

The following definitions are important tools used in this research. A mapping ¢ of H into itself is
called nonexpansive if ||0x — dy|| < ||x —y||, for all x,iy € H. We denote by F(9) the set of fixed points of
¥ (i.e., F(9) = {x € C: 9x = x}). A nonexpansive mapping ¢ is equivalent to the following inequality;

1
((I=8)x = (I=9)y, 8y —9x) < S[|(I - ®)x — (I - B)y|%,
for all x,y € H. From the equation above if y € F(¢) and x € H, we can conclude that;

(I=8)x,y—0x) < 2 [(I-8)x|.

N =

A mapping A of C into H is called inverse strongly monotonic, if there exists « > 0 such that
(x =y, Ax = Ay) > af| Ax — Ay|?,

forall x,y € C. In [9], Kohsaka and Takahashi introduced the nonspreading mapping in Hilbert spaces
H which is defined by the following inequality 2||0x — dy||?> < ||0x — y||*> + ||x — dy||?, forall x,y € C.
Following the terminology of Browder and Petryshyn [10], in [11], Osilike and Isiogugu introduced
the mapping ¢ : C — C, which is called x—strictly pseudo-nonspreading mapping if there exists x € [0,1)
such that
9 — 8|12 < [l — yl + l| (1 — 8)x — (I — )y |2 +2(x — vx,y — v),

for all x,y € C. Clearly every nonspreading mapping is x-strictly pseudo-nonspreading; see, for example, [11].

In [12], Bnouhachem modified a projection process for finding a common solution of a system of
variational inequalities, a split equilibrium problem and a hierarchical fixed-point problem in the setting
of real Hilbert spaces and also proved the strong convergence theorem of the sequence {x, } generated by

Uy = 192 (xn + yA* (T,Fn2 — I) Axn) ;
zy = Pc [Pc [un — a1 Boun| — a1 By Pc [y — aaBaunl];

Yn = Bnoxn + (1 — Bu) zn;
Xn+1 = Pe lanpU (xn) + (I — aypuF) 8 (yu))], foralln > 0,
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where A : H — Hj is a bounded linear operator. Assume that F; : C xC -+ Rand F: Q x Q — R are
the bifunctions; B; : C — H is a 0;-inverse strongly monotonic mapping foreachi =1,2and 5,¢: C — C
nonexpansive mapping; F : C — C is a k-Lipschitzian mapping and is #-strongly monotonic; U : C — C is
a T-Lipschitzian mapping; and the positive parameters are ,,, a,,, &1, a2, 0, 4 , for alln € N.

Let C and Q be nonempty closed convex subsets of the real Hilbert spaces H; and Hj, respectively.
The split feasibility problem (SFP) is formulated as :

to find x* € C such that Ax™ € Q, (4)

where A : Hy — Hj is a bounded linear operator. The SFP are also applied in [13,14].

Recently, Moudafi [15] introduced the following new split feasibility problem, which is also called
general split equality problem:

Let Hy, Hy, H3 be real Hilbert spaces, C C Hj,Q C Hj be two nonempty closed convex sets and
A : Hy — H;3,B: Hy — Hj be two bounded linear operators. Moudafi studied the convergence of a
relaxed alternating CQ-algorithm for solving the new split feasibility problem, aiming to find

@, € C, y* € Q such that A@, = By". (5)

In order to prove the weak convergence theory to solve general split equality problem (5), Moudafi defined
the following iteration process {xy }:

{ X1 = Pe (% — 1 A* (Axg — Byy)),
Yir1 = Po (yk + 7B (Axgy1 — Byy)),

where A*, B* are adjoint operators of A, B respectively, proper conditions of the positive paramiter vy,
for all k > 1. In order to avoid using the projection, Moudafi [16] introduced and studied the following
problem: Let T : Hj — Hj and S : Hy — H) be nonlinear operators such that Fix(T) # @ and Fix(S) # @,
where Fix(T) and Fix(S) denote the sets of fixed points of T and S, respectively. If C = Fix(T) and
Q = Fix(S); then the split equality problem reduces to

to find x € Fix(T) and y € Fix(S) such that Ax = By, (6)

which is called a split equality fixed point problem (SEFPP).
Denote by I' the solution set of split equality fixed point problem (6). There were recently SEFPP
research articles in [17,18].

Question A. Can we prove a strong convergence theorem of three Hilbert spaces by different
methods from Moudafi [15]?

For every i = 1,2,3, let H; be a real Hilbert space and C; be a nonempty closed convex subset of H;.
Let B; : C; — H; be a mapping, foralli = 1,2,3, and let A, : Hi — Hp and A3 : Hy — H3. The split
various variational inequality is to find the points

@] € Cy, such that (Bj@j,x; —@;) > 0, forall x; € C;, and
@5 = Ay@;] € Cy, such that (By@;, xp — @3) > 0, forall x, € Cy, and (7)
@} = Az@; € Cz, such that (B3@;, x3 — @3) > 0, forall x3 € Cs.
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The set of the solutions of (7) is denoted by Q = {@* = ((DT,(D;,(D;) €ECixCxC: of €
Var (C;, B;), foralli =1,2,3}.

To answer question A, we have created a new tool to prove a strong convergence theorem for
three Hilbert spaces to be used for finding the solution of the problem (7) and the fixed points
problem of nonspreading and pseudo-nonspreading mappings. Preliminaries In this section, we collect
some definitions and lemmas in Hilbert space, which will be needed for proving our main results.
More properties of Hilbert space can be found in [19].

Definition 1. The (nearest point) projection Pc from H onto C assigns to each x € H the unique point Pcx € C
satisfying the property
x — Pcx|| = min ||x — y||.
Il = Pex|| = min |lx = |

Lemmas 1 and 2 are properties of Pc.

Lemma 1. ([20]) For a given x € H and y € C, Pcx =y if and only if there holds the inequality (y — x,z —y) >
0, forallz € C.

Lemma 2. ([21]) Let H be a Hilbert space, let C be a nonempty closed convex subset of H and let A be a mapping
of Cinto H. Let u € C. Then for A > 0, u = Pc(I — AA)u if and only if u € Var(C, A), where P¢ is the metric
projection of H onto C.

Lemma 3. ([22]) Let {Y,, } be a sequence of nonnegative real numbers satisfying Y11 = (1 — an)Yy + 8y, forall
n>0,

where {ay, } is a sequence in (0,1) and {6, } is a sequence such that
o

(1) oy = +00;
=1

n=

—+00
(2) 1imsup§—” <0or Y |0,y < +oo.
n—-—+oo " n=1

Then limy,_y 100 Y, = 0.

Lemma 4. ([23]) Let {Y, } be a sequence of nonnegative real number satisfying,
Yii1=(1—an)Yy+ anBu, forall n >0

where {ay },{Bn} satisfy the conditions

(1) {an} C0,1], Eotxn = o0

n=1

—+o00
(2) limsup By <0o0r Y |anBn| < +oo.
n=1

n—-+oo

Then limy,— y o0 Y, = 0.

Lemma 5. For every i = 1,2,3, let H; be a real Hilbert spaces and C; be a nonempty closed convex subset of
H;. Let B; : C; — H; be Bj-inverse strongly monotonic mappings with § = min;_1 3 {B;} and let Ay : Hy —
Hp, A3 : Hy — Hj3 be bounded linear operators with the adjoint operator A5 and A3, respectively. Assume that
X1 € C1, ApX1 = Xp, A3Xy = X3 and Q) # @. The following are equivalent:
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(i) x€Q, whereX = (X1,%2,%3) € C; X Cp x Cs.
(ii) X1 = Pc, (I — MBy) (%1 — 7245 ((I2 — Pc, (I — A2B2)) %2 + 7345 (I — P, (I — A3B3)) X3)),

. . . ) . 1 .
where I; : H; — Hj is an identity mapping, for all i = 1,2,3, y2(1+ v3) < I’ L = max{Ly, Ly} < 1 which
Ly, Ly are spectral radii of Ay A and Az A}, respectively, A; € (0,2n), foralli =1,2,3 and y,73 > 0.

Proof. Let the conditions hold.
(i) = (ii) Let ¥ € Q) where X = (X1,X,X3) € C; x C3 x C3; we have

X; € Var(C;, B;), foralli =1,2,3.
From Lemma 2, we have
X; € F(Pc,(I; — AiB;)), foralli=1,2,3.
From determining the definition of X, we have
%1 = Pe, (I — MBq) (%1 — 12A5((I, — P, (I — A2B2) ) %2 + 1343 (I3 — Pe, (I3 — A3B3)) X3)).
(ii) = (i) Let X = (¥1,X2,%3) € C1 x Cp x C3, where X, = ApXy, X3 = AsXp and
¥1 = Pc, (It = MB1) (%1 — 1245((I — Pc, (I — A2B2))%2 + 7343 (I3 — Pc, (Is — A3B3)) X3)).

Since B; is B;-inverse strongly monotonic with A; < 2y, foralli = 1,2,3, we have P¢, (I; — A;B;) which
is a nonexpansive mapping, foralli = 1,2, 3.

Let w € Q where w = (wy, wy, w3) € C1 x Cp X C3 where wy = Apwy, w3 = Azw,. From (i) implies
(ii), we have

w1 = Pe, (I = ABq) (w1 — 72A5((Ir — Pe, (I — AaBy))wo + v3A3 (I3 — P, (I3 — A3B3))ws)).

Put M = (12 — PCZ (12 — /\232))?2 + ’)/3A§ (Ig — PC3 (13 — )\3B3)> x3 and N = (12 —
PCZ (12 — )\2B2))ZU2 + ’)/3A§ (13 — PC3 (I3 — /\333)) ws.
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From determining the definition of X and w, we have

X —wi ] < [IF —wy — 1245(M — N)|)?

= |[F1 — w1 = 272(%1 — wy, A5(M — N)) + 13| A5 (M — N) ||>

< |71 —wi]|* = 272(x2 — wp, M — N) + 93L[|M — N|?

< |71 —wi]|? = 272(x2 — wy, (I, — Pe, (I, — A2B2))X2 + 1345 (I3 — Pe, (I3 — A3B3)) X3)
+93L|[(I — Pc, (I, — A2B2)) %2 + 1343 (I — Pe, (I — A3B3)) %32

= %1 —wi[* = 272((%2 — wa, (I — Pe, (I — A2B2))%2) + 73 (%3 — w3,
(I = Pe, (Is = A3B3)) %3)) + 3L (12 — P, (I = A2B2))%2
+7343 (Is — Pe, (I3 — A3B3)) %3

= %1 —wi [+ 272(w2 — X, (I — Pe, (I, — A2B2))%2) + 27273(ws — X3,
(Is — Pc, (I3 — A3B3)) %3) + 1L(||(I2 — Pe, (I — A2B2)) %2 1>
+73L[| (I3 — Pe, (I3 — A3B3)) %3|* +273((l — P, (I — A2B2)) %2,
A3 (I3 = Pc, (Is — A3B3)) %3))

< |7 — w2+ 2y2(wp — Pe, (I — A2B2) %2 + P, (I — A2B2) Xy — X, (8)
(I — Pc, (I — A2B2))X2) + 27273(ws — Pc, (Is — A3B3) X3 + Pc, (Is — A3B3) X3 — X3,
(Is — Pc, (I3 — A3B3)) %3) + L(||(I — Pe, (I — A2B2))%2 1>
+13LI (I3 — P, (I3 — A3B3)) %3
+73) (I — Pe, (I — A2B2)) %2 1> + 713/ A (Is — Pe, (I — A3B3)) %3|%)

< fx - P+ 2’72(%”(12 — P, (b = A2B2))%2||* — [[(I2 — P, (I — A2B2)) %2 )

+27273(%H (Is — Pc, (I3 — A3B3)) %31* — || (I3 — Pe, (Is — A3B3)) %3(%)
+1L(I((I2 = Pe, (I, — A2B2))%2||* + 3Ll (I — Pc, (I3 — A3Bs)) %3) ||
+73) (I — Pe, (I = A2B2)) %2 1> + 3Ll (Is — Pe, (I3 — A3B3)) %3) [|%)

= |[F1 —w1]* = 72(1 = 12L(1+73))[[ (I = Pe, (I, — A2B2)) %2 |
—7273(1 = 12L?(1 4+ 73))|| (I3 — Pc, (I3 — A3B3)) ¥3) ||

By applying above equation and Lemma 2, we have
X, €F (PCZ (I — Asz)) = Var(Cz, Bz) and x3 € F (PC3 (I — /\333)) = Var(C3, Bg). 9)
From determining the definitions of X and (9), we have
x1 € F (PC1 (I*/\lBl)) = Var(Cl, B1).

Hencex € Q). O
Lemma 6. Let C be a nonempty closed convex subset of Hilbert space H. Let ¢ : C — C be a nonspreading
mapping and o : C — C be k-pseudo-nonspreding mapping with F(9) N F(o) # @. Then F(Pc(I —y(a (I —9) +
(1—a)(I—o0)))) =F(@®)NF(o)forallaec (0,1)andy > 0. Moreover, if y < 1 — «, then

=7 (@(=8)+(1-a)(l-0))x—a| <o —x,
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forall x € Cand @* € F(g) N F(8).
Proof. Let @y € F(0) N F(8), we have
Pe(I=7(a(I=28)+ (1+a) (I —0)))@o = @o.
Tt follows that @p € F(Pe(I — y(a (I — 8) + (1+a) (I — 0)))). Therefore
F(®)NF(g) € F(Pc(I—y(a(I=98)+ (1+a)(I—-0))))
Let @y € F(Pe(I — y(a(I—8) + (1+a) (I—0)))) and @* € F(8) N F(o). From Lemma 2, we have
(y —@o,a(I=8) @9+ (1—a)(l—¢)a) >0,

forally € C.
From determining the definition of ¢, we have

@0 — @*[]* +x[|(I - 0)@|* > [o@o—@*| 2
= =)@ — (@~ @) (10)
(T — @) @o|? — 2{(I — @) @o, @0 — @*) + ||@o — @*|?

From the result of the calculation from the inequality (10), we get

K
2

<u—wwm%—wwz( )HU—@wﬂz a1

Assume that @y # ¥w@p; then we have ||(I — &) @g| > 0. Using the same method as (11) and
definitions of ¢, we get

(1~ 8) @0, @0~ @) > 2 [|(1 - 8) @y (12)
From (11) and a € (0,1), we obtain
(@ —w@p,a(I—0)wy) = (@*—wp,a(l—"3)wy+ (1—a)(l—0)wo)
— (1—a)(@" — @, (I - ¢) @) (13)

v

(1—a) (@ — @, (I —g)@).
From (13), we have
(@" — g, (I —0)@g) >0

From above and (12), we have
1
0= (@ —ao, (I -8)@) = —5[|(I - 8) @o|*.
Thus, ||(I — &) @p|| < 0. This is a contradiction.

Thus, we have @y = %@ and it implies that

@o € E(0). (14)
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Similarly, by using the same technique as (14), we have
@y € F(o0). (15)
From (14) and (15), we have

F(Pc(I = y(a(I = 9) + (1+a)(I-0)))) € F(e) NF(8).

Let @* € F(o) N F(¢) and x € C; we have

I(I=y(@I-8)+(1-a)(I-0))x—a|* = [[(I-y(@(I-8)+(1—a)(I-0q))x

—(I—=v(@(I=98)+(1—a)(I-0)))@*|?

= |lx—@" —y@a((I-9)x— (I - 9)@")
+(1—a)((I-g)x— (I—g@"))|?

= |lx—@*|* —2y(a((I - 8)x — (I - 9)@")
+(1—a)((I-0)x— (I - )@"),x — @)
+72|a((I = 8)x — (I - 9)@*)
+(1—a)((I—0)x—(I—g)@")|?

< x— @) = 29a((I - 8)x — (I — 9)@*, x — @*)
—2y(1—a){(I-0)x — (I - 0)@",x — @)
+72all(I - 9)x — (I - 8)@"||?
+1=a)P?[[(I - e)x — (I - )@ |
2
< Hx—c@*Hz—Z’yaH(I ZT) ”
X 2
P (L
+92a[ (1= 8)x|* + (1 = a)y*[[ (I — o)x||?
< x -t

O

2. The Split Various Variational Inequality Theorem

Theorem 7. For everyi =1,2,3, let C; be a closed convex subset of a real Hilbert space H;. Let B; : C; — H; be
Bi-inverse strongly monotonic mappings with 1 = min;_q 53 {B;} and let Ay : Hy — Hy, A3 : Hy — Hz bea
bounded linear operator with the adjoint operator A5 and A3, respectively. Assume that X1 € Hy, X = AxX1,X3 =
Aszxyand Q) # @. Let 9,0 : C — C be nonspreading and x-strictly pseudo-nonspreading mappings, respectively.
Assume that QN F(®) N F(o) # @ and let the sequence {x, } generated by u, x; € C, and

Xpp1 = Quth+ BuXn +YuPc, (h —Au(a(ly —0) + (1 —a) (I —0))) xn
+62Pc, (I — MBy) (x5 — 72435 ((I2 — Pe, (I — A2B2))x; + 73A3 (I3 — Py (I — A3B3))xy)),

for al n > 1and a € (0,1), I; : H; — H; are identity mappings, for all i = 1,2,3,
where {an},{Bn}, {vn}, {00} C [0,1] and ay + By + yn + 0y = land x, = xb, 2 = Ayxl, 3 = Azx,
foralln € N,0 < A; < 2y, foralli =1,2,3and vy; > 0, for all j = 2,3. Suppose that the conditions (i)—(v)
are true;
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(i) limyy 0y =0, Z:{; Ay = +00;

(i) 1 (1+7v;) < %, where L = max{La,La,} < 1 where Lo La, arespectral radius of
A A3, A3 A3, respectively;

(ii)) 0 <a < By, Yn,on <b<1, forsomea,b >0, foralln € N;

(i) YAy < +o0and 0 < Ay <1—x, foralln € N;

) T \“n+z Wl S | Bri — Bul S [Yngr — Yn| < oo

Then the sequence {xy } converges strongly to zo = Ponp(9)nr(e)U-

Proof. PutM:a(I—ﬂ)Jr(l—a) (I*Q) and u, = PCI(I*)qu)(X *"yZA (( PCZ(If/\ZBZ)) +
Y345 (I3 — Pc, (I — AyB3))x3)). Thus, we can rewrite x, as follows:

Xpt1 = Wnth + BuXu + ynPe; (I = ApM) X + Spity, (16)

foralln > 1.
From determining the definition of u,; put w, = (L — P, (I — A2By)) X2+
Y345 (I3 — Pcy (I — A3B3)) x5 and z, = (I3 — Pc, (I — A3B3)) x3, we have

uy = Pe, (It = MBy) (xn — 12 A5wn).
For every n € N, we have

1w = wnal? < %0 — 124300 — xy1 + 12A30 1|
= Jxn = Xn1 = 1245 (wn — wy 1) |
= lxn — xp_1]* = 272(Aoxn — Apxy_1, Wn — wyu_1) + 1311 A3 (W — w1 |2
= |lxn — xpc1 | — 272023 — x3_4, (I — Pe, (I — A2B5))x5
+73A45z0 — (b — P, (I — A2B2)) x5_1 — 13A3520-1)
+73 1143 (wn — w, 1) |
= Jxw = xual + 27203y — x5, (I = Pe, (I — A2By))x3
— (I = Pe, (1= A2B2)) x5 1) +27273(x5 1 — X3, 2
~zp1) + 73 1A (wn — wy1)?

< e = xuall® + 27225 1—x%,(12 P, (I1—A2By))x;
(I2_PC2 (I_A2B2)) n— l>+272'73<xi 1 x?lfzn_zn*ﬂ
2
—|—"}/2L H I — PCZ (12 — /\sz))x — (12 — PCZ (12 — Asz))X%_l + ’)@-,Aék (Zn — Zn_lH
< lxn = xpa |+ 27255 — x5, (I — Pe, (1*)\232))
— (k= Pg, (1—)‘232)) A1)+ 27273(x, x?llzf’l_zn 1)

+95L([| (I = Pe, (I = A2Ba))x; —(Iz—Pcz(I—/\sz)) 2 al?
+73L1zn — zn— 1||2+2’Y3<(12 Pe,(I—A2By))xa
—(I — Pcy(I = A3Bo))xA_1, A% (zn — z4-1)))
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< loxw = xp1|* 4+ 272(x2_y — %, (I, — P, (I = A2B2))xa — (I — Pe, (I — A2Bp)) x%_y)
+2773(x5_1 — x5, (Is — Py (I — A3Bs))x3 — (Is — P, (I — A3B3)) x5 _q)
+ 15L([ (I, = P, (I = A2B2))x; — (I — P, (I = A2B2))xs [ + V3Ll 20 — zu—1)?
+ 73| (I = Py (I = A2Ba))xy — (I — Pey (I = A2B2)) x5 4[> + 13L |20 — 241 [1?)

2
< lxn — x|+ 272(— H (I, = Pc, (I = A2B2)) x5 — (I — P, (I — A2By)) X%AH

1 2
+5 || (12 = Pey (1= A2B2)) 2 = (I = Pey (1= A2B2)) ¥y )
1
+27273(— llzn — zuca | + 5 20 =z [®
+ 5L([[(I, = P, (I = A2B2))x; — (I, — P, (I — A2B2))xs 4 [I* + 3Ll 20 — zu—1? (17)

+ 73]l (I = Pe, (I — A2B2))x; — (I — P, (I = A2B2))xi_4|1* + ¥3Lllzn — za—1ll)
2
= ||xn — xn_1||2 — 72 H (12 — PCZ (I — Asz)) xf, — (12 — PC2 (I — Asz)) xfl_l
— 7273 |20 — zn1|I* + AL (I — Pe, (I — A2Bo))x2 — (I — Pc, (I — AzBp))x%_4 ||
+ 1375L% |20 — zu-all* + V373L) (I — P, (I = A2B2))xi — (I — Pe, (I — A2B2) ) x5 _q |12
+ 1573L% |20 — zn—1 |
=|Jxn — X1 ]]* = 72(1 = 12L (1 + 73))|| (I — Pe, (I — A2B2)) x2
— (I = Pe, (I = A2Ba)) xi_4|1* = v273(1 — 72L* (1 + 73)) ||z — zp|?

< ||xn - xn71||2 .

Let @* € QN F(g) N F(¥). From Lemma 6 and utilization of (8), we have

Pus =@ < e — @[+ B %0 — @ + 7 | Py (1 = AuM) 3 — @
+0n [|un — @
18
< tnllu— @+ (1 - an) 50— @] (49
< M,

where M = max{||u —@*||,|x; — @*|}. By induction we can conclude that the sequence {x,} is
bounded and so are {u, } and {Pc, (I — AyM) x,,}.
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From determining the definition of x,, and (17), we have

[xn1 —xnll = ll@nt 4 Buxn +vuPc1 (I — AuM) Xy + Sytin

—tp—1t — Bu_1%p—1 — Yn—1Pc1 (I = Ay M) X1 — Sp—qttp—1]|

< fan — ] full + B llxn — xn—1ll + |Bn — Bu—a| [xXn—1ll + O |ttn — un-|
+ 160 — Su—1| [|ttn-1l| + vn || Pc; (I = AuM) x5 — Pe, (I = Ay—1M) x4 ||
+ |vn — n-1l [|Pe, (= Ay—1M) x|

< lan = ana| ull + Bullxn — xp—1ll + [Bn = Bl [[Xn—1ll 4 6n [|ttn — un—1]|
+ 160 = On—1l [[ttn—1ll + ¥ [|xn — xn-1ll + [|An—1 M2y -1 — Ay My |
+ 9 = vual || Pe, (I = ApaM) x4 |

< o = ol lull + Bullxn — xn—1ll + 1Bn — Bu—a| [ Xn—1ll + 0n [[xn — Xp—1 |

+ 100 = Op—1| Jun—1ll +¥n X0 — Xp—1|| + Ap—1[|Mxy_1|| 4 Au|| Mxy ||
+ v = Yn-1l||Pe, (h — Ap—1M) x|

(1= ) % — St [ — | ]+ 1B — B %1
+ 160 — On—1| [tn—1ll + An—1[[Mxy—1 | + An[[ My |
+ [vn = Yn-1l || Pe, (Il = Ap—1M) 1| -

From the conditions (i), (iv), (v) and Lemma 3, we have

im0 — ] =0 19)

Applying (8) and the definition of x,, we have

2
Pown — @12 < ol — @2+ B ln — @12+ [Py (1 — AuM) 3 — |
. 2
+0n [Jun — @ ||2 — YnPn ||Pe, (I = AuM) Xy — xn||” — 6B ||t — xn||2
< g |ju— @[+ [Jxw — @[> = yuBu | Per (I = AuM) 2 — x>

_(sn,Bn Hun - anz/

which implies that

2
YnPn HPQ (I = AuM) xy — an + 6nBn ||un — anZ < ([xngr — @ + lJxn — @ []) |20 41 — x|
+ay ||u—@*|?.
From the conditions (i), (iii) and (19) we can conclude the following results
nngrrloo |ty — x| = nlirfm |Pc1 (I — AuM) xp — x5 || = 0. (20)

Next, we show that

limsup(u — zg,z9 — xn) <0, (21)
n—-+oo
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where zy = Ponp(g)nr(s)U- In order to prove this we may assume that

lim sup(u — zp, xy — 2z0) = lLim (u — 2o, X, — 20), (22)
n——+oo k—+o0
where {x,, } is a subsequence of {x,}. Since {x,} is bounded, we may assume that x,, — g as k — +-co.

Assume that g ¢ F(0) N F(8#). From Lemma 6, we have g ¢ F (Pc, (I — Ay, M)). By using properties of
Opial’s condition and (20), we have

liminf |lx, —gf| < liminf|jxn, —Pe, (I AnM)4]|
< llir_r)l_ii_gf(ﬂxnk — Pe, (I = Au,M) x|
IR, (1= A M) 3, = Bey (1= AcM) g1)
< timin(x,, -]l + An, | My, — Mal)

< liminf||x,, —q].

This is a contradiction. Therefore g € F(o) N F(9).
Assume g ¢ Q). From Lemma 5, we have

q # Pc, (I —MB1) (g — 12A5((Io — Py (I — A2B2)) Aag + 13A5(I3 — P, (I — A3B3)) AzAzq)).
By using properties of Opial's condition, and the definitions of #, and (20), we have

lljgjgf [, —qll < 1Ijgligf x4, — Pc, (I —A1B1) (g — 72A5((Ir — P, (I — A2B2)) Aag

+73A3 (I3 — Pcy (I — A3B3)) A3 Azq)) ||
fmin(1,

IN

+|ttn, — Pey (I = AMB1) (9 — 72A5((I — P, (I — A2By)) Axq
+73A3(I3 — Pc, (I — A3B3))A3A2q))l|)

< limi —q|l.

< I%Ti?of [xn, — 4

This is a contradiction. Then g € Q). Therefore g € QN F(0) N F(9).
From (22) and the well-known properties of metric projection, we have

limsup(u — zg, x, — z9) < 0.
n——+o0o

From determining the definition of x,, we can conclude that
lta1 = z0lf? < (1= ) 1t — 20l + 2200 (1 — 20, %41 — o),

where z) = Ponp(g)nr(s) 4 From Lemma 4, we can conclude that the sequence {xn} converses strongly to
z0 = Ponp(o)neeyu- U

The following results were obtained directly from the main theorem.
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Corollary 8. Foreveryi =1,2,3, let C; be a closed convex subset of a real Hilbert space H;. Let B; : C; — H; be
Bi-inverse strongly monotonic mappings with n = min;_q 53 {B;} and let Ay : Hy — Hy, A3 : Hy — IHz bea
bounded linear operator with the adjoint operator A5 and A3, respectively. Assume that X1 € Hy, X = AxX1,X3 =
AsXyand Q) # Q. Let 9,0 : C — C be nonspreading mappings, respectively. Assume that O N F(8) N F(0) # @
and let the sequence {x, } generated by u, x1 € C, and

Xpt1 = @i+ BuXn + Ynlo, (h —An(a(l —9) + (1 —a) (I —0))) xx
+6nPc, (I = MBy) (x5 — 7245 (I — Pe, (I — AoB2))xi + 73A5(Is — P, (I — A3B3))x;)),

for al n > 1 and a € (0,1), I; : H; — H; are identity mappings, for all i = 1,2,3,
where {an}, {Bn}, {vn}, {6n} C [0,1] and ap + Bu + Yn +n = Land x, = x}, 232 = Axxl, x3 = A3x2,
foralln € N,0 < A; <2, foralli=1,2,3and y; > 0, for all j = 2,3. Suppose that the conditions (i) to (v) are true;

(i) limy ey =0, E,fi'j ay = +00;

(i) 72 (1+73) < %, where L = max {LAl, LAz} <1, where La,, La, are spectral radius of Ay A3, A3A3,
respectively;

(iii) 0 <a < By, Yn,on <b<1,forsomea,b >0, foralln € N;

(i) Y Ay < +o0and 0 < Ay <1—x, foralln € N;

(U) ZI:& ‘“n-«—i - D‘n| /Z,f:ﬂ ‘ﬁn+i - :Bn| /Z:{:i |')/n+l - '711| < H-c0.

Then the sequence {xy } converses strongly to zo = Ponp(s)nr()U-

3. Application

We have applied the problem (7) for the various fixed point problems in three Hilbert spaces as follows:

For every i = 1,2,3, let H; be a real Hilbert space and C; be a nonempty closed convex subset of H;.
Let ¢; : C; — C; be amapping, foralli =1,2,3 and let A, : H} — Hp and A3 : Hy — Hj. The fixed points
problem in three Hilbert spaces is meant to find the point

@] € Cy, such that @] € F (%) and
@; = Ay@] € Cy, such that @; € F (¢,) and (23)
@3 = A3@; € C3, such that @3 € F (93).

The set of the solutions of (23) is denoted by Q = {@* = (@], @}, @;) € C1 x C; x C3: @} € F(¥;),
foralli =1,2,3}. Itis clear that Var(C,I — T) = F(¢), where ¢ : C — C is a nonexpansive mapping with
F(9) # @. By leveraging Lemma 5 and such knowledge, we have the following results:

Lemma 9. For every i = 1,2,3, let H; be a real Hilbert spaces and C; be a nonempty closed convex subset of H;.
Let ¢; : C; — C; be nonexpansive mappings and let Ay : H — Hy, A3 : Hy — Hj be a bounded linear operator
with the adjoint operator A5 and A3, respectively. Assume that X1 € Ci, AyX| = Xp, A3Xo = X3 and O # @.
The following are equivalent:

(i) xe€Q, wherex = (fbfz,f\g) € Cy x Cy xCs.
(ii) x1 = PC1 (Il — /\1(11 — 191)) (71 — ')/ZA;((IZ — PCZ (12 — /\2(12 — ﬁz)))fz
+7343 (I — Pc, (I = A3(I3 — 93))) X3)),
where I; : H; — Hj is an identity mapping, for all i = 1,2,3, y2(1+ v3) < % L = max{L,,L,} < 1 which
Ly, Ly are spectral radii of Ay A and Az A}, respectively, A; € (0,1), foralli =1,2,3 and y,v3 > 0
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1
Proof. Given F (¢;) = Var (C,I; — 9;) foralli = 1,2,3; (I; — 9;)—a E—inverse strongly monotonic; and

Lemma 5, we can summarize the result of Lemma 9. [

As the direct benefits of Lemma 9, we get Corollary 10.

Corollary 10. For everyi =1,2,3, let C; be a closed convex subset of a real Hilbert space H;. Let ¥; : C; — C; be a
nonexpansive mapping and let Ay : Hy — Hp, A3 : Hy — H3 be a bounded linear operator with the adjoint operator
A3 and A}, respectively. Assume that X1 € Hy,Xp = AxX1, X3 = AsXp. Let 8,0 : C — C be nonspreading and
K-strictly pseudo-nonspreading mappings, respectively. Assume that QN F (¢) N F (0) # @ and let the sequence
{xn} generated by u, x1 € C, and

Xpy1 = QU+ Puxn+ %Pq (Il — An (a (11 - 19) + (1 - a) (Il - Q))) Xn
+62Pc, (I — M (I — 81)) (x, — 1245 (I — Pe, (I = Ao (I — 82))) s
+7345 (I3 — Pey (I — A3(I3 — 83)))x3)),

for all n > 1 and a € (0,1), I; : H; — H; is an identity mapping, for all i = 1,2,3,
where {an} , {Bn}, {1n},{0n} C [0,1) and ay + By + yn +n = land x, = x},x2 = Apx}, x> = Azx2,
foralln € N,0 < A; <1, foralli =1,2,3 and vy; > 0, for all j = 2,3. Suppose that the conditions (i) to (v)
are true;

(1) limy—ieoay, =0, Z;g &, = +o0;

(i) 1 (1+v;) < %, where L = max{La,,La,} < 1, where Ly, La, arespectral radii of
Ay A3, A3 A3, respectively;

(iif) 0 <a < By, vn,on <b<1, forsomea,b >0, foralln € N;

(i) YAy < +o0and 0 < Ay <1—x, foralln € N;

© Lo i — an|  2p 2 [Buri — Bl Ly [Yn1 — | < oo,

Then the sequence {xy } converses strongly to zo = Ponp(T)nF(s)U-

4. Conclusions

We have proposed a new split variational inequality in three Hilbert spaces. The convergence theorem
for finding a common element of the set of solutions of such problems and the sets of fixed-points of
discontinuous mappings are proved.
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