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Abstract: In this paper we introduce the concepts of ¢-contraction and monotone y-contraction
correspondence in “fuzzy b-metric spaces” and obtain fixed point results for these contractive
mappings. The obtained results generalize some existing ones in fuzzy metric spaces and “fuzzy
b-metric spaces”. Further we address an open problem in b-metric and “fuzzy b-metric spaces”.
To elaborate the results obtained herein we provide an example that shows the usability of the
obtained results.
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1. Introduction

Several kinds of nonlinear problems arising in various branches of the sciences can be
formulated as a “fixed point problem” mathematically fr = r (an operator equation) where § is
some nonlinear operator defined on some topological structure. The Banach [1] contraction principle
is a significant tool for solving fixed point problems. The simple and constructive nature of its
proof has attracted the attention of several researchers around the globe to generalize this famous
tool. There are several generalizations; among them, one is to modify the underlying space. In this
regard, a framework of “probabilistic metric spaces” is a matter of great interest for scientists and
mathematicians (for details, see [2—4]). Kramosil and Michalek [5] defined the “fuzzy metric space”.
In [6], George and Veeramani modified the concept of “fuzzy metric spaces” using the continuous
t-norm. This modification is the generalization of the “probabilistic metric space” to the fuzzy situation.
Afterwards the “fuzzy b-metric space” was defined in [7] which generalizes the “fuzzy metric space”
and “b-metric space”.

The fixed point results in “fuzzy metric space” have deep roots (for details, see [8]). This work
has been appreciated by researchers (see [9,10]). This work was extended by several researchers
in various ways (compare with [11-21]). Among one of them, in 1969, Nadler proposed Banach’s
contraction principle for correspondence in Hausdorff metric spaces (see [22]). Various extensions of
this work were subsequently proposed by several authors (for details, see [23]). In 1993, Czerwik [24,25]
proposed the first Banach fixed point theorem for both single and multivalued mappings in “b-metric
spaces”, introduced by Bourbaki and Bakhtin [26,27]. Afterwards, this concept was extended for
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some particular types of contractions in the context of “b-metric spaces” (see [28]). In this direction,
many researchers studied and extended various well known fixed point results for several types of
contractive mappings in the framework of “b-metric spaces” [29-31].

In general, fixed point theory remained successful in challenging and solving various problems
and has contributed significantly to many real-world problems. However, various strong fixed point
theorems are proven under strong assumptions. Particularly, in “fuzzy metric spaces”, some of these
assumptions can lead to some induced norms. Some assumptions do not hold in general or can lead
to reformulations as a particular problem in normed vector spaces. The recent trend of research has
been dedicated to studying the fundamentals of fixed point theorems and relaxing their conditions by
replacing these strong assumptions with weaker ones.

The aim of the work presented in this paper is to provide some fixed point results in “fuzzy
b-metric spaces” and to improve their conditions and assumptions by addressing the open questions
and challenges outlined in the literature by identifying the ties between “fuzzy b-metric spaces” and
“pseudo b-metric spaces”.

This paper starts with a brief introduction to “b-metric spaces” and “fuzzy b-metric spaces” along
with the required concepts. Afterwards we describe the relation between these two particular spaces.
Along with these details, some basic techniques and ways of improving some current fixed point result
are also discussed. Finally, an application of Banach’s contraction to linear equations is provided.

2. Background and Relevant Literature

This section will serve as an introduction to some fundamental concepts related to “b-metric
spaces” and “fuzzy b-metric spaces”. Further, some basic definitions and known results are discussed
which will be needed in the sequel.

Definition 1. [32] Let X be a nonempty set, define a real valued function @ : X x X — [0, 00) such that for a
given real number s > 1 satisfies the conditions:

1. o(y,9) =0ifand only ifr = v,
3. 0(r3) <s[o(r,y) +o(n,3)] forally,n,; € X,

the pair (X ,0) is called a “b-metric space”.

It is important to discuss that every “b-metric space” is not necessarily a “metric space” [32]. With
5 =1, every “b-metric space” is a “metric space”. If we replace Condition 1 with the following;:

e Ifr =1 impliesd(z,9) =0,
then (X,0) is called a “pseudo b-metric space”. Moreover, it has been shown that several metric
fixed point theorems can be extended to “b-metric spaces” (see [33]). It is important to mention
that the “b-metric” is not continuous (see [34]). The notion of the “b-metric space” was introduced
for the generalization of the fixed point theorem for single valued mappings and correspondences
(see [24,25]).

Definition 2. Let X' be a nonempty set and s > 1 be a real number. A fuzzy subset M of M : X x X x
[0, +00) — [0,1] is called a “fuzzy b-metric” on X if the following conditions are satisfied for all t,n,3 € X
and c € R.

Mz, 9,t) = 0, for all non-positive real numbers t,
M(x,n,t) =1, forall t € R ifand only ifr = v,
M(x,9,t) = M(, 1 1),
Mz, 3,8(t+h)) > min{M(x,9,t), M(y,3,h)}, foralls > 1,
M(czc,lj, t) = M(I,U/‘c)fom#o
Mz, v, ) is a non-decreasing function on R and sup{M (ry,t)} =1
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The pair (X, M) is said to be a “fuzzy b-metric space”.

It is important to discuss that for s = 1, every “fuzzy b-metric space” will reduced to a “fuzzy
metric space”. The following example explains the concept of the “fuzzy b-metric space”.

Example 1. Suppose that (X,0) is a “b-metric space”. Define

—t >0,
M(z,9,1) :{ WO(“’) (<0

Then, M(x, v, t) is a “fuzzy b-metric space” for all v € R
Definition 3. Let (X, M) be a “fuzzy b-metric space”. We define the following subset of X, as:

Be(xo,t0) = {xeX : M(r,10,t0) > t},

wherery € X, v € (0,1) and ty > 0.

Let (X, M) be a “fuzzy b-metric space” and define an open set O C X as follows. An element
r € O if and only if there exist v € (0,1) and ty > 0 such that B.(x,tp) C O. Let ) be a topology
induced by M on X which contains all open sets (for details, see [35,36]). Therefore, with T, some
topological notions such that the convergent sequence, Cauchy sequence, closed set, complete set and
closure of a set are meaningful. Let X’ be a “fuzzy metric space” and suppose that 9, : X x X' — R for
eacht € (0,1) is defined as:

0c(r,9) = sup{t: M(z,9,t) <t}

Then, 0. is known as a pseudo metric. One can verify that if X' is a fuzzy b-metric then ?. is a
pseudo b-metric (for details, see [37]). The family of the pseudo b-metric 9.(z, y) generates a topology
on X which is the same as the topology generated by 7. Therefore, (X, M) is complete if and only
if (X,0,) is complete. It is easy to show that for r, 1,3, € X and q € [0, 00), M(3,t0,qt) > M(x,9,t)
give that 9.(3,10) < q0.(r,n), for each v € (0,1). If we define such pseudo metrics in a “fuzzy b-metric
space” then it can lead to a smooth proof for many fixed point theorems in “fuzzy b-metric spaces”.

In the following lemma, some equivalences are provided as:

Lemma 1. Let (X, M) be a “fuzzy b-metric space”.

o Asequence {r,} € X is convergent and converges toy € X ifliyrzn/\/l(;n,;, t) =1forall t > 0and
denoted as t,, — t.

o If lnn;f} M(tn, tm, t) = 1 for all sufficiently large m, n and for any t > 0 then gy, is called a Cauchy sequence
in X.

o Ifevery Cauchy sequence is convergent in X then X is called a “complete fuzzy b-metric space”.

o Asubset €of X is a complete space if and only if it is complete with induced pseudo b-metric 0. for every
te (0,1).

o Asubset € C X is open if for every x € € there exist t,v > 0 such that M(x,v,t) > vimplies y € €.

o  Asubset € C X is closed if it contains all of its limit points.

e The closure of € denoted by € is defined as the set of all points of X that are the limit points of some sequence
in €.

The following theorem is an equivalent to the “Banach fixed point theorem” in “fuzzy
metric space”.
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Theorem 1. [8] Let (X, M) be a “complete fuzzy metric space” and T : X — X. If
t
M(Te, %o, 8) 2 M(x 0, ),
fory,p e X, €€ (0,1) and t € R. Then T has a fixed point.

Theorem 2. [37] Suppose X is a “complete fuzzy metric space”, T : X — X is a single valued mapping and
for every 0. there exists a constant €. with 0 < €. < 1 such that 9.(T(x),%(y)) < €0:(x,n) forallr,y € X.
Then there exists a unique point 3 € X such that T(3) = ;.

By a correspondence f on a set X' we mean a relation that assigns to each ¢ in X a nonempty
subset of X. For a correspondence f an element ¢ € X is said to be a fixed point if ¢ € f(r). Itis
worthwhile mentioning that it is not necessary for the fixed point of a correspondence to be unique
(see Example 3). Define

M(a,§(b),tp) =sup sup M(a,,t).
t<topej(b)

In this paper we define the {-contractive and monotone y-contractive correspondence and prove
some results for the existence of fixed points for these contractive conditions in “fuzzy b-metric
spaces”, where ¥ € ¥ and ¥ consists of all the functions ¢ : R™ U {0} — R U {0} being continuous,
nondecreasing and (1) = 1. It is important to mention that several researchers have obtained fixed
points of correspondence satisfying the contractive conditions via the Hausdorff distance [38—43].
We improve Theorem 1 in a short and comprehensive way and obtain the result without using the
Hausdorff distance. Further we answer an open problem related to the “Banach fixed point theorem”
in “b-metric space”.

3. Main Results

In the sequel, it is assumed that (X', M) is a “complete fuzzy b-metric space” with some s > 1
and f is a closed correspondence i.e. for every v, € X such that, € f(r,), for all r, € X then the
following implication holds:

In =L yn — 1y implies vy € f(x).

The following lemma is a handy tool that will be used in the sequel.

Lemma 2. [38] A sequence {r,} in a “b-metric space” (X,0) is a b-Cauchy sequence if there exists £ € [0,1)
such that:

D(Pnz FnJrl) < Ea(?311711 In)/

for everyn € N.
It is also verified that Lemma 2 holds for “pseudo b-metric spaces” as well.

Definition 4. Let € be a nonempty subset of (X, M). A correspondence f : € ~» X is said to be an
€ — -contraction (e.. €) if p € ¥, e > 1, £ > 0 and for every vy € € there exists w € f(y) such that:

PM(3,10,-2)) = min{g(S(50,0), (69, 5)}, )
for every ¢ € €, 3 € §(r) where

My, §(n), Y Mz, §(x), t)

S(F! v, t) = mil’l{M(I/ n, t)/M(L f(x)/t)’ M(Z:, n, t) !

M(x§(n), 2st), M(v,§(x), 251)},
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and

I(x,9,t) = max{min{ M(x, i(x),t), M(v,§(n), )}, M(x i), 1), M(,f(x), )}

For e =1, (e.y. @) is called ¢-contractive or (. €). The following theorem is a generalization of
theorem 1 for (1.€) correspondences in “fuzzy b-metric spaces”.

Theorem 3. Every (.€) correspondence f has a fixed point.

Proof. Let ry be any element in the domain of f. If ry € f(ro) then rg is the fixed point of f and we have
obtained the required result. However, if o ¢ f(zo) then choose an arbitrary element r; € f(zo). By the
definition of the (1.€) correspondence there exists an rp € f(r1) such that

lP(M(FZIM/ E)) > min{lp(s(lflllﬁorf))/ lP(I(?lIZ:O/ %))}/ (2)

Now we have to compute S(z1, ro, t) and I(x1, ro, %) where

S(rro,t) = min{M (e, 0,t), Me, f(rr), ), “HEAGAREIED, A (xy, f(xo), 258),
1

M(xo, f(x1), 2st)
> min{M(z1,x0,t), M(x1, 12, ),M(roﬁ(z xo(f)l 2,t) ,1, M(xo,12,25t)}, 3)
= min{M(x1,t0,t), M(x1,22,t), M(xo,12,25%)},
Z mln{M(Pler/ )rM(gerCZI ) 1 mln{M(FOrglr );M(FL?Z/t)}/

and

I(r1,70, ) = max{min{M (x1,(r1), &), M(xo,f(x0), %)}, M(x1,(x0), ),
M(xo, (1), £)}
> max{min{/\/l(;l, L, %)l M(?O/ L1, %)}/ 1’ M(FO/ L, %)} = 1/

if min{ M (xo,r1,t), M(r1,12,t)} = M(x1,12,t) then from Inequality 3 we have S(xr1,r0,t) >
M(11,12,t). Then, Inequality 2 becomes

IIJ(M(xZler i)) min{w(M(?lleIt))/ 11[7(1)}
min{y(M (31,12, t)), 1}

IP(M (Fl/ L2, t))

IV IV IV

From the above inequality we have

PM2m,)) 2 p(M e, Y)

Since ¢ is an increasing function, hence we have

t
M(Z«'Z/FL ;) 2 M(Fl/?Z/ t)

As discussed in the previous section, the related correspondence implies

—_

0c(r1,12) < =0:(x1,12),

i

where 0. is a pseudo b-metric induced by a b-fuzzy metric M. Then the above inequality is true if
r1 = 2. In this case, 1 is a fixed point of f and the proof is complete. If not then r; # 1. In this case
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Z M (;O/ L1, t) and

min{ M (xo,r1,t), M(x1,12,t) } = M (xo, 11, t). From Inequality 3 we have S(z1, 1o, t)
I(ILFO/ L) > 1.

t

IP(M(xZlerg)) min{#)(M(glr?OIt))r 4’(1)}

>
> min{yp(M(r1,20,t)), 1}
> P(M(z1,10, 1))

Hence, (M (x2, 11, L)) > (M (x1,12,1)). Continuing in this way we obtain a sequence {r,} for
each n > 1such thaty, 1 € f(rn) and it satisfies:

IP(M(FnJrlrIn/ ;)) > min{lp(s(xnlﬁnfllt))r IIJ(I(?annflr %))}

If 41 = 1n for some n € N then f has a fixed point. We assume that y,, 11 7# 5. It is easy to show
that I(xr;_1,1n,t) = 1. Now we have

S(?nflrln,f) - mln{M( n—1,%n, ),M(anlrf@nfl)/f),

MEHE MO0 A (5,1, (20), 25), M (00, F(20-1), 258)},

2 mln{M Ln—1,%n, ),M(anlr?nlol/\/l(?n,}inJrl/ t)/
M (?7171/ Ln+1, 25t)/ M (;71/ n, 25t) }r
min{M (Fn—lz n, t)/ M (?n/ Ln+1, t); min{M (Fn—lz In, t); M (Fn/ Ln+1, t) }/

v

mln{M (;'rlfl/ n, t)/ M (In/ Ln+1s t)}

If S(tp_1,tn,t) > M(xn, tni1,t) then we have

lP(M(XmZCnH/;)) > min{¢p(M (tn, tns1,t)), 1’,](1)}
= P(M(xn, tny1,1))

Since ¢ is nondecreasing, so

t
M(?n/?n-i-l/ g) 2 M(Fnz?n-&-l/ t)

This implies that 0¢(rn, 1p41) < %Ot(xn,x,ﬂ_l) where 0, is a “pseudo b-metric” induced by a
“b-fuzzy metric” M. Since r, # ry+1 then above inequality generates a contradiction.
Hence we have
S(tn—1,tn,t) > M(tp—1,tn,t).

This implies
POM (01, ) 2 min{p(M (e 1,80,0), 91} = $M(Er1,00).

Thus we have M(zzn,zﬂnH, ) > M(xy_1,tn,t), for all n € N. Hence

—_

Dt(?nJrl/ ?n) < 70t(;1’l71/ Fn)~

i

Lemma 2 implies that {r, } is a Cauchy sequence by d, for each v € (0,1). Thus, {r,} is a Cauchy
sequence in (X, M). Since (X, M) is a “complete fuzzy b-metric space” there exists anr € X such
that limy,—ye0 M (s, 1, t) = 1. Asty € f(rn-1), tn — & tn—1 — rand f is closed, this implies ¢ € f(r). O

Clearly, (e.9.€) is (¢.€). Thus, the Theorem 3 also holds for (e.1.€). The following theorem is
equivalent to Nadler’s theorem in [22] in the “fuzzy b-metric space”.
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Theorem 4. Suppose that | : X ~+ X is a correspondence in the “fuzzy b-metric space” such that for r,y € X
and 3 € f(r) there is vo € §(v) satisfying the following condition

t
M(ﬁ, mft) 2 M(;/ U/ E)/
where t € (0,1) and t € R. Then, { has a fixed point.

Proof. The proof follows using similar arguments as in Theorem 3. O

The following example supports Theorems 3 and 4.

Example 2. Let X = [0,1] and (X, M) be a “fuzzy b-metric space” where

__t t> 0,
R

As in Example 1, (X, M) is a “complete fuzzy b-metric space” with s = 2. Let f : X ~~ X be defined as
f(x) = {5} It is straightforward to see that for each t,y € X,

M( ) > min{S(x,,t), I(x,9,)}.

R

4

N

I

2/
Thus, for £ =1, € = 2 and (t) = t, Theorem 3 is satisfied and § has a fixed point.

Example 3. Let X = [0, 3] U {1} and (X, M) be a "fuzzy b-metric space” where

_ )0 fe=yl=t

Define a correspondence f on X as
1
_ 4 r= 1/
x =
i) { RIS
We claim that for some x,v) € X and j € f(x) there exists a w € f(y) such that M(3,10,t) > M(x,y, §)
where € € (0,1). Suppose that for t = } and

MG, t) = 1 or/\/l(zc,\),%) _o,

then the claim holds. Howeuver, t
M(3,m,t) =0and M(g, v, E) =1,

is impossible. Without loss of generality we can suppose that y = 1 and ¢ # 1. Indeed, if ¢y # 1 and vy # 1 we
can choose 3 = tv and therefore, M(3,v0,t) = 1. Take 3 = L and vo € {1, 1}. If 5 = to then M(3,10,t) = 11s
a contradiction. If 3 = } and w = } then

M(3, 3,6 = 0and M(z,1,2 = 1

implies that t < } and |1 —¢| < 2t < %, that is % < r which is impossible. By Theorem 4, x = % is a fixed point
of the mapping f.
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Corollary 1. Suppose that T : X — X is a single valued mapping on a “fuzzy b-metric space” satisfying

t
foreveryr,y € X, t € (0,1) and t € R. Then, T has a unique fixed point.
Corollary 1 is a “fuzzy b-metric” version of the “Banach fixed point theorem”.

Corollary 2. Suppose that ¥ : X — X is a single valued mapping on a “complete b-metric space” (X ,0) and

2(T(r), T(y)) < (xv),
holds for every r,y € X, t € (0,1). Then, T has a fixed point.

Proof. The inequality (% (r), T(y)) < €0(z,y) implies that

t t
t+0(2(x), Z(n)) “ t(r,n)

Therefore

M((0),5(0),0) = M(en,p)

Note that every “b-metric” is a “fuzzy b-metric”, as shown in Example 1. The rest of the proof
follows by using Corollary 1. [

Remark 1. Corollary 2 has been proven for ¢ € [%, 1). It is an open problem whether X has a fixed point when
% < £ < 1. Actually we replied to this important question in the Corollary 2.

Theorem 5. Let g € X, v > 0and ty > 0. Suppose that § : Be(ro, to) ~» X is an (€.1.€) correspondence
where € > 1. Suppose that there exists r1 € f(xo) such that

e—1

M(?l/?@/ € {O) >

Then, f has a fixed point.

Proof. Since M (x1, o, 5G;il;lto) > v we have M (r1,x0,t0) > M (1,0, 59;#’(0) > t. This implies that

1 € Be(ro, to). By the similar arguments as in the proof of Theorem 3 there exists 1, € f(r1) such that
to
M (?2/ gl/ 576) 2 M (Fl/ Lo, tD) >t

Therefore, 0 (12, 11) < E%Dt(;l, ) < 5:#{0. Following on the same lines we have

1
Ve (Tnt1,8n) < (?)"Dr(zﬂl,xo),
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for all n € N. Hence

Vet to) < S0c(r1,x0) +520c(r1,12) + 50 (12,23) + - .- + 5™ (Xnm1,1n),
< 14 (2) 4+ (2)2 Sz,
< 50(r1,20)| +(;€) (57) +~-+(57) m]r
S 5 5 _ 5 _
< sbr(n,xo)[l+(57)+(57)2+~--+(57)” 2+(;€)” 1,
5 1
< ——0c(r1,x0) < = 0:(r1,%0)
175671 5
< to,

for all n € N. Therefore, the sequence r, € B(xo, ), for all n € N. Following similar arguments
to those in the proof of Theorem 3, we deduce that {r,} is a Cauchy sequence. By the closeness of
B¢ (r0,t0) and the completeness of X" there exists an ¢ € B (ro, to) such that r, — ¢. fis closed and we
haver € f(r). O

A correspondence f : X' ~» X is called monotone if for allx < vy, u € f(r) and v € f(y) we have
u = v (for details, see [44,45]). Suppose that in Definition 4 (defined in [46]), (X, M) is equipped
with a partial order relation < and Inequality 1 holds for r,y € € where ¢ < y. Then, f is said to
be monotone -contractive (briefly, monotone (¢.€)). The following theorem is a generalization of
theorem 1 to monotone . € correspondences in “ordered fuzzy b-metric space”.

Theorem 6. Let (X, M) be a complete order “fuzzy b-metric space” and § be a monotone (1.€) such that
ro = f(xo) for some xg € X. Then, f has a fixed point.

Proof. The proof is closely modeled on Theorem 3. [

4. Application to Linear Equations

In this section we will provide an application of the “Banach fixed point theorem” on “fuzzy
b-metric spaces” to linear equations. Now, consider the linear system

ajiry + a2 + - - -+ agre = by,

ap1ry + axprp + - - -+ agun = by,

Ap1¥1 + 282 + -+ Apln = by,

which has a unique solution. It is equivalent to show that the following linear system has a
unique solution.
) o e T |

co111 + €12 + - - -+ oy = b5

11 + 22 + -+ Cunln = b;

where ¢;; = 22—%, i,je{l,...,n}, M = |max a?j and b’ = [22}\4, e, 227\4]3. For this we consider the
l,]
“fuzzy b-metric space” generated by
t
M (F/ U/ t) = 27

t+ max |r; —b;
1§].§n|151 D
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for all r,y € R". Consider the mapping ¥ : R" — R" defined as
T(r) =Cr+ 0

where r € R", b’ is a column matrix having entries from R and € is an 1 X n matrix with ¢;j arrays. Itis
2

essay to show that m?x cl = m?x TEAE MZ

“Banach’s contraction principle” on “fuzzy b-metric spaces”.

Now we have to show that the self-mapping ¥ satisfies the

4

max c — < max [
1<1<n}§ i |5 —vi)* < 1<1<n12 I/Z‘F] ol

2

IN

n

7

max c? max|;]
ij

fmax g = v

IN

This implies that M(%(x),%(y),t) > Mz, 9,4t). Corollary 1 implies that ¥ has a fixed point.
Therefore, the linear system has a unique solution.

5. Conclusions

In this article we defined the y-contraction and monotone -contraction correspondence and
obtained fixed point result in the “fuzzy b-metric space”. As a consequence of our main result
we obtained the Banach contraction principle in the “fuzzy b-metric space”. Further we addressed
an open problem in which we generalized the interval of contraction and proved that our results
were also valid if contractive constant ¢ lied in [%, 1), where s > 1. As an application of our result
we obtained a solution of the system of n linear equations in the “fuzzy b-metric space”. Further we
provided examples that further elaborated the useability of our result.
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