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Abstract: The known mathematical model of rumor spreading, which is described by a system of four
nonlinear differential equations and is very popular in research, is considered. It is supposed that the
considered model is influenced by stochastic perturbations that are of the type of white noise and are
proportional to the deviation of the system state from its equilibrium point. Sufficient conditions of
stability in probability for each from the five equilibria of the considered model are obtained by virtue
of the Routh-Hurwitz criterion and the method of linear matrix inequalities (LMIs). The obtained
results are illustrated by numerical analysis of appropriate LMIs and numerical simulations of
solutions of the considered system of stochastic differential equations. The research method can
also be used in other applications for similar nonlinear models with the order of nonlinearity higher
than one.

Keywords: rumor spreading model; white noise; stochastic differential equations; asymptotic mean
square stability; stability in probability; linear matrix inequality

1. Introduction

There are two classes of mathematical models of the type of epidemics: medical epidemics
(see, for instance, the so-called SIR-epidemic model [1-3]) and different social epidemics (see, for
instance, the alcohol consumption model [4] or the model of obesity epidemic [5]). During the last two
decades, the rumor spreading model, that is an epidemic of the social type too, is extremely popular
in research (see, [6-29]). Following [26], we will consider the rumor spreading model (the so-called
[2SR-model) in the form

I(t) = p— MI(0)Si(1) - 1(1)S 20l

$1(6) = AL()51 1)+ 52(6)  or8: (VR (D) 4510, o
$5(t) = A1(1)5a(t) — aSa(t) — S (DR (1) — 45al1),

R(t) = 5151()R() + 5:52()R(E) — 4R (1),

where I(t), S1(t), S2(t), R(t) are respectively the density of ignorants, the low rate of active spreaders,
the high rate of active spreaders and stiflers at time ¢, p, g, «, 61, 62, A1, A7 are positive parameters.
Please note that the sense of the parameters p,q,«, 1,02, A1, Ay that are used in the rumor
spreading model (1) are described in [26]. We will consider the system (1) as a mathematical object
and show how stability of nonlinear mathematical models of the similar type can be investigated
under influence of stochastic perturbations. In particular, we will consider here the simple parameters
A; and ¢; unlike from [26], where these parameters are considered in the form of the product of two
parameters: A;k and ;k, i = 1,2. We will not suppose in the general case as it is made in [26] that p = g
and 07 = J,. We will correct also some errors and inaccuracies which there are in [26]. For example,
in [26] it is supposed that A, > A (p. 856) but in the numerical examples the following values are used:
A1 =0.05and A, = 0.007 or Ay = 0.003 (p. 862), all equilibria and stability conditions are obtained
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under the assumption 6; = 6, = ¢ (p. 857) but in the numerical examples one can see §; = 0.007 and
6y = 0.59 (p. 862) or 5, = 0.009 (p. 863) and so on.

The purpose of the proposed research is to calculate of equilibria of the system (1) and to obtain
stability conditions for each from these equilibria under assumption that the system is exposed to
stochastic perturbations. Sufficient conditions of stability in probability for each from the five equilibria
of the considered model are obtained by virtue of the Routh-Hurwitz criterion [30] and the method of
linear matrix inequalities (LMIs) [31,32]. The proposed research method can be used for a lot of other
similar nonlinear models in different applications.

2. Equilibria of the Model

Equilibria E = (I*, 5}, S;, R*) of the model (1) are defined by the system of algebraic equations

(MS1+ S +q) I =p,
((51R —MI+ q)81 = aSy,
((52R — Al +a+ Q)Sz =0,
(5151 4+ 0Sy — q)R =0,

@)

that follows from (1) by the condition that I(t), S1(t), S2(t), R(t) are constants.
Please note that the solution of the system (2) is not unique. Solving the system (2) gives the
following five equilibria E; = (I}, S}, S5, RY),i =0, ...,4, where (see Appendix A.1)

Ey =(I3,0,0,0), I} = Z;
Er =(I},57,,0,0), Ii‘:}%, sn:g—%;

o q pPA q
By =(If,55,0,R;), L=--1— sp=1 grp=_P__ 4
2 =252, 0.R) 27+ TR T 2T qe A &

E3 =(I3, 513, 523, 0),
ot o _apla—glatq) o (g2 = M) —adi)(pha —glat ).
3 = 23 —

Ay TR g = A (et )’ Aag(Az = Ar)(a +9) '
Ey =(I3, 514, 534, RY), (©)
if (62— 01)(A2d1 —A162) #0 then Sj, isa positive root of the quadratic equation
+p | q(A2+6) ag(A2 +62)
$2 — 1181+ 1, =0, v:q“ , V= ,
1 =1 2 1 ‘7(52 — (51) )\251 — )\1(52 2 ((52 — (51)(/\2(51 — /\152)
2
aq*(6 + Ag) .
if &h=061=0, Ary>Aq,
i, =14 0(A2— Algé(ﬂlfx + pd) 2 o
if )\251 = /\1(52, Oy > 51,
by — 01
: 1 * * p * AZII —a—q * q * o+ q
St =—(g—&8Y), [[=-—F ==4 1 su<1 > :
24 52 (q 1 14) 4 )‘15;1 _1_/\25;4 +q 4 (52 14 51 4 /\2

It is supposed that all nonzero elements of all equilibria are positive.
Putting N(t) = I(t) + S1(T) + S2(t) + R(t) and summing all equations of the system (1), we obtain

N(t)=p—gN(t), N(t) = <N(0) - Z) e+ lim N() = L. )

q t—o00

=

In accordance with (4) for all equilibria we have

N* = I + S}, + S5+ Rf = s, i=0,..,4 ®)
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3. Stochastic Perturbations, Centralization, and Linearization

Let us suppose that the system (1) is exposed to stochastic perturbations which are
directly proportional to the deviation of the system (1) state (I(t),S1(t),S2(t),R(t)) from the
equilibrium (I*, 57,55, R*) and are of the type of white noise (wy(t),w;(t), w(t), w3(t)), where
(wo(t), wy(t), wa(t), ws3(t)) are mutually independent standard Wiener processes. Therefore, we obtain
the following system of the Ito stochastic differential equations [33]

I(t) = P AI(#)S1(t) — A1 (t)Sa(t) — qI(t) +oo(I(t) — I*)ao(t),

S1(t) = MI(£)S1(t) + aSa(t) — 6151 (£)R(t) — gS1(t) + o1 (Sq(t) — S7)aun (1), ©)
Sy(t) = Azl(t)s (t) —aSa(t) — 6252(t)R(t) — gSa(t) + 02(S2(t) — S5)wa(t),

R(t) = &1S1(H)R(t) + 6282 (£)R(¢) — qR(t )+Ua( (t) — R*)ws(t)

Please note that the equilibrium (I*, S7, S5, R*) of the deterministic system (1) is also a solution of the
system with stochastic perturbations (6).

Let (I*, 57,55, R*) be one of the equilibria of the system (1). Putting in (6) I(f) = yo(t) + I%,
S1(t) = y1(t) + 57, S2(t) = ya(t) + S5, R(f) = y3(t) + R*, we obtain

Yo(t) = p— (yo(t) + I")[M(y1(t) + ST) + A2 (v2(t) + S3) + q] + coyo(H)@o(t),

y1(t) = (y1(t) +S7)[M(yo(t) + I*) = d1(ys(t) + R*) —q] + a(y2(t) + S3) + oryr (H)wi(t), @
Y2(t) = (v2(t) + S3)[A2(yo(t) + I7) — 62(y3(t) + R*) — e — q] + ooya (t)wn (),

y3(t) = (y3(t) + R*)[01(y1(t) + ST) + 62(y2(t) + S3) — q] + ozys(t)ws(t).

It is clear that stability of the zero solution of the system (7) is equivalent to stability of the equilibrium
(I*, 87,55, R*) of the system (6).

Removing from the system (7) nonlinear terms and using the system for equilibria (2) we obtain
the linear part of the system (7)

zo(t) = —p(I*) "Lzo(t) — MI*z1(t) — AT zp(t) + 0pzo(t)tio (1),
21(t) = MS7zo(t) — (9 + 61R* — AqI%)z1(t) + azp(t) — 61S72z3(t) + onz1 (H)wy (1), ®)
Zz(t) AzSZZO(t) (DC +q— AT + (52R*>22(t) — (525323“) + (7222(t>d)2(t),
Zg(t) R*Zl(t) + (52R*Zz( ) (q — (518? - 525%)23(0 + Ung(f)Zbg(f).
Let us present the system (8) in the matrix form
dz(t) = Az(t)dt + C(z(t))dw(t), )
where z(t) = (zo(t),z1(t),z2(t),z3(t)), w(t) = (wo(t),wi(t) walt) ws(t)), C(z(t)) =
diag(opzo(t), ..., 0323(t)),
—p(I*)~! -MI* — A I* 0
A= /\151 —(q—f—(is* —/\11*) o . . —515}’i (10)
/\252 0 —(DC+E]—)\21 + R ) —5252
0 61 R* o R* —(q — 6157 — 5,5%)

Remark 1. The order of nonlinearity of the nonlinear system (7) is higher than one. For systems of such type
a sufficient condition for asymptotic mean square stability of the zero solution of its linear part (9) provides
stability in probability of the zero solution of the initial nonlinear system (7) [30]. Therefore, a sufficient condition
for asymptotic mean square stability of the zero solution of the linear Equation (9) provides stability in probability
of the equilibrium (I*, S, S5, R*) of the initial system (6).

Following Remark 1, below we will have sufficient conditions for asymptotic mean square stability
of the zero solution of the linear Equation (9) for each from the equilibria (3).
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4. Stability of the Equilibria

Consider some definitions and statements that will be used below [30].

Definition 1. The zero solution of the system (7) is called stable in probability if for any ey > Oand ey > 0
there exists & > 0 such that the solution y(t) = (yo(t),y1(t),y2(t),y3(t))" of the system (7) satisfies the
condition P{sup,, [y(t)| > €1} < e provided that P{|y(0)| < ¢} = 1.

Definition 2. The zero solution of the system (9) is called:

- mean square stable if for each e > 0 there exists a § > 0 such that E|z(t)|? < ¢, t > 0, provided that
E|z(0)]? < 6;

- asymptotically mean square stable if it is mean square stable and the solution z(t) of Equation (9) satisfies
the condition lim;_,e E|z(t)|? = 0 provided that E|z(0)|*> < oo.

The generator L of the Ito stochastic differential Equation (9) is defined on the functions V (¢, z)
which have one continuous derivative with respect to t (V;), two continuous derivatives (VV and
V2V) with respect to z and has the form [30,33]

LV(t,z(t)) = Vi(t,z(t)) + VV'(t,z(t)) Az(t) + %Tr[C(z(t))VZV(t,z(t))C(z(t))}. (11)

Theorem 1. Let there exist a function V (t,z) with continuous derivatives Vi, V'V, V2V, positive constants
€1, €, 3, such that the following conditions hold:

EV(t,z(t)) > c1Elz(t)]?, EV(0,z(0)) < c2E|z(0)|?, ELV(tz(t)) < —c3E|z(t)[
Then the zero solution of Equation (9) is asymptotically mean square stable.

Lemma 1. Let there exist a positive definite matrix P = ||p;|| (i,j = 1,2,3,4) such that the matrix (10) with
the equilibrium (I*, S}, S5, R*) satisfies the linear matrix inequality (LMI)

PA+A'P+P, <0, P, = diag{p1103, ..., p1a02}. (12)
Then the equilibrium (I1*, S, S5, R*) of the system (6) is stable in probability.
Proof. For the function V(t,z) = z'Pz from (11) and LMI (12) for some ¢ > 0 we have

LV (t,z(t)) =22/ (t)PAz(t) + Tr[C(z(t))PC(z(t))]
=2/ (t)(PA+ A'P + P,)z(t) < —c|z(t)|*.
From Theorem 1 it follows that the zero solution of Equation (9) is asymptotically mean square

stable. Via Remark 1 one can conclude that the equilibrium (I*, 57, S5, R*) of the system (6) is stable in
probability. The proof is completed. [

Note to satisfy the LMI (12) the matrix A must be the Hurwitz matrix [30,31].

Definition 3. The trace of the k—th order of a n x n-matrix A = ||a;;|| is defined as follows:

Aijiy - iy
Tk = Z , k= 1,...,1’1.

1§i1 <...<ik§n
Aipiy - Aigiy
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n
Here, in particular, Ty = Tr(A), T, = det(A), T,_1 = Y Aj;, where Aj; is the algebraic complement of the
i=1
diagonal element a;; of the matrix A.

Lemma 2. [30,31] Let Ty, k = 1,2, 3,4, be the trace of the k-th order of a 4 X 4-matrix A. The matrix A is the
Hurwitz matrix if and only if

Ty <0, TiT,<T3<0, 0<TeTy< (TyTr—T3)T5. (13)
A 3 x 3-matrix A is the Hurwitz matrix if and only if first two conditions (13) hold.

In general, the LMI (12) for each equilibrium (3) must be numerically investigated via MATLAB.
However, in some particular cases this process can be simplified and analytical conditions can be
obtained. Below it is shown in investigation of stability of the equilibria (3).

4.1. Stability of the Equilibrium Eo = (£,0,0,0)
Theorem 2. If

1 p 1 ( rx) p
—>L, —(1+=)> %, (14)
q q?

and
0g <2q, (712<2(q—/\15>, 022<2(0c+q—)\2§>, 03 <2q, (15)

then the equilibrium Eg is stable in probability.

Proof. For the equilibrium Ey = (Z, 0,0, O) the system (8) takes the form

2o(t) = —qzo(t) — Apg 21 (t) — Aapq~'za(t) + ooz (t) o (t),

Zl(t) = —(q — /\1pq_1)21 (t) + &Zz(t) + 0'121(f)lb1(f), (16)
2(t) = —(a+ g — Aapg Nza(t) + caza (H)ta (1),

23(t) = —qz3(t) + o3z3(t)ws(t).

The conditions (14) provide negativity of the coefficients before z1 (t) and z,(t) in the second and the
third equations (16). It is known [30] that the last two inequalities (15) are the necessary and sufficient
conditions for asymptotic mean square stability of the zero solutions of the last two equations in (16)
which do not depend on zy(t) and z; (t) and can be considered separately. Since lim;_,o Ez5(t) = 0
then the system of first two Equation (16) for zy(t) and z;(t) can be considered without the process
z(t), ie.,

2o(t) = —qzo(t) — Apq 'z (t) + oozo(t)to(t),

21 () = — (g9 — Aipg~)z1(8) + orza (H)ws (¢).

Via Remark A2 (see Appendix A.2) the first two inequalities (15) are sufficient for asymptotic mean
square stability of the zero solution of the system (17). Therefore, the conditions (14), (15) provide
asymptotic mean square stability of the zero solution of the system (16) and via Remark 1 stability in
probability of the equilibrium Ej of the system (6). The proof is completed. O

(17)

Remark 2. One can check that by the conditions (14) and (15) the matrix

-9 —Mpg! —Aapg”! 0
0 —(qg—Aipgt) w 0

A= 18
0 0 —(a+g—Apg™t) 0O (18)
0 0 0 —q
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of the system (16) satisfies the conditions (13).

Example 1. Put

x=04, A1 =05 A, =07 6 =06=02 p=08 =07

19
0o =118, 0, =050, o =077, o3=1.18. (19)

By these values of the parameters the conditions (14) and (15) hold:

1 p 1 o p
—=2>5-1 —(1+=)=224> 5 =1

N2 g 63, 1, ( + q) > 5 = 1.63,
0g=13924<2g=14, 0} =025<2 (q - A1£> =0.257,

03 = 0.5929 < 2 (a +q-— A2§> =06, 03=13924<25=14.

Using MATLAB it was shown that by the values of the parameters (19) the matrix (18) satisfies the LMI (12).
The conditions (13) with

Ty =-1.8286 <0, T,=11286>0, T;=—02640<0, T,=0.0189 >0,
T3 —T1Ta = 17997 >0, (T1T, — T3)T3 — T?Ty = 0.4119 > 0,

hold too. Therefore, the equilibrium Ey is stable in probability.

In Figure 1 one can see 30 trajectories of the system (6) solution for the equilibrium Ey with the initial
condition I(0) = 1.7, $1(0) = 0.9, S»(0) = 0.7, R(0) = 0.5: all trajectories I(t) (yellow), S1(t) (green), Sy(t)
(blue), R(t) (red) converge to the equilibrium Ey = (I*, 57,53, R*) = (1.1429,0,0,0).

18 20 22 t

Figure 1. 30 trajectories of the system (6) solution with the initial condition I(0) = 1.7, $;(0) = 0.9,
S2(0) = 0.7, R(0) = 0.5: all trajectories I(t) (yellow), S1(t) (green), Sx(t) (blue), R(t) (red) converge to
the equilibrium Ey = (I*, S}, S5, R*) = (1.1429,0,0,0).

4.2. Stability of the Equilibrium E1 = (Ail,g — /\11’0’ O)
Theorem 3. If

1 1 p 1 1( tx) 1
R A § R 20
Mo T M A2 q (20)
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2pM 2pM Ao P 9

2 2 2 2

oy < N — (72<2(a+q7q/\—1), 0'3<2(q751(57/\—1 © (1)
”’+[W<_W>]

then the equilibrium Eq is stable in probability.

Proof. For the equilibrium E; = <)?, g — )\i' 0, 0> the system (8) takes the form
1 1
20(t) = —pq " Aazo(t) — 21 (t) — gA2AT ' za(£) + 00zo (E)o(t),
g =1 (£ L)) +azmt) - (2 - L) 2+ mmlmn(o)
q Al 1 q /\l (22)
2(t) = —(a+ g — qhaA; " )za(t) + oaza ()t (),
25 == (1= (2= 1L ) ) 2a0) + osza(Opwatt)
q 1

The conditions (20) provide positivity of the nonzero component of the equilibrium E; and negativity
of the coefficients before z,(t) and z3(t) in the last two equations (22). The last two inequalities (21) are
the necessary and sufficient conditions for asymptotic mean square stability of the zero solutions of last
two equations in (22) [30] which do not depend on zy(t) and z; (t) and can be considered separately.
Since im0 Ez5(t) = 0 and lim;_,. EZ3(t) = O then the system of first two Equation (22) for zo(t)
and z1 (t) can be considered without the processes z;(t), z3(t), i.e.,

2o(t) = —pg ' Mzo(t) — gz1(t) + cozo(t)wo(t),

: P _1q
Z1(t - —
1(t) q

M) zo(t) + arz1 (£)wn (b). (23)

Via Remark A2 (see Appendix A.2) first two inequalities (21) are sufficient for asymptotic mean
square stability of the zero solution of the system (23). Therefore, the conditions (20) and (21) provide
asymptotic mean square stability of the zero solution of the system (22) and via Remark 1 stability in
probability of the equilibrium E; of the system (6). The proof is completed. O

Remark 3. One can check that by the conditions (20) and (21) the matrix

—pg M g —gAA;! 0
A (PJ) 0 . 5 (r’_q)
A= q M q A (24)
0 0 —(a+qg—qghArh) 0

g5 (P4
e 1 ().
of the system (22) satisfies the conditions (13).

Example 2. Put

x=04, A =065 A =075 6 =26=02 p=09, g=07

25
00 =101, o3 =041, 0y =076, 03=114. 25)
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By these values of the parameters the conditions (20) and (21) hold:
1 1 p 1 1 ( oc) 1
— 4+ — =6.538 > =5 =1.837 > — = 1.53§, — 14+ -] =2.095 > — =1.538,
/\1 51 g qz )\1 /\2 9 )Lq )\1
02 =1.0201 < P21 <1671, 02 =0.1681 < P — 02001,
q [ -
q PA pA1

A
02 = 05776 < 2 (oc Ty qﬁ) = 05846, 02 =1299 <2 (q — & (5 - %)) = 1.3165.

Using MATLAB it was shown that by the values of the parameters (25) the matrix (24) satisfies the LMI (12),
the conditions (13) with

Ty =—-1.7863 <0, T,=1.0818>0, T;=—02511<0, T,=0.0183>0,
T3 —T1To = 1.6813 > 0, (T1To — T3)T3 — T?Ty = 0.3638 > 0,

hold too. Therefore, the equilibrium Ej is stable in probability.

In Figure 2 one can see 30 trajectories of the system (6) solution for the equilibrium Eq with the initial
condition I(0) = 1.7, $1(0) = 0.9, S»(0) = 0.7, R(0) = 0.5: all trajectories I(t) (yellow), S1(t) (green), Sy(t)
(blue), R(t) (red) converge to the equilibrium E; = (I*, 57,53, R*) = (1.0769,0.2088,0,0).

22 t

Figure 2. 30 trajectories of the system (6) solution with the initial condition I(0) = 1.7, $1(0) = 0.9,
S2(0) = 0.7, R(0) = 0.5: all trajectories I(t) (yellow), S1(t) (green), S»(t) (blue), R(t) (red) converge to
the equilibrium E; = (I*, 57,55, R*) = (1.0769,0.2088,0,0).

4.3. Stability of the Equilibrium E; = (I3,57,,0,R})

For the equilibrium E, the system (8) takes the form

2o(t) = —q(1+ A6, )zo(t) — M Bz (t) — AL3zo(t) + aozo ()t (1),

Zq (t) = q)»l(sl_lzo(t) — (q + (51R; - )Lllf)21(f) + lXZz(t) — q23(t) + 0'1Zl(t)wl(t), (26)
Zz(i’) = —(IX +q— )\21; -+ 52R;)Zz(t) + UzZz(t)ZUz(t),

23(t) = 01R3z1(t) + 02R320(t) + o323 (t)ws (1),

where I and R} are defined in (3).
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Lemma 3. If
p 1 1 a _ p(Aady —Ad) | &
£+, 14->8221 12 4 22 27
‘12 AModr q 7>(61 + M) o1 @)
then the matrix
—q(1+M07Y —MI —AoI3 0
q/\léfl 0 o —q
A= 28
0 0 —(a4+qg—A05+0R;) 0 (28)
0 0 R; 0HR; 0

of the system (26) is the Hurwitz matrix.

Proof. The first and the second conditions (27) provide respectively a positivity of R3 and a negativity
of the coefficient before z;(f) in the third equation of the system (26). Please note that the inequality

(29)

is the necessary and sufficient condition for asymptotic mean square stability of the zero solution of
the equation for z(t) of the system (26). Therefore, by this condition lim;—. Ez3(t) = 0 it is enough to
show that the matrix
—q(1+A07Y) - 0
A= gA107 ! 0 —q (30)
0 0R; 0

is the Hurwitz matrix. Really, for the matrix (30) we have
Ty =—q(1+ M7 <0, To=qgA20 [} +q61R5 >0, T3=—q*0R5(1+ 1071 <0,
and 251
TiTy = (—q(1+ M6y 1)) (gA36; 5 + q61R3)
< —qPOR;(1+ M6 1) = T,

Therefore, the matrix (30) is the Hurwitz matrix. Therefore the matrix (28) is the Hurwitz matrix too.
The proof is completed. [

Corollary 1. If the conditions (27) and (29) hold then for small enough 03, 012, (7§ the LMI (12) holds. It means
that the zero solution of the linear system (26) is asymptotically mean square stable and therefore (Remark 1) the
equilibrium Ej is stable in probability.

Example 3. Put

x=04, A=1, Ay=13, 6 =05 4&=07 p=09, g=05

(31)
0o =055, o1 =030, 0y=072, o5=044.

By these values of the parameters the conditions (27) and (29) hold:

p 1 « p(A2dy — A18p) | 6
7_36>7+7 3, 1+*=1.8>—+f—128
7 Mo q 7> (614 A1) 01

Aodr — Mdy) b
02 = 0.5184 < 2 (1+_P(2112_ ) 0.5,
’ AP I PR R

Using MATLAB it was shown that by the values of the parameters (31) the matrix (28) satisfies the LMI (12),
via Lemma 3 the conditions (13) hold too. Therefore, the equilibrium E is stable in probability.
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In Figure 3 one can see 30 trajectories of the system (6) solution for the equilibrium E, with the initial
condition 1(0) = 1.7, 51(0) = 0.9, S»(0) = 0.7, R(0) = 0.5: all trajectories I(t) (yellow), S1(t) (green), S»(t)
(blue), R(t) (red) converge to the equilibrium E, = (I*,S},S5,R*) = (0.6,1,0,0.2). In accordance with (5)
IF+ S+ S5 +R =pg ! =18

[N

23 t

Figure 3. 30 trajectories of the system (6) solution with the initial condition I(0) = 1.7, $;(0) = 0.9,
52(0) = 0.7, R(0) = 0.5: all trajectories I(t) (yellow), S1(t) (green), Sy(t) (blue), R(t) (red) converge to
the equilibrium E, = (I*, 57,55, R*) = (0.6,1,0,0.2).

4.4. Stability of the Equilibrium E3 = (I3, S35, 555,0)

For the equilibrium Ej the system (8) takes the form

20(t) = —pAa(a+q) zo(t) — MAy (a+ )21 (t) — (& + q)z2(t) + 0020 (t) o (),
21(t) = MSjaz0(t) — (9 — Alx\gl(a +q))z1(t) + azo(t) — 61S3523(t) + ovz1(£)wq (t), (32)
Zz(t) = /\253320&) — (525;323(15) + UzZz(t)d)z(t),
Zg(t) = —(q — 515T3 — (525>2k3)23(f) + 0'3Zg(t)?i)3(f),
where S35, 535 are defined in (3).
Lemma 4. If
r_1 & 11 & * *
7 > A, <1+q>, W > W 1+q , q > 61573 + 62533, (33)
then the matrix
—plala+g9)7t —MAN(a+g) —(a+9q) 0
A8 —(q—MA (e t+g) —6187,
A A2S3, 0 0 —0253, (34)
0 0 0 —(q — 61575 — 92533)

of the system (26) is the Hurwitz matrix.
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Proof. The conditions (33) provide a positivity of S7; and S35 and a negativity of the diagonal elements
of the matrix (34). Please note that the inequality

03 < 2(q— 61573 — 62533) (35)

is the necessary and sufficient condition for asymptotic mean square stability of the zero solution of the
equation for z3() of the system (32). Therefore, by this condition lim; ., Ez3(t) = 0 and it is enough
to show that the matrix

—phaa )t AN adg) —(atq)
A= MSt, —(g—MAy (2 +q)) i (36)
A2Sks 0 0

with
Ty = —pha(a+49) ' — (g — MAy (@ +9)) <0,
Ty = p(a+4) " (A2g — A (a+q)) + (a +9)[A2A, 1S53 + A2S35] > 0,
T; = —q(zx—l—q)()\g — )L1)5§3 <0,

is the Hurwitz matrix, i.e., Ty T» < T3. The proof is completed. [

Corollary 2. If the conditions (33) and (35) hold then for small enough (73, 0'12, (722 the LMI (12) holds. It means
that the zero solution of the linear system (32) is asymptotically mean square stable and therefore (Remark 1) the
equilibrium Eg is stable in probability.

Example 4. Put

x=08 A1 =03 A =09, 6 =08 6=07 p=12 q=06

37
0o =091, o =050, 0 =040, o3 =0.70. 37

By these values of the parameters the conditions (33) and (35) hold:

p 1 ( zx) 1 1 ( zx)

—=333> —(14+—-]=259, —=333>—(14+—-)] =259,

7 A2 q A A q

g =06 > 0,5, + 0S4, = 01715, 02 = 0.49 < 2(q — 6,53 — 6253;) = 0.5015.

Using MATLAB it was shown that by the values of the parameters (37) the matrix (34) satisfies the LMI (12),
for the matrix (36) Ty = —0.9048 < 0, T, = 0.2362 > 0, T3 = —0.0320 < 0, T; — T T, = 0.1817 > 0,
the conditions (13) hold too. Therefore, the equilibrium Ejz is stable in probability.

In Figure 4 one can see 30 trajectories of the system (6) solution for the equilibrium E3 with the initial
condition 1(0) = 1.9, $1(0) = 0.8, S»(0) = 0.4, R(0) = 0.4: all trajectories 1(t) (yellow), S1(t) (green),
Sy (t) (blue), R(t) (red) converge to the equilibrium E3 = (I*,S},S5,R*) = (1.5556,0.3810,0.0634,0).
In accordance with (5) I* + St + S5 + R* = pg~ ! = 2.
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Figure 4. 30 trajectories of the system (6) solution with the initial condition I(0) = 1.9, $;(0) = 0.8,
52(0) = 0.4, R(0) = 0.4: all trajectories I(t) (yellow), S1(t) (green), Sy(t) (blue), R(t) (red) converge to
the equilibrium E3 = (I*, S%, S5, R*) = (1.5556,0.3810,0.0634, 0).

4.5. Stability of the Equilibrium E4 = (I}, S34, 554, R})

For the equilibrium E4 the system (8) by virtue of (2) takes the form

zo(t) = —p(I}) tzo(t) — 7\11121( ) — Aalfzp(t) + ooz (t)wo(t),
z1(t) = )\151420(‘5) 083, (S54) 21 () + azp(t) — 61574z3(t) + o1z (£)1 (1), (38)
Zp(t) = A2S3z0(t) — 0255,23(t) + o2za (t)Wa (1),
z3(t) = 01R3z1 (t) + 2R} za(t) + 0323(t)ws(t),
where I}, S7,, S3,, R} are defined in (3).
Let us show that the matrix
—p(I)! —MIj —A2l} 0
MSH, —aSi(Sh)l a &S
A= 14 24914 14
2S5, 0 0 —6S3 (39)
0 51R; SR, 0

of the system (38) is the Hurwitz matrix. Really, the conditions (13) for the matrix (39) hold with

Ty = —p(I;) ' —aS3,(S1,) ! <0,

To = apSy, (I3S3,) ™" + I3 (A1S], + A3S5,) + Ry (07S1, + 63534) > 0,

T3 = —aS5,(MAzlf +6162R}) — p(I) " RE(67S7, + 03S5,) — a(S3,)(S1y) " (MSLf + 63R}) <0,
Ty = apR(I3S1,) " (67(S14)* +85(554)%) + (A1 — M162)?[51,55, R} > 0.

Example 5. Put

«=04, A =03 A=09 6 =06=08 p=12 4=06,

40
0o =051, o1 =051, 0p=055 03=034. (49

Using MATLAB it was shown that by the values of the parameters (40) the matrix (39) satisfies the LMI (12),
the conditions (13) hold too: Ty = —1.3259 < 0, T, = 0.7020 > 0, T3 = —0.1828 < 0, T, = 0.0187 > 0,
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T3 — TW'T, = 0.7479 > 0, (1T, — T3)T3 — T?Ty = 0.1039 > 0. Therefore, the equilibrium Ey is stable
in probability.

In Figure 5 one can see 30 trajectories of the system (6) solution for the equilibrium E4 with the initial
condition 1(0) = 1.9, $1(0) = 0.8, S»(0) = 0.7, R(0) = 0.4: all trajectories 1(t) (yellow), S1(t) (green),
Sy (t) (blue), R(t) (red) converge to the equilibrium E4 = (I*, S}, S5, R*) = (1.1765,0.4250,0.3250,0.0735).
In accordance with (5) I* + St + S5 + R* = pg~ ! = 2.

Please note that decreasing &, from 6, = 0.8 to d, = 0.7, we obtain that S} unlike from the previous case is
calculated via quadratic equation (see (3)). By that with the same values of all other parameters the equilibrium
Ey a bit changed E4 = (I*,S}, S5, R*) = (1.1534,0.4543,0.3379,0.0544), [* + S} + S5 + R* = pg~ 1 =2,
but remains stable in probability and the conditions (13) hold with T} = —1.3379 < 0, T = 0.6971 > O,
T3 = —0.1686 < 0, Ty = 0.0143 > 0, Ts — Ty T, = 0.7641 > 0, (T T» — T3)T5 — T?T4 = 0.1033 > 0.

4]
=]

[
4}
- ————— b m——— e

-
=]

Figure 5. 30 trajectories of the system (6) solution with the initial condition I(0) = 1.9, $;(0) = 0.8,
S2(0) = 0.7, R(0) = 0.4: all trajectories I(t) (yellow), S1(t) (green), Sx(t) (blue), R(t) (red) converge to
the equilibrium E4 = (I*, S%, 53, R*) = (1.1765,0.4250,0.3250, 0.0735).

5. Conclusions

In this paper, it is shown how the dynamics of the very popular I2SR rumor spreading model can
be investigated under stochastic perturbations. It is shown that for some equilibria of the considered
model it is possible to get conditions for stability in probability in an analytical form, for other
equilibria stability condition can be obtained numerically by an appropriate linear matrix inequality
via MATLAB.

The proposed way of research can be used for more detail investigation both the considered I2SR
rumor spreading model and also all other known type of rumor spreading models [6-29].

Besides, this research method can be used for a detailed investigation of many other nonlinear
mathematical models (with the order of nonlinearity higher than one) in different other applications.
In particular, the proposed method can be used for systems with exponential nonlinearity [34,35],
together with stochastic perturbations of the type of white noise other types of perturbations can be
used, for instance, perturbations of the type of Poisson’s jumps [35], the method does not depend on
the dimension of the considered system and can be used for systems of more than four equations.

Funding: This research received no external funding.
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Appendix A

Appendix A.1. Equilibria of the System (1)

The equilibria Ey, ..., E3 of the system (1) are obtained from the system (2) quite simply (see (3)).
To get the equilibrium E4 note that from the second and the third equations of the system (2) we obtain

1
1))

_1

R 5

(aS2S7 1 — g+ MI) = — (Al — (a +9)).

From this and the first equation of the system (2) we have

_ (et g0+ (2528, —q)é2 _ p
Axd1 — A1do AMS1T+ A5 + q'
and therefore
((+ )81 + (25257 — 9)62) (A1S1 + A28z + ) = p(Aady — A162). (A1)

From the last equation of the system (2) and R* # 0 it follows that

1
5,871 = 5 <S‘71 —51) : (A2)

Substituting (A2) into (A1) we obtain the equation for S;

A
<(0¢ + q)51 + (Sql — (51) — q(52> ()\151 + (5*22 (q — (5151) + q) = }9()\251 — /\1(52),
g(a — (02 — 01)S51) (q(A2 + 62) — (A2d1 — A162)S1) = pda(A2dy — A102)S1,

q(52 — (51)(/\251 — )\152)5% — [(th + p&z)()\251 — )\152) + q2(52 — 51)(}\2 + 52)}51 + l’éqz(/\z + (52) =0.

If (67 — 61)(A201 — A1d2) # O then Sy is a positive root of the quadratic equation S% —11514+1n =0,

where

_qutpsh | q(ra+d) _ aq(Az + d2)

= —+ , Vp = .
q(02 —01) A1 — Mo (02 — 01)(A2d1 — A107)

Remark A1. Please note that a positive root of the quadratic equation S —v1S1 +vo = 0 may not exist, for
instance, if v1 < 0 and vo > 0. In this case a positive equilibrium E4 does not exist too. On the other hand
for some values of the parameters the quadratic equation S? — v1Sq + v, = 0 may have two positive roots, for

instance, ifv; > 0and 0 < 4v, < v}: S} = %(1/1 + \/v? — 4vy). In this case there are two equilibria of the
type of Ey4.
ag? (5 + A) «

IfApdy = A8y, 0p > 671 then ST = .
3 — M) (qa+pa) ~ P T 2 T AT 5

If 61 = 6o =0,y > Ay then §] =
If S7 is defined then via (2)

1 p MIF—a—q
St=_—(q—-5S), If=-—_P = g2l 479
275, (9=a157) MST+ A2S5 +q 5

For positivity of the equilibrium E4 must be S] < 5i and [* > aTH.
1 2
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Appendix A.2. Stability of the System of Two Stochastic Differential Equations

Consider the system of two stochastic differential equations

X1 (t) = apxa(t) + arpxo(t) + orxg (H)ws (8),

5(2(1’) = a21x1(t) + lezXz(t) + 0'1X2(t)d)2(t), (A3)

where ajj, Oj, i,j = 1,2, are constants, wj(t) and w;(t) are mutually independent standard Wiener
processes [30,33].

Lemma A1l. [30] Put A = |la;|,i,j = 1,2, A; = det(A) + a%, pi = %0’1-2, i = 1,2, and suppose that the
following conditions hold

TT(A) =a11+ax» <0, det(A) = aq1ayy — appay > 0,
|Tr(A)|det(A) |Tr(A)|det(A) — Axpq (A4)
1< —F, U2 < .
Ay Ay = [Tr(A) [

Then the zero solution of the system (A3) is asymptotically mean square stable.

Remark A2. Please note that if ajpay; = 0 then the last two conditions in (A4) take the form u; < —aq,
Ho < —app.
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