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Abstract: In this paper, we investigate the existence of best proximity points that belong to the zero
set for the ap-admissible weak (F, ¢)-proximal contraction in the setting of M-metric spaces. For this
purpose, we establish @-best proximity point results for such mappings in the setting of a complete
M-metric space. Some examples are also presented to support the concepts and results proved herein.
Our results extend, improve and generalize several comparable results on the topic in the related
literature.
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1. Introduction and Preliminaries

Several real-world problems can be reformulated as a fixed point problem. In other words, the
solution of the real-world problem reduces to the solution of a fixed point problem. In some cases
getting a fixed point for certain mapping is impossible. In this case, instead of exact solution, it is
natural to consider the approximate solution. Roughly speaking, if the equation F(¢) = 0 has no exact
solution where F(¢) = T({) — ¢, where T is an opeator defined on a certain distance space. In 1969, Ky
Fan [1] suggested an answer to the question that what happen if a given mapping does not possess a
fixed point. More precisely, he proved that if A is a compact, convex and nonempty subset of a Banach
space S and T is continuous mapping from A to S, then there exists a point {* € A such that

d(&", T¢") = d(T¢", A) = inf{d(¢, T¢"), & € A},

This results is known as best approximation theorem. In the above statement, the point ¢* € A is
called as approximate fixed point of T or an approximate solution of a fixed point equation T¢ = ¢.
In general, if A, B are nonempty subsets of a Banach space Sand T : A — B, then ¢* € A is called best
proximity point of T if it satisfies

d(&*,Te*) = d(A,B) = inf{d(a,b) :a € A, b € B}.
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Note that {* € A turns to be a fixed point of T, if the sets A, B have non-empty intersection. Indeed, if
ANB # ¢ or A= B, thend(A, B) = 0 and hence the best proximity point * € A becomes the solution
of a fixed point equation T¢ = {. Attendantly, best proximity point results are natural generalizations
of metric fixed point results. For further discussion in this direction, we refer to [2-8].

We underline the fact that a best proximity point ¢* € A, indeed solves the following optimization
problem:

Iérggd(é T?).

On the other hand, fixed point theory has been extended in several directions. For instance, metric
space structure has been changed by some new abstract space which is more general than the standard
set-up. One of the significant examples of this trend was given by Matthews [9]. He defined the notion
of partial metric space and characterized the Banach contraction principle in that space. Roughly
speaking, despite the metric space, in partial metric space self-distance may not be zero. This notion
especially provides some simplicity in computer science, in particular, domain theory. A number of
authors have involved in this trend with interesting results, see e.g., [10-18] and related reference
therein. For the sake of completeness, we recall the concept of partial metric space as follows:

Definition 1 ([9]). A distance function p: S x S — [0, 00) , on a non-empty set S, is called partial metric if
the followings are fulfilled:

(pD) p(&,¢) =plnn) =pEn) <=1,
(p2) p(&,¢) <p(En),
(p3) p(&,n) =p(1,8),
(P4 p(&n) <p(EQ)+pn) —p(0)

forall &,u,C € S. A corresponding pair (S, p) is called a partial metric space.

It is evident that p(¢, 77) = 0, yields ¢ = 7. The contrary of the statement is false.

Asadi et al. [19] introduced the notion of an M-metric space and obtained fixed point results in
the setup of M-metric spaces. It was indicated that M-metric space is a real generalization of a partial
metric space and they supported their claim by providing some constructive examples. For more
results in this direction see e.g., [20,21].

The following notations are useful in the sequel.

1) mg = min{p(Z,¢),p(n,7)},
2) Mgy =max{p(¢,%),p(n,1)}

Definition 2 ([19]). A distance function p : S x S — [0, 00), on a non-empty set S, is called M-metric if the
followings are fulfilled:

(m1) p(¢,¢) =p(n,1n) =p.n) ¢ =1,

(m2) mg, < p(E,1)

(m3) p(&,7) =p(n,8),

(m4) o(&, 1) —mg < p(¢,§) —mez +p(3,1) —mgy,

forall &,u,{ € S. A corresponding pair (S, p) is called an M-metric space.
Lemma 1 ([19]). Each partial metric forms an M-metric. The converse is false.
Example 1. Let S = {&,#,}. Define

p(.¢) = 1, p( ) p(C, ) =5,
e = p(
p(Gn) = p(
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It is clear that p is an M-metric. Notice that p does not form a partial metric.

Definition 3 ([19]). Let (S, p) be an M-metric space and & € S. A sequence {&,} in S is called:

(1) M—convergent to ¢ € S if and only if

lim (0(&n, &) — mg, ¢) =0,

n—oo

(2) M—Cauchy sequence if and only if

lim (P(gn/ gm) - m(fn,ém) and n}%r_I}OO(Mémgm - m@nrém)’

n,m—00

exist (and are finite).

Definition 4 ([19]). An M-metric space is said to be M—complete if every M—Cauchy sequence {G,} in S
converges with respect to T, ( topology induced by m ) to a point ¢ € S such that

lim (0(&y, &) — mg, ¢) = 0and nli_{{}o(Mﬁn,é —mg, &) = 0.

n—o00
Remark 1 ([19]). Let (S, p) be an M-metric space and for every ¢, 1 € (S, p), we have

(r1) 0 < Mg +mgy = p(¢,¢) +p(1,1),
(12) 0 < Mgy —mg, = [0(8,8) —p(1,1)],
(r3) Mgy —mey < (Mgg —meg) + (Mgy — mgy).

The set {¢* € A: ¢(Z*) = 0} of all zeros of the function ¢ : A — [0,0) is denoted by Z,. By
using this notion, Jleli et al. [22] introduced the notion of ¢-fixed point as follows: If S is a non empty
set, T:S— Sand ¢ : S — [0, 00) is a given function, then * € S is said to be ¢- fixed point of T if and
only if T({*) = ¢* and ¢(¢*) = 0. We denote the set of all ¢-fixed points of T by ¢r(S), that is,

¢r(S) ={&" €S5:T(¢") =&" and ¢(&*) = 0}.

In [22], the authors also considered the concept of control function F : [0,0)% — [0,c0) defined as
follows:

(F1) max{s,t} < F(s,t,r), foralls,t,r € [0,00),
(F2) Fis continuous,
(F3) F(0,0,0) = 0.

The set of such control functions is denoted by F. An immediate examples of the control functions
are collected below:

Example 2 ([22]). Leti = {1,2,3}. Define F; : [0,00)3 — [0, 0) as follows:
Fi(a,b,c) =a+b+c, F(a,b,c) = max{a,b} +cand F3(a,b,c) =a+a*+b+c,
forall a,b,c € [0, c0). Note that Fy, F,F3 € F.

In [22], the notion of (F, ¢)-contraction mapping was defined and the existence of a fixed point
for such mappings were considered.

Definition 5 ([22]). Let (S, d) be a complete metric space and ¢ : S — [0,00). A mapping T : S — S is said
to be an (F, ¢)-contraction mapping if there exist F € F and k € [0,1) such that

F(d(T¢, Tn), ¢(TS), ¢(Ty)) < kE(d(, 1), 9(Z), ¢(n)), forall &, € S.
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Later, this result has been followed by several authors, see e.g., [23-26].

Let ¥ denote the set of nondecreasing functions  : [0,00) — [0,0) such that } ' " (t) < oo,
for all t > 0, where " is an n—iterate of ¢. A function ¢ is called a (c) —comparison function if € ¥.
Note thatif p € ¥, then ¢(0) = 0 and y(t) < ¢, for all t > 0 [27].

Remark 2 ([27]). Note that Y " (t) < oo implies limy,_o " (t) = 0, for all t € (0, 00).
In what follows we introduce the notion of "¢-best proximity point".

Definition 6. Let (S,p) be an M-metric space, A, B are two subsets of S. An element * € Z, is said
to be a @-best proximity point of the operator T : A — B if and only if p(¢*,T¢*) = p(A, B), where
p(A,B) =inf{p(a,b):a € A, b€ B} and ¢(Z*) = 0.

We denote the set of all ¢p-best proximity points of T by ¢1(A), that is,
¢r(A) ={¢" € A:p(f", T¢") = p(A, B) and ¢(¢*) = 0} .

The following definitions are also needed in the sequel. Before we state the definition, we
underline the following assumption: Throughout the paper, all sets and subsets are supposed
non-empty. We characterize the following sets (that plays a crucial role in best proximity theory)
in the setting of M-metric space.

Definition 7. Let (S, p) be an M-metric space, and A, B be two subsets of S. Define

Ay = {Ee€A:p(n)=p(A B), forsomen € B} and
By = {&e€B:p(n)=p(A B), forsomen € A}.

Definition 8. Let (S, p) be an M-metric space, and let A, B be two subsets of S. If a : A X A — [—00,0),
then mapping T : A — B is said to be proximal «,—admissible if

a(&n) =0
p(u, T¢) = p(A,B) p = a(u,v) >0,
p(v,Ty) = p(A, B)

forall¢,n,u,v e A.

Definition 9. Let (S, p) be an M-metric space, and T : A — B. In addition, let A be a subset of S, and
a:AxXA—[—co,00). Then A is said to be a—regular, if {C, } is a sequence in A such that «(&y, Gpi1) >0
and &, — & € Aasn — oo, then a(&,, &) > 0 foralln € N.

In this paper, we introduce the notion of ¢-best proximity point and prove the ¢-best proximity
point result in the setting of M-metric space. We also present an example to support our result.

2. Main Results

We start the section by introducing the notion of ay-admissible weak (F, ¢)-proximal contraction
mappings as follows.
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Definition 10. Let A, B be two subsets of M-metric space (S,p) and F € F. An «p-admissible mapping
T : A — Bis called an wp-admissible weak (F, ¢)-proximal contraction, if there exists a lower semi-continuous
function ¢ : A — [0,00) such that

a(¢,n) >0
p(u, TE) = p(A, B)
p(v,Tn) = p(A, B)

= a(Gn) + Flo(u,0), ¢(u), ¢(v)) < $(F(o(& 1), 9(&), ¢(1))),

forall¢,n,u,vc Aand p € Y.
By taking a(¢,77) = 0, we shall get the following definition:

Definition 11. Let A, B be two subsets of M-metric space (S, p) and F € F. A mapping T : A — B is said to
be a weak (F, ¢)-proximal contraction, if there exist two functions ¢ : A — [0,00) and ¢ € ¥ such that

= F(p(u,0), 9(u), ¢(v)) < p(F(p(Z, 1), ¢(&), ¢(n))),

forall¢,n,u,vc Aand ¢ € Y.
The main result of the article is below.

Theorem 1. Let A, B be two subsets of an M-complete M-metric space (S,p) and F € F. Suppose that
a mapping T : A — B is an ap-admissible weak (F, ¢)-proximal contraction. If T(Ag) C Bg and Ag is
x—regular closed set in S, then there exists a @-best proximity point of T provided that there exist Gy, ¢1 € Ao
such that

p(81,TS0) = p(A, B) and a(Zo,&1) = 0.
Moreover, if a(¢, 1) > 0 forall ¢, € @r(A), then ¢* is the unique ¢-best proximity point of T.

Proof. Let ¢y, & € Ag be such that p(&y, T¢o) = p(A,B) and «a(&p,&1) > 0. As Ty € T(Ag) C By,
there exists ¢, in Ag such that p(&>, TG1) = p(A, B). Since T is proximal a,—admissible, we have
a(&y,82) > 0. Similarly, by T(Ag) C By, we obtain a point {3 € Ag such that p(¢3, T¢2) = p(A,B)
which further implies that (&>, 3) > 0. Continuing this way, we can obtain a sequence {&, } in Ay
such that

p(é’n, Tgn—l) = P(A/B)r
oGt Te) = p(AB), a(G Eusr) >0, foralln € NU{0}. 0

Since T is ay-admissible weak (F, ¢)-proximal contraction, we have

&(8n-1,8n) + F(0(Sn Cnt1), 9(Gn)s @(Enr1)) < W(F(0(Sn-1,8n), 9(Sn-1), 9(En)))-

Since a(¢, ) > 0 forall &, 17 € A, we obtain that

F(f)(gn/ €n+l)r (P(gﬂ)/ (P<€n+1>) < IP(F(p(gnflz én)r q’(értfl)r q’(é")))

By induction, we get

F(o(Gn Gnt1), (n), 9(Gnt1)) < 9" (F(p(So,E1), (o), 9(81)))-
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It follows from the condition (F1) that

max {0(n, Ent1), @(En)} < 9" (F(p(S0,81), ¢(S0), 9(81)))- )
By (2), we obtain that
p(8nsGnv1) < P (F(p(80,81), 9(S0), 9(81)))- ®)
On the other hand, we get
Tim p(&n, Eus1) = 0. @

Using (4) and the condition (m2), we have

nlg{}op(gn/ gn) = nh_f){}o min {0(Gn, ¢n), 0(En+1,Gni1)}

= nlgl;}o mén/§n+l

IN

Tim p(Gn, Enin) = 0.

Since limy, ;00 0(&n, &n) = 0, we have
lim m(:nrgm =0. (5)

n,m—o00

We shall indicate that {¢,, } is an M-Cauchy sequence. Consider m, n € N such that m > n. On using
(3) and the condition (m4), we have

0(Cn,Cm) — me, & < 0(&n, Cnv1) — Mg, &1 +0(8nt1,Gm) — Mg, 1, &m
< 0(8n Cnt1) — Mg, ey +0(Cnt1,Cnra) — Mg, en +0(Cnt2,Cm) — Mg, e
< 0(Cn,Cur1) — me, e, + P(Cnt1,Cny2) — Mg, 1, Ent2
+oo+0(Cn—1,Cm) — Mg,
< p(Gn Cnv1) +0(Cns1,Cnr2) + -+ 0(Cm—1,Gm)
< P (F(p(E0,61), 9(Z0), 9(61))) + 9" (F(p(Eo,61), 9(E0), 9(G1))) +

PN (0(E0, E1), 9(E0), 9(E1)))

m=1 n—=1

Z{ ' (F(p(Go,G1), 9(G0), 9(81))) — Z; W (F(p(Co,61), 9(80), 9(81)))-  (6)
i= j=

It follows from Remark 2 and (6) that p(&y, &m) — me, &, — 0asn — oo. On the other hand, by (5), we
obtain that
lim (Mg, ¢, —me,z,) = 0.

n,m—o00

Thus {¢,} is an M-Cauchy sequence in Ay C A C S. By the completeness of S and closeness of Ay,
there exists ¢* € Ag such that

lim p(Gu,¢*) —mg, ¢ =0and lim Mg,z —mg, &+ = 0.
Since limy, ;00 0(&n, &n) = 0, we have

1im p(&, &) =0and lim My, g =0, @)
Thus by Remark 1, we get that

lim p(¢%,¢") = lim [Mg, ¢+ + g, g — p(En,En)] = 0.

n—oo
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This implies that

p(g*, &) =

Now we need to show that ¢(¢*) = 0. Using (2), we have

@(&n) < Y™ (F(p(So,¢1), 9(So),

Letting n — oo on the inequality above, we obtain

lim ¢(&,) = 0.

n—o0

Since ¢ is lower semi continuous, it follows from (7) and (8) that

¢(81)))-

0<¢(¢") < lim inf¢(Zy) = 0.

7 of 15

®)

Hence ¢(&*) = 0. Since Ay is a—regular, a(,,§*) > 0. As ¢* € Ao, T(Ag) C By, T¢* € By, we may
choose a point z € Ag such that z # ¢* and

p(z,TC") = p(A, B).

)

We shall prove that z = ¢*. On the contrary suppose that z # ¢*. Since T is ap-admissible weak
(F, ¢)-proximal contraction, by using (1) and (9) we have

P(CnJrer)

VAN VAN VAN VAN

A

max {0(&n+1,2), @(Gut1)}
( (§n+1/ )r
2(8n, ")+ F(p(Gns1,2), @
W(F(p(8n, &), @(Gn),
F(p(Gn ) ( ), 9(C"))
(

Letting n — oo on the inequality above, we have

Jij{}op(gn+1rz)

which implies that

By using the condition (m4), we have

P

p
lim p

n—oo

(
(
(
(

n—o0

Since p(¢*,¢*) = 0, ¢* = z. This is a contradiction. Attendantly, we have

¢'z) -

¢ z) —mg,
&% z) —mes ,
lim p(¢*,z) —m

lim F(p(2n,&"),
F(0,0,0) =0,

lim p(gn—&-l/ ) =0.

n—o0

P(f:*, ng-‘rl) -
P(ff*, f:n-‘rl) + P(§n+1, Z)

IANIA A

IN

0.

p(C", TC") = p(A, B).

@(Znr1), ¢(2))
(Cnr1), @(2))
¢(&)))

@(Gn),

0)

meeg o +0(8ny1,2) —

nll_I}Ing(é /€n+l) + nh_l;{}op(gn+1/ Z)

m§n+1/2
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Uniqueness: Let «(&,77) > 0, for all ¢, € ¢7(A). Suppose that {* and w are two ¢-best proximity
points of T with ¢* # w. Hence
p(w, Tw) = p(A, B),

and
@(&*) = p(w) = 0.

Since T is ay-admissible weak (F, ¢)-proximal contraction, we have

F(p(&*,w),0,0)

IN N
2
™
\*
£
+
paxy
=
[at)
\*
S
=
™
*
=
g

A

™
~~
=
—~
N
\*
g

N
N

a contradiction. Consequently, we find that ¢* is a unique ¢-best proximity point of T. [

Corollary 1. Let A, B be two subsets of an M-complete M-metric space (S,p) and F € F. Suppose that a
mapping T : A — B is a weak (F, ¢)-proximal contraction. If T(Ag) C By and Ay is closed set in S, then there
exist a unique @-best proximity point of T provided that there exist g, 1 € Ag such that

(1, TS) = p(A, B).
Proof. Itis derived from Theorem 1 by choosing a(&,7) = 0. O

Since an M-metric space is a partial metric space, from the Theorem 1 we deduce immediately
the following result. Note that in the following result we consider the notions in Definition 10 and
Definition 11 in the setting of partial metric spaces.

Corollary 2. Let A, B be two subsets of a complete partial metric space (S, p) and F € F. Suppose that
a mapping T : A — B is an ap-admissible weak (F, ¢)-proximal contraction. If T(Ag) C Bg and Ag is
x—regular closed set in S, then there exists a @-best proximity point of T provided that there exist oy, ¢1 € Ao
such that

p(gll TCO) = P(A/B) and “(60,61) >0,

p(A,B) =inf{p(a,b) :a € A, b € B}. Moreover, if a(&,17) > 0 forall §,n € ¢7(A), then &* is the unique
@-best proximity point of T.

Proof. Since an M-metric space is a generalization of partial metric space, from Theorem 1 we deduce
the result. O

Corollary 3. Let A, B be two subsets of a complete partial metric space (S,p) and F € F. Suppose that a
mapping T : A — B is a weak (F, ¢)-proximal contraction. If T(Ag) C By and Ay is closed set in S, then there
exist a unique @-best proximity point of T provided that there exist o, G1 € Ag such that

p(gl/ TgO) = P(A/ B)
Proof. It is deduced from Corollary 2 by choosing a(&,77) = 0. O

To support Corollary 1, we provide the following example.
Example 3. Let S = [0,1] and p : S x S — [0, 00) be defined by

e, n) =1¢—nl,
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otherwise. Then (S, p) is an M-metric space. Suppose that A = {0,0.4,0.6,0.9} and B = {0.1,0.3,0.7,1} .
Note that p(A,B) = 0.1, A = Ag and B = By. Define a mapping T : A — B as:

T(0) = 0.1, T(0.4) = 0.1, T(0.6) = 0.1, T(0.9) = 0.3.

Note that T(Ag) C By. Define functions 1 : [0,00) — [0,00), F : [0,00)3 — [0,00) and ¢ : A — [0, 00) by

2t
l/)(t) = gr
F(a,b,c) = max{a,b}+c, foralla,b,c € [0,00)

and ¢(§) = ¢, forall € A.
Ifwe take { = 0.6, 1 = 0.9, u = 0 and v = 0.4, then we have
p(u,T) = p(v, Ty) = 0.1 = p(A, B),
which implies that

F(p(u,v), ¢(u), ¢(v)) =08 <1=9(F(o(&n), (&), ¢(n)))-

Hence T forms a weak (F, ¢)-proximal contraction. Thus, all the conditions of Corollary 1 are satisfied. Moreovet,
¢* = 0is a unique @-best proximity point.

To support Corollary 3, we provide the following example.
Example 4. Let S = [0,1] U [2,3]. Define the mapping p : S x S — [0,00) by

_ ) max{¢,n}t, {&,n}n2,3] #¢,
”“””‘{ &l Gl

Then (S, p) is a partial metric space. Suppose that A = {0,0.4,0.6,0.9} and B = {0.1,0.3,0.7,1} . Note that
p(A,B) =0.1, A = Agand B = By. Define a mapping T : A — B as:

T(0) = 0.1, T(0.4) = 0.1, T(0.6) = 0.1, T(0.9) = 0.3.
Note that T(Ag) C By. Define mappings ¢ : [0,00) — [0,00), F : [0,00)3 — [0,00) and ¢ : A — [0,00) by
t
l/)(t) = 2’
F(a,b,c) = a+b+c, foralla,b,c e [0,00)
and (&) = ¢, forall{ € A.

Ifwe take { = 0.6, 1 = 0.9, u = 0 and v = 0.4, then we have
p(u,T¢) = p(v,Tyy) = 0.1 = p(A, B),
which implies that

F(p(u,0), o(u), p(v)) = 0.8 < 0.9 = p(F(p(S, 1), ¢(&), ¢(1))).

Hence, T forms a weak (F, ¢)-proximal contraction. Thus all the conditions of Corollary 3 are satisfied. Moreover
¢* = 0is a unique @-best proximity point.
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3. Application to Fixed Point Theory

Let us take A = B = S, and suppose that T is proximal a, —admissible mapping. Obviously

a(¢,1n) =0,

and
p(u, T¢) = 0and p(v, Tyy) =0,

implies that
«(TE, Ty) = a(u,v) >0

Hence T is a, —admissible mapping.

Remark 3. If & : S xS — [—00,00), ¢ : S — [0,00) and a selfmapping T on S is a,-admissible weak
(F, )-contraction, then a(&,1) > 0 implies that

«(G,m) + F(o(TE, Tn), ¢(TS), ¢(Tn)) < $(F(p(Z, 1), 9(), (1)), (10)

where F € Fand ¢ € Y, for all {,n € S. In other words, we consider the notions in Definition 10 and
Definition 11 in the setting of standard metric spaces.

Definition 12. A self mapping T : S — S satisfying the above implication is called «,-admissible weak
(F, ¢)-contraction.

Corollary 4. Let (S,d) be a M—complete M-metric space, F € F, and a self-mapping T be an «p-admissible
weak (F, @)-contraction. If {Cn} is a sequence in S such that «(&pn, 1) > 0 and limy 00 &y = & € S, then
a(Gn, &) >0, forall n € N. Then there exists a ¢-fixed point of T provided that there exists ¢y € S such that
a(Go, To) > 0. Moreover, if x(&, 1) > 0 forall §,n € @p(S), then * is the unique ¢-fixed point of T.

Proof. Let us take A = B = S in Theorem 1. We shall show that T is ap-admissible weak
(F, ¢)-contraction. Suppose that &, 1,1, v € S satisfies the following

a(g,n) > 0,
p(u,T¢) = p(A,B),
p(v,Tn) = p(A,B).

As p(A,B) =0, wehave u = T¢ and v = Ty. Since T satisfies the condition (10), so

(¢, n) + F(o(T¢, Tn), 9(TE), 9(Tn)) < $(F(p(S, 1), 9(5), ¢(11))),

that is,
(G, n) + F(o(u,v), @(u), 9(v)) < p(F(p(& 1), ¢(S), (1)),

which implies that T is an & ,-admissible weak (F, ¢)-contraction Let o be an arbitrary point in S.
Define a sequence {, } in S by
¢n =Ty, foralln € N.

As T is ap—admissible mapping. So, we have

®(8o,&1) = a(Go, TGo) > 0 implies that a(To, TC1) = a(&1,G2) > 0.

By induction, we get that

(&, Ens1) = a(En, TE) > 0, foralln € N. (11)
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Using (11) and the fact that T is (F, M, ¢, &, ) —contraction, we obtain

F(p(n Ent1), 9(Cn), 9(Cni1)) = F(p(TCn-1,T¢n), 9(TCn-1), ¢(Tn))
S ‘X(gn—ll gn) + F(P(Tgn—lr T‘:n)/ ¢(T€n_1), (/)(Tgn))
< P(F(p(&n-1,En), ¢(Cn), (&n+1))), foralln € N.

Using the arguments similar to those given in the proof of Theorem 1, we obtain that {¢,},cx is a
Cauchy sequence in S. Since (S, p) is M-complete M-metric space, there exists ¢* € S such that

lim p(&,,&*) =0and nlgrolo Mg, & = 0. (12)

n—oo

We now show that ¢(¢*) = 0. From (2), we conclude that

@(Cn) < 9" (F(p(Z0,81), 9(20), 9(81)))-

Again by using the arguments similar to those given in the proof of Theorem 1, we obtain that
@(¢*) = 0. In the view of (11) and (12) we have a(,,¢*) > 0, for all n € N. By taking ¢ = ¢, and
7 = ¢* in the condition (10), we have

p(Gnt1, TC") = p(T¢n, TCY)
< max{p(T¢n, TE"), p(TSn)}
< F(p(T&n, TZ), ¢(T&n), ¢(TC"))
< (8, &) + F(o(T8n, TE*), 9(TEn), ¢(TE))
< P(F((8n, &), 9(Cn), (7))
< F(p(&n "), 9(Cn), 9(C"))
= F(p(&n,¢"), ¢(Gn),0).

On taking limit as # — co on the both sides of the above inequality, we have

Jim (801, TE) = lim F(p(&n, &), 9(En),0)
= F(0,0,0) =0,

which implies that
lim p(En1, TE) =

By using the condition (m4), we have

p(&*, TE") — mg« rg P(&" Gn1) —mge g+ 0(8ny1, TCT) — me, | e

<
< P(g*r §n+1) + P(§n+1, Té'*)

Letting n — oo in the inequality above, we deduce that

i p(€" @%wwﬂ*s Tim p(&*, Eus1) + lim p(Gusr, TE)

n—o0

n—oo

Since p(*,¢*) = 0, hence
p(5", T¢") =0,

gives that ¢* is a ¢-fixed point of T.
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Uniqueness: Let «(¢,17) > 0 forall §, 7 € ¢p(S). Suppose that ¢* and w are two ¢—fixed point of
T with ¢* # w. Hence
p(w, Tw) =0,

and
@(&*) = p(w) = 0.

Since T is ap-admissible weak (F, ¢)-contraction, we have

F

114

F(p(¢*,w),0,0) (o(T¢*, Tw), p(TE"), p(Tw))

(&*,w) + F(p(T¢", Tw), p(TC"), ¢(Tw))
(F(o(&",w), 9(C™), @(w)))

(

F(p(¢",w),0,0),

VASRVAN VAN
<=

a contradiction. Attendantly, we find that ¢* is a unique ¢-fixed point of T. [

4. Application to Graph Theory

Let S be a set and A denotes the diagonal of S x S. A graph is a pair (V, E), where the set
V = V(G) of its vertices coincides with S and set E = E(G) of its edges which contains all loops,
thatis, A C S x S. Furthermore, we assume that the graph G has no parallel edges. In a graph G,
by reversing the direction of edges we get the graph G~! whose set of edges and set of vertices are
defined as follows:

E(GY)={(&n)€SxS:(y,& € E(G)} and V(G1) = V(G).

We denote the undirected graph by G obtained from G by ignoring the direction of edges.
Consider the graph G as a directed graph for which the set of its edges is symmetric, under this
convention, we have
E(G) =E(G)UE(G™).

Definition 13 ([28]). 1. A graph’s subgraph is a graph whose vertex set is a subset of V (G) and whose edge
set is a subset of E(G).

2. Let ¢ and 1 be two vertices of a graph G. A path from ¢ to n of length n (where n € NU{0}) in a
graph G is a sequence {G, : n = 0,1,2,...,n} of n + 1 distinct vertices such that §o = ¢, &, = n and
(¢i,Cix1) € E(G) fori=1,2,...,n. N

3. A graph G is called connected graph if there exist a path between any two vertices of graph G and if G is
connected then G is said to be weakly connected graph.

4. A path is called elementary if no vertices appear more than once in it.

Throughout this section, we suppose that (S, p) is an M-metric space endowed with a directed
graph G and has no parallel edges.
We now introduce a notion of G—proximal graphic contraction.

Definition 14. Let A, B be two subsets of an M-complete M-metric space (S,p), ¢ : S — [0,00), p € ¥,
F € F and G be a graph without parallel edges such that V(G) = S. A mapping T : A — B is said to be a
G—proximal graphic contraction if for all &, 1, u,v € A, & # n, with (§,n) € E(G) we have

} = F(p(u,0), ¢(u), 9(v)) < P(F(p(& 1), ¢(&), ¢(1n))),

and
(u,v) € E(G).
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Theorem 2. Let ¢ : A — [0, c0) be a lower semi continuous function and T : A — B a G—proximal graphic
contraction. If T(Ag) C By, Ay is closed set in S and there exist a path (1')N., C Ag in G between any two
elements ¢ and v. Then there exist a unique ¢—best proximity point of T provided that there exist Cp, &1 € Ao
and an elementary path between them in Ag and

p(¢1,T¢o) = p(A, B).

Proof. Let ¢y, & € Ag such that p(¢1, T¢y) = p(A, B). A path {;0, sy, s3,...,s)} in G is a sequence
containing points of Ag. Consequently, s§ = &, s}/ = & and (s}, sh™!) € E(G) forall0 <i < N -—
1. Given that s} € Ag, by T(Ag) C By and the definition of A, there exists] € Ag such that p(s], Ts}) =
p(A, B). Similarly, for each i = 2,...,N, there exists s’i € Ap such that p(sa, TSB) = p(A,B). A
{s,s8,3,...,s)} is a path in G, (s3,s}) = (&0,s}) € E(G). From the above argument, we have
p(&1,T&) = p(A, B) and p(s}, Tsh) = p(A, B). Since, T is G—proximal graphic contraction, it follows
that (¢;,s1) € E(G). In similar manner, we have the following:

(ST],SD € E(G), forall1 <i < N.

If & = sN, then {s,s1,52,...,sN} isa path from & = s0 to & = s). As s} € Agand Ts| € T(Ay) C By,
oreachi=1,2,3,...,N, by the definition of By, there exists s}, € A such that p(sb, Ts}) = p(A, B). In
addition, we have p(&,, T¢1) = p(A, B). As mentioned above, we have

(&2,53) € E(G) and (s5!,sb) € E(G), forall1 <i < N.
Similarly, by T(Ao) C By, there exists a point {3 € Ay where &3 = s). Then (s)N  is a path from
s) = & and s)Y = . Continuing in this manner for alln € N, we obtaln a sequence {, },cy Where

n+1 € [En)N and p(&y41, TEn) = p(A, B) by producing a path {s3,s],s2,...,s)} from &, = s) and
&ui1 = sb in such a way that

0(si,41,T51) = p(A, B),
forall1 <i < N, n € N. Thus we have

o(si? Tsl 1) =p(AB) = o(sh, Ts! ), forall1 <i< N, necN. (13)

Now for any positive integer n

p(Gn Cus1) = p(shsn)
< p(sY,sh) —m 0l +p(sh,s3) —m sLs +.tplsy s - MN-1 N
< p(sh,sp) +p(smsn) + -+ p(sy ™ sy)
N .
= Yol sk, (14
i=1
forall1 <i < N and n € N. Note that, ( s\ _1) € E(G), and T is G—proximal graphic contraction.

It follows from (13), that
Flp(su sn) (i), @(sn) < (o5, 501, @(5,74), @(s),-1))), foralll <i <N, n €N,
Again by using the arguments similar to those given in the proof of Theorem 1, we obtain that
p(si ' si) < 9" (F(p(sy ' s), 9(s5 ), @(sp)))- (15)

From (14) and (15), we have
(&, Ens1) < YP"M, foralln € N,
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N . . . .

where M = ) (F (o(sh7h,s1), @(sh™1), @(s}))). Again by using the arguments similar to those given in
i=1

the proof of Theorem 1, we obtain

¢(¢7) = 0and p(¢*, TC") = p(A, B).
Hence ¢* is a unique ¢-best proximity point of T. O

5. Conclusions

In this paper, we defined ¢-best proximity point and aj-admissible weak (F, ¢)-contraction.
We proved some ¢-best proximity point results in the setting of M-metric spaces. As an application,
we derived the ¢-fixed point results for some self mappings. We also introduced the notions of
G—proximal graphic contraction and provided an application to graph theory in the setting of
M-complete M-metric space. Some examples are also presented to illustrate the novelty of the result
proved herein.

Author Contributions: Writing — original draft, S.F.; Writing — review and editing, E.K. and M.A. All authors have
read and agreed to the published version of the manuscript.

Acknowledgments: Authors are thankful to the reviewers for their suggestions to improve the presentation of
this paper.
Funding: This research received no external funding.

Conflicts of Interest: The authors declare no conflict of interest.

References

1. Fan, K. Extensions of two fixed point Theorems of F. E. Browder. Math. Z. 1969, 112, 234-240.
Abbas, M.; Saleem, N.; De la Sen, M. Optimal coincidence point results in partially ordered nonArchimedean
fuzzy metric spaces. Fixed Point Theory Appl. 2016, 2016, 44.

3. Eldred, A.A.; Veeramani, P. Existence and convergence of best proximity points. J. Math. Anal. Appl. 2006,
323, 1001-1006.

4. Bilgili, N.; Karapinar, E.; Sadarangani, K. A generalization for the best proximity point of
Geraghty-contractions. J. Inequalities Appl. 2013, 2013, 286.

5. Karapinar, E.E.; Erhan, .M. Best Proximity Point on Different Type Contractions. Appl. Math. Inf. Sci. 2011, 3,
342-353.

6.  Karapinar, E. Fixed point theory for cyclic weak ¢-contraction. Appl. Math. Lett. 2011, 24, 822-825.

7. Karapinar, E. Best proximity points of Kannan type cylic weak ¢-contractions in ordered metric spaces.
Analele Stiintifice Universitatii Ovidius Constanta 2012, 20, 51-64.

8. Mongkolkeha, C.; Cho, Y.J.; Kumam, P. Best proximity points for generalized proximal contraction mappings
in metric spaces with partial orders. J. Inequalities Appl. 2013, 2013, 534127.

9. Matthews, S.G. Partial metric topology. N. Y. Acad. Sci. 1994, 728, 183-197.

10. Karapinar, E.; Erhan, I.; Ozturk, A. Fixed point theorems on quasi-partial metric spaces. Math. Comput.
Model. 2013, 57, 2442-2448.

11. Karapinar, E.; Chi, K.P; Thanh, T.D. A generalization of Ciric quasi-contractions. Abstr. Appl. Anal. 2012,
2012, 518734.

12.  Chi, K.P; Karapinar, E.; Thanh, T.D. A Generalized Contraction Principle in Partial Metric Spaces. Math.
Comput. Model. 2012, 55, 1673-1681, doi:10.1016/j.mcm.2011.11.005.

13. Karapinar, E.; Erhan, LM.; Ulus, A.Y. Fixed Point Theorem for Cyclic Maps on Partial Metric Spaces. Appl.
Math. Inf. Sci. 2012, 6, 239-244.

14. Chi, K.P; Karapinar, E.; Thanh, T.D. On the fixed point theorems in generalized weakly contractive mappings
on partial metric spaces. Bull. Iranian Math. Soc. 2013, 39, 369-381.

15. Shatanawi, W.; Postolache, M. Coincidence and fixed point results for generalized weak contractions in the
sense of Berinde on partial metric spaces. Fixed Point Theory Appl. 2013, 2013, 54.



Axioms 2020, 9, 19 15 of 15

16.

17.

18.
19.

20.

21.

22.

23.

24.
25.

26.

27.
28.

Nastasi, A.; Vetro, P. Fixed point results on metric and partial metric spaces via simulation functions. J.
Nonlinear Sci. Appl. 2015, 8, 1059-1069.

Oltra, S.; Valero, O. Banach’s fixed point theorem for partial metric spaces. Rend. Istit. Mat. Univ. Trieste 2004,
36, 17-26.

Rus, L. A. Fixed point theory in partial metric spaces. Univ. Vest. Timis. Ser. Mat. Inform. 2008, 46, 41-160.
Asadi, M,; Karapinar, E.; Salimi, P. New extension of p—metric spaces with fixed points results on M-metric
spaces. J. Inequalities Appl. 2014, 2014, 18.

Patle, PR.; Patel, D.K.; Aydi, H.; Gopal, D.; Mlaiki, N. Nadler and Kannan type set valued mappings in
M-metric spaces and an application. Mathematics 2019, 7, 373.

Asadi, M.; Azhini, M.; Karapinar, E.; Monfared, H. Simulation Functions Over M-Metric Spaces. East Asian
Math. J. 2017, 33, 559-570.

Jleli, M.; Samet, B.; Vetro, C. Fixed point theory in partial metric spaces via ¢-fixed point’s concept in metric
spaces. ]. Inequalities Appl. 2014, 2014, 426.

Kumrod, P; Sintunavara, W. A new contractive condition approach to ¢-fixed point results in metric spaces
and its applications. J. Comput. Appl. Math. 2017, 311, 194-204.

Asadi, M. Discontinuity of control function in the (F, ¢, §) —contraction in metric spaces. Filomat 2017, 31, 17.
Imdad, M.; Khan, A.R; Saleh, H.N.; Alfagih, W.M. Some ¢-fixed point results for (F, ¢, « — ) —contractive
type mappings with applications. Mathematics 2019, 7, 122.

Samet, B.; Karapinar, E.; O’regan, D. On the existence of fixed points that belong to the zero set of a certain
function. Fixed Point Theory Appl. 2015, 2015, 152, d0i:10.1186/513663-015-0401-7.

Rus, LA. Generalized Contractions and Applications; Cluj University Press: Clui-Napoca, Romania, 2001.
Jachymski, J. The contraction principle for mappings on a metric space with a graph. Proc. Am. Math. Soc.
2008, 136, 1359-1373.

@ (© 2020 by the authors. Licensee MDPI, Basel, Switzerland. This article is an open access
@ article distributed under the terms and conditions of the Creative Commons Attribution

(CC BY) license (http:/ /creativecommons.org/licenses/by/4.0/).


http://creativecommons.org/
http://creativecommons.org/licenses/by/4.0/.

	Introduction and Preliminaries
	Main Results
	Application to Fixed Point Theory
	Application to Graph Theory
	Conclusions
	References

