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Abstract: We present some new results on the approximation of solutions of a special type of
fractional boundary-value problem. The focus of our research is a system of three fractional
differential equations of the mixed order, subjected to the so-called "interpolation” type boundary
restrictions. Under certain conditions, the aforementioned problem is simplified via a proper
parametrization technique, and with the help of the numerical-analytic method, the approximate
solutions are constructed.
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1. Introduction

Differential equations of the fractional order have a wide spectrum of applications, since they are
often used to model problems in fluid dynamics, finance, biology, physics, engineering, etc. However,
most of the exact methods of solution of the considered problems (see [1-11]) in the nonlinear case of
differential equations and their systems are not applicable.

During the last few years, a number of papers devoted to the numerical-analytic methods of
approximation of solutions of the fractional ordinary and partial differential equations were published.
In particular, those were the well known homotopy perturbation method [12-15], Adomian’s
decomposition method [16-21], the variation iteration method [20,22,23], and the exp-function method
[24].

Recently, in the series of papers (see discussions [25-28]), a completely new approach for study of
a class of fractional periodic and anti-periodic boundary-value problems was developed. To construct
the approximate solutions of the studied problems, the numerical-analytic method, based on the
successive iterations, was used. This technique was originally suggested and successfully applied to
the boundary-value problems for ordinary differential systems with strong nonlinearities not only in
the equations, but also in the boundary conditions (see [29-32]).

This paper is a continuation of the obtained results in the aforementioned direction, and gives
the important results for the study of a new class of the interpolation type fractional boundary-value
problems. A suitable parametrization technique, sometimes called in literature a "freezing technique,"
transforms the given three-point boundary constraints into the two-point ones and allows us to
construct the approximate solutions of the modified problem in an analytic form.

In Sections 2 and 3 the main terminology that will be used throughout the paper is given, and
some important results already obtained in this direction are presented.

Sections 4-7 are devoted to the main result of the paper, particularly to the fractional
boundary-value problems under the interpolation type boundary constraints. The primary interest of
such boundary conditions is that we cannot apply the modification of the numerical-analytic scheme

Axioms 2020, 9, 13; doi:10.3390 / axioms9010013 www.mdpi.com/journal/axioms


http://www.mdpi.com/journal/axioms
http://www.mdpi.com
https://orcid.org/0000-0002-0043-6336
http://www.mdpi.com/2075-1680/9/1/13?type=check_update&version=1
http://dx.doi.org/10.3390/axioms9010013
http://www.mdpi.com/journal/axioms

Axioms 2020, 9, 13 2 of 21

(see Section 3) straightforwardly. Therefore, we need to use a special "freezing," or parametrization
technique to cope with these kinds of issues. Moreover, we reduce the order of the boundary conditions
(from the initially three-point restrictions to the two-point ones) that plays an important role in the
computational process. As a result: these techniques might be further studied in the more complicated
cases of boundary conditions (e.g., two- and multipoint nonlinear boundary constraints), widely
appearing in the mathematical models of applied sciences.

2. Main Notations and Supplementary Statements

Let ] = [a,b] (—o0 < a < b < o) be a final interval of R.

Definition 1. Function I'(z), defined by the integral
I'(z) = / e~ ¥4t
J0
which converges in the right half of the complex plane Re(z) > 0, is called the Gamma function.

Definition 2. [8] The left and right Riemann—Liouville fractional integrals of order « € R are defined by

aDYf(E) = F(l)/at(t—s)“lf(s)ds, t>a,0>0

o

and
Dy (1) = ﬁ /t'b(s ) f(s)ds, £ < b, & >0

respectively, provided the right—hand sides are pointwise defined on [a, b].

Definition 3. [8] The left and right Riemann—Liouville fractional derivatives of order « € R are defined
by
d" (n—a) 1 dar it a1
4 _ _ n—u
WDEf(E) = Pt ) T(n—a) dt? /a (=) f(s)ds,t > a

and
tDp f(t) = (—1)”;?@{("*“7(1%) = r(nl—a)(_l)n;tn /tb(s — )" 1 f(s)ds, t < b

respectively, where n = [a| + 1, [«] means the integer part of «.

Definition 4. [8] The left and right Caputo fractional derivatives of order & € R are defined by

n=1 ¢(k) (4 ]
_ Zf k!( )(t—a)k

Dif(t) = aDf | £(t)

k=0

and

[ n—1 ¢(k) i
of0) =103 |10 - & Lo oy

respectively, where n = [a] + 1, for & ¢ No; n = a for a € Ny.
In particular, when 0 < a < 1, then

eDEf(t) = aDE(f(1) — f(a))

and

FDLf(t) = Dy (f(1) = f(D)).



Axioms 2020, 9, 13 3of 21

Let us also formulate some subsidiary lemmas, first proven by Fe¢kan, Marynets in [25] and
reformulated here over an interval [a, b].

Lemma 1. Let f(t) be a continuous function for t € [a,b]. Then, for all t € [a, b], the following estimate is
true:

1 ot . t—a\l 1 b .
— | (t—T) 7! TdT—() —— | b=y f(r)dT
i L =0 e (8 g [ o= .
< o (t B, j € (0,1],
< o] max £ j € (0,1]
where ‘ ]
- 2(b—t) b—t\/
] — _
Y =T ) <1 b—a) ' @
Lemma 2. Let {uc{n(t)}meN be a sequence of continuous functions at the interval [a, b] given by
] — _ -1 _ \j-1 ]
h(t) = 77 [/ [(t 7) (b - a) (b— 1) 1 o (1)dr
, ®)
L (L= ]/h(b—T)j_llx (v)dt|, meN, j e (0,1]
b—a Js m—1 ’ ’ ] v
where ag(t) = 1. Note zx{ (t) is defined by formula (2). Then, the following estimate holds:
i b—a mj b—a (m+1)j
Wy () < Ty < 00 @

- 2m(2j—1)rm(]'+1) 2(m+1)(2j—1)rm+1(]'+1)’

for m € Ny.

3. Resent Results in the Study of the Periodic and Anti-Periodic Fractional Boundary Value
Problems

Since the approach of the numerical-analytic method [32] was appied to the fractional differential
systems for the first time in [25-28], it is resonable to give an overview of the results that will allow the
reader to follow and will open up possible perspectives for future research in this direction.

3.1. Integral Representation of the Solution of the PFBVP

To give an understanding of the numerical-analytic technique used for approximation of solutions
of the fractional periodic and anti-periodic boundary—value problems (BVPs), let us first present the
basic ideas of the aforementioned method.

Consider the simplest case of a periodic fractional BVP (PFBVP) (see discussion in [25]) of the
form:

6DIx(t) = f(t,x (1), pe(0,1), x,f €R", ®)
x(0) = x(T), (6)

where 8Df is the generalized Caputo fractional derivative with the lower limit at 0 (see ([11],
Definition 1.8; [33], Definition 2.3)), t € [0, T], x : [0,T] — D, f : G — R" are continuous functions,
G:=10,T] x D,and D C R" is a closed and bounded domain.
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Together with the fractional differential system (FDS) (5) we consider an initial value problem for
a perturbed system of the form:

6D x(t) = f (t,x (1) + A, @)
x(0) = xo, ®)

where A is a term to be defined.

Remark 1. Note, that the main advantage of the Caputo’s approach is that the initial conditions for fractional
differential equations with Caputo derivatives take on the same form as for the integer-order differential equations;
i.e., contain the limit values of the integer-order derivatives of unknown functions at the lower limit t = a (see [8]).

Using an integral representation of the Cauchy problem for the FDS with the initial data (8) we
get:

1"(1;7) /Ot(t —5)P (s, x(s) + A)ds

Lo ) AP
:x0+@/o(t—s)” 1f(sfﬁf(S))de'

x(t) :=x0+
)

where T'(-) is the Gamma function.
Substituting in (9) values t = 0, t = T and using the periodic boundary condition (6), we find an
expression for the perturbation term:

=k /(;T(T — )P £ (s, x(s))ds. (10)

Note that in order to apply the numerical-analytic technique for approximation of solutions of the
problem (5) and (6) we need the following hypothesis to be held (see also discussions in [29-31]):
(H1) Function f in the system (5) is bounded by a constant vector M = col (M1, My, ..., M,) € R"
and it satisfies the Lipschitz condition with a non-negative real matrix K = (k;;)" —1; e the following
inequalities
f(t )] < M,

[f(tu) = f(£,0)| < Klu —o|

are true for any t € [0, T], x,u,v € D.
(H2) The set
Dg={xo€D:{ueR":|u—x| <p} CD},
MTP
22P-1T(p+1)”
(H3) The spectral radius 7(Q) of matrix

is non-empty, where =

0 KT?
©22-1r(p+1)

satisfies the estimate:

r(Q) < 1.

Then, the approximate solution of the PFBVP may be found from the iterative formula:

it 0) = 0+ | 097 200
_ (;)P/OT(Ts)P—lf(s,xm_l(s,xo))ds , meEN,
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where t € [0, T], xo € Dg and x¢(t, xg) = xo is considered as a zero approximation.
Note that the numerical values of the unknown vector xg are solutions of the so-called "bifurcation”
system of the form:
A (xo) =0 )

where A : D — R" is defined by expression (10).
Let us now pass to the more general cases of FDS.

3.2. Study of the Lower Order Fractional Differential Systems
In [26] we considered the FDS

6DFx = f(t,x(), y(t),

(11)
607y = g(t, x(t),y(t)),

where first 17 equations had the fractional order p € (0,1] and the rest n, equations were of the order
g€ (0,1].

Here f : Gf — R™, ¢ : Gg — R™—are continuous functions; Gy := [0, T] x Dy, Gg := [0, T] x Dy,
and D r C R"™, Dg C R"—are closed and bounded domains.

We were looking for a continuously differentiable solution of the system (11), subjected to the
periodic boundary restrictions:

x(0) = x(T),  y(0) = y(T). (12)

Remark 2. The FDS (11) has a particular application to economic systems, since it may formulate a dynamical
macroeconomic model of two national economies.

As mentioned in Section 3.1, particular requirements had to be met in order to apply the successive
approximation’s approach.

Indeed, in [26] we derived these conditions; i.e., we supposed that the BVP (11), (12) is such that
the following conditions hold:

(A1) Functions f, g in the system (11) satisfy inequalities

) <My, Ig(txy)| < My,

forany t € [0,T], x1,x2 € Df, Y1,¥2 € Dy and some non-negative vectors Mf € R™, My € R"™;
(B1) Functions f, g satisfy the Lipschitz type conditions

[f(t,x1,y1) — f(t,x2,y2)| < Kilx1 — x2| + Kaalyr — y2l,
1g(t, x1,y1) — 8(t, x2,y2)| < Kon|x1 — x2| + Kaa|y1 — v,
forany t € [0, T], x1,x2 € D¢, y1,y2 € Dg and some non-negative matrixes Kjj, i, j € {1,2};
(C;) The sets
Dg, := {xo €Df:{ueR": Ju—xo| <Bs} C Df},
Dg, = {yo € Dg: {v € R" : [o —yo| < g} C Dy}

are non-empty, where
By e M;TP B, i M,T1
Fm T (p+1)” P8 22 Tr(g+ 1)’

(D1) The spectral radius r(Q) of the matrix Q := KT'p; satisfies an inequality r(Q) < 1, where

. TP T4
pq *= max { 22010 (p+ 1) 20 1T(q + 1) } '
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Then, we connected with the BVP (11), (12) the sequences of functions { Xy, Ym } men, given by the

iterative formulas:

1 r rt
xm (£, X0, Y0) 1= xo + ) /0 (t— )P f (s, x—1(5, %0, ¥0), Ym—1(s, X0, Y0) )ds

_ <t>p /OT(T — )PV f (s, xp—1(5, %0, Y0), Ym—1(s, xO'yO))ds} /

T
- (13)
ym(t, X0, Y0) := yO+W7) /0 (t— )71 g(s, xm—1(5, X0, Y0), Ym—1(s, X0, Yo) )ds
t\1 T i _1
- <T> /0 (T_S)q g(srxm—l(5/sz]/O)/]/m—l(S/xOIJ/O))dS]/
xo(t, x0,¥0) = xo, Yo(t, X0, Y0) = Yo,
where t € [0, T], xo € Dg Y0 € Dpy, coupled with the system of 'bifurcation” equations
p [T -1
PA(x0,40) := —ﬁ/ (T —s)P7"f(s, x00(s, %0, ¥0), Yoo (5, X0, Y0) )ds = 0,
0 (14)

T
TA(x0,10) := —% ./0 (T - s)q_lg(s, Xoo (S, X0, 40), Yoo (S, X0, Y0 ) )ds = 0.

In addition, the following theorems were proved.

Theorem 1. [26] Assume that conditions (A1)—(D1) for the PFBPV (11), (12) hold. Then, for all fixed xo € Dg %
Yo € Dg, it holds that:

1. Functions of the sequence (13) are continuous and satisfy periodic boundary conditions
le(O/ xO/]/O) = xm(T/ X0, ]/0), ]/m (0/ X0, ]/0) - ]/m(T/ X0, ]/0)

The sequences of functions (13) for t € [0, T| converge uniformly as m — oo to the appropriate limit

functions
Xoo (£, X0, Y0) = lim xm(t, X0, o),

Yoo(t, X0, y0) = lim yu (£, Xo, Yo)-
3. The limit functions X, Yoo satisfy periodic boundary conditions

Xo0(0, X0, Y0) = Xeo(T, X0, ¥0), Yoo (0, X0,Y0) = Yoo (T, X0, Yo)

and are the unique continuous solutions of the integral equations

1 t _
x(t) :==x0+ m {/0 (t —s)P~Lf (s, x(s),y(s))ds

- G)p/OT(T— s)P—1f<s,x<s>,y<s>>ds}’

1 t _
V) =0t g | 0= 907 g x(0), (e

() [ -9 st e vienas]
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i.e., they are the unique solutions on [0, T] of the Cauchy problem:

6DFx = f(t,x(t),y(t)) +7 A(xo,y0), x(0)
6Dy = g(t, x(t),y(t)) +7 Alx0,y0),,  y(0) = yo,

X0,

where

T
(30, 90) = =y [ (T =577 (5, en (5,30, 0) s . 0, 40) ), |
(15

T
T80, 0) 1= oy [ (T =517, x5, %0, 30), Yoo s, 0, 30) s
5. The following error estimations hold:
| o0 (t, X0, Y0) — Xm (t, X0, Yo)| m ~1 [ My,
<T I, — ,
<yoo<t,xo,yo>ym<t,xo,yo>| = T Q = Qg

where 1, is the n—dimensional identity matrix.

Theorem 2. [26] Let xo € Dpg o Yo € Dgy, and { € R™, x € R™ be some given vectors. Suppose that
all conditions of Theorem 1 hold for the system of mixed FDEs (11). Then, the solutions x = x(-, xo, Yo, {),
vy =y(+, x0, Yo, X) of the initial-value problem

6DFx = f(t,x(t),y(t)) + 2, x(0) = xo,
6Dfx = g(t,x(t),y(t) +x, y(0) =y,

wheret € [0,T], { € R™, x € R™ are the control parameters and xo € Dg Y0 € Dg,, satisfy also boundary
conditions (12), if and only if
g ::p A(xOIJ/O)/ X ::q A(xO/yO)/

where P A, 1A are given by the left hand—side of the equation (15). In that case
x(t,x0,40,4) = Xeo (£, X0,50) Y (t, X0, Y0, X) = Yeo (£, X0, Y0) -

The next corollary was the main result of the study, giving us conditions of the connection between
the pair of limit functions (x* (-, xo, ¥0),y* (-, X0, ¥o)) of the sequences (13) and the exact solution of the
mixed type FBVP (11), (12).

Corollary 1. [26] Let conditions (A1)—(Dy) hold. Then, Xoo(-, X3, Y§), Yoo (-, X5, Y(y) are the solutions of (11),
(12), if and only if a pair (x§, y{) is the solution of the determining system:

A(xo,Y0) := (PA(x0,y0),7 A(x0,y0)) =0,
where PA, 1A are given by relations (15).

3.3. PFBVP with a Higher Order Caputo Type Fractional Derivative

As a generalization of the aforementioned in Sections 3.1 and 3.2 problems, in [27] we studied the
generalized fractional differential system

6Dfx(t) =f(t,x(t)), pe (mm+1), meN (16)

with periodic boundary conditions

xD(0) = x0(T),i =0,m, (17)
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where t € [0,T|, T > 0,x € C"([0,T|,D), D C R"isopen, f € C(G,R"), G :=[0,T] x D.
It was shown (see discussions in [27]) that if the FBVP (16), (17) satisfies the hypothesis:

(Ay) There is a non-negative vector M = col (M1, My, ..., M) € R", M; > 0 and a non-negative
real matrix L = (l,»j)?,j:l, l; i > 0 such that

f(tx)| < M,Y(t,x) €G,
f(t,u) = f(t,0)| < Llu—0|,vt € [0, T], V{u,0} C D;

(B) The open set
Dg={GoeD:{uecR":|u—-¢o| <B} CD}

is non-empty for § := TPx;, M, where

4 1 1
' (;gJ!F(rJHZ) zr§[3,>1(1| i(2) = Bil + F(p+1)>

and B; and B;(z) are the Bernoulli numbers and polynomials;
(Cy) The spectral radius r(Q) of matrix Q := «,, T¥ L satisfies the estimate r(Q) < 1,

one can associate an iteration scheme

Sl =80+ 3] T () 8] [y [ -9 e

j!
(p—m)Tm—i+t (T o
+W/{) (T —s)? 1f(s,xk(s))ds} .
+1“(1p) '/Of(t —8)P 1 f (s, xp(s))ds — % '/(;T(T s (s,
k=0,1,...,

where t € [0, T], xo(t) = Go € Dg, with the solution of the given BVP (16), (17).
Similarly to Theorem 1 in Section 3.2 it was proved that a sequence of functions (18) is convergent
to the limit function, which is a solution of the given BVDP, if the corresponding determining equation

p—m

A=~ |,

T
(T —s)P7"1f(s,x(s))ds = 0

has a root.
Moreover in the case of the asymptotically constant scalar problems for the fractional differential
equations of the form

SDPx(t) = g(x(t)) +h(t), p€ (mym+1), meN, t € [0,T]

with boundary conditions (17) forn =1, g € C(R,R), h € C([0, T], R) under hypothesis (A2)—(C,) and
if
(D) There are g+ € R such that

lim ¢(x) = g=+,

x—+oo

conditions of existence and nonexistence of solutions are obtained.
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3.4. Anti-Periodic Fractional BVP

Recently we considered a boundary-value problem for a FDS with anti-periodic boundary
conditions of the form:

6DV x = f(t,x(t)),p e (0,1),te[0,T),x feR", (19)

x(0) = —x(T), (20)

where x : [0,T] — D, f : G — R" are continuous functions, G := [0, T] x D and D C R" is a closed
and bounded domain.

Under conditions (H1)—-(H4) in Section 3.1 the approximate solution of the anti—periodic FBVP
(AFBPV) (19), (20) was constructed in the form:

Xm(t,8o) = Go + 1"(1;7) [/Ot(t —8)PLf (s, xpm_1(s, &))ds

() [ a9t -2 (1) @

with a modified form of zero approximation, given by the relation:

wité) = (1-2(5) ) & @)

Remark 3. A choice of the zero—approximation in the form (22) is optimal in the sense that it improves the
estimate of difference between the m—th approximation Xy, (-, o) and its limit function xe(-,Co). In the case of
selection x((t,Go) = xo, as it was for the PFBVPs (5), (6) and (11), (12), it would lead to additional terms in
the estimates that would increase the error of computations.

(21)

In addition to the aforementioned convergence conditions and corollaries about the connection of
the limit function of the sequence (21) to the exact solution of the AFBVP (19), (20), a proper solvability
analysis of the original problem was provided.

In particular, the following statements have been proven.

Theorem 3. [28] Let conditions of Theorem 1 in [28] hold and one can take some m > 1 and the set () C R”"
such that the relation

|| >on Q" (I — Q) 'M,

holds, where Q) is understood as a boundary of domain Q). Besides, if the Brouwer degree of the vector—field ®,,
over the set Q) with respect to zero satisfies an inequality

deg (®,;,Q2,0) #0,
then their exists a point ¢ € Q) such that
Xeo(t) = oo (,E5) = lim 0 (,87)
is the solution of the anti-periodic BVP (19), (20) with the initial condition

¥*(0) = & € Q.
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Theorem 4. [28] Let conditions of Theorem 1 in [28] be held, and there exists some number m € N and a point
&o € Q, such that the component-wise inequality:

|Am (8o)| < sup KR‘FQ(In—Q)’lR—k%
¢eD

+Q"(I — Q)"'M,

In ‘60 _§0|

is not true, where matrix K and vector M appear in (H1), matrix Q is defined in (H2), and matrix R :=
sup ‘1 +2 ()P 1.
te[0,T]

Then, there does not exist a point & € Q), for which the antiperiodic BVP (19), (20) has a solution x = x(t)
such that x(0) = ¢j.

Remark 4. On the basis of Theorem 4, we established an algorithm of approximate localization of the point Cj,
that defines solution x(-) of the original BVP (19), (20). The set Q) was rewritten as an association of the finite
value of subsets :

N
Q:= U Q. (23)
In every subset (); from (23) we picked a point
& eq

and for some fixed m calculated the m—th approximation x (-,ij_oi), by using the recurrent formula (21).
Then, we obtained the value of the determining function

T
An(Go) = =5 [T =9 s s, 2os - EE
and excluded from the set (23) subsets C);, for which the inequality is not true.
When N and m tend to co, Oy, Ny "follows” to the set (Y* that may contain value ¢y and defines solution of
the anti-periodic BVP (19), (20).
Every point & € QN one can observe as an approximation to the value &} that determines solution of
the given BVP (19), (20). In this case it is clear that

7

& — &5l < sup |&—&o

G0E€EQ N

and the value of function x,, (t,&o) that is calculated by iterative formula (21), may be taken as an approximate
solution of the BVP (19), (20).

4. Boundary-Value Problem for a Mixed FDS under the Interpolation Type Boundary Constraints

Consider a system of FDEs

$DJx = f(t,x(t),y(t),z(t)),
<Dy = g(t, x(t),y(t),
$Djz = h(t,x(t),y(t),z(t)),

N
—~

~~
~—
~—
<

(24)
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for some p,q,r € (0,1], where f : Gf — R, ¢:Gg — Rand h : G, — R are continuous functions;
Gy = [a,b] x Dy, Gg := [a,b] x Dg, Gy := [a,b] x Dy, and Dy C R, Dy C Rand Dj, C R are closed
and bounded domains; and the system is subjected to the interpolation type boundary constraints

x(a) =dy,
y(t1) =da, t1 € (a,b), (25)
z(b) = ds,

where d; € R, i = 1,3 are some given values.

The problem is to find a triple (x(-),y(-),z(-)) that satisfies the mixed—order FDS (24) and the three-point
boundary conditions of the interpolation type (25) in the class of continuously differentiable functions
x,y,z:[ab =R

5. Parametrization Approach and the Numerical-Analytic Technique

Let us define some components of solution of the fractional boundary-value problem (FBVP) at
the points t = a, t = b by parameters:

y(a) =82, z(a) = T3,

(26)
X(b) = /\1, y(b) = /\7_,
and rewrite the boundary conditions in the form
x(a)+x(b) =di + Ay,
y(b) = Ay, 27)
z(b) = ds;

i.e., instead of the original three-point restrictions (25), we study a problem with some parametrized
two-point constraints (27).

Remark 5. Note, that under additional conditions (26) the parametrized FBVP (24), (27) is equivalent to the
original BVP of the interpolation type (24), (25).

Now we construct the proper sequences of functions:

xm(t, 6//\)

t
=y + r(lp) [ =9 6 (5,8 A Y (5,8 A) 21 (5,60

_ p b 28
- <;_z> r(lp)/a (b_5)p71f(5rxmfl(SrCr/'\)/ymfl(S,g,/\),szl(s,(;‘,/\))ds ( )
_ P
+ (2‘;) A —di],
]/m(t/ ¢ )\)
- 62 * r(lq) ./at(t o S)q_lg(s/ xm—l(sr gl)‘)rym—l(s/ 6,)\),2,”_1(5, gl A))ds
(29)

_ q b
- (zi-i) rl)/ (b= 5)771g(s, xm-1(5,&,A), Ym-1(5,&,A), Zm-1 (5, G, A) ) ds

(q
+ <£:a>q[)\2—éz],

a
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Zm(t, &, N)
1 f r—1
0 / (t— 8) (8, X1 (5, & A)s Y (8,8 A), Zm1 (5, & A) )ds
_ r b
(5=5) 7 L 0= 0o mua (88 0) Ya (5. 80) zcr (5.2, Al

H +(£:Z)r[d3—§3},

Vm e Nand t € [a,b], § = col({1,E2) € E, A = col(Aq,A2) € A, in such a way that they satisfy the FDS
(24) and the boundary restrictions (27) in advance.
Note, that the functions

=03+
(30)

_ P
XO(t,g,)\) =d; + (Z—Z) [/\1—111],

_ q
N =Gt (=) ha-el

and .
z0(t, 6, A) =33+ (2_2) [d5 — ]

are taken as functions of a zero—approximation.

Assume that the FBVP (24), (27) satisfies the following conditions:

(i) Functions f, g, h in the system (24) are bounded by some non-negative constants My, Mg, M), € R.
(ii) Functions f, g, h in the system (24) satisfy the Lipschitz type condition

‘f(t/xl/ylrzl) _f(t/x2/y2122)| |xl - x2|
lg(t, x1,y1,21) —g(t, x2,y2,22)] | < K| |yi—w2! |, (31)
|h(t, x1,y1,21) — h(t, x2,y2,22)] |z1 — 22|

forany t € [a,b], x1,x2 € Dy, y1,y2 € Dg, 21,22 € Dy, and some non-negative matrix K = (kijﬁj:y
(iii) The sets
Dg, := {xo €Ds:{ueR:|u—x| <By} CDf},
Dg, = {yo € Dg: {v € R: [v—yo| < Bg} C Dy}, (32)
Dg, :={z0 € Dy : {w € R: |w—zo| < By} C Dy}
are non-empty, where

B = My(b —a)? . Mg(b—a)? _ My —a)
FT T (p+1) P8 22 r(g+1) TP 22T (r+ 1)

The following convergence theorem holds.
Theorem 5. Let functions f : Gy — R, ¢ : Gg — Rand h : G, — R satisfy conditions (i)-(iii) in the

domains Dy, | = {f,g, h} with a matrix K for which
Ag <1, (33)

where A is the spectral radius of matrix
Q= TpyK (34)
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— (b—a)? (b—a)f (b—a)’
fOT’ qur = max { 22p711—‘(p+1) ’ 22q—11"(q+1)/ 227711"(;/4,1) } :

Then, for all fixed ¢ € Eand A € A the statements to be hold:
1. All functions of the sequences (28)—(30) are absolutely continuous on the interval [a, b] , have values in the
domains Dy, | = {f,g, h} respectively, and satisfy the two-point boundary conditions
Xm(a,8,A) +xm(b,E,A) =dy + Aq,
Ym (br ff, A) = Ay,
zZm(b, ¢, A) = ds.

2. The sequences of functions (28)—(30) for t € [a, b] converge uniformly as m — oo to the limit functions:

Xeo (£,E,A) = n%iir;oxm(t, & A), (35)
Yeo (£,6,A) = lim ym(t,C, ), (36)
Zeoo (t/ g//\) = ,%igloz’"(t’ ¢ /\) (37)

3. The limit functions satisfy the initial conditions

Xeo (4,8, 1) = dy, (38)
Yoo (ar érr/\) = 621 (39)
Zoo (Cl, g/ A) = g3 (40)

and the two-point boundary conditions

Xoo(@,8,A) + xm(b, &, A) = d1 + Mg,
Yoo(b, 8, A) = Mg,
Zoo(b,(:f,/\) = d3.

4. The functions Xeo (+,&,A), Yoo (, &, A), Zoo (+, &, A) are the unique continuously differentiable solutions of
the integral equations

() =+ o | (£ 5)P L (s, x(5), y(s), 2(5) s

B (ZZ:Z)p r<1p> /fw = 8)P (5, %(5), y(5), 2(5))ds 4D

+(3=2) ti-ai,

W0 1=+ s [ (6= 57 (5, x(5), ), ()

I'(q)
_ q b
(528) 1 [ -9 gt a0, 200 @)
_ q
+ (Z_Z) [A2 — &2,

2(8) = & + Flr) /t(t 5 (s, x(s), y(s), 2(s) )ds

a

(
(;}__z)fr(lr)/b(bs)r—lh(slx(s),y(s),Z(S))ds (43)

a
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In other words, Xeo (-, &, A), Yoo (+, &, A), Zeo (-, &, A) satisfy the Cauchy problem for the modified system of FDEs:

CDJx = f(t,x(1),y(1),2(t)) + (Z,LAL

— a)p
FDly = 86 x(0),y(0)2(0) + sy (44)
FDfz = (e, x(1),y(0),2(0) + 57,
X (Ll) =dy, y(ﬂ) = 52/ Z(a) = 531 (45)

where A;(E,A) : & x A — R, i = 1,3 are the mappings given by formulas:

MEA) 1= [ 0= 97 (s, x(5)y(5),2(6))ds + T(p) Ay — ], (46)
826 A) 1= [ (b= )1 505, x(5),y(6),2(5))ds + T(0) A — ), @)
86 ) = = [ (0= s, x(5),y(5) 2(5) s + Ty — ). 49)

5. The following error estimate holds:

X0 (t, G, A) — xm(t, &, A)]
Yoot EA) — ym(t,EAN)| | < TperQ" (I3 — Q) 'M, (49)
|Zeo (£, 8, A) — zm (8, E, A)|

where I3 is the identity three~dimensional matrix and M = col(Mg, Mg, My,) is a vector, defined in the
condition (i).

Proof. As already mentioned, the sequences of functions (28)—(30) are constructed in such a form that
they satisfy the parametrized boundary restrictions in advance. Due to this fact, the statement 1 of the
theorem holds.

Let us prove that all functions x, (-, &, A), Ym (-, &, A), zm(-, &, A) of the sequences (28)-(30) remain in
the domains D;, | = {f, g, h}, where each of them is defined; i.e., the iteration process can be continued
until infinity. For this purpose we estimate the differences:

[xm(t,8,A) — x0(t, &, M)

= I'(lp) at“ = )P (s, xm1(5,8 M), Y1 (5,8 A), Zm1 (5,6, A) )ds
- (Z:i p r(lp) /ub(b = )P (s, X1 (8,6 A) Ym1(5,6,A), 21 (5,8, 1) )ds (0)
< af () My < m = Bf,
Yym (£, A) =yo(£,E, )]
= r(lq) / (= 5755t (5,6 A), Yoa (5,8 A) 2 (5,8, A) s
(520) 1 = 9 gl 15 E ) 15,80, 2 5,8 1) oy

(b—a)iM
<o (Mg < 5 8

AT +1) Y
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|Zm(tr Cr/\) - ZO(tr ‘:r /\)|

F(l /ut( $) (s, Xm-1(8,EA), Ym-1(5,EA), Zm_1(s, & A))ds

b (52)
() i [ 9 5580 a5 ) B 5
b—a)"M
< W (OM, < St =

forallm € N, t € [a,b], € E,A € A.
Let us introduce a vector

where K is the matrix from the Lipschitz condition (ii), and the sequences of functions

+(5) [ = o >
/at |:(t_1')p1_ (Z:Z) (b—1)P 1} Vo1 (T)dT
(lta—Z)p./t.b(b—T)p 1Vm—l(T)olT},
Hm(t) := T )max{/ﬂt [(t )11 (Z:Z)q(bﬂq 1} i1 (1)dT
+<2:Z>q/tb(b_f)q Y (T)dT
/at (t—T1)171 = (Z:Z)q(b_f)ql o (0)d "
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(55)

/ﬂt (t S (;:Z)r (b— T)rl: v (T)dT

~(5=0) femr i)

for m > 2 with pq (t) = & (t), 71 (t) = af(t) and v1 (t) = & (t). Note that My, ;1 = KMy,.
Suppose that the estimates hold:

|6 (8,8, A) = Xu—1(t, &, M) < X (),
[Ym (£, 8, A) = Ym—1(£, 8, A)| < Yourm (1), (56)
Zm(t, & A) = Zip_1 (6, & A)| < Zinvm (1),

forallt € [a,b],¢ € E,A € A, and m € N. Indeed, the inequalities (56) are satisfied for m = 1 due to the
estimates (50)—(52). Using the mathematical induction method, we derive

|xm+1<tr ‘:r A) - xm(t, g/ A)'

< k(1;) [/at ((t — )P (2:2)” (b _S)pl> (3, & A) — Xm_1(s,& A)| ds
>p /tb(b — )P x(s,EA) = Xpa (5,5 M) ds]

+
—~ N
S| =
[
ISR RS
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el (12 o o

+(522) [ e

iz, [ (- = (522) 6= ) ol
(i) oo s

< (k11 Xm + k1Y +k13Zm) 1 (t) = X1 pms1 (1),

forallt € [a,b], & € B, A € A. This proves the first inequality of (56). The last two estimates in (56) are
proven analogically.

Let us define a function

satisfying an inequality:
el (t) < FW.

Taking into account relations (53)—(55), we can derive the following estimates:

() < Ty Par () < Tp,  ym(t) < Ty tan (1) < T,

par pqr’
v (1) < inqjlral(t) < F’;qr.
Then, the vector relation
|xm+1(t/'§f77) *xm(tfﬁfﬂﬂ . Mf
Y1 (8,8 0) = ym (b 28, )| | < Thor Miner = TpgrQ™ | Mg
1Zm+1(t, 6, 1) — zm(t, 6, 17)] My,
holds, which implies
|xm+]'(tf g 77) - xm(t/ & 77)‘
Y+ (88 1) = ym (8, 7)]
Zm+j(t, 8 1) — zm(t, ¢, 1)
j
X xmi(t,6,1m) = Xmtioa(8,6,17)] (57)
o -1 My
] .
< L Yri(t,60) = Ymria (8.6,m)] | < TperQ™ )} Q" [ Mg
i= i=0 Mh

j
'§1 |Zm+i(t,61) = Zmri—1 (8,8,

Since for the spectral radius of matrix Q an inequality (33) holds, we conclude that
j—1
i _ -1 . m o _
Z;;Q <(5-Q)7, lim Q" =0s

where O3 is the three—-dimensional zero matrix. By letting j — oo in the relation (57), we derive the
estimate (49). This means that the sequences of functions {x,,(-,&,A)}, {ym(-, &, A)}, {zm(-,E A)},
given by formulas (28)-(30) accordingly, converge uniformly in the domains [a,b] x & X A to the
corresponding limit functions Xeo (-, &, A), Yoo(+, &, A), and ze (-, &, A). As a result, it is obvious that
functions xeo (-, &, A), Yoo(+, &, A), and zeo(+, &, A) solve the integral equations (41)—-(43).
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The uniqueness of the solutions can be proven in a similar way as in [26] by generalization of the
interval to [a, b] and consideration of three functions x(-),y(+), z(-), instead of two, as it was done in
the aforementioned paper. [

6. Main Result

Let us study the Cauchy problem for a perturbed fractional differential system

£DPx = fltx(0),y(1),2(0) + - E
«Dly = g(t,x(1),y(1),2(1)) + ﬁéz, (58)

£DIz = h{t,x(0),y(1)2(0) + =5 G

with the given initial data (45), where t € [a,b] and { = col({1,{2,{3) € R3*—the constant perturbation
term.

Theorem 6. Let & € E, A € A, and { € R® be some given vectors. Suppose that all conditions of Theorem 5
hold for the system of FDEs (24). Then, the solutions x = x(-,&,A,C1), y = y(-, &, A, 02), z = z(+, &, A, {3) of
the initial-value problem (58), (45) satisfy the boundary conditions (25), if and only if

01 :=0M(GN),
{2 = D82(G, M), (59)
03 :=N73(C,A),

where A;, i = 1,3 are given by formulas (46)—(48).
In that case

x(tr (;(; A, Cl) = xoo(t; C:.(f )\)r
y(t, 5,1, 02) = yeo(t, G, M), (60)
Z(t/ ¢ A, §3) = Zoo(t/ ¢, A)

Theorem 7. Let conditions of Theorem 5 hold. Then Xxeo(:,&*,A*), Yoo+, G*, A*), Zeo(+, &*, A*) are the
solutions of the FBVP (24), (25) if and only if the point ({*, A*) is the solution of the determining system:

Ai(GA)=0,i=1,3, (61)
yoo(tl, é’r/\) = dZ' (62)

Proof. The result follows directly from Theorem 6 by observing that the perturbed FDS (44) coincides
with equation (24) if and only if the point (*, A*) satisfies the system of determining equations (61)
and (62). O

7. Some Solvability and Applicability Remarks

In addition to the results above, we can prove that the system of determining equations (61) and (62)
determines all possible solutions of the interpolation type FBVP (24), (25).

Theorem 8. Assume that conditions of Theorem 5 hold. If there exists a point (¢, A) € E X A that satisfies the
system of determining equations (61), (62), then the FBVP (24), (25) has a solution (x°(-),y°(+),z°(-)) such
that

y(a) = 53, 2°(a) = 25,2°(b) = A, y°(b) = A4,
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and this solution is given by the limit functions of the sequences (28)—(30):

20(t) = %o (£, A0) = lim x(t,6°,2%), t € [a,0], (63)
yo(t) = Yoo (t, gOI )‘O) = nlgr;oym(tr érO, )‘O)/ te [ar b] ’ (64)
22(t) = zeo (t, & /\0) = lim 2, (,¢% A%), t € [a,b]. (65)

Conversely, if the FBVP (24), (25) has a solution (x°(-),y°(+),2°(+)), then (x°(-),°(-),2°(-)) necessarily has
the form of (63)—(65) and the system of determining equations (61), (62) is satisfied with

&2 =1°(a), 28§ = 2°(a), A} = 2°(b), A3 = y° (D). (66)

Proof. If values §8, cf,g, )\[1), /\g which satisfy the system of determining equations (61), (62) exist, then
according to Theorem 5, the functions (63)—(65) are the solutions of the given FBVP (24), (25).

On the other hand, if (x%(-),3°(+),z%(-)) are the solutions of the original problem (24), (25), then these
functions are the solutions of the Cauchy problem (58), (45) with

01=0,00=0, {3=0and y(a) =&, z(a) = G3. (67)

As (x9(+),y°(+),2%(+)) satisfy the linear two-point parametrized boundary restrictions (27), by virtue of
relations (60) of Theorem 6 the equalities (63)—(65) hold.
Moreover,

01=0,0=0,03=0, (68)

where fjg, cfg, )t(l], /\g are defined by (66). From (68) we have that the determining system (61), (62) is
satisfied, if ¢, A are given by (66).

We have thus specified in (66) the values of a pair (¢, A) that satisfy the system of determining
equations (61), (62), which proves the theorem. O

Remark 6. In practice it is more suitable to consider the approximate determining equations

Ai,m(‘:/ /\) = 0/ i= 1/ 3/

69
ym(tl, g/)\) = d2, ( )

instead of the exact ones (61), (62), where A; , : E x A — R, i = 1,3 is the m—th determining function, given
by formulas

M) = = [ (6= 5505, 80) 6. A), 2, 8,0
+T(p) A — ],
Bam(@2) = = [ (6= 9 g5, 05, &)y (5,8,2) 2,6, )i
+T(9)[A2 - &2,
Bom(E) = = [ (6= ) hls,xn(5,E0) 6, ), 25, 8,00
+T0)[ds - &3,

and Xp (+,&,A), Ym (-, &, A), zm (-, G, A) are defined by the iterative formulas (28)—(30) respectively.
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