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Abstract: We first provide a best proximity point result for quasi-noncyclic relatively nonexpansive
mappings in the setting of dualistic partial metric spaces. Then, those spaces will be endowed
with convexity and a result for a cyclic mapping will be obtained. Afterwards, we prove a best
proximity point result for tricyclic mappings in the framework of the newly introduced extended
partial Sb-metric spaces. In this way, we obtain extensions of some results in the literature.
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1. Introduction

Whether a self mapping has fixed points or not is a problem that has been exhaustively studied
ever since Banach stated his contraction principle. In the beginning of the current century, an issue of
equivalent importance to that of the fixed point problem appeared: Let T be a cyclic (resp. noncyclic)
mapping on A ∪ B where A and B are nonempty subsets of a metric space (X, d) , that is, T (A) ⊆ B
and T (B) ⊆ A resp. T (A) ⊆ A and T (B) ⊆ B). The equation Tx = x may not possess a soltution,
in this case, we wish to determine an element (resp. a pair) which is as close to its image as possible,
i.e., an element x ∈ A ∪ B such that d (x, Tx) = dist (A, B) (resp. a pair (x, y) ∈ A × B of fixed
points such that d (x, y) = dist (A, B)). Such a point (resp. pair) is called a best proximity point (resp.
pair). The problem of best approximation for cyclic and noncyclic mappings attracted a good many
authors and many pertinent results were obtained in different frameworks [1–7].

In 2011, the notion of P-property was introduced in [8] and best proximity point results for weakly
contractive non-self-mappings were obtained. Two years later, using the aforementioned property,
Abkar and Gabaleh [9] proved that some existence and uniqueness results in best proximity point
theory can be acquired from existing results in the fixed point theory. In the same year, Almeida,
Karapinar and Sadarangani [10] showed that best proximity point results can be obtained from fixed
point results using only the weaker condition of weak P-property. In 2016, Ref. [11] presented a new
approach to best proximity point results by means of the so-called simulation functions.

In 2017, Sabar, Aamri and Bassou [12] introduced the class of tricyclic mappings and best proximity
points thereof. Let A, B and C be nonempty subsets of a metric space (X, d) . A mapping T : A ∪
B ∪ C −→ A ∪ B ∪ C is said to be tricyclic if T (A) ⊆ B, T (B) ⊆ C and T (C) ⊆ A, and a best
proximity point for T is an element x ∈ A ∪ B ∪ C such that D

(
x, Tx, T2x

)
= dist (A, B, C) where

D (x, y, z) = d (x, y) + d (y, z) + d (z, x) and

dist (A, B, C) = inf {D (x, y, z) : x ∈ A, y ∈ B and z ∈ C} .
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This paper aims to establish best proximity point results for subclasses of cyclic, noncyclic and
tricylic mappings in the framework of partial dualistic metric spaces and the lately introduced extended
partial Sb-metric spaces [13].

2. Best Proximity Point Results in Dualistic Partial Metric Spaces

This section deals with cyclic and noncyclic mappings in dualistic partial metric spaces; these
spaces were first introduced as follows.

Definition 1 ([14]). Let X be a nonempty set. A function D : X × X −→ R is called a dualistic partial
metric if

(D1) x = y if and only if D (x, x) = D (y, y) = D (x, y) ,
(D2) D (x, x) ≤ D (x, y) ,
(D3) D (x, y) = D (y, x) ,
(D4) D (x, y) ≤ D (x, z) +D (z, y)−D (z, z) ,
for all x, y, z ∈ X.

Complying with [14],D generates a T0 topology on X, denoted by τ (D) in which the open balls are

{BD (x, ε) : x ∈ X, ε > 0} where BD (x, ε) = {y ∈ X : D (x, y) < ε +D (x, x)} .

Now, we are able to introduce the notions of convergence and Cauchy sequences in the setting of
dualistic partial metric spaces.

Definition 2 ([15]). A sequence (xn) in (X,D) converges to a point x if and only if D (x, x) =

limn−→∞D (xn, x) and it is a Cauchy sequence if limn−→∞D (xn, xm) exists and it is finite.

To present our results, we need to mention some basic concepts related to noncyclic mappings.
In this section, unless stated otherwise, A and B are nonempty subsets of a dualistic partial metric
space (X,D) and T : A ∪ B −→ A ∪ B is a noncyclic mapping:

FA (T) = {x ∈ A : Tx = x} and FB (T) = {y ∈ B : Ty = y} ,

dist (A, B) = inf {D (x, y) : x ∈ A, y ∈ B } ,

A0 = {x ∈ A : D (x, y) = dist (A, B) for some y ∈ B} ,

B0 = {y ∈ B : D (x, y) = dist (A, B) for some x ∈ A} .

Definition 3. The mapping T is said to be relatively nonexpansive if

D (Tx, Ty) ≤ D (x, y) for all x ∈ A and y ∈ B.

In addition, a pair (x, y) ∈ A× B is said to be a best proximity pair if

x ∈ FA (T) , y ∈ FB (T) and D (x, y) = dist (A, B) .

In [16], Gabeleh and Otafudu introduced the class of quasi-noncyclic relatively nonexpansive
mappings as follows.

Definition 4. Suppose A0 6= ∅. The mapping T is said to be quasi-noncyclic relatively nonexpansive mapping
provided that

(
FA0 (T) , FB0 (T)

)
6= ∅ and, for all (a, b) ∈ FA0 (T)× FB0 (T) , we have{
D (Tx, b) ≤ D (x, b) for all x ∈ A,
D (a, Ty) ≤ D (a, y) for all y ∈ B.



Axioms 2019, 8, 67 3 of 10

The class of quasi-noncyclic relatively nonexpansive mappings is not a subclass of noncyclic
relatively nonexpansive mappings. To check that out and for more constructions on quasi-noncyclic
relatively nonexpansive mappings, we refer the reader to [17,18].

Definition 5. A is said to be approximatively compact with respect to B if and only if every sequence (xn) in A
such that D(y, xn) −→ D(y, A) for some y ∈ B has a convergent subsequence.

Remark 1.

• If A is a compact set, then it is approximatively compact with respect to B.
• If A ∩ B 6= ∅, then A is approximatively compact with respect to A ∩ B. Indeed, let (xn) in A such that
D(y, xn) −→ D(y, A) for some y ∈ A ∩ B. Since D(y, y) ≤ D(y, x) for all x ∈ X, D(y, A) = D(y, y)
and that means (xn) converges to y.

Definition 6 ([19]). The pair (A, B) is called sharp (resp. semi-sharp) proximal if and only if, for each x in A
and y in B, there exist a unique (resp. at most one) element x′ in B and a unique element y′ in A such that

D
(

x, x′
)
= D

(
y′, y

)
=dist (A, B) .

Now, we’re entitled to state our first main result.

Theorem 1. Let (X,D) be a dualistic partial metric space such that D is continuous and let A, B be nonempty
subsets of X such that A0 6= ∅, B is approximatively compact with respect to A and the pair (A, B) is
semi-sharp proximal. Then„ each quasi-noncyclic relatively nonexpansive mapping defined on A ∪ B possesses a
best proximity pair.

Proof. Let (xn) be a sequence of elements of A0 which converges to some x ∈ FA0 (T) . ( The fact that
FA0 (T) is nonempty guarantees the existence of such a sequence ). Choose a point yn in B0 such that

D (xn, yn) = dist (A, B) for all n ∈ N.

Now, we get

D (x, yn) ≤ D (x, xn) +D (xn, yn)−D (xn, xn)

= D (x, xn) + dist (A, B)−D (xn, xn)

≤ D (x, xn) + dist (x, B)−D (xn, xn) .

Taking into account that D is a continuous mapping on X× X, we get

D (xn, xn) −→ D (x, x) as n −→ ∞.

Therefore, letting n −→ ∞, we obtain D (x, yn) −→ dist (x, B) . The hypothesis that B is approximatively
compact with respect to A implies the existence of a subsequence

(
ynk

)
of (yn) and a y ∈ B such that

ynk −→ y as k −→ ∞. Hence, dist (A, B) = D
(
xnk , ynk

)
−→ D (x, y) , which means

D (x, y) = dist (A, B) .

Since T is quasi-noncyclic relatively nonexpansive,

D (x, Ty) ≤ D (x, y) = dist (A, B) .

Now, we use the assumption that the pair (A, B) is semi-sharp proximal to conclude that y is a fixed
point and therefore (x, y) is a best proximity pair.
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Example 1. Let X = R2 with the dualistic partial metric D ((x, y) , (x′, y′)) = max {x, x′} +
max {y, y′} . Let A = {0} × [0, ∞) and B = {1} × [0, ∞) . Then, A0 = {(0, 0)} and
dist (A, B) = 1. Moreover, the pair (A, B) is semi-sharp proximal. Let T : A ∪ B −→ A ∪ B be a
noncyclic mapping such that T (0, x) = (0, x/2) and T (1, x) = (1, x/2) for all x ∈ [0, ∞) . Clearly, T is a
quasi-noncyclic relatively nonexpansive and its best proximity pair is ((0, 0) , (1, 0)) .

As a special case of the previous theorem, we obtain the following result which was proven in [20].

Corollary 1. (Theorem 1 of [20]) Let (X, d) be a complete metric space and A, B be nonempty subsets of X such
that A is closed and A0 6= ∅. Suppose that B is approximatively compact with respect to A and that T : A ∪ B
−→ A ∪ B is a quasi-noncyclic mapping such that T| A is a contraction in the sense of Banach, T(A0) ⊆ A0

and the pair (A, B) is semi-sharp proximal. Then, T has a best proximity pair.

The notion of convexity in metric spaces was firstly introduced in [21] and the exact same notion
can be given in dualistic partial metric spaces.

Definition 7. A mapping W : X × X × [0, 1] −→ X is said to be a convex structure on X if, for each
(x, y) ∈ X× X and λ ∈ [0, 1] ,

D (u, W (x, y, λ)) ≤ λD (u, x) + (1− λ)D (u, y) for all u ∈ X.

In addition, (X,D, W) is said to be a convex dualistic partial metric space.

Definition 8. A subset K of a convex dualistic partial metric space (X,D, W) is said to be convex if
W (x, y, λ) ∈ K for all x, y ∈ K and λ ∈ [0, 1] .

The following propositions are immediate.

Proposition 1 ([21]). Let {Kα}α∈A be a family of convex subsets of the convex dualistic partial metric space X;
then, ∩α∈AKα is also a convex subset of X.

Proposition 2. The closed ball centered at a ∈ X with radius r ∈ R is a convex subset of X.

Proof. Let x, y ∈ B (a, r) and λ ∈ [0, 1] ,

D (a, W (x, y, λ)) ≤ λD (a, x) + (1− λ)D (a, y)

≤ λ (r +D (a, a)) + (1− λ) (r +D (a, a))

≤ r +D (a, a) .

In addition, this means that the closed ball is convex.

Definition 9. A convex dualistic partial metric space (X,D, W) is said to verify property (C) if every bounded
increasing net of nonempty, closed and convex subsets of X is of nonempty intersection.

A weakly compact convex subset of a Banach space has property (C) for instance. For more
examples, we allude to [22].

Let A and B be nonempty subsets of a convex dualistic partial metric space (X,D, W). We set

δ (A, B) = sup {D (x, y) : x ∈ A and y ∈ B } ,

δ(x) (B) = sup {D (x, y) : y ∈ B} for all x ∈ A.
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By con (A), we denote the closed and convex hull of A and it is defined by

con (A) = ∩ {C : C is a closed and convex subset of X such that C ⊇ A} .

The following lemma is used in the proof of our second main result of this section.

Lemma 1. Let (A, B) be a nonempty, bounded, closed, and convex pair in a convex dualistic partial metric
space (X,D, W). Suppose that T : A ∪ B→ A ∪ B is a cyclic mapping. If X has the property (C), then there
exists a pair (K1, K2) ⊆ (A, B) which is maximal with respect to being nonempty, closed and convex such that
T is cyclic on K1 ∪ K2. Furthermore,

co (T (K1)) = K2 and co (T (K2)) = K1.

Proof. The set of all nonempty, closed, and convex pairs (C, D) ⊆ (A, B) such that T is cyclic on C ∪D
is partially ordered by reverse inclusion, i.e.,

(C1, D1) ≤ (C2, D2)⇐⇒ (C2, D2) ⊆ (C1, D1) .

For each increasing chain {(Cα, Dα)}α, we set C := ∩Cα and D := ∩Dα. Since X has the property (C)
and from the fact that every intersection of convex subsets is a convex subset, (C, D) is a nonempty,
closed and convex pair. In addition,

T (C) ⊆ T (∩Cα) ⊆ ∩T (Cα) ⊆ ∩Dα = D.

Similarly, T (D) ⊆ C, which means that T is cyclic on C ∪ D. Therefore, every increasing chain is
bounded above and Zorn’s Lemma assures the existence of the maximal pair (K1, K2) . Now, we note
that the pair (co (T (K2)) , co (T (K1))) ⊆ (K1, K2) is nonempty, closed and convex. We also have

T (co (T (K2))) ⊆ T (K1) ⊆ co (T (K1)) .

Similarly, T (co (T (K1))) ⊆ co (T (K2)) , that is, T is cyclic on co (T (K2))∪ co (T (K1)) . The maximality
of (K1, K2) finishes the proof.

Theorem 2. Let (A, B) be a nonempty, bounded, closed, and convex pair in a convex dualistic partial metric
space (X,D, W) such that D is continuous and D (x, x) ≤ 0 for all x ∈ A ∪ B. Let (K1, K2) ⊆ (A, B) be a
maximal pair with respect to being nonempty, closed and convex such that T is cyclic on K1 ∪ K2. Suppose that
T : A ∪ B→ A ∪ B is a cyclic. Suppose that, for all x ∈ K1 and y ∈ K2,

D (Tx, Ty) ≤ Λ := {kδ (K1, K2) + (1− k) dist (A, B)}+ min {D (Tx, Tx) ,D (Ty, Ty)} .

If X has the property (C), then T has a best proximity pair.

Proof. Let x ∈ K1 and y ∈ K2; from the inequality fulfilled by the mapping T, we get Ty ∈ B (Tx, Λ)

and then
T (K2) ⊆ B (Tx, Λ) ;

thus,
K1 = co (T (K2)) ⊆ B (Tx, Λ) ,

which means,
D (Tx, z) ≤ Λ +D (Tx, Tx) , for all z ∈ K1,
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that is, δTx (K1) ≤ Λ +D (Tx, Tx) and similarly we get δTy (K2) ≤ Λ +D (Ty, Ty) . Put

L1 := {x ∈ K1 : δx (K2) ≤ Λ +D (x, x)} and L2 :=
{

y ∈ K2 : δy (K1) ≤ Λ +D (y, y)
}

.

Clearly, (L1, L2) is a pair of nonempty, closed and convex subsets such that T is cyclic on L1 ∪ L2.
We take account of the maximilaty of (K1, K2) to conclude that L1 = K1 and L2 = K2—from which
we get

δx (K2) ≤ rδ (K1, K2) + (1− r) dist (A, B) +D (x, x) for all x ∈ K1.

Hence,
δ (K1, K2) = dist (A, B) .

Consequently,

dist (A, B) ≤ D (p, Tp) ,D (Tq, q) ≤ δ (K1, K2) = dist (A, B) , for all (p, q) ∈ K1 × K2.

In addition, that is the desired result.

The next corollary follows immediately.

Corollary 2 ([1]). Let (A, B) be a nonempty, bounded, closed, and convex pair in a convex metric space
(X, d, W). Suppose that T : A ∪ B→ A ∪ B is a generalized cyclic contraction. If X has the (C) property, then
T has a best proximity pair.

3. Tricyclic Mappings in Convex Extended Partial Sb Metric Spaces

Lately, extended partial Sb-metric spaces were introduced as comes

Definition 10 ([7]). Let X be a nonempty subset and let θ : X3 −→ [1, ∞) . If a mapping S
θ

: X3 −→ [0, ∞) satisfies
1. x = y = z if and only if S

θ
(x, y, z) = S

θ
(x, x, x) = S

θ
(y, y, y) = S

θ
(z, z, z) ,

2. S
θ
(x, x, x) ≤ S

θ
(x, y, z) ,

3. S
θ
(x, y, z) ≤ θ (x, y, z) [S

θ
(x, x, t) + S

θ
(y, y, t) + S

θ
(z, z, t)] ,

for all x, y, z, t ∈ X. Then, (X, S
θ
) is called an extended partial Sb-metric space.

Next, we introduce the notion of convexity in extended partial Sb-metric spaces.

Definition 11. Let (X, S
θ
) be an extended partial Sb-metric space. A mapping W : X× X× [0, 1] −→ X is

said to be a convex structure on X if, for each (x, y) ∈ X× X and λ ∈ [0, 1] ,

S
θ
(u, v, W (x, y, λ)) ≤ λS

θ
(u, v, x) + (1− λ) S

θ
(u, v, y) for all u, v ∈ X.

In addition, (X, S
θ
, W) is said to be a convex extended partial Sb-metric space.

It is easy to see that every convex metric space in the sense of [15] is a convex extended partial
Sb-metric space. Now, we present a yet stronger version of convexity.

Definition 12. Retaining the same notations as in the previous definition, W is said to be a double convex
structure on X if it is a convex structure and if, for each (x1, y1) , (x2, y2) ∈ X× X , λ ∈ [0, 1] and u ∈ X,

S
θ
(u, W (x1, y1, λ) , W (x2, y2, λ)) ≤ λS

θ
(u, x1, x2) + (1− λ) S

θ
(u, y1, y2) .

Example 2. Let (X, ‖.‖) be a normed linear space and S
θ

: X3 −→ [0, ∞) be defined as S
θ
(x, y, z) =

‖x− y‖ + ‖y− z‖ + ‖z− x‖ . Then, (X, S
θ
) is an extended partial Sb-metric space and the mapping W :
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X× X× [0, 1] −→ X defined by W (x, y, λ) = λx + (1− λ) y is a convex structure on X. Moreover, W is a
double convex structure. Indeed, fix (x1, y1) , (x2, y2) ∈ X× X, λ ∈ [0, 1] and u ∈ X, we have

S
θ
(u, W (x1, y1, λ) , W (x2, y2, λ)) = ‖u− λx1 − (1− λ) y1‖

+ ‖u− λx2 − (1− λ) y2‖
+ ‖λx1 + (1− λ) y1 − λx2 − (1− λ) y2‖

≤ λ ‖u− x1‖+ (1− λ) ‖u− y1‖
+λ ‖u− x2‖+ (1− λ) ‖u− y2‖
+λ ‖x1 − x2‖+ (1− λ) ‖y1 − y2‖

= λS
θ
(u, x1, x2) + (1− λ) S

θ
(u, y1, y2) .

From now on, (X, S
θ
, W) will denote a convex extended partial Sb-metric space.

Definition 13. A subset K of X is said to be convex if W (x, y, λ) ∈ K for all x, y ∈ X and λ ∈ [0, 1] .

Definition 14. For all x, y ∈ X and ε > 0, the ball of foci x and y, and of ray ε is given by

B (x, y, ε) = {z ∈ X : S
θ
(x, y, z) ≤ ε} .

The following propositions follow from the aforementioned definitions immediately.

Proposition 3 ([21]). Let {Kα}α be a family of convex subsets of the convex extended partial Sb-metric space
X, then ∩Kα is a convex subset of X as well.

Proposition 4. The balls B (x, y, ε) are convex subsets of X. Moreover, they are closed subsets whenever S
θ

is a
continuous mapping.

Proof. Let a, b ∈ B (x, y, ε) and λ ∈ [0, 1] .

S
θ
(x, y, W (a, b, λ)) ≤ λS

θ
(x, y, a) + (1− λ) S

θ
(x, y, b)

≤ λε + (1− λ) ε = ε.

Furthermore, B (x, y, ε) = T−1 ([0, ε]) where T (z) = S
θ
(x, y, z) for all z ∈ X. The balls B (x, y, ε) are

closed subsets if S
θ

is continuous.

Before getting to our main result of this section, we fix some notations. Let A, B and C be nonempty
subsets of (X, S

θ
, W) :

dist (A, B, C) = inf {Sθ
(x, y, z) : x ∈ A, y ∈ B and z ∈ C} ,

δ (A, B, C) = sup {Sθ
(x, y, z) : x ∈ A, y ∈ B and z ∈ C} ,

δ(x,y) (C) = sup {Sθ
(x, y, z) : z ∈ C} for all x ∈ A and y ∈ B.

Take note that extended partial Sb-metric spaces are, sort of, three-dimensional metric spaces and,
since a tricyclic mapping is defined on the union of three subsets, the definition of a best proximity
point for a tricylic mapping is naturally given by:

Definition 15. Let T : A ∪ B ∪ C −→ A ∪ B ∪ C be a tricyclic mapping where A, B and C are nonempty
subsets of (X, S

θ
) . A point x ∈ A ∪ B ∪ C is said to be a best proximity point for T provided that

S
θ

(
x, Tx, T2x

)
= dist (A, B, C) .
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Lemma 2. Let (A, B, C) be a nonempty, bounded, closed, and convex triad in X. Suppose that T : A ∪ B ∪
C −→ A ∪ B ∪ C is a tricyclic mapping. If X has the property (C), then there exists a triad (K1, K2, K3) ⊆
(A, B) which is maximal with respect to being nonempty, closed and convex such that T is tricyclic on K1 ∪ K2.
Furthermore,

co (T (K1)) = K2, co (T (K2)) = K3 and co (T (K3)) = K1.

Proof. Let Γ denote the set of all nonempty, closed, and convex triads (I, J, H) ⊆ (A, B, C) such that T
is tricyclic on I ∪ J ∪ H. Note that Γ is partially ordered by reverse inclusion, that is,

(I1, J1, H1) ≤ (I2, J2, H2)⇐⇒ (I2, J2, H2) ⊆ (I1, J1, H1) .

Let {(Iα, Jα, Hα)}α be an increasing chain of Γ. Since X has the property (C) and from the fact that every
intersection of convex subsets is a convex subset, (∩Iα,∩Jα,∩Hα) is a nonempty, closed and convex
triad. In addition, the maximal triad (K1, K2, K3) is obtained as Zorn’s Lemma states. Now, the triad
(co (T (K3)) , co (T (K1)) , co (T (K2))) ⊆ (K1, K2, K3) is nonempty, closed and convex. We also have

T (co (T (K3))) ⊆ T (K1) ⊆ co (T (K1)) .

Similarly, we see that T is tricyclic on co (T (K3))∪ co (T (K1))∪ co (T (K3)) . The desired result follows
from the maximality of (K1, K2, K3).

Theorem 3. Let (A, B, C) be a nonempty, bounded, closed, and convex triad in X such that S
θ

is continuous and
W is a double convex strusture. Let (K1, K2, K3) ⊆ (A, B, C) be a maximal triad with respect to being nonempty,
closed and convex such that T is tricyclic on K1 ∪ K2 ∪ K3. Suppose that T : A ∪ B ∪ C −→ A ∪ B ∪ C is a
tricyclic mapping such that

S
θ
(Tx, Ty, Tz) ≤ Λ := kδ (K1, K2, K3) + (1− k) dist (A, B, C)

for all (x, y, z) ∈ K1 × K2 × K3. If X has the property (C) then T has a best proximity triad.

Proof. Let x ∈ K1, y ∈ K2; the inequality satisfied by the mapping T implies that Tz ∈ B (Tx, Ty, Λ)

for all z ∈ K3 and that means
T (K3) ⊆ B (Tx, Ty, Λ) .

Since S
θ

is continuous, B (Tx, Ty, Λ) is closed. Thus,

K1 = co (T (K3)) ⊆ B (Tx, Ty, Λ) .

Thus,
δ(Tx,Ty) (K1) ≤ Λ.

Put

L1 : =
{
(x, y) ∈ K1 × K2 : δ(x,y) (K3) ≤ Λ

}
,

L2 : =
{
(y, z) ∈ K2 × K3 : δ(y,z) (K1) ≤ Λ

}
,

L3 : =
{
(z, x) ∈ K3 × K1 : δ(z,x) (K2) ≤ Λ

}
.

Clearly, (L1, L2, L3) is a triad of nonempty, closed and convex subsets. Define

T̃ : (A× B) ∪ (B× C) ∪ (C× A) −→ (A× B) ∪ (B× C) ∪ (C× A)

(x, y) 7−→ T̃ (x, y) = (Tx, Ty) .
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Since T is tricyclic on A∪ B∪C, T̃ is tricyclic on (A× B)∪ (B× C)∪ (C× A) . For all (x, y) ∈ K1× K2,
T̃ (x, y) = (Tx, Ty) ∈ L2, then T̃ (K1 × K2) ⊆ L2. Thus, T̃ is tricyclic on L1 ∪ L2 ∪ L3. Furthermore,
(K1 × K2, K2 × K3, K3 × K1) is maximal in

Γ̃ =


((I × J) , (J × H) , (H × I)) ⊆ ((A× B) , (B× C) , (C× A)) /
(I × J) , (J × H) and (H × I) are non-empty, bounded, closed
and convex with T̃ is tricyclic on (I × J) ∪ (J × H) ∪ (H × I)

 ,

which is partially ordered by

((I1 × J1) , (J1 × H1) , (H1 × I1)) ≤̃ ((I2 × J2) , (J2 × H2) , (H2 × I2))⇐⇒

((I2 × J2) , (J2 × H2) , (H2 × I2)) ⊆ ((I1 × J1) , (J1 × H1) , (H1 × I1)) .

Therefore,
L1 = K1 × K2, L2 = K2 × K3 and L3 = K3 × K1.

Consequently, for all (x, y) ∈ K1 × K2,

δ(x,y) (K3)− kδ (K1, K2, K3) ≤ (1− k) dist (A, B, C) .

That is,
δ (K1, K2, K3) ≤ dist (A, B, C) .

Now, for all (p, q, r) ∈ K1 × K2 × K3, we get

dist (A, B, C) ≤ Sθ

(
p, Tp, T2 p

)
, Sθ

(
q, Tq, T2q

)
, Sθ

(
r, Tr, T2r

)
≤ δ (K1, K2, K3) ≤ dist (A, B, C) .

In addition, this is a best proximity triad.

As a particular case of the previous theorem, we get the following result.

Corollary 3 ([12]). Let A, B and C be nonempty, closed, bounded and convex subsets of reflexive Banach space
X, let T : A ∪ B ∪ C −→ A ∪ B ∪ C be a tricyclic contraction map i.e.,

D (Tx, Ty, Tz) ≤ kD (x, y, z) + (1− k) dist (A, B, C) for all (x, y, z) ∈ A× B× C,

where D (x, y, z) = ‖x− y‖+ ‖y− z‖+ ‖z− x‖ . Then, T has a best proximity triad.

4. Conclusions

In this work, we have provided two best approximation result for cyclic mappings in thesetting
of dualistic partial and convex, metric spaces. Next, we have provided best proximity point existence
result for a new class of tricyclic mappings. Our three results extend and improve some results in
the literature.
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