|§| axioms MDPI

Article
Backlund Transformations for Nonlinear

Differential Equations and Systems

Tatyana V. Redkina, Robert G. Zakinyan, Arthur R. Zakinyan *, Olesya B. Surneva
and Olga S. Yanovskaya

Institute of Mathematics and Natural Sciences, North Caucasus Federal University, 1 Pushkin Street,
355009 Stavropol, Russia; TVR59@mail.ru (T.V.R.); zakinyan@mail.ru (R.G.Z.); surnevao@mail.ru (O.B.S.);
olenka_yan@mail.ru (O.S.Y.)

* Correspondence: zakinyan.a.r@mail.ru; Tel.: +7-918-7630-710

Received: 5 February 2019; Accepted: 7 April 2019; Published: 11 April 2019

Abstract: In this work, new Backlund transformations (BTs) for generalized Liouville equations
were obtained. Special cases of Liouville equations with exponential nonlinearity that have a
multiplier that depends on the independent variables and first-order derivatives from the function
were considered. Two- and three-dimensional cases were considered. The BTs construction is
based on the method proposed by Clairin. The solutions of the considered equations have been
found using the BTs, with a unified algorithm. In addition, the work develops the Clairin’s method
for the system of two third-order equations related to the integrable perturbation and
complexification of the Korteweg-de Vries (KdV) equation. Among the constructed BTs an analog
of the Miura transformations was found. The Miura transformations transfer the initial system to
that of perturbed modified KdV (mKdV) equations. It could be shown on this way that, considering
the system as a link between the real and imaginary parts of a complex function, it is possible to go
to the complexified KdV (cKdV) and here the analog of the Miura transformations transforms it
into the complexification of the mKdV.

Keywords: Backlund transformation; Clairin’s method; generalized Liouville equation; Miura
transformation; Korteweg-de Vries equation

1. Introduction

Currently, nonlinear partial differential equations are widely used to describe the so-called
“fine processes”, such as propagation of nonlinear waves in dispersive media [1]. Due to the
complexity of different nonlinear equations, no common method of their solution exists. For the
integrable systems, efficient methods have been developed, such as the inverse scattering method
[2,3], Hirota method [4], Painlevé method [5], Backlund transformation [6], a method of mapping
and deformation [3], nonlocal symmetry method [7,8], etc.

In the classical works [2,6] the Backlund transformations (BTs) were considered for the couple
of differential second order partial differential equations and presented in form of a system of
relations and containing independent variables, functions of the said equations, and their first-order
derivatives. The BTs allow to obtain not only couples of equations but, if the solution of one of them
is known, obtain the solution of the other one.

BT plays an important role in the integrable systems because it reveals the inner relations
between different integrable properties, such as determination of the point symmetries [9,10], the
presence of the Hamiltonian structure [11-13].

Lots of research has recently been conducted in this area. For example, determining the
complementary symmetries and obtaining the Miura transformations for the hierarchy of the
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Kadomtsev—-Petviashvili (KP) equation and modified KP, including for the discrete analog [14,15]; in
[16] the new BTs relative to the residual symmetry of the (2 + 1)-dimensional Bogoyavlenskij
equation [17] have been investigated; construction of new auto Backlund transformations for the
Lagrange system and of Henon-Heiles system of equations in parabolic coordinates [18]; it has been
shown that the calibration conditions in the theory of the relativistic string, which allow using the
d’Alembert equation instead of the nonlinear Liouville equation, are direct consequences of the BT
relating the solutions of these equations [19].

In Reference [20] it is shown how pseudo constants of the Liouville-type equations can be
exploited as a tool for construction of the Backlund transformations. In Reference [21] it is proven
that contact-nonequivalent three-dimensional linearly degenerate second-order equations that are
Lax-integrable are related to each other by the corresponding Backlund transformations.

This work describes how new BTs for the Liouville generalized equations are obtained. The
second and third sections deal with the special cases of the Liouville equation with exponential
nonlinearity that have a multiplier that depends upon the independent variables and first-order
derivatives from the function, and the three-dimensional case. The BTs construction is based on the
method proposed by Clairin and has at such approach a clear geometric sense. The solutions of the
considered equations have been found using the BTs, with a unified algorithm.

The fourth section contains the development of Clairin’s method for the system of two
third-order equations related to the integrable perturbation and complexification of the KdV (cKdV)
equation [22]. An essential point for these dynamic systems of equations is that the application of
special conditions to the differential forms may lead to different dynamic systems.

Among the constructed BTs an analog of the Miura transformations was found in Section five.
The Miura transformations transfer the initial system to that of perturbed modified KdV (mKdV)
equations. In this way, we were able to show that when considering the system as a relation between
the real and imaginary parts of a complex function, we can pass to the cKdV, and the analog of the
Miura transformations transforms it into the complexification of mKdV.

2. Bicklund Transformations for Special Cases of Liouville Equations

Theorem 1. Partial differential equation
Z§l] :fl (é:)fz (U)ez (1)
and wave equation w,, =0 are related by the Bicklund transformation of the form:

w+z

ow . oz (&) ew 1 = oz f, (m)
—=be? Vi 2 T N AT 7T : Vi 2 -5 2
o8 ¢ 5(e)f (n)+6§+ﬁ(§) on b° fi(e) 12 () on  fy(n) @

where b is an arbitrary parameter, f,(), f,(17) are arbitrary functions of one variable, w(&,n7) and z(&,n)

are functions of two variables.

The Proof uses the cross differentiation of the Equations (2) and then summing or finding the
difference of the resulting expression.
Corollary 1. If the wave equation w,, =0 has the solution

w(g,m) =007 +3(5) ©)
then Equation (1) has the solution
2(&, 1) =H&)-6(n7)—In sz (n) 1, (§)| (ﬁjew)d" +§j69<§)d§j :l )

where 9(&), 0(n) are arbitrary functions.

Proof of Corollary 1. Substitute solution (3) into transformations (2), and get the system of equations
for the function z(&,n)
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08 _, M oz S(&) a0 _ 1 R oz 1) (n)
2% WL T4 55 (&£ =500

Seek for the solution of the system in form z(&,77)=2In¢@(&,77), then (5) takes the form of two

.(5)

Bernoulli equations. Their solutions have the forms

lg £ ——
o 202" 1 262"
¢l - g(,] -

s O, =
bezﬂl‘ n)[e’Vds+y, (n V2 be’fﬂl (&) e Pdn+v, (£)

where v, (17), v,(&) are arbitrary functions.

(6)

Compare the resulting solutions (6) and determine the condition at which they coincide, then
functions y,(£) and ,(17) must be predetermined as follows

o(n) -8(8)

vi(n)=ye* 1 ()] an, =be * £ (&) %)

obtaining the solution of system (5) in the form

8(€)-6(n)

o(Em)=2¢ * (fOLM)? G [e " dn+b J.eg(é)dgj

and the solution of Equation (1) in the form (4).
Clairin has proposed a method of Backlund transformations construction for the hyperbolical
form of nonlinear equations. This procedure will be applied to the equation

=t (Blz,; +BZE,7), B,, B, —const ®)

where Z(&,7n) is a function of two variables, and the Backlund transformation will be constructed.

Theorem 2. Bicklund transformations of the form:

z a~
W, =——=B,e"w, +w, %,
9
s 9)
W, == Bew. + > o’
n
relate the two equations, (8), and
B, (wz)én +4B, wé =0 (10)
where B,, B, are arbitrary constants, and w(&,n), z(&,n) are functions of two variables.
The Proof is similar to that of Theorem 1.
Corollary 2. If Equation (10) has the solution
w=2Bn-B,¢, (11)
then Equation (8) has the solution
~ BZ
Z=-In C+Blry—7 , C—const. (12)

Proof of Corollary 2. Use the found transformations (9) and substitute the known solution (11), the
system takes the form
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Bzgz—zBlﬁ, O:Blef+g, (13)

on o5

where, from the first linear partial differential equation, find the relation between the independent

variables &, 77, and, from the second equation of the system (13) determine the form of the function

Z=-In|C+0,5t
(12). o

Corollary 3. If Equation (10) has the solution

, t=2Bn-B,&, C-—const. The result is the solution of Equation (8) in the form

A A

]
w:eZBZ’7 B0 L —const, (14)
then Equation (8) has the solution
A(2Bin-By¢)
A(2Bn-B
z =M—m 1+B,B,Ce *** |+In|C4|, C-const. (15)
2B B,

The Proof is similar to that of Corollary 2.
Corollary 4. If Equation (8) has the solution Z = B7n-B,¢, then Equation (10) has the solution

B 2 2

2

2 1, ,. B
W(§»’7)=——€XP(—33'7 s ——lnj~ (16)

Proof of Corollary 4. Use the Backlund transformations (9) and substitute the available solution
Z=Bn-B,&, and get the system of equations, that can be integrated by the relevant variables

1 _
In w, :EeB‘” BB, E+y, (n),
17
1 spn: B (17)
In w, :Ee1 & Y, (&),

where v,(17), v,(&) are the integration constants. Complete the definition of functions v, (77) and
¥,(&), so that the resulting values of the right parts of system (17) coincide. This is possible if
v,(n)=0,5Bn, w,(&)=-B,5. Asaresult, the value

1 Bin-Byé Bl
w. =exp|—e"" " -B,{+—
s p(z 4 7

is determined. Integration by variable & yields

Lopn-me B,

w(é,n)=¢<n)—Bie2 x

where ¢(n7) is an arbitrary function. For a greater certainty of ¢(77), substitute the found function
into Equation (10). The equality will be fulfilled identically if

2¢'(n)+B,g(n)e"" ™ + B g(n)=0.

The obtained equation depends upon variable &, which must not happen, hence, assume
#(n) =0, then the desired function has the form (16).

3. Bicklund Transformations for Three-Dimensional Liouville Equation

Theorem 3. Nonlinear partial differential equation
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c v
Ve t—€ (37\»,] +v, +)/v§)=0 (18)
e
is linked to the nonlinear equation
0, [ 10: + 0 +3v0, |= 02, (19)

by the Bicklund transformations of the form:

YPs +3Y0, + P =7V,

2 v| C — v
;/[go,m+gonJ+ce {;e +vn}— 2ce’p,, 20)

c v v v
;/[gp&] +9:0, J + Py T O 0, —VVQ, —;e [3ce AR ] = bce ?ys
where c,y are arbitrary constants, and o(&,n,¢), v(E,n,¢) are functions of three variables &£,n,¢ .

Proof of Theorem 3. Shows that system (20) leads to Equation (18). For this differentiate the first
equality of relation (20) by variable 7

VPey +3VPpy + Py = VVey (21)

and determine from the second and third equalities the second order derivatives ¢., ., ¢,,, ¢,

then, having substituted their values into (21), gives
C v
[rve =370, =10 =0: Jo =2 (rve +ve 30, ) = v (22)

By reason of the first equality of system (20), the coefficient at function ¢, becomes zero and

there remains the equality that relates the only function v(&,7,¢):
—ce’ (;/VSE +v, +3yv, ) = yzvé,] .
Then, try to get rid of function v(&,7,{) in the initial system of transformations (20). In the

second equation of the system separate the combination of functions ¢, + cy'e”, so that the equality

takes the form

2
((oﬂ +£evj +{£ev+(oﬂj =0. (23)
y ), \r

In the third equation of system (20), substitute the value yv. from the first equality (20), then,

after having grouped the elements together

c , c P c
(—e +qo,7j —3(—e +qo,7j +—(—e +g0,]) =0. (24)
4 ’ 4 YV ¢

Having separated the total derivatives, rewrite the first and third equations as
0 0o 10
3t |@="ss
o on yog

0 o 10 \fc,
—+3—+——||—¢ +¢, |=0.
o on yog)\y

Obviously if cy™'e” +¢, =C, C#0 is assumed, such form is not a solution of Equation (23),

(25)

hence, the two situations are possible:



Axioms 2019, 8, 45 6 of 17

1L C=0,2. ce'+yp, =2z(£1,¢) (26)

z(£,n,¢) is some function. The simplest is that if C=0 is assumed, then, for function v, get
V= 1n(—cy’lgo,7 ). As a result of the substitution, the first equality transforms into the nonlinear form
(19).
Corollary 5. If nonlinear partial differential Equation (18) has the solution

v(&m)=crn+ f(§-18)-3c 27)

where f(£—y¢) is an arbitrary function of the combined variable &—y¢, then Equation (19) has

the solution in the form

ag+ybg
a+b

p(&.n.¢)= f’(é—M)—expGn+f(é‘—7§)—364j+r(5—7§), (28)

where ¢(&,1,¢), v(&,n,4) are functions of three variables &,7,¢, r(£,7,{) is an arbitrary
function, a,b,c are arbitrary constants.

Proof of Corollary 5. Use Backlund transformations (20). Perform this substitution of function
v(&,17,4) (27) into (20); obviously, the last two equations of the system will be fulfilled identically if

®, =—§eXP(§f7+f(§—7§)—3a§j- (29)
Having integrated the last equality get the sought for a function of the form
¢(§,r7,§)=q(5,4)—exp(§n+f(§—7§)—3c§j (30)

where ¢(£,¢) is an arbitrary function. For greater certainty, use the remaining first equality of the

system (20), then

4: (&:0)+r'q, (8.8)=f"(6-%)- @)

As in the resulting linear Equation (31), one of the first integrals coincides with the form of the
argument of the function of the right part, write the solution in the form

q(&.¢)=2(&.¢) f'(&-%¢) (32)
with the unknown function g(&,{), which is obtained from the linear equation obtained after
substitution into (31),

1
a+b

g(&.¢)

(as+yb¢)+1 (£-1C) (33)

which is determined with accuracy to the summand of the form #(£-%5), a, b are arbitrary

parameters simultaneously not equal to zero. Now put together the resulting values of the functions
(30), (32), and (33); this yields the sought for solution (28).
Corollary 6. Equations (18) and (19) have a solution in the form

F=F 3 -n)+F(¢-%) (34)

where F, F, are arbitrary functions.

Get back to the above rationale and consider the second case (26). It may be shown that
Equation (18) relates to a more complex equation. For this, make in (23) change 2 in (26)

yz,+z° =0. (35)

It can be seen that this equality may be integrated
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. 7
(&m.<) —77+w(§,§) (36)

where w(&,{) is an arbitrary function. Substitute the found function into the last equality (25), this
yields the equation for the function w(&,¢)

[1+w(EO] [1we (£.0)+3r+w, (£.6)]=0. (37)

The common solution (37) will be written in the form F(&—»¢,370 +w)=0, where F is an

arbitrary function. Consider the partial solution in the form of a linear relation in relation to the
second combined variable

v (5.¢)=r1(5-7)-3% (38)

with an arbitrary form of the function f . Hence, (36) takes the form

z = /4 .
S e B )

From (26), find the function v(&,7,¢)

s 1fs :1 Z ! - ¢
Y& me)=in c[mf(:—yg)—% (”J 4
then the first equality of system (25) takes the form
gy, +— 1677 =(<o - 1 J[w +, +3719, |- 1)
! [n+f(E-1)-3¢T T f(E-0)-3g )T !

Theorem 4. Nonlinear partial differential Equation (18) relates to the class of nonlinear Equations (41) by
Bicklund transformations (20), where f(&—y4) is an arbitrary function of the combined variable & -y .

The solution of Equation (41) may be obtained having assumed

1
Ay e I

then
=+ f(E-1)-37]+q(&.C) (42)

where ¢(£,4) is an arbitrary function.
Corollary 7. Function (42), where f({-p¢) and ¢(&,{) are arbitrary functions, is a solution of
Equation (41).

Use the fact that, according to theorem 2, Equation (18) and family of Equations (41) are related
by Backlund transformations (20), and see how the trivial solution v(&,7,4)=C —const of the first

equation may serve to construct a solution for the family (41).
Corollary 8. Family of nonlinear partial differential Equations (41) has the solution

0(£n.¢)=Mn|3yC —n+ f(E=yC)+acy™ 3y —n)+ £, (- %) (43)

where f,(£-y) is an arbitrary function of the combined variable &-yJ , a is an arbitrary

constant.
Proof of Corollary 8. Substitute function v(&,7,{)=C—const to system (20), then the first equality

of system (20) yields
P(&1m.¢)=F (355 -n.$=%5) (44)
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with an arbitrary function F . Denote the first component derivative as F{j, and the second
component derivative as F) . Substitute (44) into the remaining two equations of the system (20)

(for compaction: e =a>0)

C
7/[F(1)(1) +( (1)) :|+a2 7— ZCaF(l),
2

" ’ " " 2 2 C _ 1 2
~Fie ~ FoyFoy =3F00) + Faye) ~[3Fy) — o) 1) = 7/_2 == b6caky,.
It is easily seen that both equalities reduce to the single equation

4 [F(l)(l) +(Fy) ] +a’cty”! =2caly;), whose solution has the form

=3y —n+ £ -7 +acy Gl —m+ f,(6-1) , and  f,(§-%¢) plays the role of the

integration constant.

As the resulting solution must comply with a whole class of equalities (41) differing from each
other by the function f(£-<), the arbitrary functions f;(&—-7¢), f,(§—7¢) relate to the defined
function f(£-y¢). The check leads to the necessity to assume f,(—-y¢)=~-f(S-y5), then
solution (41) has the form (43).

4. Backlund Transformations for System of Two Third-Order Equations

We will develop the ideas of Clairin [5] and try to construct differential relations that transform
the defined system of two equations on the function u(x,?), w(x,?) of the form

u, +u, —12puww, —6uu, =0, w,=2w_ +6uw, =0 (45)

into a certain unknown system on the function f(x,t), r(x,t) of the same order.

As the initial system describes the relation of two functions of two variables x,¢, to define the
transition from one system to another one, it is necessary to define two couples characterizing the
differential transformations from the independent variables x and t. Assuming that the considered
system (45) is of third-order for variable x, and of first-order for variable ¢, and to construct (45) the
cross differentiation is used, the differential relationships of the first order should be defined from
variable t, and those of the second order should be defined from variable x:

o*r or

¥=Fl(u,w,f,r,ux,wx, xa’})ﬂ E:Hl(uawaf’r"u f;c’ x)
2 o (46)
=F, (u,w,f,r,ux,wx, T ), EzH (u w, foru,,w ,fx,rx).

To define the explicit form of transformation, functions F;, F,, and H,, H, must be found.

The condition of integrability (equality of mixed second order derivatives) requires functions (46) to
comply with the relationship

o’r B o’r of B of

oo oy’ axor ooy

(47)

where all the functions u,w, f,r,u,,w,, f,,r. depend upon the variables x,¢. Taking into account
(46),

or OF  OF oF, oF,
—— =ty +—Lw L f L1,
x*ot  Ou ow of or.

X

(48)
or 0 (0H, oH, OH, o (oH, oH, OH,
—— = —Ltu +—w, .t —Lr, + . .
otox”  oul\ ou ow or

X
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similarly for functions f . Equaling the right parts of the obtained equalities, and using (46) to
exclude 7, f,, ¥y, fu, Ye, fu, finally get the condition of consistency, which must lead to
system (45).

System (45) has the exponential nonlinearity of the first order (u,,u,  ,w,,w, ) and second
order (ww,,uu ,w.u), while each summand in (48) is a product of two or three co-multipliers. To

make the condition of consistency (47) yield the considered system (45) and without terms of higher
than second power it is necessary to assume that functions F,,H;, j=1,2 are of linear structure in

relation to variables u, u ,w, w,:

ij :F}'l(faraf;mrx)u-i_F‘jZ(faraf;mr})ux +
+F/3(f9rsjr)mrx)w+F/4(fsr7f,‘r’rx)wx +F/5(f9r’fr’rx)’
Hj :Hjl(far?f;c’rx)u+Hj2(f7ra,f;¢”})ux +
HH (for, [t )W Hyy (for, [ rw, + H s (o, £ ).

(49)

When composing the condition of consistency (48) at differentiation F, by variable ¢,

summands occur with the co-multipliers u ,w, that are absent from the initial system (45) and

xt 2

cannot be replaced or compensated, hence, it is necessary to set the coefficients

F/‘Z(faryf;mrx)zoa P‘j4(f’r’/{x9rx)=0' (50)
As a result, the condition of consistency (47) takes the form
oF, oF oF,; O°H, oH , o’H , oH
——u+Fu +——w+F,w + = —u+2——u +Hu +———u +2 u, +
ot ! ot ! ot ox ox ! ox> ox (51)
0’H OH ,, °H,, OH ,, 0 H
+H/.2um+ > w+2 WY+H,~3WXX+ > w,+2 wn+H].4wm+—2,
o Ox ox ‘ Ox ox o ox
where
oF, OF. . OF,
e H2+ ~ H1+ Z H2x+ £ Hn,
ot of or N or.
OH ;, _aH‘,kijLaij - "‘F2+6H"‘F.,
Ox of or of. |
2 2 2 2
aH”‘=6Hj"ﬂ+aijE+aHj"&+6H”‘EX+8H”‘ 2 aijrxz+aijEZ+
ox’ of or o, —  or of? or? o’
52
O°H O’H O’°H O°H O’H O’H O°H 2

ik
+—— F*+2

X

f;crx + xt2 Jxt1 + er + ‘ r\'FVZ + F‘ZF;
of or oo, ofor. ' aror, adf. * 2 of.or

Functions u(x,t), w(x,t) are known, while the form of system (51) is determined by the
w,, cannot occur during substitutions

xxx 2 U xxx

H, (only second-order derivatives from x

equalities (45). The terms with multipliers u,,w,,u
F.H;, j=12 and their first order derivatives F

Jx?

may occur), hence, comparing the coefficients for the couple u,,u,, and w,,w,, informulas (45) it

12 7 xxx

is necessary to assume

Fy=-Hp, 2F,=H,. (53)
Taking into account (53), equality (51) takes the form
oF, O°H, oF, O°H, OF, 0O°H,
J1 J1 J3 J3 J5 JS
—_—— u+F (u, +u__ )+ - w+F.,(w =2w__ )+ - =
[ o o’ J i (4 te) { o o ] p (=2 )+ o’

OH. ©O°F, oF. OH .. O°F. oF
2L u | Hy 2L fu, 2| = L w, +| H 4w,
ox ox? ’ / Oox ’ Ox Ox? / ox -
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System (45) has no terms not containing #, or w, . Hence, differentiate (54) by variable u,,

(correspondingly, by w,.), and obtain the relation that must be fulfilled identically

OF;, OF; O3 O3 OF;s OF;s
- Er———F jut| —Et—F \wr——F +—F +H, =
o, or. of or o or J

X X x

55
oF OF OF OF (55)
=2 a,i I+ aj rx+afj Fﬁaj F |,
r X X
similarly for w,,:
oF. oF. OF. OF. oF. oF.
_ﬂFzz+_ﬂF]3 u+ _]3F23+_]3E3 W+_jSF23+_jsFl3:
o T o . or, o, or,
(56)
1 o+ aFjs I +6Fj3 aFj3 aFj3
-5 i3 x }’}+ F;+ E .
2 of or of. or,

As the equalities have functions #,w and do not have similar summands, the coefficients at
these functions must return to zero, hence, (55), (56) separate into system j=1,2:

8F].1 5F/.1 F/.3 GF/.3 6F].1 8Fj1
—F,+—F, =0, —F+——F, =2——F,+2—F;,
afY a’j‘( af;’ 8rx af:\’ arj’(
oF. OF. OF. OF. OF. oF.
= le""_jsFil""H'l:Z jlfx"' L r.+ 2 Fys + s Fs |,
of. or, / of or of., or,
oF. OF . OF. OF. oF. oF.
_11F23+_j]F13=2_j3F21+2_j3Fm _j3Fz3+_j3Es=Oa
of. or, of. or, of. or,
oF. OF. OF. OF. oF. OF.
_jSF23 +iﬂ3:lH'3+2 ﬁfx"' = re+ s Fys + - Fs |
of. or, 2 of or of. or,

To make the first, second, fourth, and fifth equalities be fulfilled identically, assume F,, Fg
independent of functions f,,r,. Note that here the simplest variant is selected. Other relations
between functions F;, F,, are possible as well. The introduced assumptions are not final and may

be changed when constructing transformations in the event when, at the next steps, incompatible
systems or terms that cannot be eliminated occur. The third and sixth equalities yield

oF, oF, OF OF 5
H,=2 fot N F, - Fy, (57)
! of or of. or,
OF, OF, OF, OF,
H,=2—2F +2—2F 4| 21+ L | (58)
! of. or, of or
As a result of the performed analysis, functions (4.5) were transformed into the form
Fy = Fy (for)us Fy (for)wh Fis (for £,
OF, OF, OF, oF,
H, =|2|—L fi+—Lr |-—LF, ——LF, |u=F, (f,r)u, +2F,(f.,r)w, +
' o oo o, o, ' ' (59)

oF. OF. OF . OF.
+[2 afJS F23+2 6/5 E3_4{ 5}3 fr+ 613 ,,XDW+H/A5 (f,r, x,rx).
r r

Continue examining equality (54). See with what coefficient the term with the multiplier uu,,
point (1) (point (2): ww,, point (3): uw, ), enters the condition of consistency (54); for this,
differentiate (54) twice, first by variable u (by w in (2), and by u in (3)), then by variable u, (in (2),
(3) by variable w, ). During the manipulations, interrelated equations are obtained, hence, describe

their construction separately.

1.  After differentiation of (54) in relation to multiplier wuu_, the following summands remain
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O°F, O’F, &H, OF, O’F, _0’H, 0O°F,
u+ - + —w+ —=2 + , (60)
Otou,Ou  Otdu, 0Ox°Ou, Otou bu  Otou,Ou  OxOu  Ox’Ou
where, taking into account (59), derivatives are transformed into a simpler form
o'H Jk O'H a0ty OH a3F_ik
= = Fy + Fy, =Y
oxOu  Oxou,  Of, or, Otou Ou
: ' (61)

O°F,  0°F, OF, oF,
Jjk - /k: Jk Fz1+ Jk Fi“ j:1,2, k=1,3.
ox*ou Otou, of r
As a result of the performed differentiation of the condition of consistency get the coefficient
(60), that will be at the multiplier wuu, .

As such term occurs in system (45), the expression (60) must not be identically equal to zero but
must be proportional to the coefficient F,, with which the terms u, +u, enter. The

coefficient of proportionality conforms to the coefficient of term wuu, in system (45) and equals
—6. As a result, after substitution (57), expression (60) yields equation
oF, O'F, O’F, oF, O'F,
(2 a; B af;5 =23 6}5 F“]FZ‘ +[2 al1 _a—;sF"JFH =25 (62)
X rj’( X r 7

2. Perform similar actions in relation to the term ww, . In relationship (54) the following

summands remain
3 2 3 3 3 2 3
0F, u+8F1.3_6Hj3+ 0 F; ot O Fs _25H/3_26F/3' 63)
otow,ow  Otdw, oOx’ow, Otowdw  Otdwow  Oxow  Ox*Ow

where, taking into account (59), derivatives are transformed into a simpler form

OH, OHy 0H, L OFy _
oxow  oxlow, of. O ar, " odtowow b
OF, _OF, 0F,

=2 =2
otow,  ox’ow of

Expression (63) must not be identically equal to zero but must be proportional to £, with the

oF,
Fy+2—2 Ry, j=12, k=13,
A

coefficient of proportionality corresponding to the term ww, in system (45) and equal to

—124 . As a result, after substitution (58), expression (63) yields equation

PRy T OF)) . (PR, o,
gr ey Ty [ e e T (65)
3. After differentiation (54) with multiplier uw, the following non-zero summands remain
3 2 3 3 3 2 2
o°F, o°F, OH, OF, O°Fs 28Hj3 281’71.3 (66)

u+ - + w+ - - .
otow,0u  Otdw, ox’ow, Otow,Ou  Otdw Ou Ox0u ox” ou
Specifying the form of the derivatives using the earlier found form (53), rewrite the remaining
coefficients (66) and equate 67,

oF; oF;, OH,, OH,, 3
2?@3"‘2 or Fi3_ of. F23_ or E3—2 of. le_
, oF, xaF, ) ' (67)
22 B 2 =6,
" r
or, after substitution of the earlier found functions (57), (58):
OF 4 oF O Fs O’F O°Fs O Fs
2?F21+2 6}; F, - 6f2 le+8raf Fy | Fy— of or Fy+ aré F, E3=2F,-3- (68)

Now it is necessary to solve the system of six quasilinear partial second order differential
equations (62), (65), (68), j=1,2
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oF oF ’
g 2nfngon] om
r T '

2
0 0 OF , oF,
A L C e R N
OF. OF.
2 iF;1+_j3E - Fz3i+Eai lei'*'Eli Fis =2F;.
of or of, or, of, or, / /

In the resulting system (69) the summands F, F, +F, F, , Fy,
F, F, +F; F, have occurred that depend only upon variables f,r, and operators of second

order differentiation by variables f,,7,, for which the dependence upon variables f,r is

F,,+F, F, , and

J3r

parametric. Obviously, the system decomposes into two subsystems determining the
dependence upon variables f,,7.:

2 2
(Fﬂi+FniJ Fs =0, (F i+E3i] F/5=0,

3 or,) " o or
s x s x 70)
(Fzs §+F‘13 gJ{le %"'Fn a%JF/S =0,
and the dependence upon variables f,r:
oF oF, OF OF or oF
a_;le‘*a_;Fllejls 6_;-F23+8_;E3:_lu}7j1’ a_}le"‘a_;Fu:Fﬂ- (71)

It can be seen that both systems (70), (71) are over-determined, hence, we will not search for
their solutions here (they may exist; this variant has not been examined).

The second possibility is when the action of the second order differential operators on
function F,; yields the expression, dependent only upon variables f,r. Thisis possibleif F;;

has quadratic dependence upon variables f.,r,; write it in the form:
Fs :sjl(f,r)fx2 +s,(f.r) /i +sj3(f,r)rx2 +5,(for)fo+s;s (0 +5,6(f,r) . 72)
In this case, system (69) takes the form:

aFjl aFjl 2 2
Fy ?—FEI F_Sle‘Zl _leFilsjz _SjSFil :Fjla
o,

2 2 OF
Sj1F23 +F23F13sz +Sj3E3 —Fy———F;——=uF

o Sar M 73

OF 5 OF 5
2| F, ?—i_ﬂl F _F23[2Sj1F21 +Fllsj2]_E3[leSj2 +25j3F11] :2Fj3-

The first equation yields the system, relating two functions F,F, . Select the simplest

solutions (such an approach is justified because the Backlund transformations must, if possible,
be of simple form)

F, =0, F,=a-const (74)
then, it must be additionally assumed
53 =0, sy=-a. (75)
Taking into account (74), (75), the remaining equalities take the form
1 0 0 oF;
81 By 5, oy Fy == Fy | Fyy —+ Fy — | F; = pa, 2a—==as,, Fy,
a of or or
0 0 oF, 2 (76)
+as
S5 By + 53, By s _[Fzs g"‘ﬂs EJFB =0, 6_;3: 2a = Fy.

Select, if possible, simpler solutions; for this suppose that F,F,; depend upon f and do not
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depend upon r, then

S, =0, 5, = —2a”" —const . 77)

Only two first-order differential equations remain

1 OF, 2 OF,
311F223 _;Ei_FBFn:ﬂaa S21F223 _;F23F13 _F23F23=0 (78)

whose solutions may be varied. Let

Fy=0, s, = pae™’ sy =1 el = Fy . (79)
As a result, formulas (59) are transformed into the form
: 1 . 2
F=auvaue™ f2 =22 +5,,  F=e'wt =2 fr +S,,
a a

H, :(ZrX—as,S)u—aux +2(2a,ue'ffx +efs,4)w+H,5 (f,r, X,rx), (80)

H, Z[fo —as25]u+2ef (SM —grxjw+2efwx + H, (f,r,fx,rx),
a

where, for compactness of entry

S =8, (f””)fx + 85 (f,r)rx + 86 (fs’”):
S, =58, (f’r)fr 555 (fﬂr)rx + 55 (fa”)~
Return to the condition of consistency (54)
a(u, tu,, )+ s aZhZIS - c (Hllu :HBW) >
ot Ox Ox
: OF, 0°H,, 0 (Hyu+Hjw)
f (v _ 5 25 _ 21 2 / 2 _
e (Wt 2wm)+ = PR N +e [4fxwxx+2(fx +Fz)w)C sz:|,
and find the dependence upon u* (1) (w*, step (2), uw, step (3)); for this differentiate by u’

(81)

(1) (by variable w at step (2), and by variable uw at step (3)).
By reason of the only linear dependence F;, H;,, H, in relation to function u (52), the

condition (81) will, after differentiation by u’ taking the form

O’Fs  0'H o (0°H, O°H 1y
- = u |+ w, J=1L2, 82
ao() aco(u) o)\ o ) () ®
that yields
—621?5 =% —aszs - B (83)
or; or or; or

Perform the second step of the algorithm. According to (52), and, taking into account the linear
character of F,,H;, H, in relation to function w, (81) will, after differentiation, take the

form:
azES 63H15 0 82Hl3 83Hu
2\ A2 2 = 2 2 2 2 u,
ao(w’) ax’a(w') o(w ) ax oo (w)
84
O°F,, O*H,, o (0°H,, O*H,, ; (54
- = Wt ~u—e Hy.
ao(w’) ax’o(w’) o(w ) ox ax*o(w )
After transformations, the relationship (83) takes the form
O’H d 0’H
days,s —e*’ ?215: 2¢* (SM + ;; j+4a,us24, daps,; —e*’ T;S: —%ezfsM. (85)

The condition of consistency (81) for the values j=1,2 yields the system:
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aZFIS 63H15 a 62Hll + 62H13
- = u wl,
oo (uw)  ox*o (uw) © (uw) ox? ox?
(86)
0’ Fy 3 O’H,s __ 0 0’ H,, " 0’ H,, wloe H.
oto (uw) ox*0 (uw) © (uw) ox’ ox? 2

Using the earlier found form of coefficients and their dependence upon variables r,,r, f.,f,

obtain from (85) two new differential equations:

O’H ) o .
2aaf—815—a ;fls +4s,, +2a ;14 +4a’ e s, =0,
T r
S 87
0" H,s 0555 0y, _ &)
2a +4s,, —a—=+as,; +2a———4s,; =0.
of or

of.or,
Equalities (83), (85), (87) do not contain in explicit form the variables f, r,; this allows to

suppose that functions H =0, s, =0, j=1,2, k=4,5,6.Perform a check having returned to
equalities (4.37), where

OF : : 2 OF, 1 2
E = _zalue_z‘ffszZ +2alue_2/frH2r __r\cHlY’ . - 2(‘}()‘ __r")HZX __-f;rHlx’
t Y R ot a’ a
OH,, OH,, _, oH oH 4
=2F, —E =dape”’ (F,-f7), 2L =2F,, 2 =——e (rf.+F),
ox ! Ox a ( 2= ) ox : Ox a (rfi+h)
O’H O°H O*H
2” = 2Fix’ 213 = 4alueif (F;x +<fx3 _3fr}72 )’ 221 = 2'}72X’
ox ox ’ ox
62Hz3 4 f 2 OFy, f 62F23 / S ¢2
axz =_Ee (r:vF‘2+Fix+rxfx +2fxE)’ ot = HZ’ axz =e F2+€ fr’
after substitution
a(u, +u,_ )=6au u+12auw w, w,=2w_ =-6w.u.

It can be seen that equalities coincide, hence, a Backlund transformation of the form (80), where
s =0, H;=0, j=12, k=4,5,6 hasbeen found.
Theorem 5. Nonlinear systems of partial differential equations (45) and
r=2a7r —r, +6ue™ [ (af —afl + fir,),

. 88)
f=6a"f, (r,—a’'rl —af, )+ 22 (1- e 1+ 2 1., (
are interrelated by the Bécklund transformations of the form:
r.=au+ape” 7 —a’'r?, fo=ewt+fP-2a"fr, -
ro=2ru—au, +4aue”’ f.w, f=2fu—4a'e’rw+2e w,, (89)

where u(x,t), w(x,t), f(x,t), r(x,t) differentiable functions of two independent variables, a =0, u

are arbitrary non-zero parameters.

Another form of transformation may be obtained, as well. For this, return in the procedure of
examination, to the moment that determines the form, i.e., to system (78). Such an approach has been
implemented in Reference [17].

5. Analog of Miura Transformations

We demonstrate how the results obtained in the previous section can be used. Use the earlier
obtained Backlund transformation (89) and substitute the functions f(x,?), r(x,f) by the functions

g(x, 1), v(x,1):
(e—f(x,t> )x =g(x,t), r(xt)=v(x,1)), (90)

To perform the complete substitution with the new functions, the second couple of equalities
(89) must be previously differentiated by variable x. The substitution yields the following relation
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v, =au+apg’ —a'v:, g, =-2a"'gv—w,
2 91
v, =2(2vu—4aygw—aux), g, =2i(gu+—vw—wxj. ©D
Ox Ox a

The first line yields the explicit form of functions u(x,¢), w(x,t) via the two other functions:

u= a’lvx +av —ug’, w= —Za’lgv—gx . (92)

Supposing that g(x,f) =v(x,t), the resulting relation has terms similar to the known Miura

transformation (¢ =V’ —iv_) [22], which determines the conformity between the KdV equation and
the modified KdV equation, hence, (92) may be considered a certain analog of this transformation.
Substitute (92) into the equalities of the second line (91), and get the system of two equations

v, =(2a'2v3 —v, +6ug’v+6auge, )X , &= 2[3a‘2g(avx —vz)—,ug3 +gxx] , (93)

each of which is a perturbation of modified KdV equation.

Theorem 6. Systems of partial differential Equations (45) and (93) are related by transformations (92).
Proof of Theorem 6. Substitute (92) into (90). Transform the first equation and separate the total
derivatives

10 1, o r o,
u +u_ —12uww. —6uu. =——\v +v. —6—Vvv_ |——u—— v+a +
t XXX :u X X a ax|: t XXX az x:l aluaxz [g ggr]

2 2 3 2 3 3 2
+a—2{vt+(vﬂ—a—2v —bug v—6augngj+2ug{2(gﬂ—ﬂg +a—2g{avx—v } Y—g, :

In the resulting equality, the linear operator (a™'0, +2a~v) may be removed:
u, +u, —12uww, —6uu, = (l£+ivj v, +[vxx —iv3 —6yg2v—6a,ugng +
’ adx a’ a c

. (94)
+2ﬂg{2(gﬁ —ug’ +a—2g{avx —vz}j —gt}

Do the same with the second equality of system (45) and factor out the operator (9, +2a'v).

w, 2w, +6uw, = (%HEJ{Z(&X - ug’ +3gvx —%gvzj —g,}
a ox a a .
(95)

+Eg[[%v3 -V, +6,uvg2 +6a,uggx} —vtj.
a a .

If functions u(x,t), w(x,t) are solutions of system (45) and u(x,?)#0, w(x,t)#0, then, at
g(x,0)#0, v(x,¢) #0, it follows from (94) and (95) that functions g(x,?), v(x,?) are solutions of

system (93).
Corollary 9. Complexification of Korteweg-de Vries equation
9,=3(7-4)4,+64,4-0.5(34-q),,, (%)
and
5, =[5(357 =57 )+3(s=5)5, +0,5(s-3%), | , 97)
are related by transformation
q=5+5", (98)

where ¢(x,1), s(x,t) are complex functions of independent variables x,¢.
The pattern of proof fully coincides with the proof of the theorem above, where
u(x,t)=Req(x,t), w(x,t)=Ims(x,t), v(x,t)=Res(x,t), g(x,t)=Ims(x,t), is supposed to contain

parameters a=1, u=1.
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Assuming in equality (97) that s(x,f) is a real function, get a routinely modified KdV equation

5, =65’s, s hence, (97) may be considered as a modification of the KdV equation

complexification [22].

In the classic case, the resulting transformations can be used to build exact solutions. Let us
show that the found relation (91) of the two systems (45) and (93) allows us to do this. We take, as the
solution of system (45), the following trivial functions

w(x,t) =0, u(x,t) = f—const . (99)

Using (91) and integrating, we obtain the solution of system (93) in the form of traveling waves:

g(x,t)={ /C12+%Ch(cz—2\/ﬁx—4ﬁ\/ﬁt)—q} ’
v(x,t)=-a ’CIZ +%Sh(C2—2\/Ex_4ﬂ\/E,){ ’Clz+%Ch(cz—2\/ﬁx—4,8\/§t)—cl} ’

where Ci and C: are the arbitrary integration constants. At Ci1 =0 we obtain classical solutions:

g(x,0) = écll*(cz—z\/ﬁx—4ﬂ\@), v(x,1) = —ath(C, —2Bx—4Bt)
U

6. Conclusions

1. In this work, new Béacklund transformations (BTs) have been obtained for the particular cases of
Liouville equations with the exponential nonlinearity that has a multiplier dependent upon
independent variables and first-order derivatives from the function.

2. BT for three-dimensional Liouville equation has been constructed.

A solution of coupled pairs of equations using BT has been found.

4. Clairin’s method for the system of two third-order partial differential equations has been
generalized and algorithm for construction of BTs for these dynamic systems has been
demonstrated.

5. Non-uniqueness of differential relations has been shown because the application of special
conditions to differential forms leads to different dynamic systems.

6. Analog of Miura transformations that relates the initial system to the system of perturbed
modified KdV equations has been determined.

7. Natural transition of KdV to mKdV using Miura transformations has been received from the
relation of cKdV and complexification of mKdV with an analog of Miura transformations,
supposing that the function is real.
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