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Abstract: In this work, we study the in-plane oscillations of a finite lattice of particles coupled by
linear springs under distributed harmonic excitation. Melnikov-type analysis is applied for the
persistence of periodic oscillations of a reduced system.
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1. Introduction

We analytically study the persistence of periodic oscillations for certain three-dimensional systems
of ordinary differential equations (ODEs) with periodic perturbations and a slowly-varying variable.
The considered ODEs are derived from a model of a finite lattice of particles coupled by linear springs
under distributed harmonic excitation, which is described in detail in Section 2. This model presents
a low-energy nonlinear acoustic vacuum. We refer the reader for more motivations, further details
and applications to [1,2]. Following the computations of [1], we consider just two modes in Section 3,
and we postpone higher modes investigation to our future paper, since another approach will be used.
Melnikov analysis is demonstrated in Section 4 for finding conditions for the existence of periodic
solutions for the perturbed ODEs corresponding to two modes. More precisely, following [1], we
derive a three-dimensional periodically-perturbed system of ODEs with a slowly-varying variable.
Then, we analyze an unperturbed autonomous system of ODEs to compute its family of periodic
solutions by revising the results of [1] in more detail. Since we are interested in the persistence of
periodic solutions for the perturbed ODEs, we compute the corresponding Melnikov functions by [3].
Due to the difficulty of finding simple roots of these Melnikov functions explicitly, we outline an
asymptotic approach for the location of some of them. Note that the simple roots of Melnikov functions
predict the persistence and location of periodic solutions for perturbed ODEs. This is a novelty and
a contribution of our paper. Section 5 outlines possible future research along with summarizing our
achievements in this paper.

2. The Model

We consider a lattice consisting of N identical particles coupled by identical linear springs
(they are un-stretched when the lattice is in the horizontal position) and executing in-plane oscillations
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(see Figure 1). Fixed boundary conditions and dissipative terms are imposed, and the transverse
harmonic forces are also applied. The equations of motion can be expressed as follows,

2
d-u; deii

de;
mﬁ + (Tz - Cdt'l) COS (Pi - (TH,l - (Z at ) cOSs 4)i+1 = 0
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)
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with u;, v; being the longitudinal and transversal displacements of the i-th particle, respectively, ¢;
the angle between the i-th spring and the horizontal direction, ¢ the damping coefficient, ¢; = I/ — I,
the deformation of the i-th spring, F; the exciting transverse force and m the mass of each particle of
the lattice. The tensile forces are proportional to the deformations of the springs, and considering the
geometry of the deformed state of the lattice (see Figure 1), one may write:

Ti = k(ll, — li)/
€ = lz{ =1 [(v; — vifl)z + (Li+u; — uiil)Z]l/Z — 1

with [; being the equilibrium length of the i-th spring (each spring has the same length) and k the
linear stiffness coefficient of each coupling spring. Introducing é; = €;/1;, s; = u;/l;, w; = v;/1;,
¢ = &/ (km)'/2, where s; and w; are the normalized axial and transverse displacements, and the “slow”
time scale T = (%)1/ 2t, Equation (1) can be rewritten in normalized form:

dzsi / /
i d; cos ¢ — b;_1 cos ¢p;_1 + cd; cos ¢p; — cb;_; cos P;_1 o
dzwl . . ] . ! .
i dising; — 6;_1 sing;_1 + cd; sing; — cd;_;sin;_1 + fi,
where:
6 = [(wip1 —w)?+ (14501 —s)]V2 =1,
5 = (wiy1—w;) (W] g —wi)+(14s;1—8;) (5] —5])
[(wig1—w;) 2+ (1+si41—5i)?]1/?
and: -
— Si+1—5i
cosp; = ,
Z [(wig1—w;)2 4+ (1+si1—5i)?]1/?
: _ Wil — Wi
sing; = ,
Z [(wig1—w;) 2+ (145341 —5i)?]1/?
fi = E
i = k-
0 1 i-1 i i+1 N N+1

Figure 1. Forced and damped lattice oscillating in the plane (see [2]).

The normalized system (2) is referred to as the “exact lattice” in the following sections.
According to the previous research [1], when we introduce this system (2) without extra transverse
force and damping terms, an interesting feature is that in the low energy limit and under the assumption
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that the axial displacements are assumed to be an order of magnitude smaller compared to the
transverse ones, it was shown that, correct to the leading order of approximation, the transverse
oscillations decouple from the axial ones and are governed by the following reduced system of
equations for predominantly transverse oscillations of the particles:

d*w; -1 -1 N 2
i +27H N+ Y (w1 — wg)* (2w; — wiyg —wi—q) =0,
T q:() (3)

i=1,"',N, ZU()(O)ZZUN_H(O):O.

Then, the nearly linear axial oscillations are driven by the transverse responses (see [1,2] for more
details). Therefore, we focus our analysis like in [1] just on Equation (3), which presents a low-energy
nonlinear acoustic vacuum, because in the absence of linear terms, it possesses zero speed of sound in
the context of classical linear acoustics. What is more, it is notable that the existence of the strongly
nonlocal multiplier 2~} (N +1)~! Z[I;j:o(wQ+1 — w,)? indicates that the response of each particle is
dependent (and hence, it is coupled) on the responses of all other particles. Equation (3) admits N
exact nonlinear standing waves, or nonlinear normal modes (NNMs), in the form:

. 7pi ,
w;(T) = Ap(T) sin Ne1 1T 1,---,N
for the p-th NNM, 1 < p < N, where A, () denotes the p-th modal amplitude. These, by construction,
are mutually orthogonal, and there are no other NNMs in this system, nor any NNM bifurcations [1].
Substituting this NNM ansatz into Equation (3) yields a set of N uncoupled nonlinear equations
governing the time-dependent amplitudes of the NNMs:

A (T) + (1/4)wy AS(T) =0

with: p
Wy = 28in —————,
y 2(N+1)
which is the p-th natural frequency of the corresponding linear system Equation (3) and the prime
denoting differentiation with respect to 7. The exciting force, which is applied on each particle in the
transverse direction, is expressed as:
. pimT
fi peoswpTsin_——

wherei =1,---,N, for the p-thNNM, 1 < p < N, and this exciting force includes NNMs in the form
sin %, i=1,---,N, for the p-th NNM, 1 < p < N and the p-th natural linear frequency w).

The frequency of the p-th NNM is tunable with the force and energy, and it also paves the way
for nonlinear resonances between NNMs widely separated in the nonlinear spectrum, given that their
energies tune their frequencies to satisfy certain rational relationships.

Summarizing, we can write (3) as:

d2w

Tzt 27 YN +1)"Y{Mw,w)Mw = 0,
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where w = [wy, - -+ ,wy] € RN, M is a symmetric matrix given by

2 -1 0 0
-1 2 -1 0
M = :
0 -1 2 -1
0 o -1 2
and (-, -) is the standard scalar product on RN. The eigenvectors of M are fp = [sin I\’f—fl, .-+ ,sin ’;,]E]
with the corresponding eigenvalues w%, 1 < p < N. Moreover, it holds (see [4], p. 37):
Z sz pm _ N+ 1,
2
in kit
(@, &) = ZS“‘NH N+1
1 (p—k)in (p+k)ir
_2izl<cos NTT TN =0, p#k
The forced (3) has the form:
Pw -1 S
=) +27(N+1)" (Mw,w)Mw = F;Fp cos wprfp. 4)
Therefore, considering the basis {Q,,}fle of RN, we take w(1) = 25:1 Cp(r)fp in (4) to get:
C” (Z C3(t ) wrz,Cp(T) =Fycoswpt, 1<p<N. (5)
Next, applying the coordinate transformation to (5):
“p
Ap(T) = TCP(T), 1<p<N,
we get:
" u 2 2 FPwP
Ay(T) + Z%Ai (7) | wpAp(T) = 5 oswpT, 1<p<N.
1=
3. Two-Mode System
In this paper, we consider just two modes: k and p, so we study the system:
A (7) + [AR(7) + A (T)]wi Ak(T) + ep cos(wpT) = 0 ©
Ay(T) + [A%(T) + A%(T)]wf,Ap(T) +eppcos(wpt) = 0,

for € # 0 small and parameters y1, po. Using the transformation:

(1) = A1)+ jQA(T) = §a ()T
Pa(1) = AL(T) +jQA(T) = La(1)e T,
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and performing an averaging approach like in [1], Equation (6) is modified to the form:

G+ C1 (@2?1 +2(021¢1 + 3|211°¢1) + ep cos(wyT)e 7T = 0

803

€§+§€ 8@3(C1Cz +2(0117C2 +3|22/702) + epa cos(wp1)e 1T = 0.

Introducing ; = a;e/Pi and A = B, — B, we get:

2

ay + SQ3 —K a2a; sin2A + epy cos(wit) cos(QT+ 1) = 0
2
ah — 803 a3a, sin2A + €ty cos(wpT) cos(QT+ 1 +A) = 0 .
!/ wz 2
A — 303 P (343 + a2 cos 2 + 2a2) + 303 k(342 + a5 cos 2A + 2a3)

6‘1/12

- cos(wpT) sin(Qt + B1 +A) + yl
2

|
o

cos(wkr) sin(Qt + B1)

where we consider 1 as a constant parameter. Now, by introducing the coordinate transformations
— (L) g — (L ; : .
a; = (Fp) sinf and a; = (W—k) cos @ into Equation (7), we get:

o = —eprwp sinf cos(wiT) cos(QT + B1) — eppwy cos B cos(w,T) cos(QT + A+ B1)
2
o' + £ sin20sin24 + eylwpm;" cos(wyT) cos(QT + )
in 6
_eyzwk% cos(wpT) cos(QT + A+ 1) =
2 [3w; 3w?
P —p cos? 8 — —* sin29 — cos 20(2 + cos2A)
- 803 w? w%
€ULW
_;Zf:g cos(w,T)sin(QT+ A+ ) + piling cos(wyT) sin(Qt + 1) = 0.

In the rest of the paper, we assume wy, = wy = P and () = kP for a natural number k, so we study
the periodically-perturbed system:

o' = —epq sin6 cos(Pt) cos(kPT + B1) — €pip cos 6 cos(Pt) cos(kPT + A + B1)
2
0

0s 0
0 + sin 26 sin 2A + e‘ul —— cos(Pt) cos(kPT + B1)
16k3P3 0

_gmﬁze cos(Pt)cos(kPT+ A+ B1) =0 (8)

2

A — 4kgP3 cos 20sin” A + osi P‘lg cos(P1) sin(kPT + B1)

€ .
_pc}(z() cos(Pt)sin(kPT+ A+ B1) =

where we scaled Py; <+ y;, i = 1,2. We may suppose:

pi+ s =1
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First, consider the unperturbed case where € = 0, so the system:

2 o'=0
A A Con
0"+ Tereps Sin 20sin2A =0 )
N — 0 cos20sin® A =0
4,3 p3 -
By introducing the temporal variable 7, = Skg%l' in Equation (9), we get:
a6

— = —1sin20sin2A
de
IA (10)
-— = 2c0s20sin’ A
dT2
which is fully integrable and gives us the first integral I = sin20sinA = K = const. of the
degenerate slow flow. If we consider the following initial conditions: 8(0) = 6, where 0 < 6y < &
and A(0) = 71/2, then we get K = sin 26, € (0,1). To find exact solutions of (10), we first derive:

o ____ 2 ___1 __ 1
o~ sin20sin2A  KcosA g1 _sin?A
B 1 1 sin 20
Tk o K K snt_K2
K. /1 L= sin“ 26 — K

for 7, > 0 small, since (10) gives 0 < 8 < 7,0 < A < 7t (see Figure 2) and 5%(0) = 2cos26y > 0,
so for 7, > 0 small, we have A(T2) > 7.
By using the formula in [4] ((2.599.4) p. 205), we obtain:

o= /@%de _ 1 (ﬂ sin! (Cos%)»
2 Ko 2K \2 vi—x2))’
which gives:
0(m) = %cos_1 (MCOS(ZK”Q)) , (11)

recalling 0 < 0 < 7. Of course, Formula (11) holds for all 1, not just for small positive ones. Next,

using (10) and (11), we have:

ah 2v/1 — K2 cos(2KTy) sin? A,

d T

which can be easily solved to arrive at:

A(T) = m — cot™! (1;1@ sin(2K72)> .
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Bottom panel: Graph for A for

Figure 2. Top panel: Graph for 6 for different initial values of 6.

different initial values of 6.

Hence, the exact solution of the system (10) is given as:

where the period is:

de

(see Figure 3):

It is easy to verify the following symmetry property
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a

sof

20|
OSU
:””o‘s”‘ T

Figure 3. Orbits in the phase portrait of (10), where (6,A) € [0, 5] x [0, 7t].
Summarizing, the exact solution of the unperturbed (9) is the following:
p(T) = const.
o(t) = fcos <\/ — K2 cos <4k3P3 ))

A(T) = m—cot™ (7 m(Kp ))

k3p3

with the period:

T 8k3 P37

Kp?
Consequently, for any:

o > 2kP2Vk,

taking:
4k P*

=

(p) = € (0,1),
P 2
Equation (9) has the T = 27t/ P-periodic solution:
/0% — 16k6 P8
B(p,T) = %cos_1 <p16kP cos(PT))

(12)
Ao, T) = m—cot™! <4k3P4 sin(PT)) .



Axioms 2018, 7, 69 90f 13

4. Melnikov Analysis for Periodic Oscillations

Writing (8) as:
2
o+ 61‘23 S Sin205in2A = €0~ 'g1(p,0,4,7)
=
N — 5P < 20sin> A = ep 'g2(p,0, A, T)

o' =eg3(p,0,A,7)

and using [5], (3.5.11), p. 111, with « = 0, and [6], Lemma 2.5, p. 283, we compute the
Melnikov function:

M(B1,p) = (M1(B1,0), M2(B1,p))

T /3l _ ol _ o1 90 ol 9A
My (B1,p) = /0 (GP g1+ SAP g — %$83 - E)Aapg3) dt

as:

o (13)
—/ ( 500 g1+aAp gz) / 83dt
since differentiating by p the identity:
L(8(p, 1), A(p, 7)) = K(p),
we get:
9100 a1aa _dK
d00dp 0N dp’
which is independent of 7, and:
Ma(B1,p) / gsdt. (14)

Formulas (13) and (14) are similar to [3], (2.7). We are looking for a simple zero of M, which is
equivalent to considering:

(B1,0) = (M1(B1,0), M2(B1,p))

M
Mi(B1,p) / (aegl + aAgz) dt, Ma(B1,p) / g3dT.

Since:
8i = M8+ pa&in, =123

for:
¢11(p,0,A,T) = — cos 0 cos(P1) cos(kPT + B1)
212(p,0,A,T) = sinf cos(Pt) cos(kPT+ A + B1)
21(0,0,A,T) = —% sin(kPt + B1)

_ cos(Pt) .

§22(0,0,A,7) = o050 sin(kPT + A+ B1)
231(p,0,A,T) = —sinf cos(Pt) cos(kPT + B1)
g32(0,0,A,T) = — cos 0 cos(P1) cos(kPT+ A+ B1)

we get:

M;(B1,p) = 1M1 (B1,0) + n2Min(B1,0), i=1,2,
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for - T /91 dl _ T .
My;(B1,0) :/o 3081 + 382 dr, My;i(B1,p) :/0 gsidt, j=1,2.

To solve:
1M (B1,p) + p2Mpp(B1,p) =0, i=1,2,

we first solve the scalar equation:

M(B1,p) = Mi1(B1, 0) M (B1,0) — M12(B1,0)Ma1(B1,p) =0 (15)

to get its root B1 9 and pg. Then, we look for 1 g and py o with ]1%’0 + ;4%,0 = 1 such that:

#1,0Mi1 (B1,o, p0) + M2,0Mi(Bro,00) =0, i=1,2

det }h,oVZ\ZIn(ﬁl,o,Po)T + Hz,oVJ\th(ﬁl,o,po)T £, (16)
11,0V M21(B1,0,00) " + 12,0V Ma2(B10,00) "

Summarizing, we have the following result.
Theorem 1. If there are B € [0,27), po satisfying (15), p10 and pag with 3 ) + p3 = 1 solving (16),
then for any yy near py o and py near ypo with u3 4+ 3 = 1 and € # 0 small, there are By (€) near By o and

p(€) near pg such that (8) with B1 = B1(€) and p = p(€) has a T = 27/ P-periodic solution near (12) with
p=ple).

Note:
My1(B1,0) = — /OT (2 cos(26(p, 7)) sin A(p, T) cos 0(p, T) cos(Pt) cos(kPT + B1)
+2cosf(p, ) cos A(p, T) cos(Pt) sin(kPT + [31))> dt

M (B1,p0) = /OT (2 cos(260(p, 7)) sin A(p, T) sin8(p, T) cos(Pt) cos(kPT + A(p, T) + B1)

+2sin6(p, T) cos A(p, T) cos(Pt) sin(kPT + A(p, T) + /31)) dt
M1(B1,p) = — /OT sin6(p, T) cos(Pt) cos(kPt + B1)dt
M (B1,p) = — /OT cos0(p, T) cos(Pt) cos(kPt + A(p, T) + B1)dT.

Next, taking p — o0 in (12), we obtain:

Pt TE {O,E},

0 B 2 P
L B
2 P P\’
T TE (O,P>,
7T 27T (17)
A(oo,T) = 0 te (P’P)’
T T2
2 °€ {O'p'p}f
20 oA
5(0"/7) 0, %(00/7) =0
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Hence:

27
- b p
Mi1(B1,00) = /0 " 2cos 71— cos(Pt) sin(kPt + B1)dt

_ 16k(4k? —5) cos B

(16k* — 40k2 +9)P

2
My (B1,00) = /0 " 2sin % cos(Pt) sin(kPt + ,81)) s

8(4k? + 3) sin By
(16k* — 40k2 4 9)P

2
- i p
My (B, 00) = —/0 ' sing cos(P1) cos(kPt + B1)dT

4(4k? + 3) cos B1
~ (16k* — 40k2 +9)P
2

My (B1,0) = /OT cos % cos(Pt) cos(kPt + B1)dT

_ 8k(4k* —5) sin
(16k* — 40k2 +9)P°

Then, (15) gives as p — oo,
16sin 284

M(B1,0) =~ g5z —g)p2

with asymptotic solutions B}, satisfying either sin 7, = 0 or cos 57, = 0. The asymptotic equation
of (16) is as follows:

0 = p1,0M11 (BT, ) + pa,0M12 (BT, )

_ 16k(4k* — 5) cos BT, 8(4k* 4 3) sin BT,
MO Aek 02 1 9)p M0 (16Kt — 40K2 + 9)P’

which has solutions: u7%, = 0 and p3j; = £1 when sin 7, = 0 or u7j; = £1 and p3, = 0 when
OM;; .. . .

cos 7y = 0. However, % (B1,00) =0 fori,j € {1,2}, so Theorem 1 cannot be applied directly. Note

we consider just the first asymptotic equation of (16), since the second one is a scalar multiple of the

first one.

On the other hand, following the method of [5], p. 111, we get the following result.

Corollary 1. For any p > 0 sufficiently large and € # 0 sufficiently small, there is y1(p, €), u2(p, €) with
u3(p,€) + u3(p,€) = 1and B1(p, €) such that (8) has a T-periodic solution near (17) for € # 0 small and
either py(00,0) = 0, pp(c0,0) = %1, sin B1(00,0) = 0 or p1(00,0) = %1, pp(00,0) = 0, cos B1(o0,0) = 0.

Proof. The bifurcation equation has the form (see [5], p. 111):
mMin(B1,p) + j2Mi(B1,p) = O(e), i=1,2, pi+pu3=1

ie.,
sin M1 (B1,p) +cosTMj(B1,0) = Ole), i=1,2 (18)

for yy = sinI and pp = cosT. For p = oo and € = 0, (18) takes the form:

16k(4k*> —5) 8(4k2 + 3) o
(16k* — 40k 1 9)P sinT" cos 1 — (16K — 40K2 + 9)P cosTsinB; =0 "
4(4k* + 3) cos By 8k(4k2 — 5)

inT - T'sin 1 = 0.
(16Kt — 40k2 1 9yp ST €08 P = e gyp CosTsinfr
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The determinant of (19) is — ﬁ

# 0, so (19) has the only solutions:
sinTo = sin By =0, cosTe = cos B = 0.

The determinants of Jacobians of (19) at these zeros are as follows:

16k(4k2—5) o 8(4K*+3) 00

det | (1eK—0259]P cosl'eocOS BTy — (igra—aorzrayp €08 Teo cOS BTy
4(4k2+3) cos B 0o 8k(4k>—5) 0o
(Teki—aokz19)p 08 Teo €08 BTy — rqgrr—gorzroyp €08 T'eo cOS BTy

2 2 poo
32 cos” ' cos” B

=— 0 20
@e—op 7
and: w3 wes)
8(4k%+3 : oo 16k(42=5) . oo
det | (6K —30KT9)p ST Teosinfyly  — err—_gorroyp SN Teo sin B
8k (4k>—5) 4(4k%4-3) cos ,3‘1”0

. . oo . . oo
sin '« sin ﬁl,O — sin ' Sin ‘BLO

(16k*—40K2+9)P (16k*—40k2+9)P
102 :02 poo
~ 32sin” T'eo sin” 7% 40
4

(4k2 —9)P?

respectively. Hence, the zeroes ', and 7’ are simple, so we can apply the implicit function theorem
to get the result. The proof is complete. O

5. Discussion

Melnikov analysis is applied for the persistence of periodic oscillations for periodically-perturbed
systems of ODEs with a slowly-varying variable. The ODEs are obtained from a model of a finite
lattice of particles coupled by linear springs under distributed harmonic excitation, which presents
a low-energy nonlinear acoustic vacuum (see [1]), but we consider just two modes. We extend the
study of [1] to a problem with small exciting harmonic forces. We apply an analytical method based
on derivation of Melnikov functions and then on the location of their simple roots. Melnikov functions
are derived by using the approach of [3,5] developed for slowly-varying ODEs. Since the Melnikov
functions are rather complicated, we follow an asymptotic way for solving the corresponding Melnikov
equations. It would be nice to solve these Melnikov equations numerically for finding other simple
roots, which is postponed to our next research. These roots determine and locate periodic solutions
of the periodically-perturbed systems of ODEs derived from the two-mode low-energy nonlinear
acoustic vacuum system. Moreover, our next investigation will be also to consider higher numbers of
modes represented by a system of ODEs in (5). The method used will be different from that in this
paper, since it will be based on the results of Section 3.3 of [5]. Note that higher modes of (2) were
numerically studied in [2], which is another challenge for our study.
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