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Abstract: Using of the principle of subordination, we investigate some subordination and convolution
properties for classes of multivalent functions under certain assumptions on the parameters involved,
which are defined by a generalized fractional differintegral operator under certain assumptions on the
parameters involved.
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1. Introduction and Definitions

Denote by A(p) the class of analytic and p-valent functions of the form:

f@)=2"+ Y apnz’™ (peN={1,2,.};zeU={z€C:|z| < 1}). 1)
n=1
For functions f, ¢ analyticin U, f is subordinate to g, written f(z) < g(z) if there exists a function
w, analytic in U with w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)), z € U.If g is univalent in U,
then (see [1,2]):
f(z) < ¢(2) & f(0) = (0) and f(U) C g(U).

If ¢(z) is analytic in U and satisfies:

H(g(2),2¢'(2)) < h(z), @

then ¢ is a solution of (2). The univalent function g is called dominant, if ¢(z) < g(z) for all ¢.
A dominant 7 is called the best dominant, if §(z) < g(z) for all dominants g.

Let »Fi(a,b;c;z) (c#0,—1,—2,...) be the well-known (Gaussian) hypergeometric function
defined by:

2Fi(a,b;c;z) = é%z", z e,

where: (A )
n
(A = W

We will recall some definitions that will be used in our paper.
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Definition 1. For f(z) € A(p), the fractional integral and fractional derivative operators of order A are defined
by Owa [3] (see also [4]) as:

- _ Lo f©)
D f(z) = T(/\)/o Goomrd (>0,

DM (z) := ml_)\);z /Z (Zf(% i (0<A<1),

where f is an analytic function in a simply-connected region of the complex z-plane containing the origin, and
the multiplicity of (z — {)*~1 ((z — {) ) is removed by requiring log(z — ) to be real when z — > 0.

Definition 2. For f(z) € A(p) and in terms of »F, the generalized fractional integral and generalized
fractional derivative operators defined by Srivastava et al. [5] (see also [6]) as:

_)\’4

B = T (G- 0 @R (i gt =) (> 0y e B),

ZA-n fz(z—g)*flf(g) F, y—/\,1_17;1_/\;1_% g
2 { : ;(iEA) ) } (0<A<1,

A,
Jo2 " f(z) =
LI f(z) (n<A<n+1;neN),

where f(z) is an analytic function in a simply-connected region of the complex z—plane containing the origin
with the order f(z) = O(|z[%), z — 0 when e > max{0,u — n} — 1, and the multiplicity of (z — {)* !
((z—2)™") is removed by requiring log(z — {) to be real when z — { > 0.

We note that:
)\ —A, — AA,
"f(z) = D;*f(z) (A > 0)and Jy. " f(z) = D} f(2) (0 < A < 1),
where D;*f(z) and D2 f(z) are the fractional integral and fractional derivative operators studied

by Owa [3].
Goyal and Prajapat [7] (see also [8]) defined the operator:

F(p+1-wI(p+1-A+ A, _
e 2o f(2) (0 < A <+ p+1; 2 € D),

A,
Soz " f(z) =

A,
(i;ilil)(r;rfﬁlyﬁ)ﬂ 2, N f(z) (o0 < A< 0; z€ ).

For f(z) € A(p), we have:

SyMIf(z) = B 1+plvpty—mlep—pl+tptn—Az)*f(z)

_ (P+Da(p+1—p+1)n ptn
: +2 P+ 1= Walp 1= A+ 1) 7

(r € N V,UER,‘M<p+1; —o<A<y+p+1),

// ”

where stands for convolution of two power series, and ;F; (9 < s+1; q,s € Ng = NU {0}) is the

well-known generalized hypergeometric function.
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Let:

A Dn(p+1—p+n)n
G/\ — p P p+n
() Z_+Z:P+1—V)@+1—A+UMZ

(p € NyuneR u<p+1; —o<A<n+p+1).

and: 1 ,
A A - z '
Ghant®)+[Ohan(9]” = (s 0> pr 20

Tang et al. [9] (see also [10-15]) defined the operator H%S/# : A(p) = A(p), where:

_ B+pup+1—pwalp+1-=A+n)u "
Hyiif ) Z”Z Oulp  Dnlp + 1 o

(p € N5>—n%neRy<p+L—w<A<U+P+U

It is easy to verify that:

2 (HY f(2)) = 6+ pHL f(2) — 0H) £ (), @)

and:
(H,Wﬂz)) = (p+7 - NHY f(z) - (1 - VHLLP £(2). )

By using the operator HY, i ,] u » we introduce the following class.

Definition 3. For A, B(—1 < B < A <1), f € A(p) is in the class 7;’,\;7‘,5]4(A,B) if

A
(Hp,f(y),yf(z)y < 1+ Az

(zeU; peN),

sz*1 1+ Bz
which is equivalent to:
Ad
(Hp,ry,yf(z))/ 1
p—1
| <1(zeD).
B(Hp,n yf(z)) _A
pzr!
For convenience, we write 7;,] U (1 z—pg, —l) = p),‘,%‘fy(é) (0 < ¢ < p), which satisfies

the inequality:
gR{(F””‘f())} >ZE(0<E<p).

In this paper, we investigate some subordination and convolution properties for classes
of multivalent functions, which are defined by a generalized fractional differintegral operator.
The theory of subordination received great attention, particularly in many subclasses of univalent and
multivalent functions (see, for example, [13,15-17]).

2. Preliminaries
To prove our main results, we shall need the following lemmas.
Lemma 1. [18]. Let h be an analytic and convex (univalent) function in U with h(0) = 1. Additionally, let ¢

given by:
¢(z) =14 cpz" + 12"+ (5)
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be analytic in U. If:
T2 < h(z) (R(0) = 0; 0 #0), (6)

then: .
$(2) < ¥(z) = %z—%/o £ Nh()dt < h(z), @)

and v is the best dominant of (6).
Denote by P(¢) the class of functions @ given by:
O(z)=1+c1z+z2%+ ..., (8)
which are analytic in U and satisfy the following inequality:
R{P(z)} >c(0<¢c<1).

Using the well-known growth theorem for the Carathéodory functions (cf., e.g., [19]), we may
easily deduce the following result:

Lemma 2. [19]. If ® € P(g). Then

2(1—g)
1+ |z|

R{®(g)} =226 -1+ (0<g<1).
Lemma 3. [20]. For 0 < ¢q1,¢2 < 1,

P(g1) * P(g2) C P(g3) (63 =1—-2(1—¢1)(1—c2)).

The result is the best possible.

Lemma 4. [21]. Let ¢ be such that ¢(0) = 1 and ¢(z) # 0and A,B € C,with A # B, |B| <1,v € C*.

(i) If @ - 1‘ <lor @ + 1‘ <1,B # 0 and ¢(z) satisfies:
z¢'(z) 1+ Az
1
+ ve(z) “ 178z
then:

p(z) < 1+ BZ)V(%)
and this is the best dominant.
(ii) If B=0and |[vA| < 7 and if ¢ satisfies:

z¢'(z)
ve(z)

1+ <14+ Az,

then:

and this is the best dominant.
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Lemma5. [2]. Let Q C C,b € C,R(b) > 0and ¢ : C*> x U — C satisfy ¢ (ix,y;z) & Q for all

|b—ix|?

XY= ©O2R(0) andallz € U. If p(z) =1+ p1z + p222 + ..., is analytic in U and if:
¥ (p(2),2p' (2);2) € Q,
then R {p(z)} > 0in U.

Lemma 6. [22]. Let ¢ (z) be analytic in U with ¢(0) = 1 and ¢(z) # 0 for all z. If there exist two points
21, zp € U such that:

— 201 = arg{y(z1)} < arg{p(z)} < Tp2 = arg{p(z2)}, ©)

for some pq and py (p1, p2 > 0) and forall z (|z| < |z1| = |z2|), then:

2y'(z1) . (pitpe2 2Y'(z2) . (p1tp2
$(z1) = —i > x| and $(z) =1 > ), (10)
where: )
K > —lal and a = itan (PZPl) . (11)
1+ |al P2+ p1

3. Properties Involving HQ,’,‘; u

Unless otherwise mentioned, we assume throughout this paperthatp € N, 6 > —p, y,y € R, u <
p+1 —o<A<y+p+1,-1<B< AL, 0>0,and the powers are considered principal ones.

Theorem 1. Let f € A(p) satisfy:

(Hiaur@) | (H375@) 114

1-— . 12
(1-9) pzP~1 + pzP~1 = 1+ Bz (12)
Then: )
(B30 @) " (55p ] 1- A :
pM p / sy (1= Au
- 7 — d > 1. 1
e >( 0 Oue (1—Bu> u) , T > (13)
The estimate in (13) is sharp.
Proof. Let: .
Hynuf(2)
pAH
P(z) = (Pzpl) (ze ). (14)
Then, ¢ is analytic in U. After some computations, we get:
W) ! Ad+1 !
(1-0) (Hm,yf(z)) Lo (Hr%w f(z)) () + 0z¢'(z) _ 1 + Az
pzi’—l pzi’—l =¢ 0+ p 1+ Bz’
Now, by using Lemma 1, we deduce that:
A !
(51 (2)) < ‘sz‘&;pfzté?“l LEALY 5y (15)
pzP~1 6 1+Bt)

0



Axioms 2018, 7, 27 60f 13

or, equivalently,

(Héfg,yf(z))/ 5+p / d+p 1+ Auw(z)
futir (1A,

pzp-1 6 ) 1+ Buw(z)
and so: )
Hpyp uf (2) L _
R 7( P : ) > 754_’7/14”7?*1 (1 AM)du . (16)
pzP~ 0 / 1— Bu
Since: . )
R(x7) = (R0 (e Rixy =0 T21). (17)
The inequality (13) now follows from (16) and (17). To prove that the result is sharp, let:
Ao ' 1
(Hp,wf(z)) S+p [ v g (14 Auz
= [ du. (18)
pzP~ 0 J 1+ Buz

Now, for f(z) defined by (18), we have:

W) ! Ad+1 !
(Hp,n,yf(z)) p (Hp,r],y (Z)) 1+ Az
sz*1 pzpfl 1 + Bz

(1-9) (zeU),

Letting z — —1, we obtain:

16 ! 1
(HPJI/#f(Z)) S+p [ v 1 (1—Au
1 — /u o du,

pzF 0 J 1— Bu

which ends our proof. O
Putting 6 = 1 and using Lemma 1 for Equation (15) in Theorem 1, we obtain the following example.

Example 1. Let the function f(z) € A(p). Then, following containment property holds,
Toiy (4:B) C Tty (A, B).

Using (4) instead of (3) in Theorem 1, one can prove the following theorem.

Theorem 2. Let f € A(p) satisfy

(@) (M) 144z

(1-96) pzP~1 + pzP~1 = 1+ Bz’
Then:
( A+1,6 )’ : 1 z
Hy i f(2) - o (1-A '
(i /) >(P+’;A/uﬂ+zu(1 ) st
pz . -
0

The result is sharp.

Putting 6 = 1 in Theorem 2, we obtain the following example.
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Example 2. Let the function f(z) € A(p). Then, following inclusion property holds

T (AB) € T (4,B).

For a function f € A(p), the generalized Bernardi-Libera-Livingston integeral operator F),, is
defined by (see [23]):

Faf() = 2P / O (e
= ( Eyﬂikﬂ*")*ﬂz) (v>-p) 20)

= Z'3h(LLy+ply+p+1z)*f(z).

Lemma 7. If f € A(p), prove that:
(l)HPW<FMf)—va(prf>f

(ii)
!/
(Hﬁgpr,vf(zD = (p+ " Hpyuf (2) = YHp  Fp f(2)- 1)
Proof. Since
Hyou (Fonf) = [ sRE+pptl-pptl=-AtmptLp+l-ptn)]«(Fpf)

= [ZP3sh(0+pp+l1—up+1—-A+mp+Llp+l1—pu+uz)=
2V sh(LLy+pLy+p+Lz)*f(z)],

and:

FP/Y (Hz);gyf)

zpﬁﬂLL7+wL7+p+L@*(H%M0
= Z"3h(LLy+plLy+p+1z)x
2P sh(0+pp+1—pup+1-A+mp+Lp+1—p+unz)«f(z)].

Now, the first part of this lemma follows. Furthermore,
2 (Fpaf(2)) = (p +7)f(2) = YEpa f(2)- (22)
If we replace f(z) by Hp yuf(z) and using the first part of this lemma, we get (21). [

Theorem 3. Suppose that p+y >0, f € T, p 7 H(A B) and Fy,, defined by (20). Then:

1
T

1
N
HpnuFpaf(2) | /
R ) (p+7) /u””'1<1_gz>d” T )

zp—1
P 0

The result is sharp.

Proof. Let: ,
A0
(Hp 7 prﬁf(Z))
pzr!

$(z) = (z € V). (24)
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Then, ¢ is analytic in U. After some calculations, we have:

(Hﬁ,’ff,yf(Z))’ - z¢'(z) 1+ Az
A i 5

Employing the same technique that was used in proving Theorem 1, the remaining part of the
theorem can be proven. [

Theorem 4. Let —1 < B; < A; <1 (i = 1,2). If each of the functions f; € A(p) satisfies:

me Lo Honi fi2) | 1+ Acz

(1-6) - s (=12, (25)
then: Ao Ao+
HyyuF(z)  Hpyu F(2) L1+ (1202
(=0 ——+0——35 P (26)
where:
F(z) = Hyp ,(f1 % f2) (2) (27)
and 4(Ay— B)(As—By) [, 1 5+
. 4AI-B)(A—By) [, 1 S+p 1
o=t MG [ 2o (g )| @)

The result is possible when By = By = —1.

Proof. Suppose that f; € A(p) (i = 1,2) satisfy the condition (25). Setting:

Fiaf() | (B
zP

pi(z) = (1-0) (i=12), (29)

we have: -
pi(z) € P(¢:) (Gi = 1_7]3;/ i= 1,2) .

Thus, by making use of the identity (3) in (29), we get:

S p_, st (7 st .
Hyh fi(e) = =502~ /O re T lpi(t)dt (i =1,2), (30)

which, in view of F given by (27) and (30), yields:

6+ f>+p z 5+p
HM F(z) = 9’7 2P / “1E()dt, 31)
where:

H)} F(z) Hyt'F(z) 64p o (7 ov
P P _ p_-¢ ER |
o +0 7 =gz ° ; 70 7 (py * p2)(t)dt. (32)

F(z) =(1-9)
Since p;(z) € P(¢;) (i = 1,2), it follows from Lemma 3 that:

(p1*p2)(z) € P(3) (63 =1—2(1 —61)(1 —¢62)). (33)
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Now, by using (33) in (32) and then appealing to Lemma 2, we have:

5+ s

R(FE) = 258 a1 ((py o) (u2))
> (5+P/ 5+P l<2g3_1+21(:__u|gj|))du
> ‘5“’/ S <2€3—1+2(;;§3))du

B 4(A; — B1)(As — By) 1 dtp _
= -y 1

4(A,—B)(As—By) [, 1 ‘ 1\
= - (11—311)(1—232)2 [1_22Fl <1l1,§+p+1'2)]_g

When B; = B, = —1, we consider the functions f;(z) € A(p) (i = 1,2), which satisfy (25),

are defined by:
N 6+p prz O+p 1+ A:t
0+p _p——pt —E-1 .
Higufie) = S0 [T (=12

Thus, it follows from (32) that:

1 otp
F@) = 5 [ 00 1 (o A+ A +

(1 + A )(1 + Az)
= ] du

1= (L AL A2+ (L AN A=) R (1152 41 2 )

—1—(1+A1)(1+Ay)

+ %(1 + A1)(1+ Az) oF (1,1;“’] —|—1;;> asz — —1,

which evidently ends the proof. O
Theorem 5. Let v € C*,and let A, B € Cwith A # B and |B| < 1. Suppose that:

WAE) g <1 B 4o,
W@+ p)A| < 7 ¥8=0.

u((5+p;3(A—B) _ 1‘ <1lor

If f € A(p) with Hyp ,f(z) # 0 for all z € U* = U\ {0}, then:

Hypt'f(z) 1+ Az
5 7
p,n,yf(z) 1+ Bz

Hyyuf(2))
(1),

9(z) = { (14 B2 6+nA-B/E £ 2o,

implies:

where:
eV(0+p)Az 1f B=0,
is the best dominant.

Proof. Putting:

A0 v
A(z) = <H”’”‘f(z)> (z € V). (34)

zP
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Then, A is analytic in U, A(0) = 1 and A(z) # 0 for all z € U. Taking the logarithmic derivatives
on both sides of (34) and using (3), we have:

1+ 2N(z)  Hpni'f(2) 14 Az
v(6+p)A(z) H;\,’,‘;,yf(z) 1+ Bz’

Now, the assertions of Theorem 5 follow by Lemma 4. [

Theorem 6. Let 0 < a <1, { > 1.If f(z) € A(p) satisfies:

A6+2 ! A6+1 !
(Hm; f(Z)) N (Hp,fy,; f(Z)>

x

Ad+1 ! A !

(HM; f(z)) (HP,W,Hf(Z)>
Ad+1
R (HP,U,M (Z)> <

Y
Hpiyuf(2)

where B € (1, 00) is the positive root of the equation:

R | (1-a)

<, (35)

then:

20+p+a)BP—20(0+p+1)—(1—-a)p—(1—a)=0. (36)

Proof. Let: o
Hyy f(2)
pH
o S B (1-B) g(2). 37)
Hpoyuf(2)
Then, ¢ is analyticin U, ¢(0) = 1 and ¢(z) # 0 for all z € U. Taking the logarithmic derivatives
on both sides of (37) and using the identity (3), we have:
/

(i) N G0 I e P
2

(6+p+1) - - : )
(Hpaitr) (Y7 (2)) B+ (1P o(2)
and so: / " /
1w (Hpiif() H(H?’%l (=) oy 1m0 Gp)B
(Hpaiir@) (M) ot+p+1
(1-B)la+(1—a)(d+p)] (1-a)(1-p) ,
' Srpil POt Bra-peEorpin? @
Let:
¥(r52) = ap+ L - +> ;‘Sjlp)ﬁ L (1-p) [”‘51(;;’1‘) (0+p)]
. (1-a)(1-p) .
B+ (1-Be@ G+pr1)”
and:

Q={weC:R(w) <}.
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1422

Then, for x,y < — 5, we have:
, (I1-a)(6+p)B (1—a)(1—p)By
RAY (ix,vy; =
(I-w)(0+p)p (A-—a)1-Pp) _
Z Mt T Be4ptD Y

where B is the positive root of Equation (36). Suppose that:
R(B)=20+p+a)p?—20(6+p+1)—(1-a)]p—(1—a) =0
Forf =0, R(0)=—-(1—-a) <Oandforf =1, R(1) =20+p)(1-0)+2(a-() <0.
This proves that g € (1,00). Thus, forz € U, ¥ (ix, y;z) ¢ ), and so, we obtain the required result by

an application of Lemma 5. O

Theorem 7. Suppose that 0 < e1,eo < 1. If:

(H%Hf(z)) | 0 (H%ﬁlf (Z)> / .

- gsl <arg} (1—-6) e + — < 5E (38)
then: s ,
—ZQ<Mg(&zi@) <50 %)
where:
g1 =061+ %arctan <(§1(5+_Ezp))9 1 _T_ :ZD , € =G+ %arctan <(gl(5+—52p))9 1 _T_ :ZD . (40)
Proof. Let: o ,
$(z) = W (z e U).

Then, from Theorem 1, we have:

0o \BS@) | (BD) e

pzP~1 pzP~1

Let U(z) be the function that maps U onto the domain:
{w eC: —gsl < arg(w) < —sz},

with U(0) = 1, then:

0z¢'(z)
(P(Z) + m < U(Z)
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Assume that z1, z, are two points in U such that the condition (9) is satisfied, then by Lemma 6,
we obtain (10) under the constraint (11). Therefore,

arg [(6+p) ¢(z1) + 0219’ (z1)] = argp(z) [(5+p)+9'21,?{§;)}
. N z19'(21)
= argp(z1) + g[(fs‘f'P)‘H) ¢(z1) }
= Dotarg [@“’)‘”W]
I (C1+82) Ok
= —Egl—arctan [21((54-2;7)]

0 (G1+62)61—|al

< _2gl—arctan[ 21((5+2}9) 1+|a|]'

and:

Gureol ]

arg [(0+ p) 9(z2) +022¢'(z2)] 2 Zgﬁamtan{ 2(0+p) 1+]a]

which contradicts the assumption (38). This evidently completes the proof of Theorem 7. [
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