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Abstract: In this research article, we present a novel framework for handling intuitionistic fuzzy
soft information by combining the theory of intuitionistic fuzzy soft sets with graphs. We introduce
the notion of certain types of intuitionistic fuzzy soft graphs including neighbourly edge regular
intuitionistic fuzzy soft graphs and strongyl edge irregular intuitionistic fuzzy soft graphs. We illustrate
these novel concepts by several examples, and investigate some of their related properties. We present
an application of intuitionistic fuzzy soft graph in a decision-making problem and also present our
methods as an algorithm that is used in this application.
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1. Introduction

Atanassov [1,2] introduced the concept of intuitionistic fuzzy sets as an extension of Zadeh's fuzzy
set [3]. The concept of an intuitionistic fuzzy set can be viewed as an alternative approach in such cases
where available information is not sufficient to define the impreciseness by the conventional fuzzy set.
In fuzzy sets, only the degree of acceptance is considered, but an intuitionistic fuzzy set is characterized
by a membership function and a non-membership function. The only requirement is that the sum
of both values is not more than one. Intuitionistic fuzzy sets are being studied and used in different
fields of science [4-7]. Mathematical modeling, analysis and computing of problems with uncertainty
is one of the hottest areas in interdisciplinary research, involving applied mathematics, computational
intelligence and decision-making. It is worth noting that the uncertainty that arises from various
domains has a very variable nature and cannot be captured within a single mathematical framework.
Molodtsov’s soft set theory provide us a new mathematical tool for dealing with uncertainty from the
viewpoint of parameterizations. Molodtsov [8] introduced the concept of soft set theory. He gave us
a new technique for dealing with uncertainty from the viewpoint of parameters. Soft set theory has
been extended with potential applications in several fields [9-14]. Maji et al. [15] introduced fuzzy soft
sets. By using this definition of fuzzy soft sets, many interesting applications of fuzzy soft set theory
have been discussed by researchers [16-21]. Maji et al. [22,23] introduced the concept of intuitionistic
fuzzy soft set and presented some operations on intuitionistic fuzzy soft sets. The intuitionistic fuzzy
soft set theory has been extended with applications in [24-26].

Fuzzy graph theory involves finding an increasing number of applications in modeling real time
systems where the level of information inherent in the system varies with different levels of precision.
Fuzzy models are becoming useful because of their aim in reducing the differences between the
traditional numerical models used in engineering and sciences and the symbolic models used in expert
systems. Kaufmann'’s initial definition of a fuzzy graph [27]. Rosenfeld [28] described the structure
of fuzzy graphs obtaining analogs of several graph theoretical concepts. Bhattacharya [29] gave
some remarks on fuzzy graphs and several concepts were introduced by Mordeson and Nair in [30].
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Santhimasheswari and Sekar [31] introduced the idea of strongly edge irregular fuzzy graph. Several
concepts and applications of fuzzy graphs and their extensions have been discussed in [32-39]. In this
research article, we introduce the notion of certain types of intuitionistic fuzzy soft graphs including
neighbourly edge regular intuitionistic fuzzy soft graphs and strongly edge irregular intuitionistic
fuzzy soft graphs. We illustrate these novel concepts by several examples, and investigate some of their
related properties. We present an application of intuitionistic fuzzy soft graph in the decision-making
process. We describe our methods as algorithms that are used in our application.

For other notations and applications that are not mention in this paper, readers are refereed
to [40-45].

2. Graphs in Intuitionistic Fuzzy Soft Environment

We consider P (V) as the set of all intuitionistic fuzzy sets (IFSs) of V and P(E) denotes the set of
all IFSs of E. The notion of intuitionistic fuzzy soft graphs was presented in [34-36].

Definition 1. An intuitionistic fuzzy soft graph on a nonempty set V is an ordered 3-tuple G = (®,'¥Y, M)
such that

(i) M is a non-empty set of parameters,

(i) (P, M) is an intuitionistic fuzzy soft set over V,

(iii) (¥, M) is an intuitionistic fuzzy soft relation on V,ie., ¥ : M — P(V x V)
where P(V x V) is intuitionistic fuzzy power set,

(iv) (®(e),¥(e)) is an intuitionistic fuzzy graph, for all e € M.

That is,
¥y (e)(uv) < min(Py(e)(u), Pule)(v)),

¥y () (uv) < max(®y(e)(u), v(e)(v))

such that ¥, (e)(uv) +¥,(e)(uv) <1, Vee M, u,v € V.

Note that ¥, (e)(uv) = ¥y(e)(uv) =0, Yuv € V.x V —E,e € M.
(D, M) is called an intuitionistic fuzzy soft vertex and (¥, M) is called an intuitionistic fuzzy soft edge. Thus,
((®, M), (¥, M)) is called an intuitionistic fuzzy soft graph if

¥,,(e) (10) < min(®y(e) (), Py (e)(0)), ¥y (€) (o) < max(®,(e) (), Py () (0))

such that ¥, (e) (uv) + ¥y (e)(uv) <1, Ve € M, u,v € V. In other words, an intuitionistic fuzzy soft graph
is a parameterized family of intuitionistic fuzzy graphs.

Definition 2. Let G = (®,¥, M) be an intuitionistic fuzzy soft graph of G*. G is said to be a neighbourly
edge irregular intuitionistic fuzzy soft graph if H(e) is a neighbourly edge irreqular intuitionistic fuzzy graph
foralle € A.

Equivalently, an intuitionistic fuzzy soft graph G is called a neighborly edge irregular intuitionistic fuzzy
soft graph if every two adjacent edges have distinct degrees in H (e) for all e € M.

Definition 3. Let G = (®,Y, M) be an intuitionistic fuzzy soft graph of G*. G is said to be a neighbourly
edge totally irreqular intuitionistic fuzzy soft graph if H(e) is a neighbourly edge totally irreqular intuitionistic
fuzzy graph for all e € A.

Equivalently, an intuitionistic fuzzy soft graph G is called a neighborly edge totally irregular intuitionistic
fuzzy soft graph if every two adjacent edges have distinct total degrees in H(e) for all e € M.

Example 1. Consider a crisp graph G = (V,E) such that V = {uy,up, u3, us} and E = {uquy, upus, uziy,
upUg, uptlg, uzus}. Let P = {e1,en,e3,e4} be a set of all parameters and M = {e1,ep,e3} C P. Let (P, M)
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be an intuitionistic fuzzy soft set over V with intuitionistic fuzzy approximation function ® : M — P(V)
defined by

®(e1) = {(11,0.5,0.2), (u2,0.6,0.4), (u3,0.3,0.1), (14,0.5,0.2) },

®(ex) = {(u1,0.6,0.4), (u2,0.7,0.2), (u3,0.7,0.1), (14,0.5,0.4) },

®(e3) = {(u1,04,0.6), (u2,0.3,0.1), (u3,0.3,0.6), (114,0.4,0.1) }.

Let (¥, M) be an intuitionistic fuzzy soft set over E with intuitionistic fuzzy approximation function

Y : M — P(E) defined by

Y(e1) = {(uqup,0.4,0.4), (uus,0.2,0.2), (u1u3,0.0,0.0), (1114,0.2,0.2), (uzuy,0.3,0.3),
(u3114,0.0,0.0) },

"F((?z) = {(u1u2,0.4, 0.4), (M2M3, 0.0, 0.0), (ulug, 0.2, 0.1), (M1Ll4, 0.2, 0.3), (M2M4,0.0,0.0),
(u3u4, 0.4, 0.4)},

¥ (e3) = {(uqup,0.1,0.1), (u2u3,0.0,0.0), (uqus,0.2,0.4), (u114,0.1,0.1), (uzu4,0.0,0.0),
(uzu4,0.2,0.6)}.

Thus intuitionistic fuzzy graphs H(e1) = (P(e1),¥(e1)), H(ez) = (P(ez), ¥(ep)) and H(e3) =
(P(e3), ¥ (e3)) of G corresponding to the parameters eq, ey and e3, respectively are shown in Figure 1.

ui(0.5,0.2)  u2(0.6,0.4) u(06,04)  u2(0.7.0.2) u1(0.4,0.6)  us(0.3,0.6)

(0.1,0.1)

(0.4,0.4)

u3(0.3,0.1) 14(0.5,0.2) u3(0.7,0.1) u4(0.5,0.4) u2(0.3,0.1) u4(0.4,0.1)
H (e1) corresponding to the H{(e2) corresponding to the H (e3) corresponding to the
parameter ey parameter ez parameter e3

Figure 1. Intuitionistic fuzzy soft graph G = {H(e1), H(ez), H(e3)}.

In intuitionistic fuzzy graph H(e;), for i = 1,2, 3 degree of edges are
degg(uquz)(e1) = (0.7,0.7),deg (uiug) (e1) = degg (uausz)(er) = (0.5,0.6),degc (uzuta)(e1) = (0.7,0.6),
degc(uqup)(ex) = degg(uzug)(ep) = (0.4,0.4), degg (uyuz)(e2) = (1.0,1.1),degc (uqus)(e2) = (1.0,0.9),
degg(uquz)(er) = (0.3,0.5), degg (u1uq)(er) = (0.5,1.1), degg (uyusz)(e1) = (04 0.8),degg (upug)(er) =
(0.3,0.5).

Clearly, every pair of adjacent edges in intuitionistic fuzzy graphs H(e;) for i = 1,2,3 corresponding to
the parameters e; for i = 1,2,3 have distinct degrees. Hence G is the neighbourly edge irreqular intuitionistic
fuzzy soft graph.

Theorem 1. Let G = (®,¥, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. If G is a neighbourly edge irregular(neighbourly edge totally irregular) intuitionistic fuzzy
soft graph, then G is neighbourly edge totally irregular(neighbourly edge irregular) intuitionistic fuzzy soft
graph.

Proof. We assume that ¥ is a constant function, ¥, (uv) = (c;,¢;), for all uv € E,e; € M, where ¢;
and ¢; are constants fori = 1,2, ..., k. Let uv and vz be any pair of adjacent edges in E. Suppose G is
a neighbourly edge irregular intuitionistic fuzzy soft graph, then degc (uv)(e;) # degg(vz)(e;) for all
e; € M, this implies

(degy(uv)(e;), degy (uv)(ei)) # (degy(vz)(e:), degu(vz)(ei)),

(degy(uv)(ei), degu(uv)(e;)) + (e, €;) # (degy(vz)(e;), degy(vz)(er)) + (ci i),

degg (uv)(e;) + ¥ (uv)(e;) # degg(vz)(ei) + ¥ (vz)(ei),



Axioms 2018, 7, 20 40f 16

tdegg(uv)(e;) # tdegg(vz)(e;), where uv and vz are adjacent edges in E. Hence, G is a neighbourly
edge totally irregular intuitionistic fuzzy soft graph. [

Theorem 2. Let G = (®,¥, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. If G is a neighbourly edge totally irregular intuitionistic fuzzy soft graph, then G is
neighbourly edge irreqular intuitionistic fuzzy soft graph.

Remark 1. Let G = (®,'¥Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. If G is both neighbourly edge irregular intuitionistic fuzzy soft graph and neighbourly edge
totally irreqular intuitionistic fuzzy soft graph. Then Y need not be a constant function.

Example 2. Consider a simple graph G* = (V,E) such that V = {v1,v3,v3,0v4} and E = {v10p, 0103,
V104, V203, U204, U304 }. Let M = {eq, €2} be set of parameters.
Let G = (H, M) be an intuitionistic fuzzy soft graph (see Figure 2), where intuitionistic fuzzy graphs

H(ey) and H(ey) corresponding to the parameters ey and ey, respectively are defined as follows:
H(e1) = ({(v1,0.2,0.5), (v2,0.7,0.3), (v3,0.5,0.1), (v4,0.6,0.3) }, { (v10,0.1,0.4), (v103,0.2,0.4),

(v104,0.1,0.4), (v204,0.5,0.1) }),
H(ey) = ({(v1,0.2,04), (v2,0.2,0.5), (v3,0.5,0.1), (v4,0.5,0.2) }, {(v1v2,0.2,0.3), (v1v4,0.2,0.4),

('027)3, 0.1, 0.4), (0204, 0.1, 0.3) }) .

v2(0.2,0.5) v1(0.2,0.4)
-

(0.2,0.4)

Figure 2. Intuitionistic fuzzy soft graph G = {H(e1), H(ez)}.

The degree of each edge in H(eq) corresponding to the parameter eq is degg(v1v2)(e1) = (1.2,1.1),
degg(vav4)(e1) = (0.6,1.0), degg(v1v3)(e1) = (0.6,1.0),degc (v1v4)(e1) = (0.8,0.9),degc (vov3)(e1) =
(1.0,0.7) and degree of each edge in H(ey) corresponding to the parameter ey is degg(v1v2)(ep) =
(0.4,1.2),degg(v1v4)(e2) = (0.3,0.7),degg(v2v3)(e2) = (0.3,0.6),degg(vava)(e2) = (0.5,1.1). It is
easy to see that all the edges in H(eq) and H(ey) have distincts degrees. Therefore, the intuitionistic fuzzy soft
graph G = {H(e1), H(ez) } is a neighbourly edge irreqular intuitionistic fuzzy soft graph.

The total degree of each edge in H(ey) corresponding to the parameter ey is tdegc (v1v2)(e1) = (1.3,1.5),
degg(vavs)(e1) = (1.1,1.1), degg (v1v3)(e1) = (0.8,1.4),degc (v1v4)(e1) = (0.9,1.3),degc (vov3)(e1) =
(1.4,0.9) and total degree of each edge in H(ep) corresponding to the parameter ey is degg(v1v2)(ep) =
(0.6,1.5),degg(v1v4)(e2) = (0.5,1.1),degg (v2v3)(e2) = (0.4,1.0), degg(vov4)(e2) = (0.6,1.4). Clearly,
all the edges in H(e1) and H(ey) have distinct total degrees. Therefore, intuitionistic fuzzy soft graph
G = {H(e1),H(ep)} is a neighbourly edge totally irreqular intuitionistic fuzzy soft graph. Thus, G is
both a neighbourly edge irregular and neighbourly edge totally irreqular intuitionistic fuzzy soft graph but ¥ is
not a constant function.
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Theorem 3. Let G = (®,Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. If G is a neighbourly edge irregular intuitionistic fuzzy soft graph, then G is an irreqular
intuitionistic fuzzy soft graph.

Proof. Let G be a connected intuitionistic fuzzy soft graph on G* = (V, E) and ¥ is a constant function,
Y (uv)(e;) = (c;,¢;), where ¢; and ¢; are constants. Assume that G is a neighbourly edge irregular
intuitionistic fuzzy soft graph. Consider uv and vz are two adjacent edges in G with distinct degrees,

(degy(uo) (ei), degy (uv)(e;)) # (degu(vz)(ei), degy(vz)(ei)),
degy(uv)(e;) # degu(vz)(e;) or degy (uv)(e;) # degy(vz)(ei),
(

degy(u)(e;) + degy(v)(e;) — 2¢; 7 degy(v)(e;) + degu(z)(e;) — 2¢;, or
degy(u)(e;) + degu(v)(e;) — 2; 7 degy(v) (i) + degu(2)(e;) — 26;,
degy(u)(ei) # degu(z)(e;), or degy(u)(ei) 7 degu(z)(ei),

(degy(u) (i), degy (1) (e;), ) # (degy(2)(ei), degy(2)(ei), ).

degc (u)(e;) # degc(z)(ei),

this implies there exist a vertex v which is adjacent to the vertices u and z have distinct degrees. Hence,
G is an irregular intuitionistic fuzzy soft graph. O

Theorem 4. Let G = (®,¥, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. If G is a neighbourly edge totally irregular intuitionistic fuzzy soft graph, then G is
an irregular intuitionistic fuzzy soft graph.

Theorem 5. Let G = (®,¥, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. Then, G is a neighbourly edge irreqular intuitionistic fuzzy soft graph if and only if G is
highly irreqular intuitionsistic fuzzy soft graph.

Proof. Let G = (@, ¥, M) be a connected intuitionistic fuzzy soft graph on G* and ¥ is a constant
function ¥ (uv)(e;) = (c;, ¢;) for all uv € E, where ¢; and ¢; are constants. Let u be a vertex adjacent
with v, w and x. vu, uw and ux are adjacent edges in G. Suppose G is a neighbourly edge irregular
intuitionistic fuzzy soft graph, this implies that every pair of adjacent edges in G have distinct degrees,
then

degg (vu)(e;) # degc(uw)(e;) # degg(ux)(e;)
(degy(vu)(e;), degy(vu)(e;)) # (degyu(uw)(e;), degy (uw)(e;)) # (degy(ux)(e;), degy (ux)(e;))

(
(
Consider (degy, (vu)(e;), degy (vu)(e;)) # (degy(uw)(e;), degy (uw)(e;))
degy (vu)(e;) # (degy(uw)(e;) or degy(vu)(e;) # degy(uw)(e;)

degy (u)(e;) + degy (v)(ei) — 2¢; # degy(u)(e;) + degy(w)(e;) — 2c; or

degy (u)(e;) + degy (0)(e;) — 26; # degy (u)(e;) + degy (w)(e;) — 26;

= degy(v)(e;) # degu(w)(e;) or degy(v)(e;) # degy(w)(e;)

= (degy(v)(ei), degy(v)(e:)) # (degy(w)(e;), # degy(w)(e;))

= degc(v) # degg(w)

Similarly, degc () # degg (x) = degg (0) # dego(w) # dego (x)
clealy, every vertex u is adjacent to the vertices v, w and x with distinct degrees. Hence G is highly
irregular intuitionistic fuzzy soft graph.

Conversly, let vu and uw are any two adjacent edges in G. Suppose that G is highly irregular
intuitionistic fuzzy soft graph, then every vertex adjacent to the vertices in H(e;) for all ¢; € M having
distinct degrees, such that

degg(v) # degg(w)
(degyu(v)(e;), degy(v)(e;)) # (degu(w)(e;), degy(w)(e;))
degy(v)(e;) # degu(w)(e;), or degy(v)(e;) # degu(w)(e;)

€
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(degyu(v)(ei) + degu(u)(ei) — 2¢;) # (degy(w)(e;) + degy(u)(e;) — 2¢;) or

(degv(v)(e;) + degy(u)(e;) — 26;) # (degu(w)(e;) + degy(u)(e;) — 2¢;)

degy(uv)(e;) # degy(uw)(e;) or deg, (uv)(e;) # deg,(uw)(e;)

(degu(uv)(e;), degy(uv)(e;)) # (degu(uw)(e;), degy(uv)(e;))

= degg(uv) # degg(uw))

= every pair of adjacent edges have distinct degrees. Hence G is a neighbourly edge irregular

intuitionistic fuzzy soft graph. O

Definition 4. Let G = (®, Y, M) be an intuitionistic fuzzy soft graph on G* = (V, E). Then, G is said to be
a strongly irregular intuitionistic fuzzy soft graph if every pair of vertices in G have distinct degrees.

Theorem 6. Let G = (®,Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. If G is strongly irregular intuitionistic fuzzy soft graph, then G is a neighbourly edge
irregular intuitionistic fuzzy soft graph.

Proof. Let G be a connected intuitionistic fuzzy soft graph on G* = (V, E), and ¥ is a constant function
¥ (xy)(e;) = (c;, ¢;) for all e; € M, xy € E, where ¢; and ¢; are constants. Let xy and yz are any two
adjacent edges in E. Suppose that G is strongly irregular intuitionistic fuzzy soft graph, this implies
every pair of vertices in H(e;) for all ; € M having distinct degrees, this implies

degg(x) # degc(y) # degc(z)

degg(x) +degg(y) # degc(y) + degc(z)

(degy(x),degy(x)) + (degu(y), degv(y)) # (degu(y), degu(y)) + (degyu(z), degy(z))
(degy(x) + degy(y),degv(x) + degv( ) # (deg,l( ) + degy(z) degu(y) + deg,/(z))
degy(x) +degy(y) # degyu(y) + degy(z) or degy(x) + degy (y) # degy(y) + degy(z)

degy(x) +degy(y) —2¢; # degu(y) +degyu(z) — 2c; or degy(x) +degy(y) — 2¢; # degy(y) +degy(z) — 2¢;
degyu(xy) # degyu(yz) or degy(xy) # degy(yz) = (degu(xy),degv(xy)) # (degu(yz), degv(yz))

= degc(xy) # degc(yz)

Clearly, every pair of adjacent edges has distinct degrees. Hence G is a neighbourly edge irregular
intuitionistic fuzzy soft graph. [

Theorem 7. Let G = (®,¥, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. If G is strongly irregular intuitionistic fuzzy soft graph, then G is a neighbourly edge
totally irreqular intuitionistic fuzzy soft graph.

Remark 2. Converse of the above theorems need not be true.
We now study strongly edge irregular intuitionistic fuzzy soft graphs.

Definition 5. Let G = (®,'¥, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E). Then G is
said to be a strongly edge irreqular intuitionistic fuzzy soft graph if every pair of edges has distinct degrees.

Definition 6. Let G = (®,Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E). Then G
is said to be a strongly edge totally irregular intuitionistic fuzzy graph if every pair of edges has distinct
total degrees.

Theorem 8. Let G = (®,Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
constant function. If G is strongly edge irreqular intuitionistic fuzzy soft graph, then G is strongly edge totally
irregular intuitionistic fuzzy soft graph.
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Proof. We assume that ¥ is a constant function, let ¥ (uv)(e;) = (c;, ¢;) for alle; € M, uv € E, where ¢;
and ¢; are constants. Let uv and wz be any pair of edges in E. Suppose that intuitionistic fuzzy soft
graph G = (®,¥, M) is strongly edge irregular intuitionistic fuzzy soft graph. Then degc (uv)(e;) #
degc(wz)(e;), where uv and wz are any pair of edges in E,

(e
degG( U)( ) (Cz/ z) # degG(wz)< ) + (Cl/él)
degg (uv)(e;) + ¥ (uv)(e;) # degg(wz)(e;) + ¥ (wz)(ei)
tdegc (uv)(e;) # tdegc(wz)(e;)
for all e; € M, where uv and wz are any pair of edges in E. Hence G is strongly edge totally irregular
intuitionistic fuzzy soft graph. [

Theorem 9. Let G = (®,¥, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
constant function. If G is strongly edge totally irreqular intuitionistic fuzzy soft graph, then G is strongly edge
irregular intuitionistic fuzzy soft graph.

Remark 3. Let G = (®,Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E). If G is both
strongly edge irreqular intuitionistic fuzzy soft graph and strongly edge totally irreqular intuitionistic fuzzy soft
graph. Then Y need not be a constant function.

Theorem 10. Let G = (®,'Y, M) be a intuitionistic fuzzy soft graph on G* = (V,E). If G is strongly edge
irregular intuitionistic fuzzy soft graph, then G is a neighbourly edge irreqular intuitionistic fuzzy soft graph.

Proof. Let G be an intuitionistic fuzzy soft graph on G* = (V, E). We assume that G is strongly edge
irregular intuitionistic fuzzy soft graph, then every pair of edges in intuitionistic fuzzy soft graph G
have distinct degrees. This implies every pair of adjacent edges have distinct degrees. Hence, G is
a neighbourly edge irregular intuitionistic fuzzy soft graph. [

Theorem 11. Let G = (®,Y, M) be an intuitionistic fuzzy soft graph on G* = (V, E). If G is strongly edge
totally irreqular intuitionistic fuzzy soft graph, then G is a neighbourly edge totally irreqular intuitionistic
fuzzy soft graph.

Remark 4. Conwverse of the above Theorems 10 and 11 need not be true.

Theorem 12. Let G = (®,Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥
is constant function. If G is strongly edge irregular intuitionistic fuzzy soft graph, then G is an irregular
intuitionistic fuzzy soft graph.

Proof. Let G be a connected intuitionistic fuzzy soft graph on G* = (V,E). We assume that ¥ is
a constant function, let ¥(uv)(e;) = (c;, ¢;), for all uv € E,e; € M, where ¢; and ¢; are constants.
Consider G is strongly edge irregular intuitionistic fuzzy soft graph, then every pair of edges in G have
distinct degrees. Let uv and vz are adjacent edges in G having distinct degrees, then for all ¢; € M

degc(uv)(e;) # degc(vz)(e;)

degc(u)(e;) + degc(v)(e;) — 2¥ (uv)(e;) # degc(v)(e;) + degc(z)(e;) — 2¥ (vz)(e;)
degc(u)(e;) +degc(v)(e;) — 2(c;, &) # degg(v)(e;) + degg(z)(ei) — 2(ci, &)
degc(u)(e;) +degc(v)(e;) # degc(v)(e;) + degc(z)(e;)

degc(u)(ei)+ # degc(z)(e:)

this implies that G is an irregular intuitionistic fuzzy soft graph. O
Theorem 13. Let G = (®,Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is

constant function. If G is strongly edge totally irreqular intuitionistic fuzzy soft graph, then G is an irregular
intuitionistic fuzzy soft graph.
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Remark 5. Converse of the above Theorems 12 and 13 need not be true.

Theorem 14. Let G = (®,Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ¥ is
a constant function. If G is strongly edge irregqular intuitionistic fuzzy soft graph, then G is highly irregular
intuitionistic fuzzy soft graph.

Proof. Let G be a connected intuitionistic fuzzy soft graph. We assume that ¥ is a constant function,
let ¥(uv)(e;) = (c;, ¢;), for all e; € M,uv € E, where ¢; and ¢; are constants. Let u be any vertex
adjacent with vertices v, w and z. Then uv, uw, and ux are adjacent edges in G. Suppose that G is
strongly edge irregular intuitionistic fuzzy soft graph, then every pair of edges in G has distinct
degrees. This implies that every pair of adjacent edges in G has distinct degrees,

degc(uv)(e;) # degc(uw)(e;) # degg(ux)(e;)

degc (u)(e;) + degg(v)(ei) — 2¥ (uv)(e;) # degc(u)(e;) + degg(w)(e;) — 2¥ (uw)(e;) # degg(u)(e;) +
degc (x)(e;) — 2 (ux)(e;)

degc(u)(ei) +degc(v)(ei) — 2(ci, &) # degc(u)(e;) + degg(w) (i) — 2(ci, ¢;) # degg(u)(ei) +
degG<x)(ez) (Cn 1)

degc (u)(e;) + degg(v)(e;) # degc(u)(e;) + degg(w)(e;) # degg(u)(e;) + degg(x)(e;)

degc(v)(ei) # degg(w)(e;) # degc(x)(e;)

Clearly, there exists a vertex u which is adjacent to the vertices v, w and x that have distinct degrees.
Hence, G is a highly irregular intuitionistic fuzzy soft graph. O

Theorem 15. Let G = (®, Y, M) be a connected intuitionistic fuzzy soft graph on G* = (V,E) and ® is
a constant function. If G is strongly edge totally irreqular intuitionistic fuzzy soft graph, then G is a highly
irregular intuitionistic fuzzy soft graph.

Remark 6. The converse of the above Theorems 14 and 15 need not be true.

Theorem 16. Let G = (P,¥Y, M) be an intuitionistic fuzzy soft graph on G* = (V,E), a path
on 2n(n > 1) vertices (see Figure 3). If the membership and non-membership values of the edges
51,52,83,---,Son—1 are, (Y, (e;), Yo, (1)), (Yyp(€i), Yoy (€)oo o) (Fpunu s (€3), Yoy, (€7)), respectively such
that ¥y, (e;)) < Ypu,(ei) < ..., < Yy, 1 (e;) and ¥y, (e;) > Yo, (e;) > ... > Yo, ,(e;) in intuitionistic
fuzzy graph H(e;) corresponding to the parameter e;, for all e; € M, then intuitionistic fuzzy soft graph G is
strongly edge irreqular and strongly edge totally irreqular intuitionistic fuzzy soft graph.

U2 V4 V7

V2m—1
Ve

Figure 3. A path on 2n vertices.

Proof. Let G = (®,¥, M) be an intuitionistic fuzzy soft graph on G* = (V,E), a path on 2n(n > 1)
vertices. Suppose that ¥(si)(e;) = (¥, (sk)(e;), Yv(sk)(e;)) be the membership and non-membership
values of the edges s; for k = 1,2,...,2n — 1, in intuitionistic fuzzy graph H(e;), for all ; € M.
We assume that ¥, (e;) < ¥y,(e;) < ..., < ¥y, ,(e;) and ¥y, (e;) > F,(e;) > ... > ¥y,, ,(¢;) in
intuitionistic fuzzy graph H(e;) corresponding to the parameter ¢;, for all e; € M. The degree of each
vertex in G is calculated as:
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degc(v1)(ei) = ¥ (s1)(er)
degc(vr)(e;) = ¥(sk_1)(e;) +¥(sk)(e;) fork=2,3,...,2n —1
degc (van)(ei) = ¥ (s2n-1)(e;) foralle; € M.

The degree of each edge in G is calculated as:

degg(s1)(ei) = ¥(s2)(ei)
degg(si)(ei) = ¥(sk—1)(ei) + ¥ (sks1)(e;) fork =2,3,...,2n -2
degc(san—1)(e;) = ¥(s2u—2)(e;) foralle; € M.

Clearly, each edge in intuitionistic fuzzy graph H(e;), for all e; € M has distinct degree; therefore,
G is a strongly edge irregular intuitionistic fuzzy soft graph. The total degree of each edge in G is
calculated as:

tdegg(s1)(ei) = ¥(s2)(e;) + ¥(s1) (&)
tdegc (si)(ei) = ¥ (sx—1)(ei) + ¥ (sg1)(ei) + ¥ (si) () fork = 2,3,...,2n =2
degg(san—1)(ei) = Y (s2n-2)(e;) + ¥ (s20-1)(e;) foralle; € M.
Since each edge in G has distinct total degree, therefore G is strongly edge totally irregular

intuitionistic fuzzy soft graph. Hence, G is a strongly edge irregular and strongly edge totally irregular
intuitionistic fuzzy soft graph. O

Theorem 17. Let G = (®, Y, M) be an intuitionistic fuzzy soft graph on a simple graph G* = (V, E), be a star
Ky , (Figure 4). If each edge in intuitionistic fuzzy graph H(e;), for all e; € M, has distinct membership and
non-membership values, then G is strongly edge irregular and edge totally reqular intuitionistic fuzzy soft graph.

U3

V2

U1

Figure 4. Star K1 ,,.

Proof. Let G = (®,¥, M) be an intuitionistic fuzzy soft graph on G*. Let v, vy, v2,v3, . . ., v, be vertices
of G*, v1,v3,v3,...,v, be the vertices adjacent to a vertex v. We assume that no two adjacent edges
have the same membership and non-membership values in intuitionistic fuzzy graph H(e;), for all
e; € A, then

degc(voy)(e;) = degg(v)(e;) + degg (vx) (ei) — 2% (vv) (e;)
=¥ (vv1)(e;) + ¥ (vv2)(e;) + ... + ¥ (von)(e;) + ¥ (vvg) () — 2 (voy) (e;)
degc (vog)(e;) = ¥ (vvy)(e;) + ¥ (vva)(e;) + ...+ F(von)(e;) — ¥ (vog)(e;).

Clearly, all the edges in H(e;), for all e; € A that have distinct degrees; therefore, G is a strongly
edge irregular intuitionistic fuzzy soft graph. The total degree of each edge in H(e;), for alle; € A is
calculated as:

) = deg(v)(e;) + dega(vi) (&) — ¥ (vor)(e)
¥ (00 )( i) + Y (voa)(ei) + ... + ¥ (00n) () + ¥ (vor) () — ¥ (vor) (&)
¥ (vo1)(e;) + ¥ (vo2)(ei) + ... + ¥ (vvn) ().

tdegc (vug)(e;
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Clearly, all the edges in H(e;), for all ¢; € A having same total degree, therefore G is edge totally
regular intuitionistic fuzzy soft graph. [

Theorem 18. Let G = (®,Y, M) be an intuitionistic fuzzy soft graph on G* = (V,E), a barbell graph By, ,
(connecting two complete bipartite graphs Ky ,, and Ky ,, by a bridge Figure 5). If each edge in intuitionistic
fuzzy graphs of G has distinct membership and non-membership values then G is a strongly edge irreqular and
edge totally reqular intuitionistic fuzzy soft graph.

Uy

Uz

Figure 5. Barbell graph.

Proof. Let G = (®, ¥, M) be an intuitionistic fuzzy soft graph on G*. Suppose that G* is a barbell
graph B(m,n), then there exist a bridge, say wz, connecting m vertices v1, v, ..., vy to a vertex w and
n vertices uy, Uy, ..., Uy to a vertex z. Let ¥(wz)(e;) be the value of bridge wz in intuitionistic fuzzy
graph H(e;), for all e; € M. Let ¥ (s¢)(e;) be the value of the edges in H(e;), such that ¥(s1)(e;) <
Y(s2)(ej) < ... <¥(sm)(e;) foralle; € M,k =1,2,...,m. Let ¥(fi)(e;) be the value of the edges in
H(e;), such that ¥(f1)(e;) < ¥(f2)(e;) < ... <¥(fu)(e;) foralle; € M,k =1,2,...,n. Suppose that
Y(s1)(e;) <¥(s2)(e) < ... <¥(sm)(e)) <Y¥(f1)(e;) <¥(f2)(e;) <...<¥(fu)(e;) < ¥(wz)(e;), for
all e; € M. The degree of each edge in intuitionistic fuzzy soft graph G is defined as:

degc(wz)(ei) = degg(w)(ei) + degc(2)(e;) — 2¥ (wz)(e;)

= ¥(wor)(e;) + ¥ (woa)(e;) + ... + ¥ (wom) () + ¥ (wz)(e;) + ¥ (z11) (&) + ¥ (z12) (&) +

e+ ¥ (zuy)(e;) + ¥ (wz)(e;) — 2% (wz) (e;)
= ¥ (woy)(e;) + ¥ (wo)(er) + - .. + ¥ (won) (&) + ¥ (zu1)(e;) + ¥ (zuz) (€;) + ... + ¥ (zun) (i),

degc (woy)(e;) = degc(w)(e;) + degg (vk) (e;) — 2¥ (wo ) (e;), fork =1,2,...,m

= Y(wo1)(e;) + ¥ (woa) (i) + ... + ¥ (wom) (i) + ¥ (wz) (&) + ¥ (woy) (e;) — 2% (woy) (e7)
Y(woy)(e;) + ¥ (wva)(e;) + ... +F(wom)(e;) +¥(wz)(e;) — ¥ (wo)(e;)
degc (zuy)(e;) = degc(z)(e;) + degg (u)(e;) — 2% (zuy)(e;) fork =1,2,...,n

= Y(zu1)(e;) + ¥ (zuz)(ei) + ... + ¥ (zum) (&) + ¥ (wz) (&) + ¥ (zur) (&) — 2 (z14r) (&)

=¥ (zuy)(e;) +¥(zua)(e;) + ...+ ¥(zum)(e;) + ¥ (wz)(e;) — ¥ (zug) (e;).

Clearly, all the edges in G have distinct degrees therefore G is strongly edge irregular intuitionistic

e
e

fuzzy soft graph. The total degree of each edge in intuitionistic fuzzy soft graph G is defined as:

tdegc(w'lz)(e;) = degg(wz)(e;) + ¥ (wz)(e;)
=Y (woy)(e;) + ...+ ¥(wom)(e;) +¥(zuy)(e;) + ... +¥(zun)(e;) + ¥(wz)(e;)
tdegc (woy)(e;) = degg(wuy)(e;) + ¥ (woy)(e;)
=Y (wov1)(e;) + ¥ (wva)(e;) + ...+ ¥ (woy)(e;) + ¥ (wz)(e;) — ¥ (wog)(e;) + ¥ (wog)(e;)
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=Y (wov1)(e;) + ¥ (wva)(e;) + ...+ ¥(woy)(e;) + ¥(wz)(e;) fork=1,2,...,m,
tdegc (zuy)(e;) = degg(zuk)(e:) + ¥ (zuk) (e:)
¥ (o) (e5) ¥ (2102 €5) .+ (2 1) + P 02) 1) — ¥ (210) 1) + ¥ zme) )
=Y (zuq)(e;) + ¥ (zuz)(e;) + ... + ¥(zun)(e;) + ¥(wz)(e;) fork =1,2,...,n.

Clearly, all the edges wvy for k = 1,2,...,m have the same total edge degree and all zuy, for
k=1,2,...,nin G have the same total edge degree; therefore, G is not a strong edge totally irregular
intuitionistic fuzzy soft graph. O

3. Application

In intuitionistic fuzzy soft set, the approximate functions are intuitionistic fuzzy subsets,
the membership value and non-membership value are used to describe the parameterized family of
intuitionistic fuzzy soft set for dealing with uncertainties. In many real applications, an intuitionistic
fuzzy graph cannot be described comprehensively because of the uncertainty of knowledge. It is more
reasonable to give simultaneously a membership degree and a non-membership degree for dealing with
complicated and uncertain knowledge from the viewpoint of parameters. From such a point of view,
intuitionistic fuzzy soft graphs are used in decision-making problems for better results. Intuitionistic
fuzzy graphs are discussed in terms of the uncertainty in various real life phenomena, but intuitionistic
fuzzy soft sets are provided for a more generalized and accurate approximate description of objects.
We present an application of an intuitionistic fuzzy soft graph in a decision-making problem.
The problem of object recognition has received paramount importance in recent times. The recognition
problem may be viewed as a decision making-problem, where the final identification of the object
is based upon the available set of information. We use the technique to calculate the score for the
selected objects on the basis of k number of parameters (eq, e, ...,e) out of n number of objects
(C1,Cy,...,Cn). A software house wants to select the best software development project, a project
with the greatest business impact, the least effort required and the highest probability of success.
Let V = {E-commerce development project, Custom development project, Applications development
project, Game development project, Browser development project, Web development project, System
integration development project} be the set of software development projects under consideration,
M = {e; ="ensure project success”, e ="technological feasibility”, e3 ="economical viability” } be
a set of decision parameters correspond to the vertex set V, ssssssE = {E-commerce development
project Custom development project, E-commerce development project Applications development
project, E-commerce development project Game development project, E-commerce development
project Browser development project, Applications development project Web development project,
Application development project Browser development project, Game development project Browser
development project,Browser development project Web development project, Web development project
System integration development project, Game development project System integration development
project} C V x V describes the relationship between two applicants corresponding to the given
parameters e, e; and e3. Our aim is to find out the best development project with the choice of
parameters e; = “ensure project success”, e; = “technological feasibility”, ez = “economical viability”.
We consider an intuitionistic fuzzy soft graph G = (®, ¥, M), where (®, M) is an intuitionistic fuzzy
soft set over V which describes the membership and non-membership values of the projects based
upon the given parameters. (¥, M) is an intuitionistic fuzzy soft set over E C V x V describes the
membership and non-membership values of the relationship between two projects corresponding
to the given parameters eq, e and e3. An intuitionistic fuzzy soft graph G = {H(e1), H(e2), H(e3) } is
given in Table 1.

The intuitionistic fuzzy graphs H(e;), H(ez) and H(es) of intuitionistic fuzzy soft graph
G = {H(e1),H(e2),H(e3)} corresponding to the parameters e; =“ensure project success”,
e ="technological feasibility”, and e3 ="economical viability” are shown in Figure 6.
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Table 1. Tabular representation of an intuitionistic fuzzy soft graph.

(o] E-commerce Custom Browser Applications System Integration Game Web

e (0.6,0.2) (0.5,04) (0.8,0.1) (0.3,0.4) (0.7,0.2) (0.4,0.3) (0.2,0.3)

e (0.3,0.5) (0.6,0.3) (0.6,0.2) (0.6,0.2) (0.4,0.2) (0.7,0.3) (0.8,0.2)

e3 (0.7,0.2) (0.4,03) (0.6,0.2) (0.6,0.1) (0.8,0.1) (0.5,0.4) (0.4,0.3)

Y E-commerce Custom E-commerce Browser E-commerce Web E-commerce System Integration Custom Game
e (0.4,0.3) (0.5,0.2) (0.2,0.3) (0.0,0.0) (0.4,0.3)

e (0.3,04) (0.0,0.0) (0.2,0.3) (0.0,0.0) (0.5,0.3)

e3 (0.0,0.0) (0.5,0.2) (0.4,0.3) (0.6,0.2) (0.3,04)

Y System Integration Custom Applications Game Applications System Integration Applications Custom

e (0.4,0.3) (0.2,04) (0.3,0.4) (0.0,0.0)

e (0.4,0.2) (0.6,0.3) (0.0,0.0) (0.0,0.0)

e3 (0.0,0.0) (0.5,04) (0.0,0.0) (0.2,0.3)

Y E-commerce Applications System Integration Browser Browser Applications Game Web Browser Custom
e (0.3,0.3) (0.0,0.0) (0.0,0.0) (0.2,0.3) (0.4,0.1)

e (0.3,0.3) (0.4,0.2) (0.6,0.2) (0.0,0.0) (0.6,0.2)

e3 (0.6,0.1) (0.6,0.2) (0.0,0.0) (0.4,0.3) (0.4,0.3)

Y Browser Web Game Browser System Integration Web Game System Integration Applications Web
e (0.0,0.0) (0.0,0.0) (0.2,0.3) (0.0,0.0) (0.0,0.0)

e (0.5,0.2) (0.5,0.2) (0.0,0.0) (0.4,0.3) (0.0,0.0)

e3 (0.0,0.0) (0.0,0.0) (0.4,0.2) (0.0,0.0) (0.5,04)

By taking the intersection of intuitionistic fuzzy graphs H(e;), H(ez) and H(e3), we obtain
a resultant intuitionistic fuzzy graph H(e), e = e; A ex A e3 (see Figure 7). The adjacency matrix of the

resultant intuitionistic fuzzy graph is

(0,0)
(0,0)
(0,0)
(0.3,0.3)
(0,0)
(0,0.0)
(0.2,0.3)

(0,0) (0,0)  (03,03)  (0,0) (0,0)  (02,03)
(0,0)  (0.4,03)  (0,0) (0,0)  (03,04) (0,0)
(04,03)  (0,0) (0,0)  (04,04)  (0,0) (0,0)
(0,0) (0,0) (0,0) (0,0)  (02,04) (0,0)
0,00  (04,04) (0,00 (0,00 (0,00  (0,0)
(0.3,04)  (0,0) (02,04) (0,0) (0,0) (0,0)
(0,0) (0,0) (0,0) (0,0) (0,0) (0,0)

The score values of resultant intuitionistic fuzzy graph H(e) is computed with the score function

\/ij + (v = 1)2 + 72

% = 2 2 2 2 2 2 M
\/]l] +(I/]‘—1) + 7T +\/(ﬂj—1) +(1/j) + 7T
and S;; € [0,1] the choice values are given in Table 2.
Table 2. Decision table with score values and choice values.
E-commerce Custom Browser Applications System Integration Game Web ";
E-commerce 0.5 0.5 0.5 0.5 0.5 0.5 0471 3471
Custom 0.5 0.5 0.54 0.5 0.5 0.46 0.5 3.5
Browser 0.5 0.54 0.5 0.5 0.5 0.5 0.5 3.54
Applications 0.5 0.5 0.5 0.5 0.5 0.433 05 3433
System integration 0.5 0.5 0.5 0.5 0.5 0.5 0.5 3.5
Game 0.5 0.46 0.5 0.433 0.5 0.5 0.5 3.39
Web 0.47 0.5 0.5 0.5 0.5 0.5 0.5 3.47
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s
Applications
(0.3,0.4)

(0.3,0.3)

E-commerce
(0.6,0.2)

System integratiol
(0.4,0.2)

E-commerce
(0.3,0.5)

Applications
(0.6,0.2)

(0.2,0.3)

Web
(0.8,0.2)

H (ez) corresponding to the parameter e
(0.5,0.2)

E-commerce
(0.7,0.2)

é

System integration
(0.8,0.1)

(0.4,0.3)

H (e3) corresponding to the parameter e3

Figure 6. Intuitionistic fuzzy soft graph G = {H(e1), H(e, H(e3)}.

(0.2,0.3)

H (e) corresponding to the parameter e

Figure 7. Intuitionistic fuzzy graph H(e), where e = e1 A ey Ae3.
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From the Table 2, it follows that the maximum choice value is i3 = 3.54 and so the optimal
decision is to select the browser development project after specifying weights for different parameters.
We present our method as an algorithm (Algorithm 1) that is used in our application.

Algorithm 1 Find optimal decision for different parameters

1: Input: The choice parameters eq, ey, - - - , e for the selection of objects.
2: Input: The intuitionistic fuzzy soft set (®, M) over V and intuitionistic fuzzy soft relation (¥, M)

onV.
Input: Adjacency matrices H(eq), H(ep), - - - , H(ex) with respect to the parameters.

Compute the resultant adjacency matrix H(e) = (| H(ex) for alle, € M.

Calculate the the score value of resultant adjacené(y matrix H(e) by using score function S;;.
Calculate the choice values r; = }_ S;; of each objects.

The decision is m; if ri1; = max ;!

If j has more than one value’then any one may be chosen.

4. Conclusions and Future Work

Graph theory has various applications in different areas including mathematics, science and
technology, biochemistry(genomics), electrical engineering (communication networks and coding
theory), computer science (algorithms and computation) and operations research (scheduling). Soft set
theory plays a significant role as a mathematical tool for mathematical modeling, system analysis
and computing of decision making problems with uncertainty. An intuitionistic fuzzy soft model is
a generalization of the fuzzy soft model which gives more precision, flexibility, and compatibility to
a system when compared with the fuzzy soft model. We have applied the concept of intuitionistic
fuzzy soft sets to graphs in this paper. We have presented certain types of intuitionistic fuzzy soft
graphs. In the future we intend to extend our research of fuzzification to (1) Interval-valued fuzzy
soft graphs; (2) Bipolar fuzzy soft hypergraphs, (3) Fuzzy rough soft graphs, and (4) Application of
intuitionistic fuzzy soft graphs in decision support systems.

Author Contributions: Muhammad Akram and Sundas Shahzadi conceived and designed the experiments;
Sundas Shahzadi wrote the paper.
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