@ axioms m\py

Article
On Solutions to the Set-Theoretical Yang-Baxter
Equation in Wajsberg-Algebras

Tahsin Oner * “' and Tugce Katican

Department of Mathematics, Ege University, 35100 Izmir, Turkey; tugcektcn@gmail.com
* Correspondence: tahsin.oner@ege.edu.tr

Received: 26 October 2017; Accepted: 17 January 2018; Published: 20 January 2018

Abstract: In this work, we introduce Wajsberg algebras which are equivalent structures to
MV-algebras in their implicational version, and then we define new notions and give new solutions
to the set-theoretical Yang-Baxter equation by using Wajsberg algebras.

Keywords: Yang-Baxter equation; Wajsberg-algebra

1. Introduction

The Yang-Baxter equation which was initially used in theoretical physics [1] and statical
mechanics [2-4] has gradually attracted the attention of researchers from various areas of science.
In particular, this equation is considered in areas such as link invariant, C* —algebras, conformal field
theory, quantum computing, quantum groups, quantum mechanics, knot theory, intregrable systems,
non-commutative geometry, etc. (see, for example, [5-11]).

The problem to find and study (set-theoretical) solutions of the Yang-Baxter equation has attracted
many authors.

The Yang-Baxter equation involves a linear operator R: V® V — V ® V, where V is a vector
space and has the form

RZoRBoR1Z=RPoRZoRPinEnd(VeV®V)

where 1 < n, m < 3 and R™ means R acting in the n-th and m-th components. In the last
years, many set-theoretical solutions of this equation have given rise to the connection with various
mathematical structures, such as quantum binomial algebras [12,13], semigroups of I-type and
Bieberbach groups [14,15], bijective 1-cocyles [16], semisimple minimal triangular Hopf algebras [17],
dynamical systems [18], and geometric crystals [19].

Since Wajsberg has shown that co-valued Lukasiewicz logics were complete with respect to the
axioms postulated by Lukasiewicz, these logics were shown to play an important role in the study
of quantum physics. We then wish to investigate the Yang-Baxter equation rather in relation with
Wajsberg-algebras than quantum physics.

The set-theoretical solutions to the Yang-Baxter equation using MV-algeras were given by [11].

In this paper, we give some solutions to the set-theoretical Yang-Baxter equation in
Wajsberg algebras.

2. Preliminaries

In this section, we present some definitions and properties of Wajsberg-algebras.

Definition 1. [20] A Wajsberg algebra (briefly, a W-algebra) is a structure (A, —,—,1) satisfying the
following equations, where A is a nonempty set, — is a unary operation on A, —> is a binary operation on A,
and 1 is a distinguished element of A:
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(W1) 1-—a=a

(W2) (@a—b)— ((b—c)—(@a—0c)=1
(W3) (a—b)—b=(b—a)—a

(W4)  (~a— —b) — (b —a)=1.

Moreover, bounded commutative BCI/BCK-algebras (BCK-algebras are special cases of
BCl-algebras, for example, see [21]) , in their implicational notation, are known as Wajsberg algebras
(see also [22]).

Lemma 1. [20] Let (A, —, 1) be a system satisfying (W1), (W2) and (W3). Then the following properties
hold for every a, b and c in A:

(W5) a—a=1

(W6) Ifa—b=b—a=1thena=>0.

(W7) a—1=1

(W8) a—(b—a)=1

(W9) Ifa—b=b—c=1thena —c=1.
W10) (a—b) — ((c —a) — (c — D)) =1
Wil) a—(b—c¢)=b— (a —0).

3. Solutions to the Yang-Baxter Equation in W-Algebras

In this section, we provide solutions to the set-theoretical Yang-Baxter equation in W-algebras.
Let V be a vector space over a field F. We denoteby 7: V®V — V ® V the twist map defined
by T(v®w) = w®vand by I : V — V the identity map over the space V; for a F-linear map
R: VRV —V@V,letR2=R®[R®?=I@R andRB = (I® 7)(R®I)(t®I).

Definition 2. [10] A Yang-Baxter operator is an invertible F-linear map R : V@V — V ® V, and it satisfies
the braid condition (also called the Yang-Baxter equation):

R126R2B 6o R12 — RB 6 R12 6 RS, )
If R satisfies Equation (1), then both R o T and T o R satisfy the quantum Yang-Baxter equation:
RZoRBoRB = RBoRBo R, (QYBE)

The following definition enables us to constitute a relationship between the set-theoretical
Yang-Baxter equation and W-algebras.

Definition 3. [10] Let X be a set and S : X*> — X2, S(p1, p2) = (p}, py) be a map. The map S is a solution
to the set-theoretical Yang-Baxter equation if it satisfies the following identity:

512 o 523 o 512 — 523 o 512 o 523’ (2)

where
§12: X% — X3, S™2(p1,p2p3) = (L 1o p3),
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2. X3 — X3, SB(p1,pa,p3) = (p1, ph 1),
SBx3 — X3, SB(py,pa p3) = (PY, p2 1)

Now, we provide solutions to the set-theoretical Yang-Baxter equation by using W-algebras.

Theorem 1. Let (A,—>,—,1) be a W-algebra. Then S(a,b) = (-a — b,—1) is a solution to the
set-theoretical Yang-Baxter equation.

Proof. S'? and S? are defined in the following forms:
Slz(a, b,c) = (-a — b,—1,0), 523(a, b,c) = (a,-b — c,1).
Forall (a,b,¢c) € A%, we get
(812082 0512)(a,b,c) = (S2082%)(S2(a,b,c))
= (§208%)(=a — b,—1,c)

S12(8%(—~a — b,—1,c))
S12(=g — b,~—1 — ¢,—1)

= S2(-a — b1 — ¢, 1) (Lemma 2 (iii))

= S2(-a — b,c,—1) (W1)

= (=(-a —b) — ¢,—1,71)

= (¢ — (=b—a),—1,-1) (Lemma 2 (iii)—(iv))

= (—|b — (—|C — 11) -1, —|1) (W )

= (-b— (ma—c¢),~1,1) (Lemma 2 (iii)—(iv))

= (-a— (b —c¢),1,1) (W11)

= (—a— (-b—c¢),7 1 — —1,-1) ((W1) and Lemma 2 (iii))

523(—\11 — (—\b — C), -1, —\1)
$23(8'2(a,~b — ¢, 1))

= (88082 (a,=b — ¢, 1)
(5220 512)(5%(a,b,c))

= (88085'205%)(a,b,c)

Then, S(a,b) = (—a — b,—1) is a solution to the set-theoretical Yang-Baxter equation in the
W-algebra A. O

Lemma 3. Let (A, —,—, 1) be a W-algebra. Then S(a,b) = (b, —a) is a solution to the set-theoretical
Yang-Baxter equation.

Theorem 2. Let (A, —,—,1) be a W-algebra. Then S(a,b) = ((a — b) — b,b) is a solution to the
set-theoretical Yang-Baxter equation.

Proof. 5'? and S?3 are defined in the following forms:

$2(a,b,¢c) = ((a — b) — b,b,c), S**(a,b,c) = (a,(b — c) — ¢, c).
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For all (a,b,c) € A3, we have

(5120550512 (a,b,c) S12(523(5'2(a,b,¢)))
S12(8%%((a —» b) — b,b,¢))
S2((a —b) — b, (b —> c) —> c,c)
((((a —b) — b) —
(b—c¢c)—c) —
(b—¢c) —0),

b—c¢)—c0) (W3)
((c—b) — (((a —b)
—b) — b)) — ((c —
b) — b),(b — ¢) — ¢,¢) (W11)
= (((c—b) — (b —
(a — b)) — (a — b))
— ((c — b) — b),
(b—¢) —c0) (W3)
= (((c—b) — (a — b))
— ((c—b) —b),
(b —c) —c,0) ((W8) and (W1))
= (a— (b —c)—0))
— ((b—¢) — ),
(b—¢) —c0) ((W11) and (W3))

and

(5051208523 (a,b,c) S23(512(5%3(a,b,¢)))

S3(512(a, (b — ¢) — ¢,¢))

SB((a— (b —¢) —¢))

— ((b—¢) — ),

(b—¢c) —c0)

((a— (b—0¢c) —0¢) —

(b—¢)—0), (b —

c) —c¢) —c) —c,0)

= (a— ((b—¢c)—0))
—((b—¢c) —0),
(b—¢) —c0) ((W3), (W8) and (W1), respectively).

Then, S(a,b) = ((a — b) — b, b) is a solution to the set-theoretical Yang-Baxter equation in the
W-algebra A. [

Corollary 1. Let (A,—,—,1) be a W-algebra. Then S(a,b) = (b — a) — a,b), S(a,b) =
(b — a) — a,a) and S(a,b) = ((a — b) — b,a) are solutions to the set-theoretical

Yang-Baxter equation.

Proof. The proof is completed from (W3) and Theorem 2. [
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Proposition 1. [23] Let A be a W-algebra. The binary relation < defined on A as follows
a<bifandonlyifa —b=1

is a partial order on A.

Proposition 2. [23] Let A be a W-algebra and < be a partial order on A. If the join and the meet operators are
defined by

pVag=(p—4q) —q
and
pAg=—(p— =(p—1q),

then this partial order determines a lattice on A.

Proposition 3. [23] Any W-algebra satisfies the following implications and equations

(1) —(aVvb)=-aAN-b

(2) —(anb)=-aVv-b

(3) (avb)—c=(@—c)N(b—
4) a— (bVo=(@—bVa—
(5) (anb)vec=(avec)A(bVe)

(6) — (bAc)=(a—b)A(a—¢)
(7) (a—bV(b—a)=1

II/\H

Lemma 4. Any W-algebra A is a Boolean algebra if and only if ~a — a = a forall a € A.

Proof. (=) Assume that a W-algebra A is a Boolean algebra. By using properties of Boolean algebras
and proposition 2, we obtain

l=-aVa=(-a—a)—a (%1)

for all 2 € A. Since we already have thata =1 — a forall a € A from (W1), we get

a = 1—a (W1)
= ((ra—a)—a)—a (%1)
= (a— (-a—a)) — (-a —a) (W3)
= 1— (~a—a) (W8)

(—a — a). (W1)

Consequently, ~a — a =aforalla € A.
(<=) Suppose that A is a W-algebra and let ~a — a = a for alla € A. Since

—aVa = ((-na—a)—a) (Proposition 2)
= a—a (Hypothesis)
1 (W5)
and
—ahNa = —(-a— —(-a—a)) (Proposition 2)
= =(-a — —a) (Hypothesis)
= -1 (W5)

0,
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we have that the negation — is a complementation, and the least element of A is 0 defined as =1 =0
and 1 is the greatest element in A. Thus, A is a bounded lattice with a complementation.

It remains to see that A is distributive. By Proposition 3 (5), we already have that (a Ab) V ¢ =
(aVe)A(bVe)foralla,b,c € A. Besides, we obtain that

(avb)ANc = =((avb) — =((aVb) —0)) (Proposition 2)
= —((-nc— —(aVvb)) — —=(aVDb)) (Lemma 2 (iii)—(iv))
= ((~(aVb) — —~¢) — —c) (W3)
= —((c—(aVb)) — —0) (Lemma 2 (iv))
= —(((c—a)V(c— b)) — —0) (Proposition 3 (4))
= —(((c—a) — —c)AN((c — b) — —0)) (Proposition 3 (3))
= =((c—a) — ) V-((c — b) — =) (Proposition 3 (2))
= —((ma — —¢) — =)V ((=b — —¢) — —c) (Lemma 2 (iii)—(iv))
= —(-aV-ce)Va(-bV ) (Proposition 2)
= (—=—aA-=¢)V (m=b A=) (Proposition 3 (1))

(anc)V (bAc). (Lemma 2 (iii))

Hence, A is a bounded distributive lattice with a complementation, that is, a W-algebra A is a
Boolean algebra. [

The proof of the following theorem is given by EF. Nichita.

Theorem 3. [9] Let (A, V, A,0,1,—) be a Boolean algebra. Then S(a,b) = (a V' b,a \'b) is a solution to the
set-theoretical Yang-Baxter equation.

Proof. Let (A, V, A, 0,1, —) be a Boolean algebra. 512 and $23 are defined in the following forms:
S2(a,b,c) = (aVb,anb,c), S?(ab,c)=(a,bVecbAc).

For all (a,b,c) € A3, we obtain

(812082 0812)(a,b,c) = S'2(5%(5'%(a,b,c)))
= S'2(8%(aVvb,anb,c))
= S2(aVvb,(anb) Ve, (anb)Ac)
= ((avb)V((anb)Vvec),(aVvb)A ((a/\b)\/c),(a/\b)/\c)
= (((avb)Vv(anb))Ve (avb)A((aVe)A(bVe)),(anb)Ac))
= ((av(V(@Ab)))Ve ((avb)n(ave))AN(bVe),an(bAc))
= ((avb)Vve (av(bAc)A(bVe),an(bAc))
= (av(bVve),(an(bVe)V((bAc)N(bVe)),an(bAc))
= (av(Ve),(andVe)V(bAc),an(bAc))

and

(5% 6§12 6 §23)(a, b, c)

523(512(823(a,b,c)))

S2(S'2(a,bV e, bAc))

= SB(av(bVvec),an(bVec)bAc)
(av(bve),(an(Vve)V(bAc),(an(bVe))A(bAc))
(av(bVve),(an(bVve))Vv(bAc),an((bVe)A(bAc)))
(av(Vve),(an(Ve))V(bAc),aN(bAc)).

Then, S(a,b) = (aV b,a AD) is a solution to the set-theoretical Yang-Baxter equation. [

Theorem 4. Let (A, —,—,1) be a W-algebra. If the identities
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—((ma —b) — —¢) = (a — —¢) — =(b — —¢) (©)]
or
(11—>—|b) —>c=—|((—|a—>c) —>—\(—\b—>c)) (4)
are satisfied for all a, b and c in A, then
S(a,b) =((a — b) — b,~(a — —(a — D)))
and

S(a,b) = (—a — b,~(a — b))
are solutions to the set-theoretical Yang-Baxter equation in the W-algebra A.
Proof. Substituting 1 instead of 2 and b, or —1 instead of a and b in identities (3) and (4), respectively,

we obtain ¢ = -¢ — c or -c = ¢ — —c by Lemma 2 (i) and (iii), and (W1). Then A is a Boolean
algebra by Lemma 4. From the definitions of join and meet operators and Theorem 3,

S(a,b) = ((a—b) —b,~(a — —(a —D)))
= (aVbaAb)

is a solution to the set-theoretical Yang-Baxter equation in the W-algebra A. Additionally, putting
simultaneously —b instead of b and b instead of ¢ in identity (4), we get

(a — ==b) — b = —~((-a — b) — =(==b —> b)). (x2)
Thus, we have
(a—b)—b = (a—> —-=b) —b (Lemma 2 (iii))
—~((ma — b) — =(b — b)) (%)
(

—~((~a — b) — 1)
—~—(=a — b) (Lemma 2 (ii))
(

—a —b.
By applying Lemma 2 (iii)—(iv) to identity (3), we get
—|(C — —\(—UZ — b)) = (C — —\a) — ﬂ(c — —|b). (*3)

Therefore, we obtain

—~(a — ~(a — b)) = —(a— ~(-—a— b)) (Lemma 2 (iii))
= (a— ——a) — —(a — —b) (*3)
= (a—a) — —(a— —b) (Lemma 2 (iii))
= 1— —(a — —b) (W5)
—(a — —b). (W1)

Hence, S(a,b) = (—a — b, ~(a — —b)) is a solution to the set-theoretical Yang-Baxter equation in
the W-algebra A. O
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Remark 1. Notice that the map S(a,b) = (a — b,a) is a solution to the set-theoretical Yang-Baxter equation
in Boolean algebras (Theorem 5.1 in [24]) while it is not a solution in Wajsberg algebras. Indeed, in W-algebras,

we have
(82058 0812)(a,b,c) = S'2(5%(S%(a,b,c)))
S12(s%%(a — b,a,c))
S2(a — b,a — c,a)
((a—b) — (a—>c),a —> b,a)

and

(880812082 (a,b,c) = S?3(5'%(S%(a,b,c)))
S%3(82(a,b —> ¢, b))
S2((a — b) — c,a,b)
(a— (b—¢),a— b,a).

Then, we get (S'? 0 2 0 S'2)(a,b,c) # (5% 0520 5%%)(a,b,c) foralla, b, c.
However, under the condition that a — (b — ¢) = (a — b) — (a — ¢) holds for any a, b, c, we
have that S(a,b) = (a — b, a) is a solution to the set-theoretical Yang-Baxter equation in W-algebras.

Lemma 5. The following equations hold in every W-algebra:

(i) (a — —-b) — (—a — b) = —~a —> b which is equivalent to
—(-a—b) — -(a— -b)=—a—D
(ii) (11 — b) — ﬁ((ﬂa — ﬁb) — —|b) =a
(iii)  (a — =b) — ~((~a — b) — —¢) = (a — —¢) — =((-a — ¢) — —b)

Proof.
(i)

(@a—-b) —(a—b) = 1— ((a — —-b) — (-a—D)) (W1)
((ra —b) — ((a — —b) —
(ma—b))) — ((a — —b) —

(ma — b)) (W8)

= (((a— —b) — (—a — b))
— (-a— b)) — (—a — D) (W3)

= ((a— —b)V(-a—b))
— (—a — b) (Proposition 2)
1— (ma—Db) (Proposition 3 (7))
-a—b (Wl)

is equivalent to
—|(—|a—>b)—>ﬂ(a—>—|b):(a—>ﬂb)—>(ﬂa—>b):ﬂa—>b

from Lemma 2 (iv).
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(if)

(iif)

(a—b) — —((~a— b)) — -b) = (a—b) —

—(—a Vv —b) (Proposition 2)

(a — b) — (aND) (Proposition 3 (1))

((a —b) —a)A

((a—b) —Db) (Proposition 3 (6))
= ((a—b) —a)A

(b —>a) —a) (W3)
= ((a—b)Vv

(b—a)) —a (Proposition 3 (3))
= 1—a (Proposition 3 (7))
= a (W1)

By Proposition 3 (7), we already have that (a — —b) V(=b — a) = 1l and (a — —c) V
(n¢c — a) = 1. Thus, from definition of the join operator V, a — —b = 1 or ~a —
b=-b— a=1(Lemma 2 (iii)~(iv)) and a — —c = lor—-a — ¢ = ~¢c — a =
1 (Lemma 2 (iii)—(iv)).

Case 1. Assume thata — —-b =1and a — —c = 1. Then by usinga — —b =1, we get
(a — —|b) — ﬁ((ﬂa — b) — ﬂc) = —|((—|a — b) — —|C) (Wl)
and by using a — —c = 1 we have

(a — —¢) — ~((~a —¢c) — b)) = —=((-a—c) — D). (W1)

Case 2. Assume thata — —b =1 and -4 — ¢ = 1. Then by usinga — —b = 1, we have
(a — —b) — =((—~a —b) — —c) = —((~a —b) — —c) (W1)
and by using —a — ¢ = 1 we get

(a — —¢) — =((—~a — ¢) — =b) = (a — —¢) —> b. ((W1) and Lemma 2 (iii))

Case 3. Suppose that -a — b = 1and a — —c = 1. Then by using ~a — b = 1, we get

(a — =b) — =((ma —b) — —¢) =(a — —b) — ¢ ((W1) and Lemma 2 (iii))

and by using 2 — —¢ = 1 we have

(a— —¢) — —((ra—¢c) — b)) = —((—a—c) — b). (W1)

Case 4. Suppose that -a — b = 1 and -4 — ¢ = 1. Then by using -2 — b = 1, we get
(a — b)) — =((-a —b) — —¢) = (a — —b) — ¢ ((W1) and Lemma 2 (iii))
and by using -2 — ¢ = 1 we have

(a — —¢) — —~((—~a —¢) — —b) = (a — —¢) —> b. ((W1) and Lemma 2 (iii))
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Hence, by Case 1, 2, 3 and 4,
(a — =b) — =((-a — b) — —¢) = (a — —¢) — =((-a — ¢) — D)
holds in every W-algebra. [
Proposition 4. The following identity
(a — —=b) — ~((—a — b) — —¢) = =((—~a — b) — =((a — —b) — ¢))
holds for every W-algebra.

Proof. By Proposition 3 (7), we already have that (a — —b) VV (=b — a) = 1, and from definition of
the join operator V,a — —b =1or -a — b = =b — a = 1 (Lemma 2 (iii)-(iv)).
Assume that a — —b = 1. Then, we get
(a — b)) — =((-a — b) — —0) 1— —((-a—b) — —¢) (Hypothesis)
=((ma—b) —-(1—7¢) (W1
—((—a —b) —
=((a — —b) — ¢)) (Hypothesis)

foralla,b,cin A.
Suppose that -a — b = 1. Then, we obtain

(a — —b) — =((-ra—b) — ) = (a— b)) — (1 — —0) (Hypothesis)

=(1 — ~((a — —=b) — ¢)) ((W1) and Lemma 2 (iii))
=((~a — b) —

=((a — =b) — ¢)) (Hypothesis)

foralla,b,cin A. O

Corollary 2. Let (A, —,—,1) be a W-algebra. Then S(a,b) = (—a — b, ~(a — —b)) is a solution to the
set-theoretical Yang-Baxter equation in the W-algebra A.

Proof. S12 and $2 are defined in the following forms:

Slz(a, b,c) = (—a — b,—~(a — —b),0), 523(a, b,c) = (a,~b— ¢, (b — —0)).
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For all (a,b,c) € A3, we get
(812055 0512)(a,b,c) S12(523(8'2(a,b,¢)))
S12(8%(=a — b, ~(a — —b),z))
S¥2(=a — b, ~=(a — —=b) — ¢, ~(~(a — =b) — —c))
(=(-~a — b) — (——(a — b)) — ¢),
=((ma — b) — =(=—(a — —b) — ¢)),
—(=(a — —=b) — —0))
= (=(-a—0b) — ((a — —b) — ),
=((ma — b) — =((a — —b) — ¢)),
=(=(a — —b) — —¢)) (Lemma 2 (iii))
= ((a— —b) — (=(-a —b) —0),
=((-a — b) — —=((a — —b) — ¢)),
=(=(a — —=b) — —¢)) (W11)
= ((a— -b) — (-c — (-a — b)),
=((ma — b) — =((a — —b) — ¢)),
=(c — (a — —D))) (Lemma 2 (iii)—(iv))
= (-¢— ((a — —-b) — (-a — b)),
=((~a — b) — —=((a — —b) —¢)),
=(c — (a — —=b))) (W11)
= (-¢— (ma—D),
=((ma — b) — =((a — —b) — ¢)),
=(c — (a — —D))) (Lemma 5 (i))
= (-a— (-c—D),
=((-a — b) — =((a — —b) — ¢)),
=(c — (a — —b))) (W11)
= (-a— (-b—0),
=((-a — b) — —=((a — —b) — ¢)),
=(c — (a — —D))) (Lemma 2 (iii)—(iv))
= (-a— (-b—c
(a — —b) — —(
=(c — (a — —b))) (Proposition 4)
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and we have

(8805120 5%)(a,b,c) S23(812(5%(a,b,¢)))
$23(S12(a,=b — ¢, ~(b — —c)))
§%(=a — (=b — ¢),~(a — —(=b — ¢)),~(b — —¢))
(ma — (-b—0),
—=(a — =(=b —¢)) — ~(b — —¢),
(2 — (b — ©)) — ~(b — —c))
= (-a— (-b— o),

(b — —c) — =(a — (b —0)),

=(=(a — =(=b—¢)) —

(b — —0))) (Lemma 2 (iv))
= (-a— (-b—0),

(b — —=c) — =((=b — ¢) — —a),

=(=(a — —=(=b—¢)) —

(b — —0))) (Lemma 2 (iii)-(iv))
= (-a— (-b—0),

(b — —a) — =((-b — a) — —0),

=(=(a — =(=b—¢)) —

(b — —0))) (Lemma 5 (iii))
= (-a— (-b—0),

(a — =b) — =((-a — b) — —¢),

=(=(b — —¢) — (a —

=(=b —¢)))) (Lemma 2 (iii)—(iv))
= (-a— (-b—0),

(a — —b) — ~((-a — b) — —0),

—(a — (=(b — —¢) —

=(=b —¢)))) (W11)

—(a — (b — —0))) (Lemma 5 (i))

) (Lemma 2 (iii)—(iv))

(a — —b) — =((—a — b) — —0),
=(c — (a — —b))). (W11)

Then, S(a,b) = (-a — b, ~(a — —b)) is a solution to the set-theoretical Yang-Baxter equation
in the W-algebra A. [
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