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1. Introduction

In recent years, fractional order calculus has been one of the most rapidly developing areas of
mathematical analysis. In fact, a natural phenomenon may depend not only on the time instant but also
on the previous time history, which can be successfully modeled by fractional calculus. Fractional-order
differential equations are naturally related to systems with memory, as fractional derivatives are usually
nonlocal operators. Thus fractional differential equations (FDEs) play an important role because of
their application in various fields of science, such as mathematics, physics, chemistry, optimal control
theory, finance, biology, engineering and so on [1-7].

It is of importance to find efficient methods for solving FDEs. More recently, much attention
has been paid to the solutions of FDEs using various methods, such as the Adomian decomposition
method (2005) [8], the first integral method (2014) [9], the Lie group theory method (2012, 2015) [10,11],
the homotopy analysis method (2016) [12], the inverse differential operational method (2016) [13-15],
the F-expansion method (2017) [16], M-Wright transforms (2017) [17], exponential differential operators
(2017, 2018) [18,19], and so on. In reality, the finding of exact solutions of the FDEs is hard work and
remains a problem.

Recently, investigations have shown that a new method based on the invariant subspace provides
an effective tool to find the exact solution of FDEs. This method was initially proposed by Galaktionov
and Svirshchevskii (1995, 1996, 2007) [20-22]. The invariant subspace method was developed by Later
Gazizov and Kasatkin (2013) [23], Harris and Garra (2013, 2014) [24,25], Sahadevan and Bakkyaraj
(2015) [26], and Ouhadan and El Kinani (2015) [27].

In 2016, R. Sahadevan and P. Prakash [28] showed how the invariant subspace method could
be extended to time fractional partial differential equations (FPDEs) and could construct their
exact solutions.
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where % () is a fractional time derivative in the Caputo sense, and F[u] is a nonlinear differential
operator of order k.

In 2016, S. Choudhary and V. Daftardar-Gejji [29] developed the invariant subspace method for
deriving exact solutions of partial differential equations with fractional space and time derivatives.

oYt o9a+1 Qxtm aﬁf aﬁJrlf aﬁJrnf
(A0w+A1W++AmW)f(x/t>:N(xr /wraxﬁ+1/”'/axﬁ+n
where N/f] is the linear/nonlinear differential operator; = J ,j=0,1,---,m and 2 PR f, ,i=0,1,-

are Caputo time derivatives and Caputo space derivatives, respectlvely, 0<ap S land A; € R.

In 2017, K.V. Zhukovsky [30] used the inverse differential operational method to obtain solutions
for differential equations with mixed derivatives of physical problems.

Motivated by the above results, in this paper, we develop the invariant subspace method for
finding exact solutions to some nonlinear partial differential equations with fractional-order mixed
partial derivatives (including both fractional space derivatives and time derivatives).

o atx+1 Jxtm aﬁf a/3+1f aﬁ+m2f o aﬁf
()\Ow +/\1W + - +/\mw)f(X,t) = N(x,f, w, axﬁ+1/' ty oxPm le(ﬁ)

where f = f(x,t), N[f] is a linear/nonlinear differential operator; T J j=0,1,---,m;,m € Nand
QB+ f
axﬁ+1 ’
ata (g é ) is the Caputo mixed partial derivative of space and time; k1 <« <kj+ 1Lk < f <k +1,
ki,kp € Nand A, u € R.

Using the invariant subspace method, the FPDEs are reduced to the systems of FDEs that can be
solved by familiar analytical methods.

The rest of this paper is organized as follows. In Section 2, the preliminaries and notations are

i=0,1,---,mp,my € N are Caputo time derivatives and Caputo space derivatives, respectively;

given. In Section 3, we develop the invariant subspace method for solving fractional space and time
derivative nonlinear partial differential equations with fractional-order mixed derivatives. In Section 4,
illustrative examples are given to explain the applicability of the method. Initial value problems are
considered. Finally in Section 5, we give conclusions.

2. Preliminaries and Notation

In this section, we recall some standard definitions and notation.

Definition 1. (See [7]) The Riemann—Liouville fractional integral of order « and function f is defined as

I“f(t) = l"(la) /Ot (tf(xx)ladx, t>0

Definition 2. (See [7]) The Caputo fractional derivative of order « and function f is defined as

daf(t) — Infsznf(t) _ F(Vl x) fO (- x),,‘( 2+1dx n—-l<a<n
ate FO(), wa=mneN

The Riemann-Liouville fractional integral and the Caputo fractional derivative satisfy the
following properties [3]:

%P — F(:B + 1) ppa

, >0,>—-1,t>0
T(B+a+1) ©>0p
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d*eB 0, f[a]l=npe{0,1,2,---,n—1}
e %, [a] =n,6 € N,andB > n;orf & N,andp > n —1
d*f(t) v 44/ (0)
(14 — _ P —
P = f(t) S mol<a<mt>0

k=0

Definition 3. (See [7]) A two-parametric Mittag—Leffler function is defined as
(o] Zk
Ep(z) = EOW B a,p € C,R(a),R(B) >0

noting that E,1(z) = Ex(2).

Derivatives of the Mittag—Leffler function are given as

)y _ 4" _ oy Gemtt _012...
Ea,ﬁ(z) - dZnEer,B(Z) _k_;)k'r(zxk—f—txn—i—ﬁ)' n= 0/1/2/

Y
O (P Egplat)) = 197 Eyp_(at), @y > 0,0 € R

[\

d
W(Ea(at“)) =aEy(at*), a>0,a€R

The Laplace transform of the ath order Caputo derivative is

TS0 =70 = T A 00, i1 <nn e NRE) >0

where
f(s) =T{f(t);s} = [Pesif(t)dt, seR

The Laplace transform of the function t*"+# -1 (zat®) is as follows [9]:

a,

n) nlst—h

T{t*" P g (£at);s} = G RE> jal#,n=0,1,2,---

We let I, be the n-dimensional linear space over R. It is spanned by 7 linearly independent
functions ¢o(x), ¢1(x),- -+, pp—1(x):

n—1
In = L{q)o(x)/ 4’1(3()/ e /(Pn—l(x)} = {Z kl'(Pi(x)‘ki € 1{1Z - 0117' N = 1}
i=0
We let M be a differential operator; if M[f] € I,,Vf € I, then a finite-dimensional linear space I,

is invariant with respect to a differential operator M.

3. Invariant Subspace Method; Fractional Partial Differential Equations with Fractional-Order
Mixed Partial Derivative

The FPDE with fractional-order mixed partial derivative is as follows:

o on+1 oxtmm o b
(Aow+/\1w+"'+/\mlw)le\][f]+Vw(wf) (1)
where
JP ob+1 opt+m2

f:f(x/t)r N[f] :N(x,f,ﬂf/ ax/3+1f/"'/ax/3+m2f)
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i . N
Here, 31‘“{,] =0,1,--- ,my; m; € Nand p ﬁ+{,z =0,1,--- ,mp; my € N are Caputo time derivatives

and Caputo space derivatives respectively; 2 S (afﬁ f) is the Caputo mixed partial derivative of space
and time; ky < a <k;+1,kp <B<kp+1,ki, ko € Nand A;, 4 € R.

Theorem 1. Suppose I, 1 = L{po(x), p1(x), -+, @u(x)} is a finite-dimensional linear space, and it is
invariant with respect to the operators N[f] and % f; then FPDE (1) has an exact solution as follows:

-

flxt) = ) ki(t)pi(x) (2)

=0

where {k;(t)} satisfies the following system of FDEs:

Mmoo getjle (¢ L (ko(£), k1 (1), - kn(t
jZO)\j dttx-&l-g' ) —u ¢n+1+1( O( )dtal( ) n( )) — ¢i(k0(t)zk1(t)/' .. ,kn(t)) (3)
Here i = 0,1,---,n,{¢o,¢1, -, ¥n} are the expansion coefficients of N[f] with respect to

{po(x), @1(x), -, @n(X)}; {Wns1, Yuro, -+, Pouy1} are the expansion coefficients of %f with respect
to {@o(x), p1(x), -+, @u(x)} -

Proof. Using Equation (2) and the linearity of Caputo fractional derivatives, we obtain

M9 (x, 1) i T Sy RaLIIO8
Z)\] ata-i-j - Z ]ata-i,-] Z q)l Z Z tDH_] (Pi(x) (4)

Further, as I,, ;1 is an invariant space under the operator N|f] and % f, there exist 2n + 2 functions
o, 1 i Pug1, Puga, - - - Ponga such that

N(ékium(x)) = bt a0 )i 5
o K Z%ml Ko(8),ka(8), -+ () i(x) (6)

where {¢g, 1, - - , P, } are the expansion coefficients of N[f] with respect to {@o(x), @1(x), -, @u(x)};

{W¥n+1,Yni2, -+, Pops1} are the expansion coefficients of %f with respect to {@o(x), p1(x), -+, on(x)}.
In view of Equations (2), (5) and (6),

NIf(x, )]+ i (5 f(x, 1))

n

= L tpilko(t), ka(t), -+ kn(£)) i(x) + 74%(i§0¢n+1+f(ko(f),k1(t), — k(1)) @i(x)

i=0

n n 4 X 7
— ‘go lpl(ko(t),k](t), . ,kn(t))(pl(x) _|_ }1(;0 d lpn+1+1(k0(zl)t/fl(t)r ,kn(t)) q)l(x)) ( )
= L @ilko(0)ki(0) k(1) i) 4+ ptasealltull )
1=l
Equations (4) and (7) are substituted in Equation (1) to obtain
ZO(E A d;&’ij —i(ko(t), k1 (t), - kn(t)) — yd’”%+1+i(ko(;)tf1(t)f",kn(f)))(Pi(x) .
t J

=0
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Using Equation (8) and the fact that ¢o(x), ¢1(x), - - -, ¢x(x) are linearly independent, we have
the system of FDEs that follows:

7. L4 . R
,Z[;)/\fd d;ﬁgt) B yd lpn+1+z(k0(f)(;fa1(t), Ja() _ Dk (O a0~ () )
]:

wherei =0,1,---,n. O

If FPDE (1) satisfies the conditions of Theorem 1, then FPDE (1) has a particular solution given by
Equation (2).
We consider the following FPDE:

o 92 e ©
()‘1337 + )‘Zatza ﬁ ot /\m] aat";lv" )f = NV] + gta (axﬂf) (10)
o 92 o
=Nlx, f, ax,sf axZﬁf’ Tty awiﬁf] + ?/‘ata (axﬁf)
where f = f(x,t), N[f] is a linear/nonlinear differential operator; awf j=12,---,m;m € N and
al% ,i=1,2,---,my; my € N are Caputo time derivatives and Caputo space derivatives, respectively;
k <a §k1+1,k2 <B<ky+1,ki,kp € Nand A;, u € R.
Theorem 2. Suppose I, = L{@1(x), p2(x),- -+, ¢n(x)} is a finite-dimensional linear space, and it is invariant
with respect to the operator N|[f] and a 5.5/ then FPDE (10) has an exact solution as follows:
n
B =) ki(t)gi(x) (11)
i=1
where {k;(t)} satisfy the following system of FDEs:
& dKi(t) Ak (), ka(t), - kn(t
p ) B0 Bl gy k), ) (12
j=1
Here, i = 1,2,--- ,n,{¢1, ¢, - ,Pu} are the expansion coefficients of N[f] with respect to

{p1(x), @2(x), -+, u(x)}; {Pns1, Yus2, -, Pon} are the expansion coefficients of a%f with respect to
{91(x), @2(x), -+, g (x) }-

Proof. Using Equation (11) and the linearity of Caputo fractional derivatives, we obtain

I f(x, t) olv I S divk(t
Ty = Lo (SHOme) = (LA oo (13

i=1

Further, as I, is an invariant space under the operator N[f] and 2 °F f there exist 2n functions
7«/’1; 1/’2/ T 4’71/ #)n—i-lr ¢n+2/ oy lPZn such that

N(ékiawx)) = S ka0, h)ei() ”
aﬁf an+1 (k1 (8), ko 8), - kn(5) 1) (15)

where {1, 92, - - -, } are the expansion coefficients of N [f] with respect to {@1(x), p2(x), -, pn(x)};
{Wn11, Yuso, - -+, P2, } are the expansion coefficients of ﬁf with respect to {¢1(x), 2(x), -, @u(x)}.
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In view of Equations (11), (14) and (15),

NIf (e )] + e (25 f (x,1) | y
= ¥ (§i(ki (), ka(t), -+ k(1)) i (x) + p Plria Do Jalt)) o, ) (16)

Equations (13) and (16) are substituted into Equation (10), to obtain

n . 3 .
l;(g NG = (O k() (0) - pEe gl ew

=0

Using Equation (17) and the fact that ¢1(x), ¢2(x), - - -, ¢n(x) are linearly independent, we have
the system of FDEs as follows:

iAjd];I;;it) _ yd"‘lpnﬂ(kl(t),sivgt),- .. ,kn(f)) _ 1/7i(k1 (t),kg(t), . ,kn(t)) (18)
=

herei =0,1,--- ,n. O

Remark: Theorems 1 and 2 in [27] are special cases of our results for y = 0.
4. IMlustrative Examples

In this section, we give several examples to illustrate Theorems 1 and 2.
Example 1. The fractional diffusion equation is as follows:

*f  obf *

where C = constant.

Diffusion is a process in which molecules move around until they are evenly spread out in the
area. For &« > 1, the phenomenon is referred to as super-diffusion, and for a« = 1, it is called normal
diffusion, whereas & < 1 describes subdiffusion.

We consider two cases of Equation (19): case 1: w € (0,1], 8 € (1,2]; case 2: « € (1,2], 8 € (1,2].

Casel:a € (0,1],8 € (1,2].

The subspace I, = L{1,xP} is invariant under N[f] = aﬂf and aﬁ 55fas

Nlko + k1xP] = CkiT(B+1) € I

8/5 (k() + klxﬁ)
oxP
It follows from Theorem 1 applied to Equation (19) that Equation (19) has the exact solution
that follows:

= kll"([i + 1) ch

f(x,t) =ko(t) + ky (£)xP (20)

where ko(t) and k; () satisfy the system of FDEs as follows:

d*ko(t)  d*ka(t)
dtx dt«

uCr(B+1) =k (+)Cr(p+1) (21)

dky (1)

G =0 (22)
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Solving the above FDE (22), we obtain
ki(t)="0

Substituting Equation (23) into Equation (21), we obtain

dko(t) _
d?« = bCT(B+1)
Then bCF(,B + 1)
ko) =a+ o3y ©

7 of 17

(23)

(24)

(25)

Substituting Equations (23) and (25) into Equation (19), we obtain Equation (19) with the solution

as follows: bCT (B +1)
_ + o B
f(x,t)—a+7r(a+1) t* + bx

where a and b are arbitrary constants.

(26)

It is clearly verified that the subspace I3 = L{1, x#, x?#} is invariant under N[f] = Cos aﬁf and 2 =5f

as

Nlko + k1xP 4 kpx?f] = CkiT(B+ 1) + Ckzwxﬁ €l

r(g+1)
0B (ko + kyxP +kox?P) r(2g+1)
: El)xlS : = kll—'(ﬁ +1)+ kzmxﬁ €ls

We let Equation (19) have the exact solution that follows:
Fx,8) = ko(t) + ki (£)xP + kp (£)x2P
where ko(t), ki (t) and ky (t) satisfy the system of FDEs as follows:

dko(t)  d%;(t)

i M T(B+1) = CT(B+ Dki(1)
dki(t)  dk()T(2p+1) _ CT(2p+1),
At —H At r(ﬁ+]) B F(/B—i—l) 2()
A%k (t)
dre

Equation (30) implies that k;(t) = ap. Thus Equation (29) takes the form

d“ky (t) o QQCF(Z‘B—Fl)
v T(B+1)

which has the following solution:

mCT(2B+1) ,

ki(t) =a; + TG +1)

Similarly, Equation (28) yields

ko(t) =ap+

T(a+ I +1) T(2a +1)

aCT(B+1)2 +auCr(2B+1) ,  aCT(2B+1) 5,
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Thus, Equation (19) has the following solution:

C 2tayC ¢
flx,t) = (ag+ ”’i@}lﬁ?iﬁﬁ?ﬁ“) t + azréﬁ#) £) (31)
—|—<ﬂ1 + Mt“)xﬁ +a2x25

T(g+1)
where ag, a1 and a, are arbitrary constants.
It can be easily verified that I, = L{1, Eg(xP)} is also an invariant subspace with respect to
of B
N[f] = C# and aa?f, as

P
Nlko + k1 Eg(xF)] = Coglko+ kiEg(xP)) = CkiEg(xF) € I
9P (ko + k1 Eg(xF))
oxB
We consider the exact solution of the form

= klErg(xﬂ) el

f(x,t) =ko(t) + ky () Eg(xP)

where ko(t) and kq () satisfy the following system of FDEs:

dko(t)
d;’a =0 (32)
A uQ)dh(t) Vgt)f“kl(” = Cky(t) (33)

Clearly, ko(t) = a. Solving Equation (33) with the Laplace transform method, we obtain
the following:
If uC #1,
C

ka(t) = bEa(m

t*)

Thus Equation (19) has the exact solution that follows:

f(x,t) =a+ bEy( 1) Eg(xP) (34)

1—uC

where a and b are arbitrary constants.
We find that Equations (26), (31) and (34) are distinct particular solutions of Equation (19) under

distinct invariant subspaces. Subspace I, 11 = L{1, xP,x?P,... x"},n € N is invariant under N [f] =

B
C%f and aaﬁ
X

oxP 7f s as

Nlko +kixf 4 - kgx] = ClqT(B+1) + S .y FulOBH) (n-1p
€ Iy

Thus we obtain infinitely many invariant subspaces for Equation (19), which in turn yield infinitely
many particular solutions.

Case2:a € (1,2],p € (1,2].

Clearly, subspace I3 = L{1,xP,x?f} is an invariant subspace under N[f] = C g%’; and % f,as

rep+1)

B 2 —
N[ko+k1x +k2x ] CkJ(ﬁ—i—l)—I—Ckz F(ﬁ—i—l)

X‘BEIg



Axioms 2018, 7, 10 90f17

0P (ko + kixP 4 kox?P)
oxP

We look for the exact solution that follows:

r@p+1)
T(g+1)

=kI(B+1)+k €l
f(x,t) = ko(t) + ka (£)xP + ka (£)xF

where ko(t), k1 (t) and kp (t) are unknown functions to be determined; ko(t), k1 (t) and ky(t) satisfy the
system of FDEs as follows:

dko(t)  dvky(t)

arx —H arx r(:B + 1) = Cr(,B + 1)kl (t) (35)
dky(t)  d%(HT(2p+1)  CT(2B+1)
d;ﬂ‘ —H d:ﬂ‘ F(ﬁ+l) - 1“(5+1) kZ(t) (36)
A%k, (1)

=0 (37)

dee
Solving Equations (35)—(37), we obtain

kg(t) =dq +dyt

CaiTr(2p+1) , CdT(26+1) ja+l
(B+1)I(x+1) I(B+1)I'(x+2)

2
ko(t) = ay + ant + Cblr(ﬁJrll}(ZiClt)izr(zﬁJrl) o Cbzr(ﬁ+112&ﬁ_%l2r(25+1) patl 4 C llfgéiﬁﬁl)tzlx

CyT(2641) 201
T Ty b

kl(f) = b1 + bt + T

Then, we obatin the exact solution of Equation (19) as

ChyT(B+1)+uCdaT(2B+1 ChyT(B+1)+CdaT (2 2T (2641
f(x,t):(al+a2t+ 1(‘5+1")(—:cli1)2(ﬁ+)ta+ 2(ﬁ+3&12)2(ﬁ+1>t“+1+%t2“

C2d,T(28+1) CdiT(28+1) CdyT(28+1)
+ rizwz) 24 + (b1 + bt + r(ﬁJlr1)r(a+1) t r(ﬁil)r(wz) ()P 4 (dy + dat)x*P

where aq, a, b1, by, dq and d are arbitrary constants.
When « and B are other numbers, we can similarly obtain the exact solution of Equation (19).
Next, we find the closed-form solutions of FPDEs satisfying initial conditions using the invariant

subspace method.

Example 2. We have the following FPDE with the initial condition as follows:

o B B x B
A (e AR ALy R CR) (3)
F(x,0) =3+ ;E,s(x’g) (39)

The subspace I, = L{1, Eﬁ(xﬁ)} is invariant under N[f] = (g%)z —f(g%() and %f, as

Nlko + k1 Eg(xP)] = (kyEg(xF))? — (ko + k1 Eg(xP))k1 Eg(xP) = —kok1 Eg(xP) € I

aﬁ(ko + klEﬁ(xﬁ))
oxP

We consider the exact solution that follows:

= k1E/5(x/3) el
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(1) = ko(t) + ki (t) Eg (xF) (40)

where ko(t) and kq(t) are unknown functions to be determined.
By substituting Equation (40) into Equation (38) and equating coefficients of different powers of x,
we obtain the following system of FDEs:

d%ko(t) _
R =0 (41)
d%ky (¢
(1= T8 o1 (®2)
We obtain ko (t) = a, and Equation (42) takes the following form:
Ifp#1,
dky(t)  a

e

Then using the Laplace transform technique, we obtain

k1 (s) — " (0) = ki(s)

Using the inverse Laplace transform, we obtain

a

ki(t) = kl(O)Ea(y —3

)

which leads to the exact solution of Equation (38) that follows:
f(x,8) = a4 bEu(— ) Eg ()

, 1 B

where a and b are arbitrary constants.
Thus the exact solution of Equation (38) along with the initial condition of Equation (39) is

5 3 .
flx,t) =3+ EE“(ﬁt )Eg(xF)

Example 3. The fractional wave equation is used as an example to model the propagation of diffusive waves in
viscoelastic solids. We considered the fractional wave equation with a constant absorption term as follows:

20 B B o B
= e ) 1 (b e (0] (3)
f&ﬁ):e+f¢%jyﬁ&ﬂ):lfxﬁ (44)

Clearly, the subspace I, = L{1,xP} is invariant under N[f] = %(fg%f) —1land %f, as

9B
Nmﬁ%wﬂ:5E«m+hﬂwﬁw+1»—1:ﬁﬂw+m—leb

0B (ko + kyxP)

ax;B = klr(‘B + 1) S 12
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By an application of Theorem 2, we know that Equation (43) has the exact solution as follows:
F(x,t) = ko(t) + ki (H)xP
where ko(t) and k; (t) satisfy the system of FDEs as follows:

20 o
‘ dlzgﬂft) - Vd ;{;a(t)r(ﬁ+ 1) =KHr2E+1) -1 (45)

d?®kq (t)
Adr2u
Solving Equations (45) and (46) we obtain the following;:
Case 1: when 0 < a < %:

=0 (46)

ki(t) = by

b%rz(ﬁ + l) —1 tth
r2a+1)
Thus Equation (43) has the exact solution that follows:

ko(t) = a1 +

Bri(p+1)—1

2n B
Toas1y ) Thx

flx,t) = (a1 +
where a1 and b; are arbitrary constants.
1

By the initial conditions of Equation (44), we obtain a; = e and b; = INCESIE
Hence the exact solution of Equations (40) and (41) is

xP
f(x,t) =e+ m

Case 2: when % <a<l1:
ki(t) = by + byt

(B+1) pat1 Brip+1) -1 Py 2b1 b2 (B+1) P2t 2031%(B+1) k2
(@ +2) T(2a+1) (20 +2) T2 +3)

Tr
kg(t) =ay +axt + uby T

Thus Equation (43) has the exact solution that follows:

T(B+1 b2T2(B+1)—1 2b1b,T2(B+1 202T2(B+1
f(x, 1) = (a1 +apt + by g #4471 47 F((Zﬁac+1)) R ‘Ig(za(if) i)

+ (b + bzt)xﬁ

where a1, ap, by and b, are arbitrary constants.

Substituting the initial conditions of Equation (44), we obtain a; = ¢,a, = 1,b; = % and
b, = —1.

Thus the exact solution of Equations (43) and (44) is

2
o) = e+t T T D G

We consider the following fractional generalization of the wave equation with a constant
absorption term:
*tf  9b  off o* , 9P
YT —ﬁ(fﬂ)—l“‘#w(ﬁf)/mﬁé (0,1] (47)
We know that the subspace I, = L{1,xf} is invariant from the above. In view of Theorem 1,
Equation (47) has the exact solution that follows:
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Fx,t) = ko(t) + ki (£)xP
where ko(t) and ki (t) satisfy the system of FDEs as follows:

ORI ()

o) (g 1) = (e +1) -1 ()
a+1
dijl(t):o (49)

Solving the system of FDEs (48) and (49), we obtain
kl(t) = by + byt

BB +1) ~ 10, Wbl (B+1) o, 200 (B+1) o | 28T+ D) s
T'(a+2) 2 T'(ax+3) I(a+4)

Therefore Equation (47) has the exact solution that follows:

ko(t) = aq +axt +

f(x,t) = (a; + ast + b%rzgfi‘;;_l patl Vbzr(2ﬂ+1)t2 + 2b1bo T2 (B41) par42 + th( (/3:)1) pet3)

T'(a+3)
+ (by + byt)xP

where a1, ap, b1 and by are arbitrary constants.

Example 4. The Korteweg—de Vries (KdV) equation describes the evolution in time of long, unidirectional,
nonlinear shallow water waves. We considered the fractional KdV equation that follows:

a‘)‘f af’f oF 9B f2 on
ot ax/} (ﬁ(@(i)))+yat“(a /Sf) o, ﬁ S (0,1] (50)

I3 = L{1,xP,x?P} is an invariant subspace under N|[f] = —(—ﬁ(a—ﬁ(%))) and aﬂﬁf as

X‘B€I3

K3r(4p+1
Nlko + kP + k3] = kikoT'(36 +1) + 2(5+1))

2I(B+

kaT(28+1) g
r(p+1)

0P (ko + k1 xP + kpxP)
oxP

We consider an exact solution that follows:

—kT(B+1) + el
Flx,t) = ko) + ki (£)xP + Iy (£)xF

where ko (t),k1(t) and k»(t) are unknown functions to be determined. It follows from Theorem 1
applied to Equation (47) that ko(t), k1 (t) and k(t) satisfy the FDEs as follows:

dko(t)  d%kq(F)

g~ H g T(B+1) =TEA+ Dk (t)ka(t) (51)
dk(t) d“ky(t) T(2B+1)  T(4p+1)
T T(B+1) 20(B+1) (1) (52)
d*ky (1)
d:ﬂ =0 (53)

Solving Equation (53), we obtain k;(t) = c.
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Hence Equation (52) has the form

d*ky(t)  T(4B+1)

e 2T(B+1)
btain
e obta (8 — b AT(Ag+1)
1t = B CESDICESY)

Similarly, we obtain

N 2bcT (3B +1) + uc® I (4p+1) . ST+ 1T(38+1) 2
¢ 2T (a+1) 2T(B+ 1)l (2a +1)

ko(t) =

Thus the exact solution of Equation (50) is

2bcT (3B4+1)+ucT(4+1 AT (48+1)I(38+1 AT (441
flx ) = (a+ R zr)(afn Gotlpn 1 zr((ﬁil))r(éail))tza) +(b+ 2r(,8+(1)ﬁr(a3rl)toc)xl5

+ cx?P
where g, b and c are arbitrary constants.

Example 5. The fractional version of the nonlinear heat equation is as follows:

9" oP of o* , of
aii_{:ﬁ(fﬂ)—i_‘uﬁ(Wf)/“rﬁe(orl] (54)
Clearly, the subspace I, = L{1,xP} is invariant under N[f] = g%( f %) and % f,as

5
N[ko + Ky xP] = a%((ko kB T(B+1)) = RI2(B+1) € b

aﬁ(ko + klxﬂ)
oxP

It follows from Theorem 1 that we consider the exact solution of Equation (54) as follows:

=kT(B+1) €l

flx,t) =ko(t) + ki (t)xP

such that . .
Tholt) 8O 4 1) - Ror(p+1) (55)
dky(t)
T =0 (56)

Solving Equations (55) and (56), we obtain
ki(t)="0

PT2(B+1)

ko(t) =
0( ) a—+ F(oc ¥ 1)
We obtain an exact solution as follows:

PT2(B+1)

%) 4 pab
Tar1) )T

fleh) = (a+

where a and b are arbitrary constants.
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Next, we consider the integer-order differential equations in [30]. We can obtain some new
different solutions using the invariant subspace method.

Example 6. The modified hyperbolic heat conduction equation with the mixed derivative term is as follows ([30]):

2 2 2
%:%+K2ffea?ﬁf (57)
f(x,0) = g(x), f(x,00) < o0 (58)

where €,k = const.

Clearly, the subspace I, = L{1, x} is an invariant subspace under N[f]| = 327; +x*fand 2 f, as
Nlko + k1x] = x%ko + k%k1x € I

d(kg + k1x)
ox
We let the exact solution be as follows:

:k1€lg

f(x,t) = ko(t) + ki (£)x

where ko (t), k1 (t) are unknown functions to be determined, and k() and k (¢) satisfy the system of
differential equations as follows:

2
d I;t)z(t) +€dk;§t) — ko (1) (59)
2
‘ S;Z(t) = k(1) (60)

Solving Equation (60), we obtain

Hence Equation (59) has the form

dzs(t)z(t) — k%ko(t) = brexe ™ 4 boexe™
We obtain
ko(t) = aje ™ + ape® — %te"‘t _ 028t
Then, we obtain the exact solution of Equation (57) as
fx,t) = are ™™ 4 aze™ — DE ot D28yt | (bre ™ 4 bye)x (61)

2 2

where a1, a3, b1 and b; are arbitrary constants.
Substituting the conditions of Equation (58) into Equation (61), we obtain a = b, = 0 and
a1+ byx = g(x).
When g(x) has linear dependence on x, Equations (57) and (58) have the partial solution
a e

fx,t) = aje ™ — Ttef"t + byxe ™

where a1 + byx = g(x).
When g(x) is not linearly dependent on x, Equations (57) and (58) do not have the form of the
solution given by Equation (61).
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The subspace I, 1 = L{1,x,x2,--- ,x"},n € N is invariant under N[f] = axZ [+ K2 f and axf as

Nlko +kix + -+« + kyx"]
= (k%ko + 2kp) + - - + (K%ky_o + n(n — Vky)x" 2 + €%k, 13" 4 12k X"
€ In+1

(ko +kix+ -+ + kyx™)
dx
Thus we obtain infinitely many invariant subspaces for Equation (57), which in turn yield infinitely
many solutions. If g(x) is a polynomial, we can obtain an exact solution of Equations (57) and (58).

=k +hkox+ - F k1 x" e L

Example 7. The Fokker—Planck equation is the following ([30]):

aZf aZf f a2
a7 = Y TPV T i) (62)

where w, B,k = const.
Clearly, the subspace I = L{1, x} is an invariant subspace under N[f] = adf ax2 [+ ,Bx and £, as
N[ko +k1x] =pkix el

d(kg + k1x)
ox

We suppose the exact solution that follows:

fxt) = ko(t) + ki (t)x

=ki €l

where ko(t) and k; (t) are unknown functions to be determined; ko(t) and k () satisfy the system of
differential equations as follows:

2

Tl — o (63)
dko(t)  dkq(t)

d(t)Z - ;t (64)

Case 1: when 8 > 0:
kl(t) = b1€7\/‘1§t + bze\/Bt

ko(t) = a +a2t+ LoV by 2 VB

\/3 VB

Thus Equation (62) has the exact solution that follows:

f(x,t) = (a; + ast + ﬁe VBt _ j%e\//gt) + (bre VP 4 byeVP)x

where a1, ap, b1 and by are arbitrary constants.
Case 2: when = 0:
ki(t) = by + byt

eb
ko(t) = 7721@ + ay + apt

Thus Equation (62) has the exact solution that follows:
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b
Flx,t) = (—872152 Fay + ant) + (by + bot)x

where a1, a3, b1 and by are arbitrary constants.
Case 3: when 8 < 0:
ki(t) = by cos \/—pBt + by sin \/— Bt
\/7 sin \/—pBt + cos \/—ft

Thus Equation (62) has the exact solution that follows:

sin \/—Bt + —== cos \/—Bt) + (b1 cos /— Bt + by sin \/—Bt)x

ko(t) = a1 + axt —

F

flx, 1) = (a1 + axt —

F

where a1, a3, b1 and by are arbitrary constants.

F

The subspace I, 1 = L{1,x,x2,--- ,x"},n € N is invariant under N[f] = of ,Bxaf and 2 f,
as
Nflko + kyx + - - + kyx"]
= aky + (ks + Bk1)x + -+ + (Bky—_1(n — 1))x" 1 + Bk,nx"
€ In+1

A(ko +kyx + -+ + kyx™)
ox

Thus we obtain infinitely many invariant subspaces for Equation (62), which in turn yield infinitely
many solutions.

=k +kox+ - Fhkx" e Ly,

5. Conclusions

The present article develops the invariant subspace method for solving certain fractional space and
time derivative nonlinear partial differential equations with fractional-order mixed partial derivatives.
Using the invariant subspace method, FPDEs are reduced to systems of FDEs; then they are solved by
known analytic methods. In general, FPDEs admit more than one invariant subspace, each of which
that has the exact solution. In fact, FPDEs admit infinitely many invariant subspaces. The invariant
subspace method is used to derive closed-form solutions of fractional space and time derivative
nonlinear partial differential equations with fractional-order mixed partial derivatives along with
certain kinds of initial conditions. Thus, the invariant subspace method represents an effective and
powerful tool for exact solutions of a wide class of linear/nonlinear FPDEs.

The bases of invariant subspaces usually are orthogonal polynomials, Mittag—Leffler functions,
trigonometric functions, and so on. What kinds of spaces are the invariant subspaces of one FPDE?
At present we can only try one by one. Although we have found some invariant subspaces of the
equations examples above, are there any more invariant subspaces of the equations? We hope to find a
simple discriminant method for finding the correct invariant subspaces for FPDEs.
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