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Abstract: Let K be a finite extension of QQ and let S = {v} denote the collection of
normalized absolute values on K. Let V;} denote the additive group of adeles over K and let
ves V(@) for {a,} € V}f.
A classical result of J. W. S. Cassels states that there is a constant ¢ > 0 depending only
on the field K with the following property: if {a,} € V& with ¢({a,}) > ¢, then there
exists a non-zero element b € K for which v(b) < v(a,), Vv € S. Let ¢k be the greatest

c : Vi — R denote the content map defined as c({a, }) = []

lower bound of the set of all c that satisfy this property. In the case that K is a real quadratic
extension there is a known upper bound for cx due to S. Lang. The purpose of this paper is
to construct a new upper bound for ¢y in the case that /& has class number one. We compare
our new bound with Lang’s bound for various real quadratic extensions and find that our new
bound is better than Lang’s in many instances.
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1. Introduction

Let K be a finite extension of Q and let S = {v} denote the collection of normalized absolute
values on K. Let V;; denote the additive group of adeles over K and let KT denote the additive
group of K viewed as a subgroup of V;l. Let ¢ : Vi — Ry, denote the content map defined
as c({a,}) =[[,cgv(a) for {a,} € V. We have the following classical result due to J. W. S.
Cassels [1](Lemma, p. 66).
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Proposition 1.1 (J. W. S. Cassels) There is a constant ¢ > 0 depending only on the field K with the
following property: Let {a,} € V,& be an adele for which c({a,}) > c. Then there exists a non-zero
element b € K+ C V.t for which v(b) < v(a,), Vv € S.

Let {c} denote the set of all positive constants for which Proposition 1.1 holds. Then {c} is a
non-empty set of real numbers that is bounded below by 0. Thus inf({c}) exists. We define
cx = inf({c}) to be the content bound for K. In the case that K is a real quadratic field extension
there is a known upper bound for cx due to S. Lang [2](Chapter V, §1, Theorem 0).

Proposition 1.2 (S. Lang) Let d be a positive square-free integer and let K = Q(\/E) be a

quadratic extension.

(i) Ifd =1 (mod 4), then cx < (2 + 2V/d)?,
(ii) if d = 2,3 (mod 4), then cx < 16d.

In this paper we construct a new upper bound for ck in the case that K is a real quadratic extension with
class number one. We prove the following proposition.

Proposition 1.3 Let K be a real quadratic extension with class number one. Let | be a fundamental
unit of K with f > 1. Then cx < f.

It is of interest to compare our new bound with Lang’s bound for various extensions with class number
one. For example, if K = @(\/%), then the fundamental unit f = 10405 + 1122+/86 > 20810. Since
16 - 86 = 1376 < 20810, in this case Lang’s bound is better. On the other hand, if K = Q(\/@), then
the fundamental unit f = M < 29. Since (2 4 2v/93)? > 453, the new bound of Proposition 1.3 is
better. Overall, our new bound is better than Lang’s in many instances.

For the convenience of the reader we begin with a review of some preliminary material (§2, §3.) In §4
we prove the formula for our new bound and in §5 we compare our new bound on cx with Lang’s bound
for some real quadratic extensions K.

2. Absolute Values

Let K be a finite extension of Q with ring of integers R. An absolute value on K is a function
n: K — Ry that satisfies

(i) n(z) = 0 if and only if x = 0,
(i) n(zy) = n(x)n(y),ve,y € K,
(iii) there exists a constant M so that (1 + x) < M whenever n(x) < 1.

The trivial absolute value is defined as 1(0) = 0 and n(z) = 1 for = # 0.
Two absolute values 7; and 75 on K are equivalent if there exist r € R.q so that n;(x) = (n2(x))",
Vz € K. Thus, the absolute values on K can be partitioned into equivalence classes. It is well-known
that up to equivalence the non-trivial absolute values on QQ consist of

|’007||2;||3,||5,||7,....
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Here | | is the ordinary absolute value on R restricted to QQ, and for a rational prime p, | |, is the p-adic

absolute value defined as 0], = 0 and

|z, = p_m
forx = (r/s)p™, (r,p) = (s,p) =1, m € Z.
Let 1 be an absolute value on K. Then 7 determines a topology on K where the basic open sets are
of the form U, ., x € K, € > 0, with

Use={ye K: n(z—y) <e}

The topology thus described is the n-topology on K. Let K, denote the completion of K with respect
to the n-topology. In a natural way the absolute value n on K extends to a unique absolute value on K,
which we also denote by 7, cf. [3](Chapter XII, §2). In the case K = Q, n = | |, the completion
Q) .. is the set of real numbers R. If K = Q, = | |,, then the completion Q) |, is the field of p-adic
rationals, Q,. If L is a finite extension of the completion k&, then the absolute value 7 on K, extends
uniquely to an absolute value * on L and L is complete with respect to the n*-topology [3](Chapter XII,
Proposition 2.5).

If K is a finite extension of Q of degree [V, then each absolute value on (Q extends to a finite number
(< N) of absolute values 17 on K [1](Chapter II, Theorem, p. 57). To see how the ordinary absolute value
| | extends to K, let K = Q(«) for some o € C, and let p(x) = irr(o; Q). Let p(x) = [[I_, pi(x)
denote the factorization of p(x) over R into irreducible polynomials. Note that ¢ < N. For each i,
1 < i < g, there exists an embedding \; : K — R(«q;), a — «y, where «; is a root of p;(). One defines
an absolute value 7; on K by setting

ni(x) = |Ni(z)|5, Vo € K

where | |%_ is the unique extension of | |, to R(c;). The collection 7,72, . . . , 7, is the set of extensions
of | | to K.

The p-adic absolute value | |, extends to K in the following manner. Let (p) = P{*Ps?--- Py? be
the unique factorization of (p) into prime ideals P, of R. Each P; corresponds to an extension 7); of | |,
to K as follows. Put 7;(0) = 0. Forr € R, r # 0, let t, be the integer ¢, > 0 for which (r) C P/,
(r) € P"™'. Nowletz =r/s € K,r # 0, s # 0. One then puts

1
m(l’) = p(tr—ts)/ei

The collection 1,75, ...,7, is the set of extensions of | |, to K. Since ¢ < N, there are at most
N extensions.

The extensions 7 of | |« are the Archimedean absolute values on K. The extensions of 7 of | |, are
the non-Archimedean (or discrete) absolute values on /. Absolute values 77 on K obtained as extensions
constitute all of the absolute values on K (up to equivalence.)

If 7; is Archimedean and corresponds to a real embedding \;, then the local degree d,, = [R(q;) :
R] = 1, and we define the normalized absolute value to be

vi(z) = ni(z), Ve € K
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If n; is Archimedean and corresponds to a complex embedding \;, then the local degree d,, = 2, and we

define the normalized absolute value as
vi(z) = (mi(x))*, Vo € K

If n; is a discrete extension of | |, corresponding to the prime ideal P,, the local degree is d,, = e;f;
where f; = [Rp,/P,Rp, : F,] is the residue class field degree. In this case the normalized absolute value

is given as

_ eifi 1 of _ 1
vi(w) = (mi(2))*" = Pl i)/ = il

where © = 1/s.

If v is the normalized absolute value obtained from 7, then the v-topology on K is equal to the
n-topology on K since v and 1) are equivalent absolute values. In what follows we let S = {v} denote the
set of normalized absolute values on K; K, denotes the completion of K with respect to the v-topology.
For v discrete, we let R, denote the ring of integers in K. The absolute value v extends to an absolute
value on K, (also denoted by v.) We consider K, to be endowed with the v-topology.

3. The Adele Ring

Let K be a finite extension of Q and let S = {v} denote the set of normalized absolute values on K.
For each discrete v, R, is a compact open subset of K. The adele ring Vi over K is the topological
ring that is the restricted product of the completions K, with respect to the collection { R, : v discrete},
together with the restricted product topology on the completions K, with respect to the collection {R,, :
v discrete}. This means that Vi consists of those vectors

{...,al,,...}GHKl,

ves

for which a,, € R, for all but finitely many v. The ring structure of Vi is given component-wise:

(ot Y+ by Y ={ a4 by,
(ot Y by b =1 by, )

We write {a, } for the adele {...,a,,...}. A basis for the topology on Vi consists of open sets of

v

ves

the form

where U, is open in K, for all v and U, = R,, for all but finitely many v.
Let V;f denote the additive group of the adele ring Vi and let K denote the additive group of K.

Proposition 3.1 Letb € K™, b # 0. Then ][, .o v(b) = 1.
Proof. For two proofs, see [1](Chapter II, Theorem, p. 60 and p. 66). o

Proposition 3.2 K embeds into V¢ through the map b — {b,b,b, ... }.
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Proof. Let b € KT and write b = a/c, where a, ¢ € R, ¢ # 0. Since there are only a finite number of
prime divisors of ¢, ¢c™! € R, for all but a finite number of v. Thus {b,} with b, = b forall v € S is an
adele of K. It is easy to show that the map b — {b, b, b, ...} is an injection of groups K+ — V,{. o

With these preliminaries in mind, we now give two upper bounds for the content bound c in the case
that K is a real quadratic extension with class number one.

4. Two Bounds for cj

Let d be a square-free positive integer, let K = Q(\/E) denote the real quadratic extension with ring
of integers [R. Let cx be the content bound for K. We recall some number-theoretic facts about K.
If d =1 (mod 4) then R = Z[%&] and if d = 2,3 (mod 4) then R = Z[v/d]. The discriminant
disc(R) =difd =1 (mod 4), and disc(R) = 4difd = 2,3 (mod 4). If d =1 (mod 4), then the only
rational primes that ramify are divisors of d. If d = 2,3 (mod 4), the rational primes that ramify are 2
and the divisors of d.

The set of normalized absolute values on K is computed as follows. The Archimedean absolute value
| |00 on Q extends to two normalized absolute values, p;, po, defined as follows. For a + bWdeK,

p1 (a—kb\/a) = )a+b\/c_i‘oo

and

P2 (a + b\/a> = ‘a—i— b\/c_i‘oo = ‘a — b\/g)oo

The discrete absolute values on Q extend to K in the following manner. If p | disc(R), then (p) = P>
for some prime ideal P of R. Thus | |, extends to one normalized absolute value v on K. On the other
hand, if p { disc(R) and (g) = —1, then (p) = P for P prime, and so, p remains prime in R. In this
case, | |, extends to one normalized absolute value v on K. If p { disc(R) and (%) = 1, then (p) = PQ
for P, () prime and so, | |, extends to two normalized absolute values v, /.

Let S = {v} denote the set of normalized absolute values on K, and let V,{ be the additive group of
adeles. There is a known bound for cyx due to S. Lang [2].

Proposition 4.1 (S. Lang) Let d be a positive square-free integer and let K = Q(\/E) be a
quadratic extension.

(i) Ifd =1 (mod 4), then cx < (2 + 2V/d)?,

(ii) if d = 2,3 (mod 4), then cx < 16d.

Proof. For a proof see [2](Chapter V, §1, Theorem 0). o
To prove our formula for a new bound on cx, we need some lemmas regarding units in /2. The units
group of R is

(=1) x (h)

where h is a fundamental unit in /. Note that h € R.

Lemma 4.2 There exists a fundamental unit f in R with f > 1.
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Proof. Let h be a fundamental unit. We consider first the case h > 0. If h > 1, then we set f = h and
condition is satisfied. Else, assume that 0 < h < 1. Then hh~! = 1 implies that h=* > 1. Of course,
h~! is a fundamental unit and so we set f = h~!. If h < 0, then —h > 0 is a fundamental unit and as

shown above we may take f > 1. o
Lemma 4.3 If h is a fundamental unit of R, then h = +h™".

Proof. Let Nk g : K — Q be the norm map defined as
Nk /g (a - W?l) = <a + bﬂ) <a + bx/&) =a® — bd

for a, b € Q. The norm map restricts to give amap Nk /g : R — Z. Now suppose that / is a fundamental
unit with inverse A~'. Then N g(h) and Ng,g(h™"') are in Z. Moreover, hh~! = 1 yields

1 = Ngjg(hh™") = Nigg(h)Nijo(h™)

Consequently, Ng,g(h) = £1, and thus hh = +1,0orh = £h L. o

We now give the new bound on cg.

Proposition 4.4 Let d be a square-free positive integer, let K = @(\/E) and assume that K has class
number one. Let f > 1 be a fundamental unit in R. Then cx < f.

Proof. We show that if {a, } is an adele in V;} with ¢c({a,}) > f, then there exists b € KT, b # 0, so
that v(b) < v(a,) for all v € S. For v discrete, let K, denote the completion of K with respect to the
v-topology, and let R, denote the ring of integers in K. We have

a, = u,m,"”

where u,, is a unit in R,, m, € Z, and where 7, is a uniformizing parameter for R,. Since {a,} is an
adele, m,, > 0 for all but a finite number of v, and since [], . v(a,) > 0, m, = 0 for all but a finite

number of v. Let 14,1, ..., 14 denote the collection of discrete v for which m,, # 0, listed so that
vy, Vs, ..., are those v; with m,, > 0 and v;41, V49, ..., 1y are the v; for which m,,, < 0.
Fori: = 1,2,... k, let P, denote the ideal of R corresponding to the discrete normalized absolute

value ;. Then the ideal

my,

My M.
Py1 1P1/2 2"'PVZ

is principal and generated by an element o € R. Moreover, the ideal

m

—my —mMy —
P l+1P 1+2 . Pyk Vi

Vi+1 Vi+2

is principal and generated by an element 3 € R.
Let A = a/3. We can assume without loss of generality that A > 0. For all v discrete, v(a,) = v(A).
Thus

f < HV(au) = pl(am)pQ(apz) H V(A) (1)

ves v dis.
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Since f > 1, there exists an integer & for which

o< O] o @)

Put b = f*A. Then p;(b) < p1(a,,). Now from Inequality (2),

(171" 2% < (71 )t g
= (| £ f )" f*f, byLemmad4.3

= (£ fl)"f
= f
So,
=1 K fA
(|f|oo) p2(A) < mm(m
< (pl(apl)pz(am)yl;[&V(A)) pl(/;pl)pz(/\), by (1)
= pa(ap,)p1(A)p2(A) H v(A), since pi(A) = A
= pa(ap) [Jv(0)
ves
= pa(a,,), by Proposition 3.1.
Observe that

(17]) P2 (0) = (pal))*pa(h)
= P2(fk),02(A)
= Pz(fk/\)
= p2(b)

thus pa(b) < p2(a,,). For v discrete, f* is a unit in R,. Thus v(b) = v(A) = v(a,) for all v discrete.

Thus b is as required. o

5. A Comparison of Bounds

Let d be a square-free positive integer, let X = Q(\/E) and let cx be the content bound for K.
In Table 1 below we compare Lang’s bound on cx (Proposition 4.1) with the new bound obtained in
Proposition 4.4 for all d < 50 for which K has class number one. The values of d were obtained
from [4](A003172). The values of the fundamental unit f were computed using an algorithm based
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on [S](Theorem 11.5) as implemented in [6]. We conclude that our new bound is better than Lang’s

bound in 17 out of 22 of the cases.

Of course, the fundamental unit f has been proven to be a bound for cx only in the case that K has

class number one. It would be of interest to extend Proposition 4.4 to the case where K has class number

greater than one.
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