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Abstract

This paper studies a nonlinear system of switched fractional differential equations with
generalized Caputo fractional derivatives with respect to another function. The main
characteristics of these fractional derivatives are twofold: the lower limit of the fractional
derivative equals the switching time, and the applied function in the fractional derivative
changes in each interval between two consecutive switching times. Several comparison
results and some results for the fractional derivative of convex Lyapunov functions are
obtained. Also, strict stability of the zero solution is defined and sufficient conditions
for strict stability of the system are obtained. The auxiliary results allow us to avoid
the application of fractional derivatives of convex Lyapunov functions in our sufficient
conditions. The conditions depend significantly on the type of switching rule and the
switching points.
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1. Introduction
One type of stability is strict stability, which gives information on the rate of decay

of the solutions. Strict stability requires solutions to remain bounded within a strict lower
and upper non-zero bound over time, whereas stability only requires solutions to stay
within an upper bound without dropping below a lower threshold. Strict stability differs
from asymptotic stability since one does not need to approach zero as time approaches
infinity. Strict stability is studied for various types of differential equations, for example,
for ordinary differential equations in [1], for fractional differential equations with CFF
in [2], for delay differential equations with impulses [3–5], for dynamic systems on a time
scale [6,7] and for Caputo fractional differential equations [8].

In this paper, we study a nonlinear fractional differential equation with two main
characteristics: a switching rule is given and this determines the function from an initially
given set of functions, and the fractional derivative is a generalized Caputo fractional
derivative with respect to another function (GCFF) (here, both the lower limit and the
applied function could change on each interval between two consecutive switching times).

Note that the generalized Caputo fractional derivative with respect to another
function, defined in [9], is a generalization of the Caputo fractional derivative [9], the
Caputo–Hadamard fractional derivative [10,11] and the Caputo–Erdelyi–Kober fractional
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derivative [12]. Also, this type of derivative is applied and studied in various problems;
see, for example, [13–16].

We begin by presenting some comparison results for scalar switched fractional differ-
ential equations with GCFF. An explicit formula is obtained for a scalar linear switched
fractional differential equation with GCFF. Strict stability is defined for the nonlinear system
of switched fractional differential equations with GCFF and studied by using appropriate
Lyapunov functions. Some results concerning fractional derivatives of convex Lyapunov
functions are obtained.

Strict stability of nonlinear fractional differential equations with GCFF without a
switching rule is studied in [2] using Lyapunov functions and their GCFF. In this paper, we
prove an inequality about convex Lyapunov functions and their GCFF, and this result allows
us to avoid the application of GCFF of Lyapunov functions in our sufficient conditions. As a
result, our sufficient conditions are easier to check. Additionally, when there is a switching
rule, as in this paper, the applied GCFF could have various functions on each interval
between two consecutive switching times. This leads to stronger sufficient conditions but it
encompasses more general applications. In [17], a nonlinear switched fractional equations
with GCFF is considered and stability properties are studied. In this paper, the lower limit
of the fractional derivative changes at any switching time.

The main contributions in the paper can be summarized as follows:

- Strict stability for nonlinear switched systems of fractional differential equations with
a piecewise constant switching rule is defined and studied.

- Caputo fractional derivatives with respect to another function are applied with the
lower limit and applied function changing at any switching time.

- Lyapunov functions are applied and some inequalities for the Caputo fractional deriva-
tives with respect to another function for convex Lyapunov functions are established.

- Some comparison results for scalar switched fractional differential equations are proven.
- Several sufficient conditions for strict stability of the nonlinear switched system

are obtained.
- The influence of the switching rule, of the applied function in the fractional derivative

on stability and some of the sufficient conditions are illustrated with examples.

2. Preliminary Results for Fractional Differintegrals
Let 0 ≤ α < β ≤ ∞ be fixed numbers.
Consider the set

P([α, β]) = {θ : [α, β] → [0, ∞), θ ∈ C1([α, β], [0, ∞)), θ′(t) > 0 for t ∈ (α, β)}.

Note, if β = ∞, we will consider the half open interval [α, β).
We will give some definitions and results for fractional integrals and derivatives.

Definition 1 ([9]). Let ρ > 0, θ ∈ P([a, b]). The Riemann fractional integral with respect to
another function (FIF) of the function υ : [α, β] → R is defined by (where the integral exists)

Iρ,θ
α υ(t) =

1
Γ(ρ)

∫ t

α
θ′(s)(θ(t)− θ(s))ρ−1υ(s) ds, t ∈ (α, β].

Definition 2 ([9]). Let ρ ∈ (0, 1) and the function θ ∈ P([α, β]). The generalized Caputo
fractional derivative with respect to another function (GCFF) of the function υ : [α, β] → R is
defined by (where the integral exists)

CDρ,θ
α υ(t) =

1
Γ(1 − ρ)

∫ t

α
(θ(t)− θ(s))−ρυ′(s) ds, t ∈ (α, β].
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In the case of a vector function, the integral FIF and the derivative GCFF are defined
component-wise.

We will use the set of functions (0 ≤ α < β):

Cρ((α, β],Rn, θ) = {υ ∈ C((α, β],Rn
) : υ′ exists almost everywhere in (α, β]

and there exists GCFF CDρ,θ
α υ(t) for t ∈ (α, β]}.

We now provide some results for GCFF.

Lemma 1 ([2]). Let ρ ∈ (0, 1), θ ∈ P [α, β], υ : [α, β] → R and there exists a point ς ∈ (α, β] such
that υ(ς) = 0, and υ(s) < 0 (respectively υ(s) > 0), for s ∈ [α, ς) and the GCFF CDρ,θ

α υ(t)|t=ς

exists. Then, if limσ→ς−
(

v(σ)
(θ(ς)−θ(σ))ρ

)
= 0, we have CDρ,θ

α υ(t)|t=ς ≥ 0 (respectively ≤ 0).

Remark 1 ([2]). Note that the condition limσ→ς−
(

υ(σ)
(θ(ς)−θ(σ))ρ

)
= 0 in Lemma 1 is automatically

true if υ ∈ C1((α, b],R) (because of L’Hopital’s rule). Also, this condition about the zero limit is
also true if limσ→ς− υ′(σ) exists and is a real number.

Lemma 2 ([13], Lemma 2). Let ρ ∈ (0, 1) and θ ∈ P([α, β]). The solution of the initial value
problem for the scalar linear fractional differential equation with GCFF,

CDρ,θ
α υ(t) = Lυ(t), for t ∈ (α, β], and υ(α) = υ0,

with υ0 ∈ R, L ∈ R, is the function

υ(t) = υ0Eρ(L(θ(t)− θ(α))ρ), t ∈ [α, β],

where Eρ(t) is the Mittag–Leffler function of one parameter.

We will use the following special case (fractional order between 0 and 1) of a result proved
in [18]:

Lemma 3. Let ρ ∈ (0, 1), θ ∈ P([α, β]) and f ∈ C([α, β] × R,R). A function
υ ∈ Cρ([α, β],R, θ) is a solution of the problem

CDρ,θ
α υ(t) = f (t, υ(t)), t ∈ (α, β], υ(α) = υ0, (1)

if and only if υ satisfies the integral equation

υ(t) = υ0 +
1

Γ(ρ)

∫ t

α
θ′(s)(θ(t)− θ(s))ρ−1 f (s, υ(s))ds, t ∈ (α, β]. (2)

Corollary 1. Let ρ ∈ (0, 1), θ ∈ P([α, β]) and Y ∈ C([α, β], (−∞, 0]). Then, the solution
υ ∈ Cρ([α, β],R, θ) of problem (1) with f (t, υ) = Y(t) ≤ 0, t ∈ (α, β], satisfies the inequality
υ(t) ≤ υ0, t ∈ (α, β].

Lemma 4. Assume the following hold:

1. ρ ∈ (0, 1), θ ∈ ([α, β]), and H ∈ C([α, β],R).
2. The function u ∈ Cρ((α, β],R, θ) is a solution of the scalar fractional differential inequality

with GCFF

CDρ,θ
α u(t) < H(u(t)), for t ∈ (α, β].

u(α) < u0.
(3)
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3. The function v ∈ Cρ((α, β],R, θ) is a solution of the IVP for the scalar fractional differential
equation with GCFF

CDρ,θ
α v(t) = H(v(t)), t ∈ (α, β]

v(α) = v0.
(4)

Then, the inequality u0 < v0 implies

u(t) < v(t), t ∈ [α, β]. (5)

Proof. Assume the contrary; i.e., there exists a point A ∈ (α, β] such that u(t) < v(t), t ∈ [α, A)

and u(A) = v(A). According to Lemma 1 and Remark 1, for the function u(t)− v(t) in [α, A],
we have CDρ,θ

α (u(t)− v(t))|t=A ≥ 0, i.e.,

CDρ,θ
α u(t)|t=A ≥ CDρ,θ

α v(t)|t=A = H(v(A)) = H(u(A)).

The last inequality contradicts (3).

Lemma 5. Assume the following hold:

1. ρ ∈ (0, 1), θ ∈ ([α, β]), and H ∈ C([α, β],R).
2. The function u ∈ Cρ((α, β],R, θ) is a solution of the scalar fractional differential inequality

with GCFF

CDρ,θ
α u(t) > H(u(t)), for t ∈ (α, β].

u(α) > u0.
(6)

3. The function v ∈ Cρ((α, β],R, θ) is a solution of the IVP for the scalar fractional differential
equation with GCFF (4).

Then, the inequality u0 > v0 implies

u(t) > v(t), t ∈ [α, β]. (7)

The proof of Lemma 5 is similar to the proof in Lemma 4.
We will prove an inequality for the GCFF of convex fractional derivatives of Lyapunov

functions which will be used in the proof of the main results for strict stability. This
inequality will allow us to avoid the application of fractional derivatives of convex functions
in our sufficient conditions. A similar inequality for convex Lyapunov functions and Caputo
fractional derivatives was proved in Theorem 1 [19]. Note that the square Lyapunov
function is a convex function and an inequality for a generalized Caputo proportional
fractional derivative of a quadratic function is proved in [20].

Lemma 6. Let ρ ∈ (0, 1), θ ∈ P([α, β]) and

1. x ∈ Cρ([α, β],Rn, θ), x = (x1, x2, . . . , xn).
2. V ∈ C1(Rn, [0, ∞)) is convex.

Then
CDρ,θ

α V(x(t)) ≤
n

∑
i=1

∂

∂xi
V(x(t)) CDρ,θ

α xi(t), t ∈ (α, β],

holds.
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Proof. Let t ∈ (α, β] be fixed. Define the function W(.) : [α, t] → R by

W(s) = V(x(s))− V(x(t))−
n

∑
i=1

∂

∂xi
V(x(t))(xi(s)− xi(t)).

Since the function V(.) is convex, we have W(s) ≥ 0, s ∈ [α, t] and W(t) = 0. Note
W ′(s) = ∑n

i=1
∂

∂xi
V(x(s))x′i(s)− ∑n

i=1
∂

∂xi
V(x(t))x′i(s).

Since W ∈ C1([α, t],R), then L’Hopital’s rule guarantees that

lim
s→t−

(
W(s)

(θ(t)− θ(s))ρ

)
= lim

s→t−
W ′(s)
ρθ′(s)

(θ(t)− θ(s))1−ρ = 0.

Thus,

CDρ,θ
α V(x(t))−

n

∑
i=1

∂

∂xi
V(x(t)) CDρ,θ

α xi(t)

=
1

Γ(1 − ρ)

∫ t

α
(θ(t)− θ(s))−ρ

[ n

∑
i=1

∂

∂xi
V(x(s))x′i(s)−

n

∑
i=1

∂

∂xi
V(x(t))x′i(s)

]
ds

=
1

Γ(1 − ρ)

∫ t

α
(θ(t)− θ(s))−ρW ′(s)ds

=
1

Γ(1 − ρ)

[ W(s)
(θ(t)− θ(s))ρ

∣∣∣s=t

s=α
+

ρ

Γ(1 − ρ)

∫ t

α

θ′(s)W(s)

(θ(t)− θ(s))1+ρ
ds
]

=
1

Γ(1 − ρ)

[
− W(α)

(θ(t)− θ(α))ρ +
ρ

Γ(1 − ρ)

∫ t

α

θ′(s)W(s)

(θ(t)− θ(s))1+ρ
ds
]
≤ 0.

(8)

Inequality (8) proves the claim.

3. Some Preliminary Results for Switched Fractional Problems
The switched fractional differential equations depend significantly on the applied

fractional derivative. In this paper, we apply the generalized Caputo fractional derivative
with respect to another function. This derivative depends significantly on its lower limit.
We consider the case when the lower limit changes at each switching time. This approach
is used in the study of switched fractional differential equations in [17,21–23].

Suppose m is a given natural number, M = {1, 2, . . . , m}, and let a family W of
functions Fj : [0, ∞)×Rn → Rn, Fj(t, 0) = 0, j ∈ M, be given.

Let the sequence of points {Υi}∞
i=0 : 0 = Υ0 < Υ1 < Υ2 < · · · < Υk−1 < Υk < . . . be

given such that limk→∞ Υk = ∞.
Let the sequence of numbers Kk ∈ M, k = 0, 1, 2, . . . , be given such that for any k, we

have Kk ̸= Kk+1.
Consider the switching rule σ(t) = Kk ∈ M for Υk ≤ t < Υk+1, k = 0, 1, 2, 3, . . . . We

will assume that σ is continuous from the right everywhere. Therefore, the switched rule is
a piecewise function depending on the initially given points Υk, k = 1, 2, 3, . . . , .

Note that the points Υk, k = 1, 2, . . . are points of the switching of the system, i.e.,
points at which the functions from the set W are changed and the lower limit and the
applied function in the fractional derivative GCFF are changed.

Let a ∈ R, ε > 0. For any function x : [a − ε, a) ∪ (a, a + ε] → Rn, we define
x(a−) = lims→a,s<a x(s) and x(a+) = lims→a,s>a x(s).
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Consider the initial value problem (IVP) for the switched fractional differential equa-
tions with GCFF (SFDEGCFF):

CDρ,θk
Υk

y(t) = Fσ(t)(t, y(t)), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

y(Υk−) = y(Υk+), j = 1, 2, . . . ,

y(0) = y0

(9)

where y0 ∈ Rn, Fk ∈ W , k = 0, 1, 2, . . . , ρ ∈ (0, 1) and the functions θk ∈
P([Υk, Υk+1]), k = 0, 1, 2, . . . .

We will say that condition (H) is satisfied if
(H). For any j ∈ M, the functions Fj ∈ W , and for any initial value x0 : x0 ∈ Rn

and any k = 0, 1, 2, 3, . . . , the IVP CDρ,θk x(t) = FKk
(t, x(t)), t ∈ (Υk, Υk+1] and x(Υk) = x0

has a unique solution x(t) defined for t ∈ (Υk, Υk+1], where Kk ∈ M are values of the
switching rule.

Remark 2. Some sufficient conditions for the existence of Caputo fractional differential equations
are given in [24] and for fractional differential equations with GCFF in [18].

We use the set of functions:

SCρ([0, ∞),Rn
) = {υ : [0, ∞) → Rn : υ ∈ Cρ((Υk, Υk+1],Rn, θ) for k = 0, 1, 2, . . . .}.

Consider the linear scalar case of (9). Let the numbers λj ∈ R, j ∈ M be given and
consider the IVP for a linear scalar SFDEGCFF

CDρ,θk
Υk

υ(t) = λKk
υ, for t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

υ(Υk−) = υ(Υk+), k = 1, 2, . . . ,

υ(0) = υ0

(10)

where υ0 ∈ R.

Lemma 7. Let ρ ∈ (0, 1), θk ∈ P([Υk, Υk+1]), k = 0, 1, 2, . . . .
Then the solution of the IVP for the linear scalar SFDEGCFF (10) is

υ(t) = υ0

(
k−1

∏
i=0

Eρ(λKi (θi(Υi+1)− θi(Υi))
ρ)

)
Eρ(λKk

(θk(t)− θk(Υk))
ρ),

t ∈ (Υk, Υk+1], k = 0, 1, 2, 3, . . . ,

(11)

and

(i) if λj ≤ 0, j ∈ M then |υ(t)| ≤ |υ0|;
(ii) if λj ≥ 0, j ∈ M then |υ(t)| ≥ |υ0|.

Proof. We use an induction and Lemma 2 with L = λKk
, a = Υk, b = Υk+1, θ(.) = θk(.).

Proof of (i). Let λj ≤ 0, j ∈ M. Then Eρ(λKi (θi(Υi+1)− θi(Υi))
ρ) ≤ 1, i = 0, 1, 2, . . .

and therefore, |υ(t)| ≤ |υ0|.
Proof of (ii). Let λj ≥ 0, j ∈ M. Then Eρ(λKi (θi(Υi+1)− θi(Υi))

ρ) ≥ 1, i = 0, 1, 2, . . .
and therefore, |υ(t)| ≥ |υ0|.
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Let the sequence of functions {Gi(u)}m
i=1, GKk

∈ C([Υk, Υk+1],R), k = 0, 1, 2, . . . , be
given. Consider IVP for the nonlinear scalar SFDEGCFF:

CDρ,θk
Υk

υ(t) = Gσ(t)(υ(t)), for t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

υ(Υk−) = υ(Υk+), k = 1, 2, . . . ,

υ(0) = υ0

(12)

or its equivalent

CDρ,θk
Υk

υ(t) = GKk
(υ(t)), for t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

υ(Υk−) = υ(Υk+), k = 1, 2, . . . ,

υ(0) = υ0,

(13)

where υ0 ∈ R.

Lemma 8. Suppose ρ ∈ (0, 1), θk ∈ P([Υk, Υk+1]), and GKk
∈ C([Υk, Υk+1], (−∞, 0]),

k = 0, 1, 2, . . . . Then the solution υ ∈ SCρ([0, ∞),R) of (12) satisfies the inequality υ(t) ≤
υ0, t ≥ 0.

Proof. We will use induction.
Consider the interval [0, Υ1]. According to Lemma 3 and the nonpositiveness of the

function GK0(.), we have

υ(t) = υ0 +
1

Γ(ρ)

∫ t

0
θ′0(s)(θ0(t)− θ0(s))ρ−1GK0(υ(s))ds ≤ υ0, t ∈ (0, Υ1].

Consider the interval (Υ1, Υ2]. According to Lemma 3, we get for (Υ1, Υ2] that

υ(t) = υ(Υ1+)

+
1

Γ(ρ)

∫ t

Υ1

θ′1(s)(θ1(t)− θ1(s))ρ−1GK1(υ(s))ds ≤ υ(Υ1+) = υ(Υ1−) ≤ υ0.

Following this procedure, we obtain the claim.

Corollary 2. Suppose ρ ∈ (0, 1), θk ∈ P([Υk, Υk+1]), and YKk
∈ C([Υk, Υk+1], (−∞, 0]),

k = 0, 1, 2, . . . . Then, the solution υ ∈ SCρ([0, ∞),R) of problem (12) with GKk
(υ(t)) = YKK

(t) ≤ 0, t ∈ (Υk, Υk+1], satisfies the inequality υ(t) ≤ υ0, t ≥ 0.

The proof of Corollary 2 follows inductively from the application of Corollary 1.
In the case of nonegative functions Gk(.) in (12), we obtain the following result:

Lemma 9. Suppose ρ ∈ (0, 1), θk ∈ P([Υk, Υk+1]), and GKk
∈ C([Υk, Υk+1], [0, ∞)),

k = 0, 1, 2, . . . . Then the solution υ ∈ SCρ([0, ∞),R) of (12) satisfies the inequality υ(t) ≥ υ0,
t ≥ 0.

The proof is similar to the one given in Lemma 8, so we omit it.

Corollary 3. Suppose ρ ∈ (0, 1), θk ∈ P([Υk, Υk+1]), and YKk
∈ C([Υk, Υk+1], [0, ∞)),

k = 0, 1, 2, . . . . Then, the solution υ ∈ SCρ([0, ∞),R) of problem (12) with GKk

(υ(t)) = YKK (t) ≥ 0, t ∈ (Υk, Υk+1], satisfies the inequality υ(t) ≥ υ0, t ≥ 0.
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Consider the following nonlinear scalar switched fractional differential inequality
with GCFF corresponding to (13):

CDρ,θk
Υk

ς(t) < GKk
(ς(t)) for t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

ς(Υk+) ≤ ς(Υk−), k = 1, 2, . . . ,

ς(0) < ς0,

(14)

where ς0 ∈ R.

Lemma 10. Suppose the following conditions hold:

1. ρ ∈ (0, 1), θk ∈ P([Υk, Υk+1]), and GKk
∈ C([Υk, Υk+1],R), k = 0, 1, 2, . . . .

2. The function ς ∈ SCρ([0, ∞),R) is a solution of inequality (14).
3. The function υ ∈ SCρ([0, ∞),R) is a solution of IVP of the scalar SFDEGCFF (13).

Then, ς0 < υ0 implies ς(t) < υ(t) for t ≥ 0.

Proof. We will use induction.
Consider the interval [0, Υ1]. The function ς satisfies (3) and the function υ satisfies (4)

with H(.) = GK0(.), α = 0, β = Υ1. According to Lemma 4, the inequality ς(t) < υ(t), t ∈
[0, Υ1] holds.

From (13) and (14), we have ς(Υ1+) ≤ ς(Υ1−) < υ(T1−) = υ(T1+).
Now, consider the interval (Υ1, Υ2]. The function ς satisfies (3) and the function υ

satisfies (4) with H(.) = GK1(.), α = T1, β = Υ2. According to Lemma 4, the inequality
ς(t) < υ(t), t ∈ (Υ1, T2] holds.

Following this procedure, we prove the claim of Lemma 10 .

We now consider the case of the opposite inequalities in (14); i.e., consider the follow-
ing nonlinear scalar switched fractional differential inequality with GCFF:

CDρ,θk
Υk

ς(t) > GKk
(ς(t)) for t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

ς(Υk+) ≥ ς(Υk−), k = 1, 2, . . . ,

ς(0) > ς0,

(15)

where ς0 ∈ R.

Lemma 11. Assume that the following conditions hold:

1. ρ ∈ (0, 1), θk ∈ P([Υk, Υk+1]), and GKk
∈ C([Υk, Υk+1],R), k = 0, 1, 2, . . . .

2. The function ς ∈ SCρ([0, ∞),R) is a solution of inequality (14).
3. The function υ ∈ SCρ([0, ∞),R) is a solution of IVP of the scalar SFDEGCFF (13).

Then ς0 > υ0 implies ς(t) > υ(t) for t ≥ 0.

The proof of Lemma 11 is similar to the proof given in Lemma 10, so we omit it.

4. Strict Stability
The main goal of this paper is the study of strict stability of the nonlinear SFDEGCFF (9).
We use the definition of strict stability for ordinary differential equations introduced

in [1] to SFDEGCFF (9).
Note that if x ∈ Rn, we will use the quadratic norm ||x|| in Rn.

Definition 3. The zero solution of the nonlinear SFDEGCFF (9) is strictly stable if for any
ϵ1 > 0 there exists δ1 = δ1(ϵ1) > 0 and for any δ2 = δ2(ϵ1), δ2 ∈ (0, δ1) there exists
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ϵ2 = ϵ2(δ2) ∈ (0, δ2) such that for any initial value y(0) ∈ Rn, y(0) = (y(0)1 , y(0)2 , . . . , y(0)n ),

the inequalities δ2 < |y(0)k | < δ1, k = 1, 2, . . . , n, imply ϵ2 < ||y(t)|| < ϵ1 for t ≥ 0 where
y(.) ∈ SCρ([0, ∞),Rn

) is a solution of the nonlinear SFDEGCFF (9) with initial value y(0).

The applied functions in the fractional derivative and the switching rule have an
influence on the strict stability properties of SFDEGCFF.

Example 1. Suppose n = 1, m = 3, M = {1, 2, 3}, and the functions Fj(t, x) = λjx, t ≥ 0,
x ∈ R, j = 1, 2, 3, where the constants λj ∈ R, j = 1, 2, 3, are given.

Let the points Υi = i, i = 0, 1, 2, . . . , and K3k = 1,K3k+1 = 2,K3k+2 = 3, k = 0, 1, 2, . . . .
Consider the switching rule σ(t) = Kk for k ≤ t < k + 1, k = 0, 1, 2, 3, . . . .
Let ρ = 0.3 and θk ∈ P([k, k + 1]), k = 0, 1, 2, 3, . . . .
Consider the scalar linear SFDEGCFF

CD0.3,θk
k υ(t) = λKk

υ, for t ∈ (k, k + 1], k = 0, 1, 2, . . . ,

υ(k−) = υ(k+), k = 1, 2, . . . ,

υ(0) = υ0,

(16)

with υ0 ∈ R and a solution (see Lemma 7)

υ(t) = υ0

(
k

∏
i=1

E0.3(λKi (θi(i)− θi(i − 1))0.3)

)
E0.3(λKk

(θk(t)− θk(k))0.3), t ∈ (k, k + 1].

The functions θi(.) will be defined later.

Case 1. Let the functions θk(t) = θ(t) with θ(t) = t+1
t+2 , t ≥ 0. We have θi(i) − θi

(i − 1) = i+1
i+2 − i

i+1 ∈ (0, 0.5).

Case 1.1. Let λj = 1, j = 1, 2, 3. Then

1 = E0.3(0) ≤ E0.3((θ(i)− θ(i − 1))0.3) < E0.3(0.50.3) ≈ 4.28455, i = 1, 2, . . . .

The solution of (30) is

υ(t) = υ0

(
k−1

∏
i=1

E0.3

((
i + 1
i + 2

− i
i + 1

)0.3
))

E0.3

((
t + 1
t + 2

− k + 1
k + 2

)0.3
)

, t ∈ (k, k + 1].

The solution is unbounded (see Figure 1) and is not strictly stable.

Case 1.2. Let λj = (−1)j, j = 1, 2, 3. The solution of (30) for t ∈ (k, k + 1], k = 0, 1, 2, . . . is

υ(t) = υ0

(
k−1

∏
i=1

E0.3

(
(−1)Ki

(
i + 1
i + 2

− i
i + 1

)0.3
))

E0.3

(
(−1)Kk

(
t + 1
t + 2

− k + 1
k + 2

)0.3
)

.

The solution is unbounded on the whole interval (see Figure 2) and is not
strictly stable.
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1 2 3 4 5

10

20

30

40

v0=1

v0=2

Figure 1. Graphs of sample path solutions of (30) with various initial values, Case 1.1.

1 2 3 4 5 6

2

4

6

8

v0=1

v0=2

Figure 2. Graphs of sample path solutions of (30) with various initial values, Case 1.2.

Case 1.3. Let λj = −1, j = 1, 2, 3. The solution of (30) is

υ(t) = υ0

(
k−1

∏
i=1

E0.3

(
−
(

i + 1
i + 2

− i
i + 1

)0.3
))

E0.3

(
−
(

t + 1
t + 2

− k + 1
k + 2

)0.3
)

≤ |υ0|.

Then the solution is stable but not strictly stable. The solution approaches 0 as the
time goes to infinity (see Figure 3).

Case 1.4. Let λj = 1, j = 1, 2, 3 and the switching rule is not activated for t > 5. Then for
t > 5, the solution is

υ(t) = υ0

(
4

∏
i=1

E0.3

((
i + 1
i + 2

− i
i + 1

)0.3
))

E0.3

((
t + 1
t + 2

− 6
)0.3

)
, t > 5,

and since limt→∞ E0.3

((
t+1
t+2 − 6

7

)0.3
)

= E0.3

((
1
7

)0.3
)

< ∞ the solution is

strictly stable (see Figure 4).
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1 2 3 4 5

0.5

1.0

1.5

2.0

v0=1

v0=2

Figure 3. Graphs of sample path solutions of (30) with various initial values, Case 1.3.

10 20 30 40 50

2

4

6

8

10

12

14

bound for v0=1

bound for v0=2

v0=1

v0=2

Figure 4. Graphs of sample path solutions of (30) with various initial values, Case 1.4.

Case 2. Let θk(t) = t. In this case, GCFF is reduced to a Caputo fractional derivative. Then,
θi(i)− θi(i − 1) = 1, i = 0, 1, 2, . . . .

Case 2.1. Let λj = 1, j = 1, 2, 3. Then the solution of (30) is

υ(t) = υ0(E0.3(1))
k−1E0.3

(
(t − k)0.3

)
, t ∈ (k, k + 1].

The solution is unbounded (see Figure 5). It is not strictly stable.

1 2 3 4 5 6
t

50,000

100,000

150,000

200,000

250,000

v(t)

v0=1

v0=0.5

Figure 5. Graphs of sample path solutions of (30) with various initial values, Case 2.1.
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Case 2.2. Let λj = (−1)j, j = 1, 2, 3. The solution of (30) is

υ(t) = υ0

(
k−1

∏
i=1

E0.3

(
(−1)Ki

))
E0.3

(
(−1)Kk (t − k)0.3

)
, t ∈ (k, k + 1].

The solution is unbounded on the whole interval (see Figure 6) and is not
strictly stable.

2 4 6 8
t

2

4

6

8

10

v(t)

v0=1

v0=0.5

Figure 6. Graphs of sample path solutions of (30) with various initial values, Case 2.2.

Case 2.3. Let λj = (−1)j, j = 1, 2, 3 and the switching rule is not activated for t > 3. The
solution of (30) is

υ(t) = υ0E0.3

(
(−1)1

)
E0.3

(
(−1)2

)
E0.3

(
(−1)3

)
E0.3

(
(−1)1(t − 3)0.3

)
, t > 3.

Then, since limt→∞ E0.3

(
−(t − 3)0.3

)
= 0, the solution of (30) is approaching

0 as the time t → ∞ (see Figure 7). The solution is not strictly stable.

2 4 6 8
t

0.5

1.0

1.5

2.0

2.5

3.0

3.5

v(t)

v0=1

v0=0.5

Figure 7. Graphs of sample path solutions of (30) with various initial values, Case 2.3.
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Case 3. We now change the switching rule σ(t) = k + 1, t ∈ [k, k + 1), k = 0, 1, 2, 3, . . . . Let
m = ∞ and M = {0, 1, 2, 3, . . . }, θk(t) = t, λk = (−0.5)k, k = 0, 1, 2, . . . . The solution
of (30) is

υ(t) = υ0

k−1

∏
i=0

E0.3

(
(−0.5)i+1

)
E0.3

(
(−0.5)k(t − k)0.3

)
, t ∈ (k, k + 1], k = 0, 1, 2, . . . .

Then limk→∞(−0.5)k = 0, limk→∞ E0.3((−0.5)k) = 1, and E0.3((−0.5)k+1) ≥
E0.3(−1). The solution of (30) satisfies |υ0|E0.3(−1) ≤ |υ(t)| ≤ |υ0| and the zero
solution is strictly stable (see Figure 8).

1 2 3 4 5 6 7
t

0.5

0.6

0.7

0.8

0.9

1.0

E0.3(t)

E0.3[0])

E0.3[-1]

solution v0=1

Figure 8. Graphs of sample path solutions of (30) with υ0 = 1, Case 3.

5. Main Results
We obtain sufficient conditions for strict stability of SFDEGCFF (9) by Lyapunov functions.

Definition 4. The function V(.) : Rn → [0, ∞) is from the class Λ(Rn
) if V(.) ∈ C(Rn, [0, ∞))

is continuously differentiable.

We will use the followings set:

K = {a ∈ C[R+,R+] : a is strictly increasing and a(0) = 0}.

Theorem 1. Suppose the following conditions are satisfied:

1. ρ ∈ (0, 1) and θk ∈ P([Υk, Υk+1]), k = 0, 1, 2, . . . ..
2. Condition (H) holds.

3. There exist convex functions V (1)
j ∈ Λ(Rn

), j ∈ M, such that V (1)
K0

(0) = 0 and

(i) there exist functions aj ∈ K, j ∈ M such that for all j ∈ M, the inequalities

aj(||x||) ≤ V (1)
j (x), x ∈ Rn, hold;

(ii) there exist functions µj ∈ C([0, ∞), [0, ∞)), j ∈ M, such that for any function
y∗(t) ∈ SCρ([0, ∞),Rn

), the inequalities

n

∑
i=1

∂

∂yi
V (1)
Kk

(y∗(t))FKk ,i(t, y∗(t)) < −µKk

(
V (1)
Kk

(y∗(t))
)

, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

hold, where Kk ∈ M are values of the switching rule;
(iii) there exist constants νj ≥ 1, j ∈ M, such that V (1)

Kk
(x) ≤ νKk+1

V (1)
Kk+1

(x) for any

x ∈ Rn and k = 0, 1, 2, 3....
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4. There exist functions V (2)
j ∈ Λ(Rn

), j ∈ M, and for any δ̂ > 0, there exists ε̂ > 0 such

that for any x ∈ Qδ̂ = {x ∈ Rn, x = (x1, x2, . . . , xn) : |xi| > δ̂, i = 1, 2, . . . , n}, the

inequality V(2)
K0

(x) > ε̂ holds and

(iv) there exist functions bj ∈ K, j ∈ M, such that the inequalities V (2)
j (x) ≤ bj(||x||) for

x ∈ Rn, j ∈ M, hold;
(v) there exist functions ηj ∈ C([0, ∞), [0, ∞)), j ∈ M, such that for any solution

y∗(t) ∈ SCρ([0, ∞),Rn
) of (9) the inequalities

CDρ,θk
Υk

V (2)
Kk

(y∗(t)) > ηKk

(
V (2)
Kk

(y∗(t))
)

, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . , (17)

hold;
(vi) there exist constants γj ∈ (0, 1], j ∈ M, such that V (2)

Kk
(x) ≥ γKk+1

V (2)
Kk+1

(x) for any

x ∈ Rn and k = 0, 1, 2, 3....

Then the zero solution of the SFDEGCFF (9) is strictly stable.

Proof. Let ε1 > 0 be an arbitrary number and aε1 = mink∈M ak(ε1). Since V (1)
K0

(0) = 0,

there exists a δ3 ∈ (0, a(ε1)) such that V (1)
K0

(x) < 0.5aε1 for x ∈ Rn, ||x|| < δ3.

Let δ1 = δ3√
n and δ2 ∈ (0, δ1) be an arbitrary number. Choose the initial value

y(0) ∈ Rn, y(0) = (y(0)1 , y(0)2 , . . . , y(0)n ), of SFDEGCFF (9), such that

δ2 < |y(0)j | < δ1, j = 1, 2, . . . , n, (18)

and let y∗(t) ∈ SCρ([0, ∞),Rn
) be a solution of (9) for the initial value y(0).

From (18), it follows that (y(0)j )2 < δ2
1 , j = 1, 2, . . . , n, and ||y(0)|| <

√
nδ1 = δ3.

Therefore, V (1)
K0

(y(0)) < 0.5aε1 .
The conditions of Lemma 6 are satisfied on the interval [Υk, Υk+1], k = 0, 1, 2, . . . ,

because y∗(t) ∈ Cρ([Υk, Υk+1],Rn, θk), V (1)
Kk

∈ C1(Rn, [0, ∞)) is convex, and there-

fore, according to Lemma 6, with a = Υk, θ = θk, x(.) = y∗(.), V(x) = V (1)
Kk

(x),

the inequality CDρ,θk
Υk

V (1)
Kk

(y∗(t)) ≤ ∑n
i=1

∂
∂xi

V (1)
Kk

(y∗(t)) CDρ,θk
Υk

y∗
i (t) holds on (Υk, Υk+1].

Then apply condition 3(ii); note that the function y∗(t) is a solution of (9), i.e., CDρ,θk
Υk

y∗
i (t) = FKk ,i(t, y∗(t)), and so we have

CDρ,θk
Υk

V (1)
Kk

(y∗(t)) ≤
n

∑
i=1

∂

∂yi
V (1)
Kk

(y∗(t))FKk ,i(t, y∗(t))

< −µKk

(
V (1)
Kk

(y∗(t))
)

, t ∈ (Υk, Υk+1], k = 0, 1, 2, 3, . . . .

Consider the scalar SFDEGCFF (13) with Gk(.) = −µk(.) ≤ 0 and υ0 = V (1)
K0

(y(0)) + 0.5aε1 > 0. Denote its solution by υ(t). According to Lemma 8, the inequality

υ(t) ≤ υ0 = V(1)
K0

(y(0)) + 0.5aε1 < aε1 , t ≥ 0 (19)

holds.
Define the function ς1(t) = V (1)

Kk
(y∗(t)), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . . From in-

equalities (19), condition 3(iii), 1
νk

≤ 1, and ς1(Υk+) = V (1)
Kk

(y∗(Υk+)) ≤ 1
νk
V (1)
Kk−1

(y∗(Υk+)) = 1
νk
V (1)
Kk−1

(y∗(Υk−)) ≤ V (1)
Kk−1

(y∗(Υk−)) = ς1(Υk−), it follows that the func-

tion ς1(.) ∈ SCρ([0, ∞),R) satisfies (14) with Gk(.) = −µk(.) ≤ 0 and ς1(0) = V (1)
K0
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(y(0)) < V (1)
K0

(y(0)) + 0.5aε1 = υ0. According to Lemma 10, the inequality ς1(t) < υ(t)
for t ≥ 0 holds. Therefore, from condition 3(i) and inequality (19), we obtain for any
k = 0, 1, 2, . . .

aKk
(||y∗(t)||) ≤ V(1)

Kk
(y∗(t)) = ς1(t) < υ(t) < aε1 ≤ aKk

(ε1), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

or
||y∗(t)|| < ε1, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . . (20)

From condition 4, it follows that for δ̂ = δ2 > 0, there exists ε̂ > 0 such that for
any x ∈ Qδ2 = {x ∈ Rn, x = (x1, x2, . . . , xn) : |xi| > δ2, i = 1, 2, . . . , n}, the inequality

V(2)
K0

(x) > ε̂ holds. From (18), it follows that y(0) ∈ Qδ2 and V(2)
K0

(y(0)) > ε̂. Let ε2 = ε̂
1.5 and

ε3 = mink∈M b−1
k (ε2).

Consider the scalar SFDEGCFF (13) with Gk(.) = ηk(.) ≥ 0 and υ0 = V (2)
K0

(y(0))− 0.5ε2 > 1.5ε2 − 0.5ε2 = ε2 > 0. Denote its solution by w(t). According to Lemma 9,
the inequality

w(t) ≥ υ0 = V (2)
K0

(y(0))− 0.5ε2 > ε2, t ≥ 0 (21)

holds.
Define the function ς2(t) = V (2)

Kk
(y∗(t)), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . . From

condition 4(vi), 1
γk

≥ 1, and ς2(Υk+) = V (2)
Kk

(y∗(Υk+)) ≥ 1
γk
V (2)
Kk−1

(y∗(Υk+)) = 1
γk

V (2)
Kk−1

(y∗(Υk−)) ≥ V (2)
Kk−1

(y∗(Υk−)) = ς2(Υk−) it follows that the function ς2(.) ∈ SCρ

((0, ∞),R) satisfies (15) with Gk(.) = ηk(.) ≥ 0 and ς0 = ς2(0) = V (2)
K0

(y(0)) > V (2)
K0

(y(0))− 0.5ε2 = υ0. According to Lemma 11, the inequality ς2(t) > w(t), t ≥ 0, holds.
From condition 4(iv) and inequality (21), we obtain

bKk
(||y∗(t)||) ≥ V(2)

Kk
(y∗(t)) = ς2(t) > w(t) > ε2 ≥ bKk

(ε3), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . .

Therefore,
||y∗(t)|| > ε3, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . . (22)

Inequalities (18), (20), and (22) prove the claim.

Remark 3. In the special case when there exists one Lyapunov function in condition 3 of Theorem 1
(i.e., there exist a convex function V (1)(x) ≡ V (1)

j (x), V (1)(0) = 0 such that conditions 3(i) and
3(ii) are satisfied), we do not need condition 3(ii). A similar remark applies to conditions 4 (vi).

In the general case, we need to compare any two consecutive Lyapunov functions V (1)
Kk−1

(x)

and V (1)
Kk

(x) because in Theorem 1, at any switching time Υk, we consider the Lyapunov function

V (1)
Kk−1

(y∗(t)) for t ∈ (Υk−1, Υk] and the Lyapunov function V (1)
Kk

(y∗(t)) for t ∈ (Υk, Υk+1], so a
comparison is needed as in condition 3(iii). A similar remark applies to condition 4(vi).

In the case of linear functions in conditions 3(ii) and 4(v) for the Lyapunov functions,
we obtain the following result:

Corollary 4. Suppose all the conditions of Theorem 1 are satisfied with µk(υ) = αkυ, and ηk(υ) =

βkυ for υ ∈ R, k ∈ M, in conditions 3(ii) and 4(v), respectively, where αk > 0, βk > 0
are constants.

Then, the zero solution of the SFDEGCFF (9) is strictly stable.
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In the case of zero bounds in condition 3(ii) and 4(v) for the Lyapunov functions, we
obtain the following result:

Corollary 5. Suppose all the conditions of Theorem 1 are satisfied with conditions 3(ii) and 4(v)
replaced by

- 3(ii) for any function y∗(t) ∈ SCρ([0, ∞),Rn
), the inequalities

n

∑
i=1

∂

∂yi
V (1)
Kk

(y∗(t))FKk ,i(t, y∗(t)) ≤ 0, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

hold, where Kk ∈ M are values of the switching rule;

- 4(v) for any solution y∗(t) ∈ SCρ([0, ∞),Rn
) of (9), the inequalities

CDρ,θk
Υk

V (2)
Kk

(y∗(t)) ≥ 0, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

hold;

respectively.
Then, the zero solution of the SFDEGCFF (9) is strictly stable.

Proof. We will follow the ideas in the proof of Theorem 1.
Let ε1 > 0 be an arbitrary number and aε1 = mink∈M ak(ε1). Since V (1)

K0
(0) = 0, there

exists a δ3 ∈ (0, a(ε1)) such that V (1)
K0

(x) < aε1 for x ∈ Rn, ||x|| < δ3.

Let δ2 ∈ (0, δ1) be an arbitrary number and δ1 = δ3√
n . Choose the initial value

y(0) ∈ Rn, y(0) = (y(0)1 , y(0)2 , . . . , y(0)n ), of SFDEGCFF (9), such that

δ2 < |y(0)j | < δ1, j = 1, 2, . . . , n, (23)

and let y∗(t) ∈ SCρ([0, ∞),Rn
) be a solution of (9) for the initial value y(0). From inequali-

ties (23), we have ||y(0)|| <
√

nδ1 = δ3, and therefore, V (1)
K0

(y(0)) < aε1 .
The conditions of Lemma 6 are satisfied on the interval [Υk, Υk+1], k = 0, 1, 2, . . . ,

because y∗(t) ∈ Cρ([Υk, Υk+1],Rn, θk), V
(1)
Kk

∈ C1(Rn, [0, ∞)) is convex and therefore ac-

cording to Lemma 6 with a = Υk, θ = θk, x(.) = y∗(.), V(x) = V (1)
Kk

(x) the inequality
CDρ,θk

Υk
V (1)
Kk

(y∗(t)) ≤ ∑n
i=1

∂
∂xi

V (1)
Kk

(y∗(t)) CDρ,θk
Υk

y∗
i (t) holds on (Υk, Υk+1]. From condition

3(ii) of Corollary 5, we have

CDρ,θk
Υk

V (1)
Kk

(y∗(t)) ≤
n

∑
i=1

∂

∂yi
V (1)
Kk

(y∗(t))FKk ,i(t, y∗(t)) ≤ 0, t ∈ (Υk, Υk+1], k = 0, 1, 2, 3, . . . .

Therefore, for any k = 0, 1, 2, . . . , there exists a function Yk ∈ C([Υk, Υk+1], [0, ∞)) such
that CDρ,θk

Υk
V(1)
Kk

(y∗(t)) + Yk(t) = 0, t ∈ (Υk, Υk+1], or CDρ,θk
Υk

V(1)
Kk

(y∗(t)) = −Yk(t) for

t ∈ (Υk, Υk+1]. Define the function ς1(t) = V(1)
Kk

(y∗(t)), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . . Ac-

cording to Corollary 2, we have ς1(t) ≤ V(1)
K0

(y(0)) < aε1 .
Therefore, from condition 3(i), we obtain for any k = 0, 1, 2, . . .

aKk
(||y∗(t)||) ≤ V (1)

Kk
(y∗(t)) = ς1(t) < aε1 ≤ aKk

(ε1), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

or
||y∗(t)|| < ε1, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . . (24)
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From condition 4 of Theorem 1, it follows that for δ̂ = δ2 > 0 there exists ε̂ > 0
such that for any x ∈ Qδ2 = {x ∈ Rn, x = (x1, x2, . . . , xn) : |xi| > δ2, i = 1, 2, . . . , n}
the inequality V(2)

K0
(x) > ε̂ holds. From inequalities (23), it follows that y(0) ∈ Qδ2 and

V(2)
K0

(y(0)) > ε̂. Let ε2 = ε̃ and ε3 = mink∈M b−1
k (ε2).

Consider the scalar SFDEGCFF (13) with Gk(.) = ηk(.) ≥ 0 and υ0 = V (2)
K0

(y(0)) > 0.
Denote its solution by w(t). According to Lemma 9, the inequality

w(t) ≥ V (2)
K0

(y(0)) > ε2, t ≥ 0 (25)

holds.
Define the function ς2(t) = V (2)

Kk
(y∗(t)), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . . From con-

dition 4(v) of Corollary 5, it follows that for any k = 0, 1, 2, . . . , there exists a func-
tion Yk ∈ C([Υk, Υk+1], [0, ∞)) such that CDρ,θk

Υk
ς2(t) − Yk(t) = 0, t ∈ (Υk, Υk+1], or

CDρ,θk
Υk

ς2(t) = Yk(t), for t ∈ (Υk, Υk+1]. According to Corollary 3, we have ς2(t) ≥ V (2)
K0

(y(0)) > ε2, t ∈ (Υk, Υk+1].
From condition 4(iv) and inequality (25), we obtain

bKk
(||y∗(t)||) ≥ V (2)

Kk
(y∗(t)) = ς2(t) ≥ V (2)

K0
(y(0)) > ε2 ≥ bKk

(ε3), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . .

Therefore,
||y∗(t)|| > ε3, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . . (26)

Inequalities (23), (24), and (26) prove the claim.

We now combine Corollary 4 and Corollary 5.

Corollary 6. Suppose all the conditions of Theorem 1 are satisfied with conditions 3(ii) and 4(v)
replaced by

- 3(ii) for any function y∗(t) ∈ SCρ([0, ∞),Rn
), the inequalities

n

∑
i=1

∂

∂yi
V (1)
Kk

(y∗(t))FKk ,i(t, y∗(t)) < −αkV(1)
Kk

(y∗(t)), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

hold, where Kk ∈ M are values of the switching rule and αk > 0, k ∈ M, are constants;

- 4(v) for any solution y∗(t) ∈ SCρ([0, ∞),Rn
) of (9), the inequalities

CDρ,θk
Υk

V (2)
Kk

(y∗(t)) ≥ 0, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

hold, where gβk > 0, k = 0, 1, 2, . . . , are constants;

respectively.
Then, the zero solution of the SFDEGCFF (9) is strictly stable.

Corollary 7. Suppose all the conditions of Theorem 1 are satisfied with conditions 3(ii) and 4(v)
replaced by

- 3(ii) for any function y∗(t) ∈ SCρ([0, ∞),Rn
), the inequalities

n

∑
i=1

∂

∂yi
V (1)
Kk

(y∗(t))FKk ,i(t, y∗(t)) ≤ 0, t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

hold, where Kk ∈ M are values of the switching rule;
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- 4(v) for any solution y∗(t) ∈ SCρ([0, ∞),Rn
) of (9), the inequalities

CDρ,θk
Υk

V (2)
Kk

(y∗(t)) > βkV
(2)
Kk

(y∗(t)), t ∈ (Υk, Υk+1], k = 0, 1, 2, . . . ,

hold, where βk > 0, k ∈ M, are constants,

respectively.
Then, the zero solution of the SFDEGCFF (9) is strictly stable.

We will now illustrate some of the sufficient conditions obtained above.

Example 2. Let n = 2, m = 2, M = {1, 2} and the functions Fk : [0, ∞) ×R2 → R2,
Fk(t, 0) = 0, k = 1, 2, . . . , F1 = (F1,1,F1,2), F2 = (F2,1,F2,2), are defined by

F1,1(t, x, y) = x, F1,2(t, x, y) = −y + 2yx2 ey2

1 − ey2 .

F2.1(t, x, y) = 2x, F2,2(t, x, y) = −y + 1.5y3x2 ey4

1 − ey4 .

Let the sequence {Kk}∞
k=0 be defined by

Kk =

1 if k is an even,

2 if k is an odd.

Let Υk = k, k = 0, 1, 2, 3, . . . and the switching rule σ(t) = Kk ∈ M for k ≤ t < k + 1,
k = 0, 1, 2, 3, . . . .

Let θk(t) = θ(t) ∈ P([0, ∞), k = 1, 2 and ρ = 0.3.
Consider the following IVP for SFDEGCFF

CD0.3,θ(t)
k x(t) = Fσ(t),1(t, x(t), y(t)),

CD0.3,θ(t)
k y(t) = Fσ(t),2(t, x(t), y(t)), t ∈ (k, k + 1], k = 0, 1, 2, . . . ,

x(k−) = x(k+), y(k−) = y(k+), k = 1, 2, . . . ,

x(0) = x0, y(0) = y0,

(27)

or its equivalent

CD0.3,θ(t)
k x(t) = x(t), t ∈ (k, k + 1], k = 0, 2, 4 . . . ,

CD0.3,θ(t)
k y(t) = −y(t) + 2y(t)x2(t)

ey2(t)

1 − ey2(t)
, t ∈ (k, k + 1], k = 0, 2, 4 . . . ,

CD0.3,θ(t)
k x(t) = 2x(t), t ∈ (k, k + 1], k = 1, 3, 5 . . . ,

CD0.3,θ(t)
k y(t) = −y(t) + y3(t)x2(t)

ey4(t)

1 − ey4(t)
, t ∈ (k, k + 1], k = 1, 3, 5 . . . ,

x(k−) = x(k+), y(k−) = y(k+), k = 1, 2, . . . ,

x(0) = x0, y(0) = y0.

(28)

Let (x(t), y(t)) be a solution of (27).
Consider the convex Lyapunov functions V(1)

1 (x, y) = x2 + y2 and V(1)
2 (x, y) = 0.5x2 + 2y2 ≥

0.5(x2 + y2) for x, y ∈ R. Then condition 3(i) of Theorem 1 is satisfied with ak(u) = 0.5u2.
Condition 3(iii) is satisfied with νK1 = 1 and νK2 = 2.
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Note for k = 0, 2, 4, 6, . . . applying y2 ey2

1−ey2 ≤ −1, we have

∂

∂x
V (1)
Kk

(x(t), y(t))FKk ,1(t, x(t), y(t)) +
∂

∂y
V (1)
Kk

(x(t), y(t))FKk ,2(t, x(t), y(t))

=
∂

∂x
V (1)

1 (x(t), y(t))F1,1(t, x(t), y(t)) +
∂

∂y
V (1)

1 (x(t), y(t))F1,2(t, x(t), y(t))

= 2x2(t) + 2y(t)(−y(t) + 2y(t)x2(t)
ey2(t)

(1 − ey2(t))
)

= 2x2(t)− 2y2(t) + 4y2(t)x2(t)
ey2(t)

1 − ey2(t)
≤ 2x2(t)− 2y2(t)− 4x2(t) ≤ 0,

(29)

i.e., condition 3(ii) of Corollary 5 is satisfied for the functions V (1)
Kk

, k = 0, 2, 4, . . . .

Similarly, for k = 1, 3, 5, 7, . . . , applying y4 ey4

1−ey4 ≤ −1, we have

∂

∂x
V (1)
Kk

(x(t), y(t))FKk ,1(t, x(t), y(t)) +
∂

∂x
V (1)
Kk

(x(t), y(t))FKk ,2(t, x(t), y(t))

=
∂

∂x
V (1)

2 (x(t), y(t))F2,1(t, x(t), y(t)) +
∂

∂y
V (1)

2 (x(t), y(t))F2,2(t, x(t), y(t))

= x2(t) + 4y(t)(−y(t) + y3(t)x2(t)
ey4(t)

1 − ey4(t)
)

= x2(t)− 4y2(t) + 4y4(t)x2(t)
ey4(t)

(1 − ey4(t))
)

≤ x2(t)− 4y2(t)− 4x2(t) ≤ 0,

i.e., condition 3(ii) of Corollary 5 is satisfied for the functions V (1)
Kk

, k = 1, 3, 5, 7, . . . .

Consider the Lyapunov functions V (2)
1 (x, y) = x2 and V (2)

2 (x, y) = ex2 − 1 for x, y ∈ R; i.e.,
condition 4(iv) of Theorem 1 is satisfied with b(υ) = υ2, k = 0, 1, 2, . . . .

Also, condition 4 of Theorem 1 holds for the function V (2)
1 (x, y). Indeed, let δ̃ > 0 be

an arbitrary number, ε̃ = δ̃2, and let (x, y) ∈ Qδ̃ = {(x, y) : |x| > δ̃, |y| > δ̃}. Then

V (2)
1 (x, y) = x2 > δ̃2 = ε̃.

Note that the solution of the equation

CD0.3,t
k x(t) = x(t) (30)

is (see Lemma 7 and Figure 9)

x(t) = x0

(
k−1

∏
i=1

E0.3

(
(θ(i)− θ(i − 1))0.3

))
E0.3

(
(θ(t)− θ(k))0.3

)
, t ∈ (k, k + 1].

Apply d
dt E0.3

(
(θ(t)− θ(k))0.3

)
= θ′(t)

E0.3,0.3

(
(θ(t)−θ(k))0.3

)
(θ(t)−θ(k))0.7 and get for t ∈ (k, k + 1]

d
dt

x(t) = x0

(
k−1

∏
i=1

E0.3

(
(θ(i)− θ(i − 1))0.3

))
θ′(t)

E0.3,0.3

(
(θ(t)− θ(k))0.3

)
(θ(t)− θ(k))0.7 .

Then for k = 0, 2, 4, 6, . . . we have
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d
dt
V (2)
Kk

(x(t), y(t)) =
d
dt
V (2)

1 (x(t), y(t)) = 2x(t)
d
dt

x(t)

= 2x2
0

(
k−1

∏
i=1

E0.3

(
(θ(i)− θ(i − 1))0.3

))
E0.3

(
(θ(t)− θ(k))0.3

)

×
(

k−1

∏
i=1

E0.3

(
(θ(i)− θ(i − 1))0.3

))
θ′(t)

E0.3,0.3

(
(θ(t)− θ(k))0.3

)
(θ(t)− θ(k))0.7 ≥ 0, t ∈ (k, k + 1], k = 0, 1, . . . .

1 2 3 4 5
t

10

20

30

40

50

60

v(t)

θ(t)= t+1
t+2

θ(t)=1--t

θ(t)=2- 1

t+1

Figure 9. Graphs of solutions of (30) with various weights θ(.) in GCFF.

Similarly, for k = 1, 3, 5, 7, . . . we have

d
dt
V (2)
Kk

(x(t), y(t)) =
d
dt
V (2)

2 (x(t), y(t)) = 2x2(t)ex2(t) d
dt

x(t) ≥ 0,

where x(t) is a solution of CD0.3,θ(t)
k x(t) = 2x(t) t ∈ (k, k + 1], k = 1, 3, 5 . . . , (see Lemma 7),

i.e.,

x(t) = x0

(
k−1

∏
i=1

E0.3

(
2(θ(i)− θ(i − 1))0.3

))
E0.3

(
2(θ(t)− θ(k))0.3

)
, t ∈ (k, k + 1]

and

d
dt

x(t) = 2x0

(
k−1

∏
i=1

E0.3

(
2(θ(i)− θ(i − 1))0.3

))
θ′(t)

E0.3,0.3

(
2(θ(t)− θ(k))0.3

)
(θ(t)− θ(k))0.7 .

Therefore, CD0.3,θ(t)
k V (2)

2 (x(t), y(t)) ≥ 0; i.e., condition 4(v) of Corollary 5 is satisfied.
According to Corollary 5, the zero solution of SFDEGCFF (27) is strictly stable.

6. Conclusions
In this paper, a nonlinear system of switched fractional differential equations with

GCFF is studied. The switching rule is a piecewise constant function activated at any of its
points of discontinuity, called switching times. The applied GCFF changes its lower limits
at any switching time. Also, the applied function in GCFF changes at any interval of two
consecutive switching times. We define and study strict stability for the given system. We
apply Lyapunov functions and initially we prove some inequalities for the GCFF of convex
Lyapunov functions. These inequalities allow us to avoid the application of the GCFF of
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Lyapunov functions in the sufficient conditions. Some examples are given to illustrate the
theoretical results.

It would be interesting to consider and study the case of a fixed lower limit of GCFF at
the initial time. This changes not only the statement of the problem but also the study of
stability and the Lyapunov functions.

It would also be interesting to extend our results to various switching models of neural
networks and some population models. This topic goes beyond the scope of this paper and
will be a challenging issue for future research.
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