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Abstract

This paper studies a nonlinear system of switched fractional differential equations with
generalized Caputo fractional derivatives with respect to another function. The main
characteristics of these fractional derivatives are twofold: the lower limit of the fractional
derivative equals the switching time, and the applied function in the fractional derivative
changes in each interval between two consecutive switching times. Several comparison
results and some results for the fractional derivative of convex Lyapunov functions are
obtained. Also, strict stability of the zero solution is defined and sufficient conditions
for strict stability of the system are obtained. The auxiliary results allow us to avoid
the application of fractional derivatives of convex Lyapunov functions in our sufficient
conditions. The conditions depend significantly on the type of switching rule and the
switching points.

Keywords: strict stability; Caputo derivatives with respect to another function; fractional
differential equations; switching rule; Lyapunov functions
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1. Introduction

One type of stability is strict stability, which gives information on the rate of decay
of the solutions. Strict stability requires solutions to remain bounded within a strict lower
and upper non-zero bound over time, whereas stability only requires solutions to stay
within an upper bound without dropping below a lower threshold. Strict stability differs
from asymptotic stability since one does not need to approach zero as time approaches
infinity. Strict stability is studied for various types of differential equations, for example,
for ordinary differential equations in [1], for fractional differential equations with CFF
in [2], for delay differential equations with impulses [3-5], for dynamic systems on a time
scale [6,7] and for Caputo fractional differential equations [8].

In this paper, we study a nonlinear fractional differential equation with two main
characteristics: a switching rule is given and this determines the function from an initially
given set of functions, and the fractional derivative is a generalized Caputo fractional
derivative with respect to another function (GCFF) (here, both the lower limit and the
applied function could change on each interval between two consecutive switching times).

Note that the generalized Caputo fractional derivative with respect to another
function, defined in [9], is a generalization of the Caputo fractional derivative [9], the
Caputo-Hadamard fractional derivative [10,11] and the Caputo—Erdelyi-Kober fractional
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derivative [12]. Also, this type of derivative is applied and studied in various problems;
see, for example, [13-16].

We begin by presenting some comparison results for scalar switched fractional differ-
ential equations with GCFF. An explicit formula is obtained for a scalar linear switched
fractional differential equation with GCFEF. Strict stability is defined for the nonlinear system
of switched fractional differential equations with GCFF and studied by using appropriate
Lyapunov functions. Some results concerning fractional derivatives of convex Lyapunov
functions are obtained.

Strict stability of nonlinear fractional differential equations with GCFF without a
switching rule is studied in [2] using Lyapunov functions and their GCFFE. In this paper, we
prove an inequality about convex Lyapunov functions and their GCFF, and this result allows
us to avoid the application of GCFF of Lyapunov functions in our sufficient conditions. As a
result, our sufficient conditions are easier to check. Additionally, when there is a switching
rule, as in this paper, the applied GCFF could have various functions on each interval
between two consecutive switching times. This leads to stronger sufficient conditions but it
encompasses more general applications. In [17], a nonlinear switched fractional equations
with GCFF is considered and stability properties are studied. In this paper, the lower limit
of the fractional derivative changes at any switching time.

The main contributions in the paper can be summarized as follows:

- Strict stability for nonlinear switched systems of fractional differential equations with
a piecewise constant switching rule is defined and studied.

- Caputo fractional derivatives with respect to another function are applied with the
lower limit and applied function changing at any switching time.

- Lyapunov functions are applied and some inequalities for the Caputo fractional deriva-
tives with respect to another function for convex Lyapunov functions are established.

- Some comparison results for scalar switched fractional differential equations are proven.

- Several sufficient conditions for strict stability of the nonlinear switched system
are obtained.

- The influence of the switching rule, of the applied function in the fractional derivative
on stability and some of the sufficient conditions are illustrated with examples.

2. Preliminary Results for Fractional Differintegrals

Let 0 < a < B < oo be fixed numbers.
Consider the set

P(la, B]) = {6: &, B] — [0,00), 6 € C1([a, B],[0,00)), &'(t) > O fort € («,B)}.

Note, if B = oo, we will consider the half open interval [«, ).
We will give some definitions and results for fractional integrals and derivatives.

Definition 1 ([9]). Let p > 0, 6 € P([a,b]). The Riemann fractional integral with respect to
another function (FIF) of the function v : [, ] — R is defined by (where the integral exists)

t
1PP0(t) = L/ 0/(5)(8(t) — 6(s))° " Lu(s) ds, t€ (aB].
I(p) Ju
Definition 2 ([9]). Let p € (0,1) and the function 6 € P([a,B]). The generalized Caputo
fractional derivative with respect to another function (GCFF) of the function v : [«, f] — R is
defined by (where the integral exists)

CpPu(t) = l"(ll—p) /{:(G(t) —0(s)) Pu'(s)ds, te (ap
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In the case of a vector function, the integral FIF and the derivative GCFF are defined
component-wise.
We will use the set of functions (0 < « < B):

C*((a, B],R",0) = {v € C((a, B], R") : v exists almost everywhere in (a, f]
and there exists GCFF CDg’ev(t) fort € (w, B}

We now provide some results for GCFE.

Lemmal ([2]). Letp € (0,1),60 € Pla, B], v : [a, B] — Rand there exists a point ¢ € (w, B] such
that v(g) = 0, and v(s) < 0 (respectively v(s) > 0), for s € [a,¢) and the GCFF CDﬁ’Gv(t) lt=c

o(0)

exists. Then, if limg_, (W) = 0, we have CDﬁ’ev(t)h:g > 0 (respectively < 0).

Remark 1 ([2]). Note that the condition limg (%) = 0in Lemma 1 is automatically

true if v € C'((a, b], R) (because of L'Hopital’s rule). Also, this condition about the zero limit is
also true if lim, . v'(0) exists and is a real number.

Lemma 2 ([13], Lemma 2). Let p € (0,1) and 0 € P([a, B]). The solution of the initial value
problem for the scalar linear fractional differential equation with GCFF,

CDﬁ’ev(t) = Lou(t), fort € (a,p], and v(a) = vy,
withvg € R, £ € R, is the function
v(t) = voEp(L(6(¢) — 0(a))P), t € [a, B,
where E,(t) is the Mittag—Leffler function of one parameter.

We will use the following special case (fractional order between 0 and 1) of a result proved
in [18]:

Lemma 3. Let p € (0,1), 0 € P(a,pB]) and f € C([a,B] x R,R). A function
v e CP([a, B], IR, 0) is a solution of the problem

DY u(t) = f(t,o(t), t € (a, 8], v(a) = vy, )

if and only if v satisfies the integral equation

1 £, _
u(t) = vy + ﬁp)/« 0'(s)(0(t) — 0(s))f 1f(s,v(s))ds, t € (a, B (2)

Corollary 1. Let p € (0,1), 6 € P([a,B]) and Y € C([a,B], (—00,0]). Then, the solution
v € CP([a, B],R,0) of problem (1) with f(t,v) = Y(t) <0, t € (w, B], satisfies the inequality
v(t) <wvy, te (apl

Lemma 4. Assume the following hold:

1. pe€(0,1),0¢€ ([ap]) and H e C([a,p],R).
2. The function u € CP((w, B], IR, 0) is a solution of the scalar fractional differential inequality
with GCFF

DY u(t) < H(u(t)), fort € (a,Bl.
u(e) < up.

©)
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3. The function v € CP((a, B], R, 0) is a solution of the IVP for the scalar fractional differential

equation with GCFF
“Dio(t) = H(o (1)), ¢ € (a,p] @
v(a) = vy.
Then, the inequality ug < vg implies
u(t) <o(t), t € [a, B 5)

Proof. Assume the contrary; i.e., there existsa point A € («, B] such thatu(t) < v(t), t € [, A)
and u(A) = v(A). According to Lemma 1 and Remark 1, for the function u(t) — v(t) in [a, A],
we have CDE? (u(t) — v(t))|;—a > 0, ie,,

0 0
DY u(t)]i—a = DL 0(t)]1-a = H(v(A)) = H(u(A)).
The last inequality contradicts (3). O

Lemma 5. Assume the following hold:

1. pe(0,1),0¢€ ([ap]) and He C([a,p],R).

2. The function u € CP((a, B], IR, ) is a solution of the scalar fractional differential inequality
with GCFF

CDYPu(t) > H(u(t)), fort € (a,Bl. ©
u(e) > up.
3. The function v € CP((«, B], R, 0) is a solution of the IVP for the scalar fractional differential
equation with GCFF (4).

Then, the inequality ug > vg implies
u(t) >o(t), t € [a, B (7)

The proof of Lemma 5 is similar to the proof in Lemma 4.

We will prove an inequality for the GCFF of convex fractional derivatives of Lyapunov
functions which will be used in the proof of the main results for strict stability. This
inequality will allow us to avoid the application of fractional derivatives of convex functions
in our sufficient conditions. A similar inequality for convex Lyapunov functions and Caputo
fractional derivatives was proved in Theorem 1 [19]. Note that the square Lyapunov
function is a convex function and an inequality for a generalized Caputo proportional
fractional derivative of a quadratic function is proved in [20].

Lemma6. Letp € (0,1),60 € P([,B]) and

1. xeC’(aB],R",0), x=(x1,x2,...,%n).
2. Ve CYR",[0,00)) is convex.

Then .,

DLV (x(t)) < Z%V(x(t)) DO (1), t € (a B,
i=1 1

holds.
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Proof. Lett € (a, ] be fixed. Define the function W(.) : [, {] — R by

1=

W(s) = V(x(s)) = V(x(t)) -,

1

V() (x(s)  xi(6).
1 1

Since the function V(.) is convex, we have W(s) > 0, s € [a,t] and W(t) = 0. Note
W/(s) = Tly 2V (x(s)xi(s) — Ty 4 VIx(8))1(s).
Since W € C!([a, t],R), then I’Hopital’s rule guarantees that

im W)\ L im W'(s) B 1-p _
sit((e(t)—e(s))r)) Jim Cgrs) O —0() 77 =0.

Fi gy . 00 —60) P L s vir(e)ets) - & v

= r(llp) /mt(G(t)—G(s))pr’(s)ds 8)

__ 1 [ W(s) =t o /f o' (s)W(s) ds}
T(1=p) L(0()) = 8(s))F ls=e " T =p) Ju (() — b(s))"™**

1 B W(a) 0 t0/(s)W(s) s
L @ o7t A(ﬂ ) | <o.

Inequality (8) proves the claim. O

3. Some Preliminary Results for Switched Fractional Problems

The switched fractional differential equations depend significantly on the applied
fractional derivative. In this paper, we apply the generalized Caputo fractional derivative
with respect to another function. This derivative depends significantly on its lower limit.
We consider the case when the lower limit changes at each switching time. This approach
is used in the study of switched fractional differential equations in [17,21-23].

Suppose m is a given natural number, M = {1,2,...,m}, and let a family W of
functions F; : [0, 00) x R" - R", F;(t,0) =0, j € M, be given.

Let the sequence of points {Y;}{°: 0=Yp <Y; <Yy <--- <Y1 <Y <... be
given such that limy_,, Yy = co.

Let the sequence of numbers Ky € M, k=0,1,2,..., be given such that for any k, we
have Ky # Ki1.

Consider the switching rule o(t) = Ky € M for Yy <t < Yy,1, k=0,1,2,3,.... We
will assume that ¢ is continuous from the right everywhere. Therefore, the switched rule is
a piecewise function depending on the initially given points Yy, k =1,2,3,...,.

Note that the points Yy, k = 1,2,... are points of the switching of the system, i.e.,
points at which the functions from the set JV are changed and the lower limit and the
applied function in the fractional derivative GCFF are changed.

Leta € R, ¢ > 0. For any function x : [a —¢,a) U (a,a +¢] — R", we define

x(a—) = limg_s4 <4 x(s) and x(a+) = lims_ 4554 X(5).
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Consider the initial value problem (IVP) for the switched fractional differential equa-
tions with GCFF (SFDEGCEFEF):

0
CD(}k’fy(t) =Fo(t,y(t), te (Ye Y1l k=0,1,2,...,
y(Yi—) =y(Yyt), j=12,..., ©)
y(0) = yo
where ygo € R", F, €¢ W, k = 0,1,2,..., p € (0,1) and the functions 6 <
P([Ye, Yesa]), k=0,1,2,....
We will say that condition (H) is satisfied if
(H). For any j € M, the functions IF; € WV, and for any initial value xo : xg € R"
andany k =0,1,2,3,..., the IVP “DP¥x(t) = Fg, (t,x(t)), t € (Yg, Y1) and x(Yg) = xo
has a unique solution x(t) defined for t € (Y, Yi1], where K; € M are values of the
switching rule.

Remark 2. Some sufficient conditions for the existence of Caputo fractional differential equations
are given in [24] and for fractional differential equations with GCFF in [18].

We use the set of functions:
SCP([0,00), R") = {v:]0,00) = R": v € C’((Yg, Yesa],R",0) for k=0,1,2,....}.

Consider the linear scalar case of (9). Let the numbers A; € R, j € M be given and
consider the IVP for a linear scalar SFDEGCFF
D¢ () = Ag,v, fort € (Yy, Yiaal, k=0,1,2,...,
v(Ye—) =v(Yet), k=1,2,..., (10)
v(0) = v

where vy € R.
Lemma?7. Letp € (0,1), 6x € P([Yk, k1)), k=0,1,2,....

Then the solution of the IVP for the linear scalar SFDEGCEF (10) is

k-1
v(t) = vo (H Ep(Ak, (6;(Yig1) — 9z‘(Yz’))p)> Ep(Ak, (0x() — 0k (Yx))?),

i=0
t e (Yk/Yk+1]/ k=0,1,23,...,

(11)

and
(l) Zf)\] S 0, ] € M then |U(t)| S |UO|,‘
(ii) ifA; >0, j € Mthen [u(t)| > |vp).

Proof. We use an induction and Lemma 2 with £ = Ag,, a = Yy, b = Yiyq, 0(.) = k().
Proof of (i). Let A; <0, j € M. Then Ep(Ax, (0;(Yit1) —0;(Y;))f) <1,i=0,1,2,...
and therefore, |v(t)| < |v|.
Proof of (ii). Let A; > 0, j € M. Then E,(Ag, (6;(Yiy1) — 60;(Y;))P) >1,i=0,1,2,...
and therefore, [v(t)| > |vp|. O
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Let the sequence of functions {G;(u)}",, Gk, € C([Yi, Y41, R), k=0,1,2,..., be
given. Consider IVP for the nonlinear scalar SFDEGCEFF:

CDE% () = Gy (v(1)), for t € (Yg, Yesal, k=0,1,2,...,
v(Ye—) =v(Y+), k=1,2,..., (12)
v(0) = vy

or its equivalent
0
CDGo(t) = Gx (0(t)), for t € (Yi, Yl k=0,1,2,...,

v(Yr—) =v(Yx+), k=1,2,..., (13)
v(0) = vy,

where vy € R.

Lemma 8. Suppose p € (0,1), 6 € P([Yg, Yiq1]), and Gg, € C([Yi, Yrs1), (—00,0]),
k =0,1,2,.... Then the solution v € SC’([0,00),R) of (12) satisfies the inequality v(t) <
vg, t > 0.

Proof. We will use induction.
Consider the interval [0, Y;]. According to Lemma 3 and the nonpositiveness of the
function G, (.), we have

1t
v(t) = vo+ W/o 09(5) (B0 (t) — 00(s))P "Gy (v(s))ds < vo, t € (0,Y1]-
Consider the interval (Y1, Ys]. According to Lemma 3, we get for (Y7, Yp] that
v(t) = v(Y1+)

! F(lp) /;1 61() (61() — 61())P "G, (v(s))ds < v(Y1+) = v(Y1-) < vo.

Following this procedure, we obtain the claim. [J
Corollary 2. Suppose p € (0,1), 6 € P([Y, Yyq1]), and Yg, € C([Yg, Yip1], (—00,0]),

k =0,1,2,.... Then, the solution v € SCP([0,00),IR) of problem (12) with Gy, (v(t)) = Yk,
(t) <0, t € (Yr, Ygy1), satisfies the inequality v(t) < vy, t > 0.

The proof of Corollary 2 follows inductively from the application of Corollary 1.
In the case of nonegative functions Gy(.) in (12), we obtain the following result:

Lemma 9. Suppose p € (0,1), 6 € P([Yg, Yiy1]), and Gg, € C([Y, Yi11),[0,00)),
k=0,1,2,.... Then the solution v € SCP(]0,00),R) of (12) satisfies the inequality v(t) > vy,
t>0.

The proof is similar to the one given in Lemma 8, so we omit it.

Corollary 3. Suppose p € (0,1), 0y € P([Y, Yiq1]), and Y, € C([Y, Yita),[0,00)),
k = 0,1,2,.... Then, the solution v € SCP([0,c0),R) of problem (12) with Gy,
(v(t)) = Y, (t) >0, t € (Y, Y1), satisfies the inequality v(t) > vo, t > 0.
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Consider the following nonlinear scalar switched fractional differential inequality
with GCFF corresponding to (13):

9
DY (1) < G (6(1)) for t € (Y, i), k=0,1,2,...,
c(Yit+) <g(Yr—), k=1,2,..., (14)
(0) < go,

where g9 € R.

Lemma 10. Suppose the following conditions hold:

1. [ (O,l), 0 € ,P([Yk,YkJrl]), and GKk c C([Yk,Yk+l],R), k=0,1,2,....

2. The function ¢ € SCP ([0, 00), R) is a solution of inequality (14).

3. The function v € SCP([0,00),R) is a solution of IVP of the scalar SEDEGCFF (13).
Then, ¢o < vo implies ¢(t) < v(t) fort > 0.

Proof. We will use induction.

Consider the interval [0, Y1]. The function g satisfies (3) and the function v satisfies (4)
with H(.) = Gg,(.), « =0, = Y1. According to Lemma 4, the inequality ¢(t) < v(t), t €
[0,Y1] holds.

From (13) and (14), we have ¢(Y1+) < ¢(Y1—) < v(T1—) = v(Th+).

Now, consider the interval (Y7, Y2]. The function ¢ satisfies (3) and the function v
satisfies (4) with H(.) = Gg,(.), « = Ty, B = Ya. According to Lemma 4, the inequality
¢(t) <v(t), t € (Y1, Tp] holds.

Following this procedure, we prove the claim of Lemma 10. O

We now consider the case of the opposite inequalities in (14); i.e., consider the follow-
ing nonlinear scalar switched fractional differential inequality with GCFF:

,0
CDY%G(t) > G, (6(1)) for t € (Y, i), k=0,1,2,...,
c(Yit+) 2 6(Yrk—), k=1,2,..., (15)
6(0) > co,

where ¢ € R.

Lemma 11. Assume that the following conditions hold:

1. [ (0,1), Gk S ,P([Yk,YkJrl]), and GKk c C([Yk,Yk+l],R), k=0,1,2,....
2. The function ¢ € SCP ([0, 00), R) is a solution of inequality (14).
3. The function v € SC([0,00),R) is a solution of IVP of the scalar SEDEGCFF (13).

Then ¢o > vg implies ¢(t) > v(t) fort > 0.
The proof of Lemma 11 is similar to the proof given in Lemma 10, so we omit it.

4. Strict Stability

The main goal of this paper is the study of strict stability of the nonlinear SFDEGCEFF (9).

We use the definition of strict stability for ordinary differential equations introduced
in [1] to SFDEGCEFF (9).

Note that if x € R", we will use the quadratic norm ||x|| in R".

Definition 3. The zero solution of the nonlinear SFDEGCFF (9) is strictly stable if for any
€1 > 0 there exists 61 = 61(€1) > 0 and for any 5, = y(e1), 2 € (0,61) there exists

https://doi.org/10.3390/axioms15090696
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€ = €(8) € (0,8,) such that for any initial value y© ¢ R", y(0) = (ygo),ygo),. . .,y,(qo)),
the inequalities 5y < |y](c0)| <&, k=1,2,...,nimply e; < |ly(t)|| < €1 for t > 0 where
y(.) € SCP([0,00),R") is a solution of the nonlinear SFDEGCFF (9) with initial value y(©).

The applied functions in the fractional derivative and the switching rule have an
influence on the strict stability properties of SFDEGCEFF.

Example 1. Suppose n = 1, m = 3, M = {1,2,3}, and the functions F;(t,x) = Ajx, t >0,
x € R,j=1,2,3, where the constants Aj € R, j =1,2,3, are given.
Let thepoints Y; =i,1=0,1,2,...,and Kgp =1, K311 =2, K510 =3, k=0,1,2,....
Consider the switching rule o(t) = K fork <t <k+1, k=0,1,2,3,....
Let p = 0.3 and 6y € P([k,k+1]), k=0,1,2,3,....
Consider the scalar linear SFEDEGCFF
CD2‘3’9kv(t) = Ak, fort € (k,k+1], k=0,1,2,...,
v(k—)=v(k+), k=1,2,..., (16)
v(0) = vy,

with vy € R and a solution (see Lemma 7)

k

v(t) = vy (]‘[ Eo3(Ak, (6;(i) — 6;(i — 1))0~3)> Eos(Ak, (0 (t) — 6k(K))2), t € (kk+1].
i=1

The functions 6;(.) will be defined later.

Casel. Let the functions 6;(t) = 6(t) with 0(t) = L, t > 0. We have 6;(i) —

(i—1) =45 — 75 € (0,05).

Case1.1. Let /\j =1,j=1,2,3. Then

1 = Eg3(0) < Eo3((8(i) — 0(i — 1))*%) < E3(0.5%3) ~ 4.28455, i =1,2,....

The solution of (30) is

1 . N 03
i+1 i t+1 k+1
U(t)UO<gEO.3<(i+2_i+1> >>E0'3<<t—|—2_k—|—2> >, te (kk+1).

The solution is unbounded (see Figure 1) and is not strictly stable.

Case1.2. Let \j = (—1)/, j =1,2,3. The solution of (30) for t € (k,k+1],k=0,1,2,... is

k-1 i1 i \03 (1 k+1\%
”(t):”0<EE0-3<(_1)K1(1'+2_i+1) >>E°'3<(_1>K <t+2_k+2> )

The solution is unbounded on the whole interval (see Figure 2) and is not
strictly stable.

https://doi.org/10.3390/axioms15090696


https://doi.org/10.3390/axioms15090696

Axioms 2026, 15, 696

10 of 22

401

30

I~ 1 2 3 4 5

Figure 1. Graphs of sample path solutions of (30) with various initial values, Case 1.1.

Figure 2. Graphs of sample path solutions of (30) with various initial values, Case 1.2.

Case13. Let Aj=—1,j=1,2,3. The solution of (30) is

i+1 i \03 P41 k+1)\%3
=uw (] S M e < |l
UO( E03< <z+2 1+1) >>E°-3< <t+2 k+2) < |oo]

Then the solution is stable but not strictly stable. The solution approaches 0 as the
time goes to infinity (see Figure 3).

Case14. Let Aj =1, j = 1,2,3 and the switching rule is not activated for t > 5. Then for
t > 5, the solution is

i+1 i \%3 t+1 6\%3
= E E 0
U°<H °3<<z+2 i+1> )) 03 <<t+2 ) P E>5

0.3 03
and since limy_yeo E0_3<(ﬁr§ - %) > = Ep3 ((;) ) < oo the solution is
strictly stable (see Figure 4).
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Figure 3. Graphs of sample path solutions of (30) with various initial values, Case 1.3.

14
12F
10:— bound for vy=1
i bound for vy=2
S/
N e e Vot
6/ o"‘- V0=2
L ’ "
4
/\:'.'
P12
N N T T
10 20 30 40 50

Figure 4. Graphs of sample path solutions of (30) with various initial values, Case 1.4.

Case2. Let 0 (t) = t. In this case, GCFF is reduced to a Caputo fractional derivative. Then,
0;(i)—6;(i—1)=1,i=0,1,2,....

Case2.1. Let Aj =1, j=1,2,3. Then the solution of (30) is
o(t) = vo(Eos(1) 'Eos((t—0)*), t € (kk+1].
The solution is unbounded (see Figure 5). It is not strictly stable.

v(t)

250,000
200,000
e Vo=1
150,000F 0
r V0=0.5
100,000F
50,000
. . ¢
1 2 3

Figure 5. Graphs of sample path solutions of (30) with various initial values, Case 2.1.
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Case2.2. Let Aj = (—=1)/, j = 1,2,3. The solution of (30) is

k—1
u(t) = vo <H Eo,s((—l)Ki)> Eos ((—1)Kk(t - k)0'3), te (kk+1].
i=1

The solution is unbounded on the whole interval (see Figure 6) and is not

strictly stable.

Figure 6. Graphs of sample path solutions of (30) with various initial values, Case 2.2.

Case2.3. Let Aj = (—=1)J, j = 1,2,3 and the switching rule is not activated for t > 3. The
solution of (30) is

u(t) = voEo3 ((—1)1) Eos ((—1)2) Eos ((—1)3) Eo3 ((—1)1(t - 3)0'3>/ t>3.

Then, since lim;_, E 3 (— (t— 3)0'3) = 0, the solution of (30) is approaching
0 as the time t — oo (see Figure 7). The solution is not strictly stable.

Figure 7. Graphs of sample path solutions of (30) with various initial values, Case 2.3.
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n
0
EleT

Case 3. We now change the switching rule o(t) = k+1,
m = coand M ={0,1,2,3,...
of (30) is

= 1g HE03< —0.5) l+l)Eo3((—0.5)k(t — k)0'3>, te

Then lim_,(—0.5)F = 0, limy_, Eg3((—0.5)F) =
Eo3(—1). The solution of (30) satisfies |vg|Egs(—1) <
solution is strictly stable (see Figure §).

Eos(t)

1.0f

0.9F

Satimn

05F

L L L L L L 1 t

1 2 3 4 5 6 7

L0c(t) =t Ay = (—0.5)K,

telkk+1), k=0,1,23,....Le

k=0,1,2,....

1, and Eo3((—0.5)k1) >
[v(£)] < |vo| and the zero

— Eo23[0])
— Ep3[-1]

— solution vy=1

Figure 8. Graphs of sample path solutions of (30) with vyg = 1, Case 3.

5. Main Results

We obtain sufficient conditions for strict stability of SFDEGCEFF (9) by Lyapunov functions.

Definition 4. The function V(.) : R"
is continuously differentiable.

We will use the followings set:

— [0, 00) is from the class A(R") if V(.) € C(R", [0, 0))

K = {a € C[R4,Ry] : ais strictly increasing and a(0) = 0}.

Theorem 1. Suppose the following conditions are satisfied:

1. pE (0,1) andeEP([Yk,Yk+1]), k=0,1,2,....
2. Condition (H) holds.

3. There exist convex functions V]-(l) e A(R"), j € M, such that Vﬂgo)(o) = 0and

(i)  there exist functions a; € K, j € M such that for
aj(llxl]) < VP (x), x € R”, hold;

(ii) there exist functions p; € C([0,),[0,00)), j € M,

y*(t) € SCP(]0,00), R"), the inequalities

()i, (6, y* (1)) < =, (V) (5" (1)), £ € (Yo Vi),

hold, where Ky € M are values of the switching rule;

(iii) there exist constants v; > 1, j € M, such that Vﬂgk)(x) < kaHVHgk)H(x)for any

]
xeR" andk=0,1,2,3....

https://doi.org/10.3390/axioms15090696
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4. There exist functions Vj(z) c A(R"), j € M,and for any § > 0, there exists & > 0 such
that for any x € Q; = {x € R”, x = (xq,x0,...,%0) ¢ |xi| > 5,i = 1,2,...,n}, the
inequality Vﬂg) (x) > & holds and
(iv) there exist functions b; € KC, j € M, such that the inequalities V]»(z)(x) < b;([|x]|) for

xeR", j € M, hold;

(v) there exist functions 17; € C([0,00),[0,00)), j € M, such that for any solution
y*(t) € SCP(]0,0),R™) of (9) the inequalities

DERVE) (v (1) > i1, (Vﬂg (y*(t))), te (Yo Yol k=0,1,2,..., (17

hold;
(vi) there exist constants y; € (0,1], j € M, such that Vﬂg)( X) > Tk, V]I(<k (x) for any
xeR"andk=0,1,2,3...
Then the zero solution of the SFDEGCEFF (9) is strictly stable.

Proof. Let ¢; > 0 be an arbitrary number and a;, = minge ax(e1). Since Vﬂgo) (0) =0,
there exists a d3 € (0,a(e;)) such that Vﬂgo)(x) < 0.5a,, for x € R", ||x|| < d3.
Let 61 = % and &, € (0,61) be an arbitrary number. Choose the initial value

0 eR", y© = (1,419, y\V), of SFEDEGCFF (9), such that
5z<|y](°)\ <o, j=12,...,n (18)

and let y*(t) € SCP([0, ), R") be a solution of (9) for the initial value y(%).

From (18), it follows that (]/](.O))2 <&, j=12..nand |y < Vné = 8.
Therefore, Vﬂgo) (y©) < 0.5a,,.

The conditions of Lemma 6 are satisfied on the interval [Yy, Yri1], Kk = 0,1,2,...,
because y*(t) € C°([Yx, Yisr1], R, 6)), Vﬂgk) € CY(R",[0,00)) is convex, and there-
fore, according to Lemma 6, witha = Yy, 6 = 6, x(.) = y*(.), V(x) = Vﬂgk)(x),

. . Bk 5(1) 1 e
the inequality CngkVH%k) (y*(t)) < X2y 7 Vﬂ(gk)( “(t)) DY kyi( ) holds on (Y, Y1)

Then apply condition 3(ii); note that the function y*(t) is a solution of (9), i.e., CDP /O
yi (t) = Fx,i(t,y*(t)), and so we have

0
DV (y* ; ayz (8)Fri(t y* (1))
< —px, (VK ) te (Yo, Yenl k=0,1,23,....
Consider the scalar SFDEGCFF (13) with Gi(.) = —pg(.) < 0 and vy = Vﬂ(ﬁlo)
(y©) +0.5a;, > 0. Denote its solution by v(t). According to Lemma 8, the inequality
o(t) < vo = Vi (y®) + 050, < ae,, £>0 (19)
holds.
Define the function ¢1(t) = H%)(y 1), t € (Yg,Ygra), K = 0,1,2,.... From in-
equalities (19), condition 3(iii), Vl—k < 1, and ¢1(Ys+) = Vﬂgk) (y*(Ye+)) < Vikvﬂgk{l

(v (Yp+)) = + Vﬂgk) Ly (V=) < Vﬂ(ﬂ)q (y*(Yr—)) = ¢1(Yg—), it follows that the func-
tion ¢1(.) € SCP([0,),R) satisfies (14) with Gi(.) = —ur(.) < 0 and ¢1(0) = Vﬂ(ﬁlo)
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vy < Vﬂgo) (y©) +0.5a;, = vy. According to Lemma 10, the inequality ¢1(t) < v(t)
for t > 0 holds. Therefore, from condition 3(i) and inequality (19), we obtain for any
k=0,1,2,...

ax, (Ily* (1) < V(3" () = c1(t) < 0(t) < 8, <ag (e1), t€ (Yo Yea) k=0,12,...,

or
ly* ()|l <e1, te€ (Ye, Yeqa), k=0,1,2,.... (20)

From condition 4, it follows that for § = d, > 0, there exists £ > 0 such that for
any x € Q5, = {x € R", x = (x1,x20,..., %) : |xi| > 6p,i = 1,2,...,n}, the inequality
Vﬂg)(x) > £holds. From (18), it follows that y(©) € Qs, and Vﬂg) () > & Lete; = 5 and
£3 = minge g by ' (e2)-

Consider the scalar SFDEGCFF (13) with Gi(.) = #(.) > 0 and vy = VH(<20)
(y©) —0.5e5 > 1.5¢5 — 0.5e5 = €5 > 0. Denote its solution by w(t). According to Lemma 9,
the inequality

w(t) > vy = Vg (y0) — 056, > &5, £ >0 (1)

holds.
Define the function ¢y(t) = V(z)( ), t € (Yg,Yrs1), K = 0,1,2,.... From
condition 4(vi), % > 1, and co(Yp+) = VP )(y (Yet)) > 2 Vﬂg() (Y (Yit)) = %
VH%(),l(y* (Yr—)) > Vﬂ(éil(y (Yr—)) = ¢2(Yx—) it follows that the function g(.) € SCP

((0,00), R) satisfies (15) with Gy(.) = #(.) > 0and g0 = ¢2(0) = V& (y@) > VT
(y©) — 0.5e; = vy. According to Lemma 11, the inequality ¢ (t) > w(t), t > 0, holds.
From condition 4(iv) and inequality (21), we obtain

b, (ly*(B)11) = VE(y* (1) = o) > w(t) > &2 > by (e3), £ € (Y, Yera) k=0,1,2,....

Therefore,
ly* (O]l > e, t€ (Y, Yeal k=0,1,2,.... (22)

Inequalities (18), (20), and (22) prove the claim. [

Remark 3. In the special case when there exists one Lyapunov function in condition 3 of Theorem 1
(i.e., there exist a convex function V) (x) = Vj(l) (x), V(0) = 0 such that conditions 3(i) and
3(ii) are satisfied), we do not need condition 3(ii). A similar remark applies to conditions 4 (vi).

In the general case, we need to compare any two consecutive Lyapunov functions Vﬂgk)—l (x)

and Vﬂgk) (x) because in Theorem 1, at any switching time Yy, we consider the Lyapunov function

Vﬂgk)—l (y*(t)) for t € (Yx_1, Yg] and the Lyapunov function Vﬂgk) (y*(t)) for t € (Y, Ygi1),500a
comparison is needed as in condition 3(iii). A similar remark applies to condition 4(vi).

In the case of linear functions in conditions 3(ii) and 4(v) for the Lyapunov functions,
we obtain the following result:

Corollary 4. Suppose all the conditions of Theorem 1 are satisfied with yy(v) = axv, and g (v) =
Brv for v € R, k € M, in conditions 3(ii) and 4(v), respectively, where a > 0,B; > 0
are constants.

Then, the zero solution of the SEDEGCFF (9) is strictly stable.
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In the case of zero bounds in condition 3(ii) and 4(v) for the Lyapunov functions, we
obtain the following result:

Corollary 5. Suppose all the conditions of Theorem 1 are satisfied with conditions 3(ii) and 4(v)
replaced by

- 3(ii) for any function y*(t) € SCP(]0,00), R"), the inequalities
9y

1) o *
g Kk (y (t))]FKk,i(t/y (i’)) <0, te (Yk/Yk+1]/ k=0,1,2,...,

1=

hold, where Ky € M are values of the switching rule;
-4(v) for any solution y*(t) € SC([0,00), R") of (9), the inequalities

,0 2 *
DYVR (v (1) > 0, te (Yo Yol k=0,12,...,

hold;

respectively.
Then, the zero solution of the SEDEGCFF (9) is strictly stable.

Proof. We will follow the ideas in the proof of Theorem 1.

Let &1 > 0 be an arbitrary number and a,, = minge ¢ a(e1). Since Vﬂgo) (0) =0, there
exists a d3 € (0,a(eq)) such that VH(QO) (x) < ag, forx € R", ||x|| < 6.
Let 6, € (0,61) be an arbitrary number and 6; = %. Choose the initial value

0 e R", y(o) = (ygo),yéo), ... ,y,(qo)), of SFDEGCEFF (9), such that
(52<|y](.°)\ <d4,j=12,...,n, (23)

and let y*(t) € SC°([0,00),IR") be a solution of (9) for the initial value y(*). From inequali-
ties (23), we have ||[y(0)|| < \/n6; = 83, and therefore, Vﬂgo) v ) < a,.

The conditions of Lemma 6 are satisfied on the interval [Yy, Yri1], Kk = 0,1,2,...,
because y*(t) € C°([Yx, Yis1], R, 6y), Vﬂ(gk) € C(IR",[0,00)) is convex and therefore ac-

cording to Lemma 6 witha = Y, 0 = 6, x(.) = y*(.), V(x) = Vﬂgk) (x) the inequality

Ok ,(1 Ok x .
CDf{ka]I(@) (y*(t)) < 2,4 PE VKk)( *(¢)) CDf{k"yi (t) holds on (Y, Y1]. From condition
3(ii) of Corollary 5, we have

V(5 () Fi ity (1) <0, £ € (Y, Yepa), k=0,1,2,3,...

Therefore, for any k = 0,1,2,..., there exists a function Yy € C([Yx, Yky1],[0,00)) such
Oy (1 Oy, (1) /o x

that CDEHVI (v (1) + %i(t) = 0, t € (Y, Yppa), or CDERVI (y7(1) = —Xi(t) for

t € (Yg, Ygy1). Define the function ¢1(t) = Vﬂgk)(Y*(t))’ t € (Yo, Yesa), Kk =0,1,2,.... Ac-

cording to Corollary 2, we have ¢ (t) < Vﬂgg) Y9 < ag,.
Therefore, from condition 3(i), we obtain forany k =0, 1,2, ...

ax, (ly" (1)) <V (377 (1) = c1(t) < 2, < ag (1), t€ (Y Vi), k=0,12,...,

or
lly* ()] <e1, te€ (Yr,Yea], £=0,1,2,.... (24)
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From condition 4 of Theorem 1, it follows that for 6 = &, > 0 there exists £ > 0
such that for any x € Qs = {x € R", x = (x1,x,...,x4) : |x5| > 6p,i = 1,2,...,n}

the inequality VH(;O) (x) > & holds. From inequalities (23), it follows that y(®) € Qj, and

Vﬂg) () > & Letey = £ and 3 = minge o bl:l(sQ).

Consider the scalar SFDEGCFF (13) with Gy (.) = n¢(.) > 0 and vg = VH({ZO (y©) > 0.

Denote its solution by w(t). According to Lemma 9, the inequality
w(t) > Vi (y0) > e, >0 (25)

holds.

Define the function ¢»(t) = VH%() (y*(t)), t € (Yr,Ygi1], kK =0,1,2,.... From con-
dition 4(v) of Corollary 5, it follows that for any k = 0,1,2,..., there exists a func-
tion Y € C([Yg, Yes1],[0,00)) such that DY ca(t) — Yi(H) = 0, t € (Yg, Ygsn], or
CD@’fkgz(t) = Yi(t), for t € (Yg, Yri1]. According to Corollary 3, we have ¢ (t) > VH(<20)
) > e, t € (Yg, Yipa)-

From condition 4(iv) and inequality (25), we obtain

b, (" (D]]) > Vi (7" (1) = c2(t) > V2 (v0) > €2 > b, (e3), £ € (Yp Yeql, k=0,1,2,....

Therefore,
ly* (Il > e, te€ (Y, Yeal k=0,1,2,.... (26)

Inequalities (23), (24), and (26) prove the claim. [

We now combine Corollary 4 and Corollary 5.

Corollary 6. Suppose all the conditions of Theorem 1 are satisfied with conditions 3(ii) and 4(v)
replaced by

- 3(ii) for any function y* (t) € SCP([0,0), R"), the inequalities

= 0 (1)« 1
b 3y, Vi 0 () F 6y () < —Vig (77 (), £ € (YY) K=0,1,2,...,
hold, where Ky € M are values of the switching rule and . > 0, k € M, are constants;

-4(v) for any solution y* (t) € SCP([0,00), R") of (9), the inequalities
0 ¥
CD@kkvﬂ(ék) (y*(t)) >0, t € (Y, Yes1l, k=0,1,2,...,

hold, where gBy > 0, k =0,1,2,..., are constants;

respectively.
Then, the zero solution of the SEDEGCEFF (9) is strictly stable.

Corollary 7. Suppose all the conditions of Theorem 1 are satisfied with conditions 3(ii) and 4(v)
replaced by

- 3(ii) for any function y*(t) € SC(]0,00), R"), the inequalities

= 9 (1) * _

) aTz-VKk (y" (1))Fk,i(t,y*(t) <0, t € (Yg, Yeia], k=0,1,2,...,
i—19i

hold, where Ky € M are values of the switching rule;
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-4(v) for any solution y*(t) € SCP([0,0), R") of (9), the inequalities

DRV (v (1) > BV (v (1), t € (Y Vi) k=012,

hold, where By > 0, k € M, are constants,

respectively.
Then, the zero solution of the SEDEGCFF (9) is strictly stable.

We will now illustrate some of the sufficient conditions obtained above.

Example 2. Let n = 2, m = 2, M = {1,2} and the functions Fy. : [0,00) x R* — R?,
Fk(t, 0) =0,k=12,..., F = (Fl,lfFl,Z)/ Fy, = (Fz,l,Fz/Q), are deﬁned b]/

2

ey
IE?1,1(17 X,y) =X, ]Fl,Z(t/ X, y) =—-y+ Zyxzm.
4

3.2 ¢
Faa(txy) =2v  Faaltxy) = -y +157°x —x.

Let the sequence {Ky }3>_, be defined by
1 if kisan even,
K =
2 if kisan odd.

Let Yy = k, k = 0,1,2,3,... and the switching rule o(t) = K € M fork < t < k+1,
k=0,1,23,....

Let 0y (t) = 6(t) € P([0,00), k =1,2and p = 0.3.

Consider the following IVP for SFDEGCFF

.3,0
DY x(t) = Fypy 1 (t,2(8), y(1)),
Dy (1) = Fo ot x(1), 9(1), t€ (kk+1], k=0,1,2,..., (27)
x(k=) = x(k+), y(k=) =ylk+), k=12...,
x(0) = xo, y(0) = yo,
or its equivalent
DY Wx(t) = x(t), te (kk+1], k=024...,
y2(t)
CDI(:.3,€(t)y(t) — +2y(t)x2(t)1iW’ te(kk+1,k=0,24...,
DIty = 2x(t), te (bk+1], k=135..., (28)
yA(t)
CD2.3,9(t)y(t> S —o—y?’(t)xz(t)ﬁ/ te(kk+1,k=1,35...,

x(k=) =x(k+), yk—)=yk+), k=12,...,
x(0) = xo, ¥(0) = yo-
Let (x(t),y(t)) be a solution of (27).
Consider the convex Lyapunov functions Vl(l) (x,y) = 22+ 2 and V) (x,y) = 0522 + 212 >

0.5(x? + y?) for x,y € R. Then condition 3(i) of Theorem 1 is satisfied with ar(u) = 0.5u>.
Condition 3(iii) is satisfied with vig, = 1 and vk, = 2.
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2
Note for k = 0,2,4,6, ... applying y> -

1—ev?

< —1, we have

9 VD (x(0), 4 (0) s (1, (8), 5(5) + VD (1), y(0) B a1, (), (1)

= =V G,y ()1 (b, x(0), y(1) + 5o Vi (x(8), (D) Fra(t, x(8),y (1))
eyZ(t) (29)
(1 —ev?(0))

e < 2x2(F) — 202() — 4x2(t) < 0
1_ey2(t)—x()7y()7x()—’

=222 (t) +2y(1) (—y(t) + 2y (1) (t)

= 22%(1) = 257 (1) + 47 ()23 (1)

i.e., condition 3(ii) of Corollary 5 is satisfied for the functions V(lk), k=0,2,4,....
4
Similarly, fork =1,3,5,7, ..., applying y413y—y4 < —1, we have
—e

S VD Ce(t), (1) P (6 2(8), (1)) + VD (0), (1) i a0, (0, y(0))

k

= %Vé” (x(),y(£))Faq ( x(8), y(t) + (_fyvé”(x(t),y(t)m,z(t,x(t), y())

A(h)

=2 (1) + (v + PR
A(t)

= £20) =450 + 00 - )

< x2(t) — 43 (t) — 4x%(t) <0,

i.e., condition 3(ii) of Corollary 5 is satisfied for the functions Vﬂgk)’ k=1,3,5,7,....
Consider the Lyapunov functions Vl(z) (x,y) = x> and V2(2) (x,y) = —1forx,y € R;ie,
condition 4(iv) of Theorem 1 is satisfied with b(v) = v?, k =0,1,2,....
Also, condition 4 of Theorem 1 holds for the function Vl(Z)(x,y). Indeed, let 5 > 0 be

an arbitrary number, 8 = &%, and let (x,y) € Qz = {(x,y) : |x| > &, |y| > 8}. Then
Vl(z)(x,y) =x2>=¢

Note that the solution of the equation

DY x(t) = x(t) (30)

is (see Lemma 7 and Figure 9)

k-1
x(t) = xq (1‘[ Eoa((6(1) — (i - 1))0'3)>E0_3((9(t) —0()*), te (kk+1]
i=1

d 03 g Eon0a((6(0-0()")
Apply ﬁE0_3((9(t) o(k)) )—B(t) e get for t € (k k41

P k-1 ' _ . / Eo.s,o.s((f)(t) - 9("))0'3)
X)) =x0 (H Eo.3<(9(l) —9(1—1))03)>9 (t) 00—k

Then fork =0,2,4,6,... we have
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40 LAVIE) — ot
SV (0, y(10) = LV (0, (1) = 2x() Zx(1)
k-1
= 233 { [ Eos ((0i) —0(i - 1>>°~3)> Eoa((6(t) — 0(K))™)
i=1
(kﬁlg ((6) — 6 1))O3>>9’(t) Fosoa((0() —009)"") >0, te(kk+1], k=01
X 0.3 1) —0(1— ’ >0, t ek ,k=0,1,....
1 (6(1) —0(k))*
v(t)
Figure 9. Graphs of solutions of (30) with various weights 6(.) in GCFFE.
Similarly, fork =1,3,5,7, ... we have
4y ELRVIC) — 2200 L) >
SV (x(0), (1) = SV (x(0), (1) = 22 (00 Lx() 20,
where x(t) is a solution of CD2‘3’9(t)x(t) =2x(t) te (kk+1], k=1,3,5...,(see Lemma7),

ie.,

k—1
(1) = x (1‘[ Eos (2(9(1’) —0(i— 1))0-3)> Eos (z(e(t) - 9(k))°-3), te (kk+1]
i=1

and
0.3
p k=1 ‘ ‘ o ), o303 (2(9(f) —6(k)) )
—x(t) =2 Eos3(2(6(i) —0(i—1))" o' (¢
dtx( ) X0 (E 0.3( (0(i) (i ) )) (t) o(1) —6(k))0'7
Therefore, CD,(C)S’QU) Vz(z) (x(#),y(t)) > 0; i.e., condition 4(v) of Corollary 5 is satisfied.

According to Corollary 5, the zero solution of SFDEGCEFF (27) is strictly stable.

6. Conclusions

In this paper, a nonlinear system of switched fractional differential equations with
GCFF is studied. The switching rule is a piecewise constant function activated at any of its
points of discontinuity, called switching times. The applied GCFF changes its lower limits
at any switching time. Also, the applied function in GCFF changes at any interval of two
consecutive switching times. We define and study strict stability for the given system. We
apply Lyapunov functions and initially we prove some inequalities for the GCFF of convex
Lyapunov functions. These inequalities allow us to avoid the application of the GCFF of
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Lyapunov functions in the sufficient conditions. Some examples are given to illustrate the
theoretical results.

It would be interesting to consider and study the case of a fixed lower limit of GCFF at
the initial time. This changes not only the statement of the problem but also the study of
stability and the Lyapunov functions.

It would also be interesting to extend our results to various switching models of neural
networks and some population models. This topic goes beyond the scope of this paper and
will be a challenging issue for future research.
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