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Abstract

Let U be a von Neumann algebra, n > 2, P € U a projection, and let p1(A;) = A1 and
pn(A1, ..., An) = [pn-1(A1, ..., Ay_1), Ay]. Fix a higher Lie n-derivation A = {(5m}n1\1]:0 of
U with &y = id, of rank N € NU {co}. We classify the families ® = {¢,, }N_, of additive
maps satisfying @u(pn(A1,-.., An)) = Lijtoyiy=m Pn(@i, (A1), 0, (A2), ..., 6;,(An)) =
Zi1+“‘+in:m Pn (51‘1 (Al), i, (Az), . ,(51"1 (An)) for all Ay,..., A, € U with AjA, = P. In
terms of the generating series ®(t) = Y, pmt™ and A(t) = Y, dmt™, these are exactly
the families ®(t) = W(t)A(t) + E(t) with W(t) a power series over the center of U and
,An) with A1A, = P. IfU
has no central summands of type I;, then W(t) and E(t) are unique, each &, vanishes on
PU(I — P) and on (I — P)UP, and the solution set splits as the free rank-one module on
A plus the null families. The underlying reduction of the rank-N problem to the rank-zero

E(t) a series of center-valued maps annihilating the p, (41, ...

problem is valid over any ring, and we apply it also to upper triangular 2 x 2 matrices over
a commutative ring. Moreover, generalized higher Lie n-derivations are characterized as
a consequence.

Keywords: higher Lie n-centralizer; generalized higher Lie n-derivation; transfer principle;
local action; von Neumann algebra; triangular algebra

MSC: 16W25; 47B47; 46110

1. Introduction

Let U be an associative algebra with center Z(U/). A map 6: U — U is a centralizer
if 5(xy) = d(x)y = xd(y) for all x,y € U, and a derivation if 6(xy) = 6(x)y + x6(y).
For x1,...,x, € U put

Pl(xl) = xl/ pn(xl/~--/xn) == [p?lfl(xl/'-'/xnfl)/xﬂ} (n Z 2)/

where [x,y] = xy —yx. Replacing the product by these nested commutators yields
two much larger classes: ¢ is a Lie n-centralizer if 6(pn(x1,...,%n)) = pn(6(x1),X2,...,Xn),
JXn)) = i pn(x1,...,0(xk), ..., x,). Every central-
izer is a Lie n-centralizer, and the question that organizes the subject is how much larger

and a Lie n-derivation if 5(p,(x1, ...

the second class really is. In every setting in which it has been settled, the answer has the
same shape: a Lie n-centralizer differs from a central multiple of the identity by a map into
the center that annihilates all (n — 1)-th commutators. This is known for triangular rings
and nest algebras [1], for generalized matrix algebras [2-4], for triangular algebras without
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a unit [5], and, in the local form where the identity is imposed only on arguments tied by a
product condition, in [6-9]; the parallel theory of Lie n-derivations is developed in [10-13],
and the nonlinear theory on operator algebras in [14,15].

On von Neumann algebras, the local problem was settled only recently. Fadaee and
Ghahramani [16,17] treated Lie triple centralizers, and Ashraf, Ansari, Akhter, and Wei [18]
obtained the general result: for an arbitrary von Neumann algebra I/ carrying a suitable
projection P, an additive map ¢ satisfying

@(pn(A1,..., An)) = pu(@(A1), Az, ..., An) = pn(A1, 9(A2), As, ..., Ay) (1)

for all Ay,..., Ay € U with AjA, = P is precisely a map ¢(A) = WA + ¢(A) with
W e Z(U) and ¢: U — Z(U) additive and vanishing at the relevant p,’s. This is the
rank-zero input of Section 4, quoted as Theorem 3.

A second line of work replaces one map by a family. Following Hasse and Schmidt [19],
a higher derivation of rank N € NU {co} is a family D = {d,,}}V_, of additive maps with
do = id and dy(xy) = Ly j—m di(x)d;(y); equivalently, D(t) = Y, d,t™ is a unital ring
homomorphism of ¢/ into U[[]] congruent to the identity modulo ¢. Generalized versions go
back to Nakajima [20]. Higher analogues of Lie-type maps have been studied at length on
triangular algebras and their relatives [21-27], and on von Neumann algebras under local
hypotheses in [28] and in Kawa, Alsuraiheed, Hasan, Ali, and Wani [29], who prove that a
Lie-type higher derivation {L;,} of a von Neumann algebra without central summands of
type I, subject to the higher identity at zero products or at projection products, decomposes
as Ly = ¢m + Cm with {¢,,} an additive higher derivation and {,, center-valued and
annihilating the relevant p,’s. The centralizer literature has grown alongside it; see for
instance Gao and Zhao [30].

Related rigidity phenomena for Lie-type maps have also been investigated beyond
the associative setting. Jabeen and Ferreira [31] classify Lie (Jordan) centralizers on al-
ternative algebras, and Andrade, Barreiro, and Ferreira [32] treat x-Lie-type maps on
alternative *-algebras, showing that phenomena of the kind studied here are not confined
to associative algebras.

To the best of our knowledge the corresponding relative theory has not been developed,
and that is the subject of this paper. A higher Lie n-derivation A = {6y} mem, do = id, is
prescribed once and for all, and we classify the families ® = { @, } yem of additive maps
that centralize it:

Pu(pu(Ar-- An)) = Y pul9i(A1),0,,(A2), -, 6, (An)), ()
i tig=m

om(pn(Ar,..., Ap)) = ' Z pn (6, (A1), 91, (A2), 01, (A3), ..., 6, (An)) 3)
n+-ti=m

forevery mand all Ay,..., Ay € U with Aj Ay = P (Definition 2). The unknown is thus a
family measured against a second one, whereas in [29] and in [27] the unknown is a single
family subject to a Lie-type identity and the conclusion is a componentwise decomposition
of it. Definition 2 is calibrated so that its two lowest levels are the two halves of [18]: at
level 0 both displays collapse to (1), so ¢ is a Lie n-centralizer at P; at level 1, with ¢ = id
and §; = L, the first reads

n
P1(pn(A1,.. 0 An)) = pu(91(A1), Az An) + Y pu(Av, o L(Ak), ..., An),
k=2

which, with its mirror image, is the defining condition of a generalized Lie n-derivation
associated with L studied in §3 of [18].
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Write Z(U)[t]x for the ring of truncated power series with coefficients in Z(U),
encode a family by ®(t) = Y, ¢t™, and call a family & = {¢,,} of additive maps
U— Z(U) nullat Pif & (pn(Ay, ..., An)) = 0 whenever AjAp = P.

Theorem 1. Let U be a von Neumann algebra with unit 1, let E; + E; = I be orthogonal central
projections with UE; of type I and U Ey without central summands of type Iy, and let P € UE,
be a core-free projection with central carrier Ey. Let n > 2, let A = {6,,}}V_, be a higher Lie
n-derivation at P, and let ® = { @, })N_, be a family of additive maps on U. Then ® is a A-higher
Lie n-centralizer at P if and only if there are W(t) € Z(U)[t]n and a family E null at P with

O(t) = W(t)A(t) +E(t),  thatis  @m= Y, Widj+Zm (0<m<N).
i+j=m

The answer is a convolution, and the whole tower is governed by a single central
power series. What makes this accessible is an identity isolated in Lemma 7. Assume that
the conclusion holds at all levels below m and detach from (2) the one term with i; = m;
the remainder is

m—1

Z_%) W, [5m_a(pn(A1,. A = P (5m_a(A1),A2,...,An)],

in which ® no longer appears: a central combination of the defects measuring how far
the individual §; are from being Lie n-centralizers. These cancel against the correction
Youcm Wabm—a, so that ¢, = @m — Y g Wadm—a satisfies (1) verbatim and level m is re-
duced to level 0. Nothing about U/, about P, or about the constraint A1 A, = P is used, so
we work over an arbitrary ring R and an arbitrary set S C R" of test tuples and obtain the
transfer theorem, Theorem 2.

We regard Theorem 2, rather than Theorem 1, as the principal result of the paper.
Once property (x) is known at rank zero, the higher-rank problem is recovered by an
induction that depends neither on the specific structure of ¢/ nor on the particular local
constraint A1 A, = P: the rank-zero classification of Ashraf, Ansari, Akhter, and Wei [18] is
the only operator-algebraic input, and Theorem 2 itself is purely algebraic. This is what
distinguishes the present approach from the existing higher Lie-type literature [21-27,29],
in which the unknown is a single family subject to a Lie-type identity and the conclusion is
a componentwise decomposition of that family: here a whole family is classified relative to
a second, prescribed one, and the classification is obtained once and for all at rank zero.
The two halves of the paper are correspondingly independent: Section 3 uses nothing about
operator algebras, whereas Section 4 inherits its rank-zero ingredient from [18]. Two further
results show that the principle is reusable. Property (x) is inherited by every larger set of
test tuples, so a single rank-zero input governs a whole range of them; in particular the
global counterpart Theorem 6 needs only the one-sided condition (2), since /" is closed
under interchanging the first two arguments while Sp is not, and the global half of [18]
is recovered from its local half. In Proposition 5, we verify (%) from first principles for
the upper triangular 2 x 2 matrices over an arbitrary commutative ring, and read off the
complete higher classification there, with no operator algebra involved.

Over a von Neumann algebra, the decomposition carries further structure. The data
W(t) and E are unique when U has no central summands of type I;, and on an arbitrary U/
the failure of uniqueness is described exactly: the coefficients may be shifted on the type I;
summand, and what ® determines is Wy, E; together with {, + Y. j—,, WiE16;. The solution
set is a Z(U)[t]ny-module, and it splits as the direct sum of the free rank-one module
generated by A and the module of null families. Each §,, vanishes on both PU(I — P)
and (I — P)UP. Specializing to the families with ¢y = id gives the generalized higher Lie
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n-derivations, for which Theorem 8 reads G(t) = W(t)L(t) + X(t) with W(t) invertible,
whence L(t) = W(t)71(G(t) — X(t)): such a family is a central rescaling of its associated
higher Lie n-derivation, modulo center-valued maps, and at rank one this returns the
theorems of [18]. Neither linearity nor continuity is assumed anywhere, and Proposition 9
shows that whatever regularity ¢,, possesses is exactly the regularity of ¢;,.

Section 2 collects the notation and the elementary identities used throughout; although
stated in the setting of a von Neumann algebra for convenience, the identities of Section 2.1
are purely algebraic and remain valid over an arbitrary associative ring, which is the
generality in which they are used in Section 3. The computational core is Section 3, carried
out over an arbitrary ring. Section 4 specializes to von Neumann algebras, and Section 5
contains the applications. We close with some concluding remarks on possible extensions
of the method, including to non-associative algebras.

2. Preliminaries

Throughout, U is a von Neumann algebra acting on a complex Hilbert space H,
with unit I and center Z(U/), and n > 2 is a fixed integer. A projection is a self-adjoint
idempotent. The central carrier T of T € U is the smallest central projection Q with QT = T;
equivalently, T is the projection onto the closed linear span of {ATh : A € U, h € H}.
For self-adjoint S € U the coreis S = sup{W € Z(U) : W = W*, W < S}, and a projection
P is core-free when P = 0; one has P = 0 if and only if I—P =1 The algebra U/ has no
central summands of type I; precisely when it contains a projection P with P = 0 and

P = I. For an arbitrary U/ the unit splits as I = E; + E; into orthogonal central projections
with U = UE; ® UE,, where UE is of type I; and U E; has no central summands of type
I; consequently, I/ E, contains a core-free projection with central carrier E,. We use [33,34]
for all of this.
Fix a projection P, = P € Y with P, = Oand P; = [, put P, = [ — P;, and set
Z/{i]- = PZ-Z/{Pj fori,j € {1,2}, so that
U = U1 + U + Ux + Uy, A=A+ Ap+ Ay + A, Ajj = PAP;.
We shall use repeatedly the following two facts from Remark 1.1 of [18]:
Aeld, AUP={0} = A=0, Acld, AUP,={0} = A=0, @4
which hold because P; = P; = I, and
pn(A,PLPy,...,P) = (=1)""1PAP, + AP,  for AcU. (5)
For completeness we verify Equation (5). For n = 2,
pz(A, Pl) = AP — PA= (Pl + Pz)APl - PlA(Pl + Pz) = PAP, — PIAD,,

which is Equation (5). If Equation (5) holds for some n > 2, then

pui1(APr,...,P1) = [(=1)""'PiAP, + APy, P
= (=1)""'P,AP,P| + P,AP,P; — (—1)""'P,P|AP, — PP, AP,
= P AP, + (—1)"P,AP,,

which is Equation (5) with # + 1 in place of .
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2.1. Some Elementary Identities

Since py, is a nested commutator it is additive in each argument. The next five lemmas
record how central elements interact with it, and how it behaves under interchanging its
first two arguments. Although stated here for a von Neumann algebra U/, the proofs of
Lemmas 1 and 2 use only additivity and the ring axioms, so these two lemmas remain
valid, verbatim, for an arbitrary associative ring R in place of U/; this is the generality in
which they are invoked in Section 3.

Lemma 1. Forevery W € Z(U), all Ay,..., Ay € Uand eachindex1 <k < n,
Pn(A1,- oo, Ag_1, WAy, Ag1q, ..,An) = an(Al, . ..,An).

Proof. We use induction on n. Forn = 2 and k = 1, we have

pz(WAl,Az) = WA1A2 — AzWAl = WA1A2 — WA2A1 = W(AlAz — A2A1) = sz(Al,Az).

Now for k = 2, we have

pz(Al, WAz) = A1WA2 — WA2A1 = WAlAz — WA2A1 = W(A1A2 — AzAl) = sz(Al,Az).

Let n > 3 and assume the assertion for n —1. Put 1 = p,_1(A4,...,A,—1) and
e = pu_1(A1, ..., Ak_1, WAL, Agy1, .., Ay—q) for 1 < k < m—1. If k < n—1, then
1, = W1t by the induction hypothesis, whence

pn(Alr- . .,WAk,.. ,An) = [Hk,An] = [WT[,An] = WTL’An — AnWﬂ'
=WrnA, — WAt =W[r, Ay] = Wpu(Ag,..., An).

If k = n, then

pn(A1, ..., Ay_1, WA,) = [, WA,| = TWA, — WA,
=WrA, — WAt =W, Ay = Wpu(Ay,..., An).

O
Lemma?2. Let C € Z(U) and A4, ..., Ay € U withn > 2. Then
pn(C, Az, Az, ..., An) =0 and pn(A1,C, As,...,An) =0.
Proof. The centrality of C makes the term p; vanish in both cases:
p2(C,A2) = CAy — A,C =0, p2(A1,C) = A;C — CA; = 0.

Ifn > 3, then py(xq,...,%0) = [pu—1(x1,...,Xy—1), Xx], so an induction on n gives p,,_1 = 0
in both cases, hence p, = [0,A,] =0. O

Lemma 3. Suppose U has no central summands of type Iy, and let C € Z(U) be such that
CA € Z(U) for every A € U. Then C = 0.

Proof. We first show Z(U) Ny, = {0}. Let T € Z(U) NUsp, so that T = PyTP,. Then
TP, = (P, TP)P, = P T(P,P) =0,  P,T = P{(P,TP,) = TP, = T,

and since T is central, T = P;T = TP, = 0.

https://doi.org/10.3390/axioms15090688


https://doi.org/10.3390/axioms15090688

Axioms 2026, 15, 688

6 of 28

Now for every X € U we have CP;XP, = P;(CX)P, € Z(U) Ny, = {0}, that is,
(CP)UpP, = {0},

so CP; = 0 by (4). Interchanging the roles of P; and P, gives (CP,) UP; = {0} and hence
CP, = 0. Therefore C = C(P; + P,) =0. O

Lemma 4. Let U be a von Neumann algebra and let E € Z(U) be a central projection such that
UE is abelian. Then

Epn(Al,Az,...,An):O fOT’ Al,...,Anéu,l’lzz.
Proof. We first show that UE C Z(U). Indeed, for A,y € U,
(EA)y —y(EA) = E*Ay — yE?A = (EA)(Ey) — (Ey)(EA) =0,

where the second equality uses E2 = E and the centrality of E, and the third holds because
EA and Ey both lie in the abelian algebra I/E. Hence, EA commutes with every element

of U.
Consequently, by Lemma 1,

Epz(Al, Az) = pz(EAl,Az) = (EAl)Az — Az(EA1) =0.
For n > 3, we have
E pn(Al/ .. .,An) = [E pn71<A1/ .. .,Anfl),An],

and an induction on n gives E p,,_1(A1,...,A,—1) = 0, hence Epu(Ay,...,An) = [0,A,] =
0. O

Lemma 5. Forall xq,...,x, € Uandalln > 2,

Pn(x2,Xx1,X3, ..., %n) = — pu(X1,X2,X3, ..., Xn).
Proof. Forn = 2,
pa(x2,x1) = xox1 — x1xp = — (x1xp — X2X1) = — pa(x1, X2).
Let k > 3 and assume py_1(x2,X1,X3,...,Xk_1) = — pr_1(x1,X2,X3,...,x¢_1). Then

pe(x2, x1,x3,. .., xk) = [pr—1(x2, %1, %3, .., X—1), Xk ]
= [ pe—1(x1, %2, %3, .., xp—1), X ) = — [pre1 (1, %2, %3, ., Xg—1), Xk |

= _pk(xlzxz,xg,,...,xk)_
O

2.2. Higher Lie n-Derivations and Their Centralizers

Let N € NU{oo} and put Mt = {0,1,...,N}. A family of rank N is a col-
lection ® = {@ }mem of additive maps U — U, we encode it by the formal series
D(t) = Lem emt™. We write Z(U)[t]n for the commutative ring of formal series
W(t) = Y em Wnt™ with Wy, € Z(U), multiplied by convolution and truncated at
tN*1 when N < co. Products such as W(t)®(t) are always understood coefficientwise:

(W(H®(t)),, = Litjmm Wig;-
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For a multi-index i = (i1, ...,iy) € N", we write |[i| = i1 + - - - + iy, and
C(m,n)={ieN": |i| =m}

for the set of compositions of m into n non-negative parts.
Throughout, S denotes a nonempty set of test tuples, i.e., a subset of U". We use two of
them: for a fixed projection P € U,

Sp = {(Al,.. .,An) € L{” : A1A2 = P},
and § = U".
Definition 1. A family A = {6, } mem with &y = idy, is a higher Lie n-derivation on S if

ém(pn(Alr-u/An)) = Z pn<§i1(A1),(5i2(A2),...,51'”(An)) (6)

ieC(m,n)
for every m € Mand every (Aq,...,A,) €S.

Definition 2. Let A be a higher Lie n-derivation on S. A family ® = {@m }mem is a A-higher
Lie n-centralizer on S if

me<Pn(A1/~--rAn)) = ; )Pn(¢i1(Al)/5iz(A2)r--'/(51'”(An))f 7)
ieC(mmn

P (pn(A1,..., An)) = ; )Pn(5i1(A1)/(Piz(Az),%(Aa)f-~,5in(An)) (8)
ieC(mmn

for every m € N and every (Aq,...,Ay) € S. A family E = {Cp}men of additive maps
Cm:U — Z(U)isnullon S if G (pn(A1, ..., An)) =0forallmandall (Aq,...,Ay) € S. We
write N'(S) for the set of null families and Cx(S) for the set of A-higher Lie n-centralizers on S.

Remark 1. Level 0 of Equation (7) and Equation (8) is the single condition

GDO(Pn(Alw . '/An)> - Pn (@O(Al)/AZ/- . -/An) - pn (All ¢0(A2)!A3/' . ‘/A?l)/

because C(0,n) = {(0,...,0)} and &y = id; on Sp, this is exactly condition (1). Level 1 of Equation (7)
reads

n
(Pl (pn(Alz .. '/Al’l)) == pi’l(q)l(A])/AZ/° . '/Al’l) + Z pﬂ((PO(Al)/ AZ/ .. /51(Ak)/ .. '/A}"l)/
k=2

since C (1, n) consists of the n multi-indices having a single entry equal to 1.

The two conditions of Definition 2 are independent in general, but they coincide as
soon as the test set is closed under interchanging the first two coordinates. This is the case
for § = U", and it is not the case for Sp, since A1 A, = P says nothing about ApA;.

Proposition 1. Let S C U" be closed under interchanging the first two coordinates, that is,
(Al,Az,Ag,. . .,An) eSS — (Az,Al,Ag,,. . .,An) €S;

this holds in particular for S = U". Let A = {0,y } and ® = { @, } be arbitrary families of additive
maps on U. Then conditions (7) and (8) are equivalent: one holds for every m € N and every tuple
in S if and only if the other does.
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Proof. Assume Equation (7) holdson S, fixmand (A1, ..., A,) € S, and apply Equation (7)
to the tuple (Ap, Ay, A3, ..., Ay), which lies in S by hypothesis:

P (pn(Az, Ar, Az, ..., An)) = ) pul9i(A2),61,(A1),0,(A3), ..., 6, (An)). (9)

ieC(mn)
By Lemma 5 and the additivity of ¢;,, the left-hand side of Equation (9) equals
(Pm (_ Pn(Alz AZ/ A3/ ey An)) - - Gﬂm (Pn(Alz AZ/ A3/ ey An)) . (10)

By Lemma 5 again, applied to the tuple (¢;, (A2),6;,(A1),6i,(A3),. .. ), each summand on
the right-hand side of Equation (9) equals

pu (@i, (A2),03,(A1),0i,(As), ..., 6, (An)) = — pu(8i, (A1), 93, (A2), 61, (A3), . .., 6i, (An)). (11)

The transposition (iy,ip,13,...,in) > (i2,11,13,...,in) is a bijection of C(m, n) onto itself, so
summing Equation (11) over i € C(m, n) gives

Y pu(9i(A2),01,(A1),6:,(A3),...) == Y pul0, (A1), 93y (A2), 01, (A3), ..., 6, (An)). (12)

ieC(mmn)

ieC(m,n)

Substituting Equation (10) and Equation (12) into Equation (9) and multiplying by —1 yields
Equation (8). The converse implication is the same argument with the roles of the first
two slots interchanged. [

Higher Lie n-derivations are plentiful, and on a von Neumann algebra they can be
produced by conjugation.

Example 1. Let Ty,..., Ty € U and set
V(t) =1+ Tyt + Tot? + - 4+ TntV.

Since the constant term is I, the series V (t) is invertible in U[t]n; write V(t) ™1 = ) Vj’tf, so that
Vo =land V! = — ¥ T,V] .. Define

bu(A) =) ViAV, Vo=1,V, =T, (a>1).
a+b=m

Then &g = id, each 6y, is additive, and D(t)(A) := V(t) AV (t)~! defines a unital ring homomor-
phism U — U[[t]n. Consequently,

D(t)(pn(A1, ..., An)) = pn(D(t) A1, ..., D(t) Ay),
and comparing the coefficients of ™ gives Equation (6) for every m, on all of U™. Explicitly,
51(A) = [Ty, A],  6(A) = [Tp, A] + AT? — T1 ATy

By the Kadison—Sakai theorem [35,36] every derivation of U is inner, so &1 is necessarily of the
above form.

3. Higher Families over an Arbitrary Ring

Let R be a ring with center Z(R), let n > 2, and let S C R" be a nonempty set of
tuples. We use Lemmas 1 and 2 of Section 2 throughout this section in this generality; as
noted there, their proofs use only additivity and the ring axioms and so apply verbatim
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with R in place of U{. Fix a higher Lie n-derivation A on § and a A-higher Lie n-centralizer
®onS. Form € 9and (Ay,...,A,) € S define the two level-m remainders

Rm(Al,...,An) = Z pn(¢i1(A1),5i2(A2),...,(5l‘n(An)), (13)
ieC(mmn)
11§m—1

R;n(Al/-”/An) = Z pn(‘sil(Al)r(Pig(AZ)/éig,(Al’»)/'--réin(A'rl))- (14)
ieC(m,n)
i2§m—1

Lemma 6. For every m € M and every (Aq,...,An) €S,

(Pm (Pn(A1/~ . ‘/Afl)) - Pn (q)m(Al)rAZr AB/ .. ‘IATl) + Rm(Alr* . '/Ai’l)r (15)
Pm (pn(Al,. . .,An)) = Pn (Al, om(Az), As, .. .,An) + R,/n(Al,. o An). (16)

Proof. Leti € C(m,n). Since the entries of i are non-negative and sum to m, we have
iy = mif and only if iy = 0 for every k > 2, and in that case Jp = id gives

pn (@i (A1),6;,(A2), .., 6, (An)) = pn(@m(A1),00(A2), ..., 00(An)) = pu(Pm(A1), As, ..., An).

Thus C(m, n) is the disjoint union of the singleton {(,0,...,0)} and {i € C(m,n) : iy <m —1},
so the sum in condition (7) breaks into two pieces:

om(pn(A1, .. An)) = pu(@m(A1), Az, An) + Y pu(9i(A1),6,(A2), ..., 8, (An)).

ieC(m,n)
il Sm—l

Likewise i = m if and only if iy = 0 and i, = 0 for every k > 3, and in that case

P (8 (A1), 93y (A2), 61, (A3), ..., 63, (An)) = pu(80(A1), om(A2), 80(A3), . .., 00(An))
= Pn (Al, (pm(Az),A3, v ,An).

Here C(m, n) is the disjoint union of the singleton {(0,,0,...,0)} and {i € C(m,n) : i <m—1},
so the sum in condition (8) breaks as

P (pn(At - An)) = pu(AL om(A2), As, .., An) + Y pn(0, (A1), 91y (A2), 61, (A3), ... ).

ieC(m,n)
izS?ﬂ*l

O

The next lemma is the heart of the paper.

Lemma 7. Let m € M with m > 1. Suppose there are central elements Wy, ..., Wy,_1 in Z(R)
and additive maps & R — Z(R), 0 < k < m — 1, such that

pe= ), Wabp+&  (0<k<m-—1) (17)
a+b=k

Then, for every (A1,...,An) €S,

m—1

Rl Aty An) = 1 Walbwa(pu(Av o, An)) = pu(Gn-a(Ar), Az, An) |, (18)
a=0
m—1

Rl (A1, Ag) = Y. W, [5m,a(pn(A1,...,An)) —pn(Al,(sm,a(Az),Ag,,...,An)] (19)
a=0
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Proof. Step 1: Fix i € C(m,n) with iy < m — 1. Hypothesis Equation (17) applies at level i;
and gives

pi (A1) = Y Wady(Ar) + &, (Ar),
a+b=iq

s0, pn being additive in its first argument,

pu (@i, (A1),0,(A2),..., 8, (An)) = ;' P (Wady(A1),0,,(A2), ..., 8, (An))
a+b=iy
+ pn (€, (A1), 0, (A2), ..., 6, (An)). (20)
Now ¢&;, (A1) € Z(R), so Lemma 2 gives
pn(Gi, (A1),0,(A2), ..., 6;,(An)) =0, (21)
while W, € Z(R), so Lemma 1 gives

Pn(Wabp(A1),0i,(A2), ..., 6, (An)) = Wapn(05(A1),6,(A2),...,8i,(An)).  (22)

With Equations (21) and (22) the right-hand side of Equation (20) becomes

P (i, (A1),03,(A2), ..., 6, (An)) = ; Wa pn(65(A1), 65, (A2), ..., 6, (An)),
a+b=1;

and summing this over the multi-indices occurring in (13) gives

Rm(Al,...,An) = Z 2 Wﬂ Pn(5b(A1)/5i2(A2),---,51‘,1(1411))- (23)
ieC(mn) a+b=i
l’lgm*l

Step 2: The double sum in Equation (23) runs over the tuples (a,b, i, . ..,i,) € N1
subject to
a+b+ir+---+i, =m, a+b<m-—1.

In particular a < m — 1. Collecting the terms according to the value of 4, and rewriting the
two constraints for fixed a as

b+ir+---+ip=m—a, b<m-—a-—1,
we obtain
m—1
Ru(Av,...,An) =) W, ) pn(6p(A1),0:,(A2), ..., 8, (An)). (24)

a=0  b+iy+-Fip=m—a
b<m—a—1

Step 3: Fix a with 0 < a < m — 1. Among the tuples (b, iy, ...,iy) withb+ip +--- +

in = m — a, exactly one has b = m — a, namely (m — 4,0, ...,0), and its contribution is

Pn (57717&1 (Al)/ 50(A2)r cee ,50(1471)) = Pn (5m7a(A1)/ Ag,..., An)r
since §y = id. Removing that one tuple therefore leaves

Y. P (05(A1),81,(A2), ..., 8, (An))

b+iy+---+iy=m—a
b<m—a—1

= Z pn(5]1(A1),,§]n(An)) —pn(ém_a(Al),Az,...,An), (25)

jeC(m—a,n)
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where j = (b,ip,...,iy). Since 0 < m—a < N and (4y,...,A,) € S, the identity (6) at
level m — a reads

Z Pn(‘sjl(Al)r--'réjn(An)) :5m7g(pn(A1,...,An)). (26)

jeC(m—a,n)

Substituting Equation (26) into Equation (25), and the result into (24), we arrive at
Equation (18).

Step 4: Fix i € C(m,n) with i, < m — 1. Hypothesis (17) at level i, the additivity of p,
in its second argument, and Lemmas 2 and 1 applied in that slot give

pn(8i, (A1), 91, (A2), 015 (A3), ..., 0, (An)) = Y, Wapn((A1),05(A2),81,(As), .., 6, (An)).

a+b=ip

Summing over the multi-indices occurring in (14) and collecting the terms according to
the value of 4, the constraints i1 + (a+b) +i3+---+ iy, =mand a+ b < m — 1 become,
for fixed a,

h+b+iz+---+iy=m—a, b<m-—a-1,

so that
m—1
R:ﬂ(Al,...,An) = Z Wa Z pn(5i1(A1),(5b(A2),(5i3(A3),...,51'”(An)).
a=0  ij+b+iz+-+ip=m—a
b<m—a—1

For fixed a the unique tuple with b = m — a is the one with i; = 0 and i, = 0 for every
k > 3, and its contribution is p, (Al, Om—a(A2), As, ..., An). Completing the inner sum as
in Step 3 and applying (6) at level m — a once more yields (19). O

Proposition 2. Under the hypotheses of Lemma 7, put

m—1
Y =Pm— Y Wabn—a (27)
a=0
Then 1y, is additive and satisfies, for all (A1, ..., An) € S,

ll]m (pn(Al,. . .,An)) = pn(¢m(A1),A2,. . ,An) = Pn (Al,l)bm(Az),A:;,. . .,An). (28)

Proof. Additivity is clear, each ¢, and é,,—, being additive and each W, being a fixed
element of Z(R). Fix (Ay,...,A;) € S and write w = p,(Ay,..., An).
Evaluating Equation (27) at 7t gives

m—1
() = P (71) + Y Wa bm—a(77). (29)
a=0
Evaluating Equation (27) at Aj, inserting the result into the first slot of p, and using

Lemma 1 gives

m—1

pn((pm(Al),Az,...,An) = pn(lpm(Al),Az,...,An) + Z W, pn(ém_a(Al),Az,...,An). (30)

a=0

Substituting Equations (29), (30), and (18) into Equation (15) we obtain
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m—1 m—1
P () + Y. Wabm—a(70) = pu(Pm(A1), Az, ..., An) + Y Wapn(6m—-a(A1), As, ..., Ay)
a=0

a=0
m—1
+ YW, [5m_u(n) - pn((sm_a(Al),Az,...,An)}
a=0
m—1
= Pn (lpm(Al)/AZI' . -rAn) + Z Wa5m7a(7f)-

a=0
Canceling the common sum leaves
Pm (Pn(Alw . '/An)) = Pn (l/Jm(Al),Az, .. ‘/An)'

The same substitution into Equation (16), using Equation (19) and

pﬂ (All ?m(AZ)/AS/ e /An) - p}’l (A1/ lpm(AZ)/A& 4 Aﬂ)

m—1
+ Z Wi Pn (A1/ 5m7ﬂ(A2)/ A3/ .- ~/An)/
a=0

giVGS lpm(pn(Al,. . .,An)) = pn(A],le(AZ),AB,,. . .,An). D

The converse computation is equally explicit and requires no hypothesis beyond those
already in force.

Proposition 3. Let A be a higher Lie n-derivation on S, let W(t) € Z(R)[t]n and let E be a null
family on S. Then ®(t) = W(t)A(t) + E(t) is a A-higher Lie n-centralizer on S.

Proof. Fix m € Mand (Ay,...,A,) € S, and write © = p,(Ay,..., A,). By definition
Pk = Larb—k Wadyp + G for every k, so

Pm(m) =}, Wadp(m) +Cm(m) = Y, Wadp(7). (31)

a+b=m a+b=m

On the other hand, using Lemmas 1 and 2 exactly as in Step 1 of the proof of Lemma 7,

Z pn((l)il(Al)/éiz(A2)/---/(sin(An)) = Z Z W, pn(éb(Al),éiz(Ag),...,(sin(An))

ieC(m,n)

ieC(mmn) a+b=iy

YW T (4 (An)e 5 (A) @)

a=0  jeC(m—a,n)
m
= Z W, 5m—u(7f)/
a=0
where the middle equality is the reindexing (a,b,iy,...,in) — (a,j) with j = (b,ip,...,in).

Comparing Equation (31) with Equation (32) gives Equation (7). The computation for
Equation (8) is identical, the reindexing being (a, b, 11,13, .. .,i,) — (a, (i1, b,13,...,1y)). O

We can now state the abstract form of our main result. Its hypothesis is precisely the
statement that the rank-zero problem has been solved.

Definition 3. We say that the pair (R, S) has property (x) if every additive map ¢: R — R
satisfying

¢(pn(A1,. . .,An)) = Pn (l/)(Al), Ay, .. .,An) = Pn (Al,lp(Az),Ag,.. .,An)
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()

Pn (WAl

forall (Ayq,...,Ay) € Sisofthe formyp = Wid + ¢ with W € Z(R) and {: R — Z(R) additive
with {(pn(A1,...,An)) =0forall (Ay,...,A,) €S.

Shrinking S makes property (%) a stronger requirement, not a weaker one: fewer
tuples are available to constrain 1, so more maps have to be shown to have the standard
form. It is therefore not evident that (x) should pass from S to a larger S’, on which the
conclusion also demands more, namely that ¢ vanish at every p,(S’). The next proposition
shows that it does, and that the extra vanishing comes for free.

Proposition 4. Let S C &' C R" and suppose that (R, S) has property (x). Then (R,S") has
property (x).

Proof. Let ¢: R — R be additive and satisfy

gb(pn(Al,. . .,An)) = Pn (l[)(Al),Az,. . .,An) = pn (Al,l/)(Az),A3,.. .,An) (33)

forall (Ay,...,Ay) € §'.Since S C &', the same holds forall (A, ..., A,) € S, so property
(%) for (R, S) gives W € Z(R) and an additive {: R — Z(R) with

P(A) = WA+ E(A) (A €R). (34)

It remains to show that ¢ vanishes at p, on the larger set. Let (A1,...,A,) € 8 and put
T = pu(A1,..., Ay). Substituting (34) into the first equality of (33) and using the additivity
of p, in its first argument,

+ (A1), Ay, An) = pn(WAL Ay, Ay) + pu(E(A1), Ag, ..., Ay) = W,

the last equality by Lemma 1 for the first summand and by Lemma 2 for the second, the ele-
ment (A1) being central. On the other hand, (34) evaluated at 7t gives (1) = W + &(m).
Comparing the two expressions yields ¢(7r) = 0. O

Theorem 2. Let R be a ring, n > 2, S C R", and suppose (R,S) has property (x). Let
N € NU {oo} and A be a higher Lie n-derivation of rank N on S. Then a family ® = { @y }men
of additive maps is a A-higher Lie n-centralizer on S if and only if there exist W(t) € Z(R)[t]n
and a null family & on S with

Proof. Sufficiency is Proposition 3. For necessity, we construct Wy, and ¢, by strong
induction on m.

Suppose m = 0, by Remark 1 the pair of conditions (7) and (8) at level 0 says that ¢q is
an additive map with

¢O(Pn(A1/ . '/ATZ)) - p}‘l (@O(Al)/AZ/ . '/Ai’l) == pn(Al/ GDO(AZ)/AB,, . '/Aﬂ)

for every (Aj,...,An) € S. Property (%) produces Wy € Z(R) and an additive §p: R —
Z(R), vanishing on p;, (S), with @g = Wpid + ¢p. Since 6y = id, thisis gy = Y arp—0 Wadp + Co.

Let 1 < m < N and assume that Wy,...,W,,—1 € Z(R) and additive maps
¢o,---,Cm—1: R = Z(R), each vanishing on p,(S), have been found with Equation (17).
By Proposition 2 the additive map

m—1
Ym = Qm — Z Wabm—a
a=0
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[611, 612] = €12,

satisfies Equation (28) on S. Property (x) therefore yields W,, € Z(R) and an additive
¢m: R — Z(R) vanishing on p,(S) with ¢, = Wy,id + ;. Since 6y = id,

m—1 m—1
Pm = Pm + Z Wabm—a = Windo + Wabm—a +Cm = Z Wadp + Cm,
a=0 a=0 a+b=m

which is Equation (17) with m in place of m — 1. The induction produces W(t) = Y, Wy, t"
and E = {&,, } with the required properties. [

Combining the two preceding results shows that a single rank-zero input governs an
entire range of test sets.

Corollary 1. Let R be a ring, n > 2, and let S C R" be such that (R, S) has property (x). Let
S’ satisfy S C S’ C R" and let A be a higher Lie n-derivation of rank N on S'. Then a family ®
of additive maps is a A-higher Lie n-centralizer on 8" if and only if ®(t) = W(t)A(t) + E(t) for
some W(t) € Z(R)[t]n and some family Z null on S'.

Proof. By Proposition 4 the pair (R, S’) has property (*), and Theorem 2 applies to S’. [

An Application Beyond von Neumann Algebras

To show that Theorem 2 is a reusable principle rather than a device adapted to one
input, we verify property (%) from first principles in a setting unrelated to operator algebras,
and read off the higher classification there.

Let K be a commutative unital ring and let T = T,(K) be the ring of upper triangular
2 x 2 matrices over K, with matrix units ey, e1p, e and unit I = ej; + expp. Additively
T = Keqq @ Keqjp & Kepp, and the brackets we shall use are

le12,e11] = —enn,  [e1n,e22] =e1n, e e1n] = —e1n,  [e11,e] = [e12,e12] = 0. (35)
Consequently, [T, T| C Keqp and [Kejp, T| C Keqp, so that
pu(AL,..., Ap) € Kes  (Av,...,An €T, n>2). (36)

Moreover, Z(T) = KI: if A = ey + Perz + yex is central, then [e11, A] = Beip and
le12, A] = (7 —a)egp force B =0and a = 7.

Proposition 5. Let K be a commutative unital ring, T = T,(K) and n > 2. Then the pair (T, T")
has property (x).

Proof. Let X,Y € T and suppose p2(X,Y) = peyp for some p € K. Filling the remaining

n — 2 slots with e11, and then with ey, the relations [peq, e11] = —perp and [perr, exn] = pern
from (35) give
pn(X, Y, e11,...,e11) = (=1)"pern, pn(X,Y,ex,...,e2) = pep. (37)

Now let ip: T — T be additive and satisfy

l[](pn(Al,. . .,An)) = Pn (l/)(Al), Ay, .. .,An) = Pn (Al,lp(Az),Ag,.. .,An) (38)

forall Aq,..., Ay € T. Additively T = Kej; ® Kejp @ Kepp, so there are additive maps
a,b,c,a, b, K— Kwith

P(aerr) = a(a)ers +b(a)ern +c(a)ers,  P(yen) =a'(y)enn + 0 (v)en + ' (v)ex (a7 € K).
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Step1: b = 0and b’ = 0. Take Ay = aey; and Ay = --- = A, = eq1 in (38). Then
pa2(aeq1,e11) = 0, hence py (A, ..., An) =0, while

p2(P(wern), en) = b(a)[erz, e11] = —b(a)ery,

so that (37) turns the first equality of (38) into 0 = (—1)"~'b(a)er,. Thus b(a) = 0. Taking
instead A} = yep and Ay = - - = A, = ey, again p, (A1, ..., Ay) = 0, while

p2(¢(vex) en) = b'(7v)[e12, e22] = b'(7)er2,

s0 (37) gives 0 = b’ (vy)e1p and b/ (7y) = 0.

Step 2: Determining i on Kejp. Put A = a(1) — ¢(1) € K and take Ay = e11, Ay = Bern
and Az = --- = Ay = eq1. Here pa(e11, ferz) = Perz, 50 pu(Ar,..., An) = (—1)"Ber2 by
(37), while Step 1 gives

p2(¥(en), Berz) = [a(Ders +c(ex, Berz] = (a(1) —c(1))Berr = APera,

whence p,(¢(e11), Be1z, €11, - --,e11) = (—1)"ABeqz, again by (37). The first equality of (38)
therefore reads (—1)"(Be12) = (—1)"ABeqp, that is,

Pp(Ber2) = ABerz (B €K). (39)

Step 3: Determining i on Keq;. Take A; = weqy, Ay = eppand A3 = -+ = Ay = eq3.
Here py(aeq1,e12) = aeqp, so pu(A1, ..., An) = (—1)"aejp, while Step 1 gives

p2(p(aeir), ern) = [a(a)ers + c(a)en, ern] = (a(w) —c(a))err,

whence py(p(ae11),e1z,e11,...,e11) = (—1)"(a(a) — c(a))ern. The first equality of (38)
now gives ip(aep) = (a(a) — c(a))ern, and comparison with (39) yields a(a) — c(a) = Aa.
Substituting a(a) = Aw + c(a),

P(aerr) = a(w)er; + c(a)exn = Aweqy + c(a) (en1 +exn) = A (aer) +c(a)l. (40)

Step 4: Determining 1 on Keyy. Take A1 = eqp, Ay = yepp and A3 = -+ = A, = ep.
Here p»(e12, ve2n) = ve1n, 50 pu(Ay, ..., An) = ye1n by (37), while Step 1 gives

p2(e12, P (vexn)) = [e12, a'(v)en + ' (v)exn] = ('(v) —a'(v))ern,

whence py (12, P(vexn), ex,...,e2) = (c'(7) — a’(7))e12. The second equality of (38) gives
P(ver2) = (< (7v) — a’(7r))er2, and comparison with (39) yields ¢(7y) — a’(y) = A+y. Substi-
tuting ¢’(7y) = Ay +4'(7y),

P(yen) =a'(y)en + ' (v)en = Ayen +4d'(v) (e11 +ex) = A (ven) +4'(v). (41
Step 5: Assembling . Put W = Al and, for A = xejq + Pe1n + yen,
§(A) = (c(a) +d' (7))L

Then W € Z(T), and ¢ is additive, being built from the additive maps ¢ and 4’ and from the
coordinates « and 7y, which depend additively on A; its values lie in KI = Z(T). Adding
(40), (39), and (41) and using the additivity of i,

I/J(A) = l[)(l)é€11) + 1[1(,8612) + 1/7(7622) = A(zxen + ,3612 + ”}’622) + (c(zx) + {1,(’)’))1 = WA + C(A)
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Finally, let Ay,..., A, € T. By (36) the element p,, (A1, ..., Ay) is of the form Bej,, and such
an elementhasaw =y = 0,50 &(pn(A1,...,An)) =0. O

Corollary 2. Let K be a commutative unital ring, T = To(K), n > 2,and N € NU {oo}, and let
A = {6 }mem be a higher Lie n-derivation on T". A family ® = {@m } mem of additive maps on
T is a A-higher Lie n-centralizer on T" if and only if

om= Y Aidj+&im (0<m<N),
i+j=m

where \; € Kand {2 T — KI is additive with & |ke,, = 0.

Proof. By Proposition 5 the pair (T, T") has property (), so Theorem 2 applies with
R = Tand § = T" and gives ®(t) = W(t)A(t) + E(t) with W; € Z(T) = KI, say
W; = Al and E null on T". It remains to identify the null families. By (36) every
pn(A1, ..., Ay) lies in Kejp, and conversely every element of Kep; arises as such a value,
since py(e11, Perz, €11, - - -, e11) = (—1)"Bein by Step 2 of the proof of Proposition 5. Hence,
an additive ¢,;: T — KI is null on T" precisely when it vanishes on Keq,. The converse
implication is precisely Proposition 3. [

4. von Neumann Algebras

Property (x) has been established for von Neumann algebras by Ashraf, Ansari,
Akhter, and Wei. Their result is stated for Lie n-centralizers, which are defined by the
single identity

(P(pn(Alr---rAn)) :Pn((P(Al),AZ/'--,An) (Al,...,An GU), (42)

so we first check that a map satisfying (42) satisfies condition (1) as well. Put
Ay ={id,0,0,...} and ® = {¢9,0,0,...}. If m > 1 and i € C(m,n), then iy > 1 for
some k, and the corresponding factor ¢;,_is zero; hence A is a higher Lie n-derivation on
U", and P satisfies (7) at every level m > 1, both sides being zero. At level 0 condition (7) is
(42). Since U™ is closed under interchanging the first two coordinates, Proposition 1 gives
(8) at every level, and at level 0 this is

(p(Pn(Al,. . .,An)) = Pn (A1,¢(A2),A3,. ..,An) (Al/' AL E Z/{)

Every Lie n-centralizer therefore satisfies (1) on ¢/, and we may state both parts of the
following theorem in terms of (1).

Theorem 3 (Ashraf, Ansari, Akhter, and Wei Theorem 2.1, Corollary 2.2 of [18]). Let U

be a von Neumann algebra with unit I and let I = Eq + Ep, where Eq, Ep are orthogonal central

projections such that UE; is of type I and U Ey has no central summands of type I,. Let P € UE,
be a core-free projection with central carrier Ep, and let ¢ U — U be additive.

(i) ¢ satisfies (1) for all (Ay,...,An) € Spifand only if p(A) = WA+ (A) forall A € U,
where W € Z(U) and {: U — Z(U) is additive with (pn(A1,..., An)) = 0 for all
(Al, - ,An) S Sp.

(i) ¢ satisfies (1) for all (A1, ..., An) € U" ifand only if p(A) = WA+ C(A) forall A € U,
where W € Z(U) and {: U — Z(U) is additive with (pn(A1,..., An)) = 0 for all
Aq,..., Ay €U.

By Definition 3, part (i) says that (1, Sp) has property (x) and part (ii) says that (¢, U")
has property (x).
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Theorem 4 (Theorem 1). Let U be a von Neumann algebra with unit I, let Ey + E; = I be
orthogonal central projections with UE; of type 1y and U E without central summands of type I,
and let P € UEj be a core-free projection with central carrier Ey. Let n > 2, let A = {6y, }yem be
a higher Lie n-derivation on Sp, and let ® = { @y } mem be a family of additive maps on U. Then O
is a A-higher Lie n-centralizer on Sp if and only if

om= Y, Widj+ém (0<m<N),
i+j=m

where Wy, € Z(U) and each &y : U — Z(U) is additive with &m(pn(A1, ..., An)) = 0 for all
(A1,...,An) € Sp; equivalently ®(t) = W(t)A(t) + E(t).

Proof. The converse is Proposition 3 with R = U and & = Sp.

Assume that @ is a A-higher Lie n-centralizer on Sp. We use induction on m.

Let m = 0. Since C(0,n) = {(0,...,0)} and &y = id, conditions (7) and (8) at level 0
become

(PO(Pn(Al/- . ‘/A?l)) - Pn (q)O(Al)/AZI' . -rAn) - Pn (Alr QDO(AZ)/AB/- . -/An)

for all (Ay,...,Ay) € Sp. By Theorem 3(i), there exist Wy € Z(U) and an additive
map ¢o: U — Z(U) with &o(pn(A1,...,An)) = 0 for all (Aq,...,A;) € Sp such that
¢o(A) = WoA + &o(A) forall A € U. Since &y = id,

po=Wodo+Co= ) Widj+ o
i+j=0

Now let 1 < m < N, and suppose that Wy, ..., W, 1 € Z(U) and additive maps
¢o,---,Cm—1: U — Z(U) have been found such that {;(pn(A1,...,An)) = 0 for all
(Ay,...,A;) € Spand

pr= Y, Widj+& (0<k<m—1).
i+j=k

Put
m—1
Y = Qm — Z Wi dm—a.
a=0
By Proposition 2,
Y (Pn(A1, .., An)) = Pn(Pm(A1), Az, ..., An) = pu(A1, pm(A2), As, ..., Ay)

forall (Ay,...,An) € Sp. Again, by Theorem 3(i) there exist Wy, € Z(U/) and an additive
map & U — Z(U) with & (pn(A1, ..., An)) =0forall (Ay,...,Ay) € Spsuch that

Ym(A) = WnA+En(A) (AclU).

Since Jp = id, we get

m—1

m
Pm :¢m+ Z Wuém—a:Wm(SO‘i‘ Z Wa(sm—a"‘gm: Zwafsm—u'f'gm = Z Wifsj‘i‘gm/
a=0

a=0 i+j=m

which completes the induction.
Finally, put W(t) = Y_,,cor Wit and E = {, }. Then W(t) € Z(U)[t]n, the family
Eisnull on Sp, and ®(t) = W(t)A(t) + E(t). O
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Theorem 5. Let U be a von Neumann algebra with no central summands of type 11, let P be a
core-free projection with P = 1, let n > 2, and let A = {6y } e be a higher Lie n-derivation on
Sp. A family ® = { @ } men of additive maps is a A-higher Lie n-centralizer on Sp if and only if

om= Y. Widj+Z&m (0<m<N),
i+j=m

where Wy, € Z(U) and each &y U — Z(U) is additive with &m(pn(A1, ..., An)) = 0 for all
(Al,. . .,An) € Sp.

Proof. Take E; = 0 and E; = I. These are orthogonal central projections with E; + E; = I,
and UE; = {0}, so the requirement that I/E; be of type I; is vacuous, while /E, = U has
no central summands of type I; by hypothesis. Moreover, P € U = UE, is core-free and
P =1=E,. ThusU, Ey, E», and P satisfy the hypotheses of Theorem 4, and A is a higher
Lie n-derivation on Sp by assumption.

Theorem 4 now gives: @ is a A-higher Lie n-centralizer on Sp if and only if there
are Wy, € Z(U) and additive maps {: U — Z(U) with & (pn(Ay, ..., An)) = 0 for all
(Ay,...,A;) € Sp such that

pm= Y, Widj+Zim (0<m<N).
i+j=m

O

Theorem 6. Let U be a von Neumann algebra, let n > 2, and let A = {6y, }mem be a higher
Lie n-derivation on U". A family ® = {@m }mem of additive maps satisfies (7) for all m € N
and all Ay,...,An € U if and only if ®(t) = W(t)A(t) + E(t), where W(t) € Z(U)[t]n
and & = {&y} is a family of additive maps U — Z(U) with &m(pn(A1, ..., An)) = 0 for all
Aq,..., A, €U.

Proof. Suppose first that ® satisfies (7) forall m € 9tand all Ay,..., Ay € U. The setU" is
closed under interchanging the first two coordinates, so Proposition 1, applied to A and &
with & = U", gives (8) for all m € Y and all Ay,..., A, € U. Hence, @ is a A-higher Lie
n-centralizer on U".

By part (ii) of Theorem 3, every additive map ¢: U — U satisfying (1) for all
Aq,..., Ay € U is of the form ¢ = Wid + ¢ with W € Z(U) and ¢: U — Z(U) addi-
tive and vanishing on p, (U"); by Definition 3 the pair (U, ") has property (x). Theorem 2
applies with R = U and S = U" and gives W(t) € Z(U)[t]y and a family Z null on U"
with ®(t) = W(t)A(t) + E(t).

Conversely, let ®(t) = W(t)A(t) + E(t) with W(t) € Z(U)[t]ny and E null on U".
By Proposition 3 with R = U/ and § = U", the family ® is a A-higher Lie n-centralizer on
U"; in particular (7) holds forallm € Mtand all Ay,..., A, €eU. O

Uniqueness and Further Properties of the Decomposition

Throughout this subsection ¢/ is a von Neumann algebra with no central summands
of type I, P = Py is a core-free projection with P, = I, P, = [ — Py, Ui = PUP;, and
A = {6y } mem is a higher Lie n-derivation on Sp. Proposition 7 is the exception and carries
its own hypotheses.

Proposition 6. Let Wy, W,, € Z(U) and let &y, &, : U — Z(U) be additive maps such that
Yo Wi +8&u= ) Wi+&, (0<m<N).

i+j=m i+j=m
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Then, Wy, = W), and &y, = &), for every m. In particular, the data W (t) and E of Theorem 5 are
determined by P.

Proof. We use induction on m. Let 0 < m < N and suppose Wy, = W,i and ¢ = gf]’c for all
k < m, this being vacuous when m = 0. The terms with i < m on the two sides of the level
m identity are then equal, and cancelling them leaves

Win 60(A) +Em(A) = Wy, 00(A) +,(A) (A €U).
Since §y = id, this reads
(Wi — Wi )A =, (A) —Em(A) € 2(U) (A €l).

PutC =W, —W,, € Z(U). Then CA € Z(U) for every A € U, so C = 0 by Lemma 3,
and therefore ¢}, = &,,. O

The hypothesis on U cannot be dropped. On an arbitrary von Neumann algebra, the
coefficients W; may be altered on the type I; summand without changing ®, and the next
proposition identifies exactly what remains determined.

Lemma 8. Let U, Eq, Ey, P, and A be as in Theorem 4 and put

6 (B) = E26i(B) (B EUE,, j €M)

Then UE; is a von Neumann algebra with unit E,, center Z(UE,) = Z(U)E, and no central
summands of type Iy; the projection P lies in UE,, is core-free there and has central carrier Ep;
and A®) = {5](2)}j€‘ﬁ is a higher Lie n-derivation of UE, on 51(32) = {(By,...,Bn) € (UEx)":
BB, = P}.

Proof. The assertions about U/ Ej, its center and P are the defining properties of the decom-
position I = E; + Ej recalled in Section 2.

Each 5;2) is additive, being J; followed by multiplication by E;, and it maps UE;
into UE,, since Ezéj(B) = E%(Sj(B) € UE,. For B € UE;, we have (5(()2)(B) = E;B = B, so

2) _ .

5(() ) = ldUEz'

Let (By,...,B,) € S&. Then By,..., B, € UE; and ByB, = P, s0 (By,...,B,) € Sp
and (6) holds for A at this tuple. Multiplying it by Ey,

E25m(pn(B1r~--an)) = Z Ean(ail(Bl)/---r‘sin(Bn»- (43)

ieC(mn)

Consider the left-hand side. Since /E; is an ideal of U/ and By € UE,, the element
pn(B1,...,By) lies in UE,, and therefore

Ezdm(pa(Bi,...,By)) = 02 (pu(By,..., By)). (44)

Consider a summand on the right-hand side. The element E, is central, so Lemma 1
may be applied in each of the 7 slots in turn, and E;' = E; because E; is idempotent:

pu(6(B1),...,87 (Ba)) = pu(E28i, (Br), ..., 263, (Bu))
= EJ' pn(6i,(B1), -, 0i,(Bu)) = E2 pu (i, (B1), ..., 0;,(Bu)). (45)
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Substituting (44) and (45) into (43),

o5 (pu(Bu, - Bw) = X pu(6 (By), .., 017 (Bu)),

ieC(mn)
which is (6) for A® on S 1(32). O

Proposition 7. LetU, E1, Ep, P, and A be as in Theorem 4, let W; € Z(U) and let &py: U — Z(U)
be additive maps vanishing at every pn(As, ..., Ap) with (Aq,...,Ay) € Sp. Let ¢; € Z(U)Eq
for 0 <i < N and put

N = Z ¢i 6j (0 <m <N).
i+j=m

Then, each 11, is additive, takes its values in Z(U), and vanishes at every pn (A1, ..., An) with
(Ay,...,A,) € Sp; moreover

Y. Witc) i+ @m—nm) = Y. Widj+&n  (0<m<N).
i+j=m i+j=m

Two such representations of the same family ® agree in

WiuEy and &+ Y WiE16;  (0<m<N),
i+j=m

and these two quantities are therefore determined by ®.

Proof. Since UE; is of type I3, it is abelian, and UE; C Z(U) by the first paragraph of
the proof of Lemma 4. Each 7, is additive, being a finite sum of central multiples of the
additive maps 6;, and since ¢; = ¢;E,

mm(A) =) c¢Ei16;(A) €UEL C Z(U)  (AelU).
i+j=m

Let (Ay,...,A,) € Spand put t = p, (A1, ..., An). By Definition 1 at level j,

E1(5]<7T> = 2 El pn((sil(Al),...,5in<An)) =0
ieC(jn)

by Lemma 4, and therefore
() =) ciE 6ij(m) = 0.
i+j=m
The displayed invariance follows at once:
L Wit o+ @m—m) = ) Widj+m+&m—nm= ), Widj+&m.
i+j=m i+j=m i+j=m

Now let

Y, Widj+Gm= )Y, Wio+&, (0<m<N)
i+j=m i+j=m

be two representations of the same family. Multiply this identity by E, and restrict it to
UE,. With the notation of Lemma 8, and since E» is central,

Ex Y Wi6i(B)+Elu(B) = Y (WiE2)6\” (B) + Exlu(B) (B € UEy),
i+j=m i+j=m
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and likewise for the primed data. Here, W;E; € Z(U)E; = Z(UE;), and B — Ex&y(B) is
an additive map of U E; into Z(UE;). The identity therefore becomes an equality of two
representations of the same family of maps on U/ E, relative to the higher Lie n-derivation
A® of Lemma 8. Since UE, has no central summands of type I; and P is a core-free
projection of UE, with central carrier E;, Proposition 6 applies inside {/E, and gives
WyEx = W), E; for every m. Put ¢; = (W/ — W;)E;1. Then W/ = W; + ¢; for every i, so the
invariance just proved gives ¢y, = & — jm With 71 = ¥4 j—p, ¢;0j, and hence

‘:7/11 + Z WI-/E1 5] =Cm— Z Ci5j + Z (Wi +Ci)E1 5] =Cm+ Z W;Eq 65,
i+j=m i+j=m i+j=m i+j=m

where the last equality uses ¢; = ¢;E;. O
Theorem 7. The set Cx(Sp) is a Z(U)[t]n-module under V (t) - @ := V(t)P(t), and
Ca(Sp) = ZU)[tIn - A & N(Sp),

the first summand being free of rank one on A.
Proof. Let ® = W(t)A + E € C5(Sp) and let V(t) € Z(U)[t]n- Then

V(D(E) = (VIOWH)A() + V(DE(E),
and V (t)Z(t) is null on Sp, since its coefficient }; ;—,, Vi¢; is additive, takes values in Z(U),
and vanishes at p, (A1, ..., An) for every (Ay,...,An) € Sp. Hence, V() - ® € Co(Sp) by

Proposition 3, and Cx(Sp) is a Z(U)[t] y-module.
Consider the map

ZU)[HIN x N(Sp) — Ca(Sp), (W, E) — W(H)A(H) +

[1]

(£).

Itis Z(U)[t]n-linear, it is onto by Theorem 5, and it is one-to-one by Proposition 6. Taking
E = 0and W' = 0 in Proposition 6 gives W(t)A(t) = 0 = W(t) = 0, so the first
summand is free of rank one on A. [

o=
==

Lemma 9. Forall A1y € Uyp and Ay € Uy,

(Pr+ Ap)P =P, pn(Py+ A, Py, Py, ..., P) = (=1)" 1Ay, (46)
Py(Py+ Ay) =Py, pn(P1, P14+ Ap, Py, ..., P1) = —An. (47)

Proof. Write AlZ = P]Apz. Then A12P1 = PlA(P2P1> =0, so (Pl + AlZ)Pl = P]. Since Pn
is additive in its first argument and p,(P;, Py, ..., P;) =0,

pu(PL+ A1, Py, ..., P) = pu(A12, P1,..., P1) = (=1)"" P APy + P2 APy = (—1)" 1Ay,

by (5), together with P; A1pP» = A1y and P,A1pP; = 0. This proves (46).
Write Ay; = P,AP;. Then PiAy; = (Plpz)Apl =0, so P1(P1 + A21) = P;, and by
additivity again

pu(P1, Py + Ay, Py, ..., P1) = pu(P1, A21, Py, ..., P1).

Now py(P1,A21) = PiAzy — AyPp = 0 — Ay = —Apy, and if py(Py, Ay, Py, ..., Pp) =
—A»q for some k > 2, then

Pi+1(P1, A1, Py,..., P1) = [ A, Pi] = —Ap Py + PlAy = —Ay +0= —Ap,
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sO pu(Py1, Ap1, Py, ..., P1) = —Ap for every n > 2, which proves (47). O

Proposition 8. Let ® = {¢u} be a A-higher Lie n-centralizer on Sp, written as
Pm = Litj=m Widj + &m. Then

gm’uu: 0/ gm‘Mn:O (OSmSN)/

and consequently

om(A) = )Y, Widi(A) (A €lUpUly).
i+j=m

Proof. Let A1y € Uip. By (46) the tuple (P; + Ajp, Py, ..., P) lies in Sp, so

0=Cm(pn(PL+ A2, Pr,.. o, P1)) = En((—1)" A1) = (=1)" 1¢u(Ara),

since an additive map commutes with multiplication by +1; hence ¢, (A12) = 0. Let
Ap1 € Uyp. By (47) the tuple (Pl, Py + Ay, Py, ..., Pl) lies in Sp, so

0="Cum(pn(Pr,PL+Ax, Pr,..., Pr)) = Cn(—An) = —Cu(An),

and ¢ (Az1) = 0. The last equation now follows from ¢, = Yy iy Widj + G- O

5. Applications

Throughout this section i/, Eq, E; and P are as in Theorem 4, and Sp is the set of tuples
(Al, .. .,An) € U" with A1A, = P.

We begin with the class of families whose level-zero component is the identity.

Definition 4. Let L = {L;,}em be a higher Lie n-derivation on S. A family G = {Gp mem of
additive maps with Gg = id is a generalized higher Lie n-derivation associated with L on S if G
is an L-higher Lie n-centralizer on S, that is, if (7) and (8) hold with ¢, = Gy, and 6, = Ly,.

For N =1,sothat L = {id, L1} and G = {id, G, }, level 1 of (7) reads

G1 (Pn(Al/-' ./An)) = Pn (Gl(Al)/AZI' . -/An) +

n
pn(Al,.. .,L1(Ak),...,An)
k=2

for (Aq,...,A;) € Sp, and (8) reads

G] (Pn(Alz .. -/An)) - pn (Ll(Al)/ AZ/ .. ~/An) + Pn (A]/G1(A2)/A3/ .. -;An)
_l’_
k=

pn(Al,...,L1<Ak),...,An).
3

These are the two conditions studied in § 3 of [18]; without the restriction to Sp they define
a generalized Lie n-derivation in the sense of [10,11].

Theorem 8. Let L = {Ly }em be a higher Lie n-derivation on Sp and let G = {Gy em
be a generalized higher Lie n-derivation associated with L on Sp. Then there exist Wy, € Z(U)
for 1 < m < N and additive maps xp: U — Z(U) vanishing at every pn(As, ..., An) with
(Ay,...,Ay) € Sp, with xg = 0, such that

m
Gm:Lm+ZWaLm—a+Xm (OSmSN)
a=1
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Equivalently, G(t) = W(t)L(t) + X(t), where W(t) = I+ Y_,51 Wat® is invertible in Z(U)[t]n
and X = {xm} is null on Sp; consequently

Proof. The pair L, G satisfies the hypotheses of Theorem 4 with A = L and ® = G, so there
are Wy, € Z(U) and additive maps xu: U — Z(U), vanishing at every p,(A1,..., An)
with (Al, e ,An) € Sp, with

Gn= ), Wili+xm (0<m<N). (48)
i+j=m

Atlevel 0 the only pair with i 4+ j = 01is (0,0), and Gy = id, Ly = id, so (48) becomes
A =Go(A) = WoLo(A) + xo(A) = WoA+xo(A)  (Ael).
PutC =1— Wy € Z(U). The last display reads
CA=yxo(A) e ZU) (Aecll). (49)

Let B € UE;. By (49), (CE3)B = CB € Z(U) NUE, = Z(UE;), and UE; has no central
summands of type I;, so Lemma 3, applied inside ¢/ Ey, yields

CE, =0, so that WoE; = E, and C = CE;. (50)
Define
Wy =1, Wr=W, (1<a<N), X =xm—CLyp (0<m<N).

Since Wy —Wp = Cand W; = W, fora > 1, wehave } ;i W/L;j = Yy j—py WiLj + C Ly,
and therefore

Z Wi*Lj+X:n: ( Z WiLj+CLm)‘|‘(Xm*CLm) = Z WiLj+Xm:Gm
i+j=m i+j=m i+j=m
for 0 < m < N. Atm = 0 this gives

XE(A) = x0(A) —CLo(A)=CA—CA=0 (Acl),

so xp = 0.

Each x}, takes its values in Z(U). Indeed UE; is of type I, hence abelian, so
UE, C Z(U) by the first paragraph of the proof of Lemma 4; combining this with C = CE;
from (50),

CLy(A) =CE;Ly(A) €e UE; C Z(U) (Ael),

while x;;, is center-valued by construction.
Each yx;, vanishes at every p,(Aj,...,A;) with (Ay,...,A,) € Sp. Writing
T = pu(A1,..., Ay) for such a tuple, (6) at level m gives

Ele(n) = Z E1 pn(Lil(Al)r-“/Lin(An)) =0
ieC(mn)

by Lemma 4, and therefore

X (70) = Xm(7w) = C Lyy(m) = 0 — CE1 Ly (1) = 0.
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Replacing W; by W/ and x, by x;, in (48), and using Wy = I and Lo = id,

m
Gm = Z Wi*Lj+X:n:Lm+ZWuLm—u+X*m (O§m§N>/
i+j=m a=1

which is the asserted formula.

Finally, a series in Z (U)[[t]y with constant term I is invertible: writing W (t)~! = ) 17\/jtj ,
its coefficients are given by

_ _ o
Wo=1 Wi==) W,Wj_, (1<j<N).
a=1

Multiplying G(t) = W(t)L(t) + X(t) by W(t) ! gives L(t) = W(#)"}(G(t) — X(t)). O

At rank one the conclusion takes two forms, according to whether a summand of type
I; is present. The first is Theorem 3.3 of [18] and the second is Theorem 3.1 of [18].

Corollary 3. Let L, G: U — U be additive maps such that {id, L} is a higher Lie n-derivation on
Sp and {id, G} is a generalized higher Lie n-derivation associated with it. Then

G(A) =WiA+x(A) (Ael),

where Wy € Z(U) and x: U — U is an additive map with

X pn(Arse ) An)) = kz oA X (A &) ((Anse.ns An) € Sp).
=1

Proof. At m = 1, the formula of Theorem 8 reads
G=G=L1+WiLog+x1 =L+ Wiid+ x1,
with Wy € Z(U) and x1: U — Z(U) additive and vanishing at every p, (A1, ..., A,) with
(A1,...,Ay) € Sp. Put x = L+ x1, an additive map on .
Fix (Aj,...,An) € Spand 1 < k < n. Since x1(Ax) € Z(U), Lemma 2 gives
pn(Alz' . -/X1(Ak)/' . .,An) =0
for k € {1,2}, while for k > 3,

pe(Ar, - A, xa(Ar)) = [pr-1(An - Akor), xa(Ar)] =0,

again by centrality, so that p,(A1,..., x1(Ak), ..., Ay) = 0, the remaining brackets being
taken with 0. Summing over k,

n
3 pu(Ar 1A Ar) =0
k=1
Level 1 of (6) for the family {id, L} gives

L(pn(Al,...,An)) = 2 pn(Al,...,L(Ak),...,An),
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and adding the two previous displays, together with x1(pn(A1,...,An)) =0,

n

X(pn(A1,..., An)) = L(pn(A1,..., An)) + x1(pn(A1, ..., An)) :kZ;pn(Al,...,X(Ak),...,An). O
-1

Corollary 4. Assume in addition that Ey = 0, so that U has no central summands of type I and

P =1, and let L, G be as in Corollary 3. Then
G(A) =W1A+56(A)+x(A)  (AelU),

where Wy € Z(U), §: U — U is an additive derivation, and x: U — Z(U) is additive with
X(pn(A1,...,An)) =0forall (Ay,...,An) € Sp.

Proof. Atm = 1 the formula of Theorem 8 gives G = L + Wjid + x1, with Wy € Z(U) and
X1: U — Z(U) additive and vanishing at every p, (A1, ..., An) with (Aq,...,A,) € Sp.
Level 1 of (6) says that

L(pa(Av, ..., An)) = :le,,(Al,...,L(Ak),...,An) (Au..., An) € Sp).

Since U has no central summands of type I;, we may write L = 6 +y withd: U — U
an additive derivation and y: U — Z(U) additive and vanishing at every p,(As, ..., An)
with (Ay,...,Ay) € Sp Theorem 3.11 of [37]. Put x = x1 + 7. O

We turn to the two smallest values of n and to two extreme choices of A.

Corollary 5. Let A = {6y }mem be a higher Lie n-derivation on Sp and let ® = { @ } mem be a
family of additive maps on U.

(i) Letn = 2. Then P satisfies

ou(AB) = ¥ [pi(A),6(B)] = ¥ [6:(A),9,(B)]  (ABeU, AB = P)
i+j=m i+j=m
forallm € Nifand only if g = Yt j—y Widj + Gm with Wy € Z(U) and G U — Z(U)
additive and vanishing at every [A, B] with AB = P.
(ii) Let n = 3. Then P satisfies

on([[ABLCl) = ) [l9i(4),5(B)], 6 (C)]

i+j+k=m

= Y [6:(A), ¢;(B)],(C)]

i+j+k=m

(A,B,C €U, AB=DP)

forallm € Mifand only if pm = ¥y j—y Widj + Gm with Wy € Z(U) and §: U — Z(U)
additive and vanishing at every [[A, B], C] with AB = P.

Proof. Write p(A, B) = [A,B] and p3(A,B,C) = [[A, B],C]. Foreachof n =2 and n = 3,
the two displayed identities are Equations (7) and (8), and the assertion is the corresponding

case of Theorem 4. [

Corollary 6. Let Ay = {id, 0,0, ... }. Then A is a higher Lie n-derivation on U", and a family
D = { @} of additive maps is a Ao-higher Lie n-centralizer on Sp if and only if

o =Wyid+ & (0<m < N)
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with Wy, € Z(U) and & : U — Z(U) additive and vanishing at every p,(Ay, ..., Ay) with
(Al, .. .,An) € Sp.

Proof. Letm > 1and i € C(m,n). Then i > 1 for some k, so the k-th argument of the
corresponding term of (6) is J;, (Ax) = 0, and the term vanishes because p, is additive
in that argument. Both sides of (6) are thus zero for m > 1, while at m = 0 it reads
pn(A1, ..., Ay) = pu(Ay,..., An); hence Ag is a higher Lie n-derivation on U".

Write Ay = {(5](0)}]'6% so that (5(()0) = id and 5](0) = 0 for j > 1. Taking
A = Ag in Theorem 4, the family ® is a Ap-higher Lie n-centralizer on Sp if and only
if om =Y tj=m WZ-(S}O) ~+ & with Wy, and &y, as stated, and this sum reduces to its term
with j = 0, namely Wyid. O

Corollary 7. Let U be a factor with U # CI and let P € U be a core-free projection with P = 1.
Then every A-higher Lie n-centralizer ® on Sp has the form

pm(A) = Z Aidi(A) +Sm(A)  (AeU),
i+j=m

where A; € C and &y: U — CI is additive and vanishes at every pn(As,..., An) with
(A1,...,An) € Sp. If, moreover, the additive subgroup of U generated by {p,(A1,...,Ay) :
(A1,...,Ap) € Sp}isall of U, then &y = 0 for every m and ®(t) = (L; Ait') A(t).

Proof. A factor has center Z(U) = CI and its only central projections are 0 and I; as
U # CI, the algebra U is not of type Ij, and so it has no central summands of type I;.
Theorem 5 therefore gives ¢y = Y, j—, Widj + ¢ with W; € Z(U) = CI, say W; = A;1
with A; € C, and with §,, mapping into Z(U) = CI.

Assume now that the additive subgroup generated by the elements p, (A1, ..., An),
(Aq,...,Ay) € Sp,isall of U. Being additive and vanishing on those elements, ¢, vanishes
on the subgroup they generate, that is, on ¢/. Hence, {, = 0and ¢, = ;. j=m Aibj, which
is the coefficient of #" in (¥; A;#')A(t). O

Finally we record when the maps ¢, inherit linearity or continuity.
Proposition 9. Assume Eq = 0, let ® = { @y, } be a A-higher Lie n-centralizer on Sp, written as
m = Litj=m Widj + Gm,and let 0 < m < N.

@) Iféo,...,0m arelinear, then @y, is linear if and only if ¢, is linear.
(ii) Ifdo, ..., 0m are continuous for a topology on U in which multiplication by a fixed element of
Z(U) is continuous, then ¢y, is continuous if and only if &, is continuous.

Proof. Write

O, = Z W; ¢, so that Pn =0p+Cn and Cw = @m — O
i+j=m

The sum defining ©,, has one term for each of the finitely many pairs (i, j) withi+j = m,
and each term is J; followed by multiplication by the fixed central element W;.
(i) Let &g, . .., 0y be linear. For A,B € Y and A € C,

On(AA+B) = Y W 5i(AA+B)= Y Wi(A6;(A)+06j(B)) = AOu(A) + Ou(B),
i+j=m i+j=m

s0 Oy, is linear. If ¢y, is linear, then ¢, = @y, 4 ¢y, is a sum of two linear maps and is linear;
if @y, is linear, then &, = @ — Oy, is a difference of two linear maps and is linear.
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(ii) Let &y, . . ., o» be continuous for a topology on U/ in which multiplication by a fixed
element of Z(U) is continuous. Each map A — W;J;(A) is then a composition of two
continuous maps, and @y, a finite sum of such maps, is continuous. If §,, is continuous,
then so is ¢y = O + Cm; if @i is continuous, then so is & = @ — O, O

6. Concluding Remarks

The transfer theorem, Theorem 2, is formulated for an arbitrary ring R and an arbitrary
set of test tuples S C R”, and its proof uses only additivity, the ring axioms, and property
(%) at rank zero; nothing in the argument uses commutativity of scalars or the existence of
an involution. It is therefore natural to ask whether an analogue of the transfer theorem
holds beyond associative rings, for instance for a unital alternative algebra A with the
left-normed commutators py(x1) = x1, pu(x1,...,%n) = [pn_1(x1,...,Xy-1), Xs]: if an
appropriate rank-zero version of property (x) is available on A, does every A-higher Lie
n-centralizer necessarily decompose as ®(t) = W(t)A(t) + E(t), with central coefficients
and a center-valued null family, as in Theorem 2? Rigidity phenomena of this kind have
already been observed for Lie-type maps on alternative and alternative *-algebras [31,32],
and alternative division algebras and split octonion algebras would be natural first cases to
examine. We leave this direction, and the corresponding non-associative counterpart of
Theorem 1, for future work.
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