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Abstract

By using 1~2 degrees of freedom (DOF) examples, linear/nonlinear and quasi-periodical
systems (QPS) are investigated based on the energy-flow theory (EFT), which reveals the
following new findings on chaotic motions. (a) A 1-DOF linear non-damped-forced motion
is chaotic if there is no least common multiple (LCM) for the periods of natural and force
frequencies. (b) For a 1-DOF nonlinear non-damping-forced system with nonlinear stiffness
of γx2, (γ > 0), both the free vibration by initial conditions and the composed motion with
forced one excited by a force of given frequency are chaotic; while, when damping is added,
the free vibration is damped to zero, but the forced vibration consists of different frequency
components showing chaotic characteristics. (c) For a 1-DOF system of natural frequency
1 with nonlinear damping 2ε

( .
x
)
= −2 +

.
x +

.
x2, ε

( .
x
)
< 0, ε

( .
x
)2

< 1, the free vibration
by the initial conditions (x0 = 1, p0 = 0) is along a non-repeating orbit towards a zero
energy-flow limit circle of

.
E = 0, p = −1. The tackled 1-DOF systems of no LCMs belong to

a type of QPS, which implies that the orbit of a QPS in the phase space is also a non-closed
curve, and based on the EFT, its motion is chaotic. The chaotic orbits of above 1-DOF cases
in the phase space, as well as a 2-DOF free vibration case, are numerically examined to
confirm the theoretical prediction. The findings may suggest that the LCMs could be an
important factor in identifying chaotic motions. It is demonstrated that the generalised
potential energy (GPE) and the energy-flow characteristic factors (EFCF), respectively,
play a Lyapunov function and exponents to tackle the stabilities and chaotic motions of
dynamic systems.

Keywords: linear chaotic motion; chaos identifications; nonlinear stiffness/damping; least
common multiple (LCM); chaotic orbit of QPS; Lyapunov function and exponents

MSC: 74H65; 37C56

1. Introduction
In mathematics and physics, chaos is considered an inherent characteristic of nonlinear

dynamical systems (NDS). An early proponent of chaos theory was Poincare [1]. In the
1880s, while studying the three-body problem, he found that there can be orbits which are
non-periodic, and yet not forever increasing or approaching a fixed point [2]. However,
this proponent did not cause more attention from scientists and engineers until Lorenz [3],
an early pioneer of the theory, whose interest in chaos came about accidentally through
his work on weather prediction. After Lorenz’s discovery, investigations into chaos have
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developed very fast. There have been many books and papers highlighting its origin,
developments and possible future directions, for example, the publications [4–16]. In these
books, the two most influential books could be by Stroyatz [17] and Larek [18]. The former
presents a very good introductory text in nonlinear dynamics and chaos, emphasising
applications in several areas of science, including vibrations, biological rhythms, insect out-
breaks, and genetic control systems, and contains a rich selection of illustrations, with many
exercises and examples. The latter discusses continuous and discrete nonlinear systems in
systematic and sequential approaches, with its unique feature being mathematical theories
on analysis of nonlinear systems and chaos routes, and the new edition includes some
new topics, such as centre manifold reduction, new active research direction on organised
structures for transitional and chaotic regimes and the connections of complex chaotic
attractors with fractal cascades. Both books could be chosen as textbooks for different levels
of students in engineering and mathematics. The interested readers may wish to consult
these two books for more detailed discussions on chaos theories and applications, as well
as more useful references. For obtaining more newly discovered hidden nonlinear chaotic
phenomena, the conferences would be the most important places to fast collect them, of
which some series conferences with the electronic proceedings organised and published
by Springer Nature are more influential in the world, for example, the series conference
monographs [19–22].

“Chaos” is normally understood as “a state of disorder”. However, in chaos theory,
the term is defined more precisely. Although there is no universally accepted mathematical
definition of chaos, a commonly used definition says that, for a dynamical system to be clas-
sified as chaotic, it must have some properties indicated by Hasselblatt & Katok [23], such
as being sensitive to initial conditions, topological transitivity and dense ‘periodic’ orbits.

According to the author’s knowledge, in all publications before 2015, the chaotic
motions are identified by the Lyapunov exponents or Poincare maps, of which the detailed
methods and mathematical formulations can be read in the books [17,18]. For example,
in many recent publications [24–29] involving vibration reductions by nonlinear isola-
tors or nonlinear energy sinks, these two historic approaches are still used to reveal the
chaotic/bifurcation characteristics of NDS. In 2015, Xing [30] developed a generalised
means, the energy-flow theory (EFT), to investigate any types of NDS in macroscopic,
microscopic and mesoscopic fields in nature and engineering [30–37]. Based on this theory,
chaotic motions can be identified by some energy-flow criteria [30,32] summarised later,
which have been demonstrated to be very effective by examining the well-known chaotic
motions [30,32], such as Van Der Pol Oscillator [38,39], Duffing’s system [40], SD oscilla-
tor [41,42], Lorenz system [43,44] and Rössler oscillator [45]. In the recent papers [46,47]
studying the three-body problems and the motions in the gravity fields, this method has
revealed the chaotic motions in Newton’s gravity field.

In recent years, with the fast development of computer/network techniques and ap-
plication requirements, an attractive and imperative topic called chaos synchronisation has
been investigated and developed [48–52], for which a review of different synchronisation
methods has been reported [53]. The chaotic synchronisation signifies a process to track
the trajectory of the master chaotic response, so that it closely involves chaos identification.
Aiming to reveal a lock-in regime where the vortex frequency coincides with the structure
one, paper [54] reported a large eddy numerical simulation of a wind–structure interaction
system to avoid self-excited large vibrations, which concerns tackling the stability of the
system. As good effective research, paper [55] proposed a generalised van der Pol model
with metastability/chaos identifications by examining their defined potential energy E and
its time derivative

.
E, which is just the generalised potential energy (GPE) and its energy

flows developed and used to tackle NDS by the author [30–37]. Although their paper has
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not used the full EFT given in [30–37], it has partially demonstrated the efficiency of the
EFT to reveal the inherent behaviour of NDS. To list too many publications in different
areas concerning stabilities/chaos/vortex identifications of dynamic systems, the interested
readers may refer to the above-given references with their cited original information to
obtain more details of the topics discussed in this paper.

Reading the publications on chaos, we have the following questions to be addressed.
The first one concerns whether chaotic motions can appear in linear systems. This is pro-
posed based on the facts: in current publications, there are no reports on chaos revealed
in linear systems. The second question is to ask us what the conditions are to generate
chaotic motions in dynamic systems. The current reports only show finding various chaotic
motions, but we do not know any mechanisms that cause chaotic motions. In a preprint pa-
per [56], these problems were initially tackled by investigating 1-DOF linear/nonlinear and
quasi-periodical dynamic systems based on the EFT with theoretical analysis and numerical
simulations. This paper is the new modified version of preprint [56], in which, following
the introduction, Section 2 gives the fundamentals of EFT used in the next sections, in which
GPE and EFCF are demonstrated to play the roles of Lyapunov function and exponents
by using the principal energy-flow space (PEFS). Section 3 investigates a 1-DOF system in
three cases: one is a linear system, two are nonlinear systems with nonlinear stiffness and
damping. A generalised 1-DOF linear and nonlinear non-dimensional dynamic system can
be represented as

..
x + 2ε

(
x,

.
x
) .
x + ω2(x,

.
x
)

x = F(τ) =
∼
F cos

∼
ωτ, ω ̸= 0, (1)

where ε
(

x,
.
x
)
, ω2(x,

.
x
)

and F(τ) respectively denote the non-dimensional damping, stiff-

ness and excitation force of frequency
∼
ω and amplitude

∼
F of the system. For linear systems,

the damping and stiffness are constants, while for nonlinear systems, they are functions of
dynamic variables. Section 4 investigates quasi-periodical systems (QPS). Section 5 gives a
detailed discussion, based on the commonly accepted knowledge, the Poincare maps, the
Lyapunov exponents and the mentioned orbit characteristics, to further confirm that the
revealed chaotic motions in a 1-DOF linear system are acceptable.

2. Fundamentals of Energy-Flow Theory [30–37]
2.1. State Equation in the Phase Space

Equation (1) can be represented in the form of a phase space:[ .
x
.
p

]
=

[
0 1

−ω2 −2ε

][
x
p

]
+

[
0
F

]
. (2)

2.2. Energy-Flow Variables

The generalised potential energy (GPE) (E) and the generalised kinetic energy (GKE)
(K) are, respectively, defined as

E =
1
2
(x2 + p2), K =

1
2
(

.
x2

+
.
p2
), (3)

which are two positive real variables. Physically, GPE concerns the potential/kinetic
energies, and geometrically, it involves the position and distance d of a phase point (x, p) to
the origin of phase space, i.e.,

d =
√

2E, (4)
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so that we call it as generalised potential energy, the variable K geometrically involves the
tangent vector at a point on the orbit in the phase space. As shown in Figure 1, where g1
and g2 respectively denote the unit vectors along the two-coordinate x and p directions, so
that at a point A (x, p) on the orbit, the position vector and the tangent vector are

r = xg1 + pg2, E =
1
2

r·r, τ =
.
r =

.
xg1 +

.
pg2, K =

1
2

.
r· .

r. (5)

Figure 1. The position and tangent vectors of the point A on the orbit in the phase space.

Therefore, we have

d = |r| =
√

2E, |τ| =
√

.
x2

+
.
p2

=
√

2K. (6)

2.3. Energy Flow Equation (EFE) and Energy Flow Matrix (EFM)

Multiplying Equation (2) by the row vector
[

x p
]
, we obtain a potential EFE

.
E =

[
x p

][ .
x
.
p

]
=
[

x p
][ 0 1

−ω2 −2ε

][
x
p

]
+
[

x p
][0

F

]
, (7)

.
E = r· .

r,
..
E = 2K + r·..r,

which can be further written as

.
E =

[
x p

]
(E + U)

[
x
p

]
+
[

x p
][0

F

]
=
[

x p
]
(E)

[
x
p

]
+
[

x p
][0

F

]
,

[
x p

]
(U)

[
x
p

]
≡ 0, (8)

E =
1
2

[
0 1 − ω2

1 − ω2 −4ε

]
, U =

1
2

[
0 1 + ω2

−1 − ω2 0

]
.

Time change rate of phase volume strain
.
υ = Trice(E) = −2ε.

Here, the matrix E is a real symmetric matrix called the EFM of the system, while the
matrix U is a real anti-symmetric matrix defined as a spin matrix (SM).

Similarly, taking a time derivative of GKE K in Equation (3) in association with
Equation (2), we obtain a kinetic EFE:

.
K =

[ .
x

.
p
][ ..

x
..
p

]
=
[ .

x
.
p
][ 0 1

−ω2 −2ε

][ .
x
.
p

]
+
[ .

x
.
p
][ 0 0

−2ω
.

ω −2
.
ε

][
x
p

]
+
[ .

x
.
p
][0

.
F

]
(9)
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=
[ .

x
.
p
]
E

[ .
x
.
p

]
+

.
p
( .

F − 2
.
εp − 2ω

.
ωx
)

,
.
K =

.
r·..r.

2.4. Energy-Flow Characteristic Factor (EFCF) and Principal Energy-Flow Space (PEFS)
2.4.1. EFCF and Energy-Flow Characteristic Vector (EFCV)

The real symmetric EFM E has real eigenvalues λ and the corresponding eigenvectors
ϕ derived by the equation

Eϕ = λϕ, |E − λI| = 0. (10)

Here λ and ϕ are, respectively, defined as EFCF and EFCV, which satisfy the orthogo-
nality relationship

ϕT
J EϕI = λIδI J , ϕT

J ϕI = δI J =

{
1, I = J
0, I ̸= J

, (11)

where δI J is Kronecker Delta [57]. Substituting EFM in Equation (8) into Equation (10),
we obtain ∣∣∣∣∣ −λ 0.5

(
1 − ω2)

0.5
(
1 − ω2) −2ε − λ

∣∣∣∣∣ = λ2 + 2ελ − 1
4

(
1 − ω2

)2
= 0, (12)

which gives

λ1,2 =
−2ε ∓

√
4ε2 + (1 − ω2)

2

2
= ε

−1 ∓

√
1 +

(
1 − ω2

2ε

)2
, λ1 < 0, λ2 > 0,

.
υ = λ1 + λ2 = −2ε, (13)

ϕI =
1√

1 + φ2
I

[
1
φI

]
, φI =

2λI

1 − ω2 , I = 1, 2.

2.4.2. PEFS

The orthogonal EFCV spans a PEFS to describe the motion of the system. Generally,
PEFS is dependent on the positions in the phase space, because EFCVs are functions of
positions. We discuss the motions of the system in PEFS in the two aspects.

• Linear case: EFCFs and EFCVs are constants, so that EFCVs, as the fixed coordinate
axis, define the principal energy-flow direction (PEFD) to describe the motion of a
phase space point. The position and velocity of a point can be expressed as[

x
p

]
= Φη, η =

[
η1

η2

]
,

[ .
x
.
p

]
= Φ

.
η, Φ =

[
ϕ1 ϕ2

]
, (14)

where ηI denotes the coordinates of a phase point. Substituting Equation (14) into EFE
Equation (8) and then using Equation (11), we obtain EFE in PEFS as

.
η = ΦTEΦ

[
η1

η2

]
+ ΦT

[
0
F

]
= diag(λ)η+ F, F =

[
F1

F2

]
= ΦT

[
0
F

]
, (15)

so that we have the following two independent motion equations

.
η I = λIηI + FI , (16)
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as well as GPE/GKE with their EFEs in the forms

E =
1
2

ηTη,
.
E = ηT .

η = ηTdiag(λ)η+ ηTF, (17)

K =
1
2

.
η

T .
η,

.
K =

.
η

T ..
η =

.
η

Tdiag(λ)
.
η+

.
η

T .
F.

From Equations (16) and (17), when we consider the inherent behaviour without any
external forces, it follows

dηI = λIηIdτ,
dηI
ηI

= λIdτ, ηI = ηI0eλI τ , ηI0 = ηI(τ = 0), (18)

.
E = λ1η2

1 + λ2η2
2 ,

.
K = λ1

.
η

2
1 + λ2

.
η

2
2,

which independently govern the motions of the phase point along each PEFD.
• Nonlinear case: EFM, EFCF, and the principal eigenvectors of EFM are the functions

of time, so that for different points at time τ̂ in the phase space, EFCF λ̂I and EFCV
ϕ̂I are different. To use EFT to investigate the dynamic behaviour in a small domain
around a point, the linearised form of the nonlinear equation at this point can be used
(see details in [30]). For the linearised equation, the Jacobin and EFM in the small
domain of the point are considered as constants, so that EFCVs ϕ̂I are constants, and
span a local PEFS in the small domain around the point, in which the motions of the
phase point in this small domain can be tackled. Therefore, if we replace the related
variables, matrices in Equations (14)–(18), with the corresponding ones marked by “ˆ”,
we can obtain all equations governing the behaviour of the system in the local small
domain. For example, Equation (18) now becomes

dη̂I = λ̂I η̂Idτ,
dη̂I
η̂I

= λ̂Idτ, η̂I = η̂I0eλ̂I τ , η̂I0 = η̂I(τ = τ̂), (19)

in which the time integration starts from time τ̂, not the initial time τ = 0.
In the following discussions, for our convenience, we will omit the hat “ˆ” to
mark the nonlinear case concerning local small areas, but just use the notations in
Equations (14)–(18). Therefore, when the nonlinear case is concerned, we should re-
member that the related variables with the omitted hat “ˆ” are restricted in a small
domain around a point.

2.4.3. Moving Direction of Phase Point and Energy-Flow Surface

Based on Equations (14)–(19), and the geometrical meaning of GPE in Equation (4), as
well as noting the two EFCFs ( λ1 < 0, λ2 > 0) in Equation (13), we can conclude that for
the case of no excitation force F,

.
E =:


< 0, η2

1 = η2
2 or η2

2 = 0, η2
1 ̸= 0,

> 0, η2
1 = 0, η2

2 ̸= 0,
= 0, λ1η2

1 + λ2η2
2 = 0,

(20)

which implies the distance of a phase space point, to the origin or the local reference point,
decreases, increases and remains the same, respectively.

The EFS are hyperbolic surfaces formulated by

λ2η2
2 − |λ1|η2

1 =
.
E,

η2
2

1/λ2
−

η2
1

1/|λ1|
=

.
E, (21)

https://doi.org/10.3390/axioms15070529

https://doi.org/10.3390/axioms15070529


Axioms 2026, 15, 529 7 of 27

as shown in Figure 2(I), and the zero energy-flow lines (ZEFL) are determined by

.
E = λ1η2

1 + λ2η2
2 = 0, (22)

that is(√
−λ1

)2
η2

1 −
(√

λ2

)2
η2

2 =
(√

−λ1η1 −
√

λ2η2

)(√
−λ1η1 +

√
λ2η2

)
= 0, (23)

implying the two ZEFLs governed by

η2 = ±ψη1, ψ =

√
−λ1√
λ2

, (24)

shown in Figure 2(II), which divides EFS into 4 domains with positive or negative energy
flows.

 
(I) (II) 

Figure 2. (I) The hyperbolic surface ( λ1 = −2, λ2 = 1); (II) the two ZEFLs in Equation (24) divide
the space into 4 domains with positive or negative energy-flows.

2.5. Energy Flow Characteristics
2.5.1. Equilibrium Point (EP)

From Equation (2) of F = 0, the EP of the system is defined by[ .
x
.
p

]
=

[
0 1

−ω2 −2ε

][
x
p

]
= 0, p = 0, x = 0, (25)

which gives a point p = 0 = x in the phase space, the origin of phase space is an EP.

2.5.2. ZEFS and Stability

Vanishing the flow of GPE in Equation (8), we have ZEFS defined by

.
E =

[
x p

][ 0 0.5
(
1 − ω2)

0.5
(
1 − ω2) −2ε

][
x
p

]
+
[

x p
][0

F

]
= 0, E = Ê = constant, (26)

[(
1 − ω2

)
x − 2εp + F

]
p = 0,

implying the velocity vector is perpendicular to the force, so that the energy flow is zero,
and the distance of the phase point to the origin is a constant.

Geometrically, GPE E relating the distance of the phase point to the origin or to a local
point, so that it provides a Lyapunov function to tackle the local stability of equilibrium
points and the point on ZEFS, as shown in Figure 3. To judge the local stability of a point
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on EP or on ZEFS, we can investigate the energy flows at a shifting position from the point
in the small domain. From Equation (18), in PEFS, we have

.
E = λ1η2

1 + λ2η2
2 , E =

1
2

(
η2

1 + η2
2

)
,

.
K = λ1

.
η

2
1 + λ2

.
η

2
2, K =

1
2

( .
η

2
1 +

.
η

2
2

)
, ηI = ηI0eλI τ , (27)

where the last one gives the time function of ηI in the I-th PEFD, which theoretically
confirms that EFCF λI exactly plays the role of Lyapunov exponents. Therefore, for any
NDSs, GPE automatically plays the role of Lyapunov function, and EFCF as Lyapunov
exponents to reveal its inherent dynamic behaviours, including stability, possible periodical
orbit and chaotic motions being addressed below.

 

(I) (II) 

Figure 3. (I) The stability of EP o: a point shifted from o, if
.
E > 0, moves far from the origin so that EP

is not stable, while if
.
E < 0, it moves back to the origin, and it is stable. (II) The stability of a ZEFS: a

disturbance causes a point to shift from ZEFS, if
.
E > 0 inside the surface, and

.
E < 0 outside of the

surface, this surface is stable; it is not stable.

2.5.3. Periodical Orbits (POs)

For a PO, a phase point at time τ̂ must go back to the same point after a period T, i.e.,[
x
p

]
(τ̂) =

[
x
p

]
(τ̂ + T), E(τ̂) = E(τ̂ + T),

.
E(τ̂) =

.
E(τ̂ + T), (28)

K(τ̂) = K(τ̂ + T),
.
K(τ̂) =

.
K(τ̂ + T).

Based on EFT, a necessary condition of POs is that SM does not vanish, i.e.,

U ̸= 0, (29)

which is shown in Equation (8). Also, the two Lyapunov exponents λI , one positive
and another negative, so that there exist POs possibly. To confirm it, we must check if
the following time-averaged generalised potential energy (TAGPE), the time-averaged
generalised kinetic energy (TAGKE), and their time-averaged energy-flows (TAEFs) satisfy
the criteria,

⟨E⟩ = 1
T

∫ T+τ̂

τ̂
E dτ = a positive real constant, ⟨

.
E⟩ = 1

T

∫ T+τ̂

τ̂

.
E dτ = 0, (30)

⟨K⟩ = 1
T

∫ T+τ̂

τ̂
K dτ = a positive real constant, ⟨

.
K⟩ = 1

T

∫ T+τ̂

τ̂

.
K dτ = 0, (31)

which can be quickly confirmed by the conditions in Equation (28).
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2.5.4. Chaotic Motions (CMs)

CMs are considered as periodic motions with infinite period, and they have a non-
positive time change rate of phase volume strain, so that the phase orbits are restricted in
a finite domain, and the starting point of the orbit never coincides with a current orbit
point. As a special periodical motion, its necessary condition in Equation (29) is valid, and
the necessary conditions of Lyapunov exponents are satisfied, so that the chaotic orbits
could appear. The sufficient conditions for POs in Equations (30) and (31) now take the
following forms:

⟨E⟩ = lim
T→∞

1
T

∫ T+τ̂

τ̂
E dτ = a positive real constat, ⟨

.
E⟩ = lim

T→∞

1
T

∫ T+τ̂

τ̂

.
E dτ = 0, (32)

⟨K⟩ = lim
T→∞

1
T

∫ T+τ̂

τ̂
K dτ = a positive real constat, ⟨

.
K⟩ = lim

T→∞

1
T

∫ T+τ̂

τ̂

.
K dτ = 0, (33)

due to its period being infinite. As we mentioned in the Introduction, these criteria have
been very effective in examining the reported chaotic phenomena [30,32]: the Van Der Pol
Oscillator [38,39], Duffing’s system [40], SD oscillator [41,42], Lorenz system [43,44], and
Rössler oscillator [45].

3. Energy-Flow Investigations
3.1. Linear System
3.1.1. Theoretical Solution

When ε and ω are constants, Equation (1) becomes

..
x + 2ε

.
x + ω2x =

∼
F cos

∼
ω τ, (34)

with its energy conservation equation

d
dτ

( .
x2

2
+

ω2x2

2

)
+ 2ε

.
x2

=
∼
F

.
x cos

∼
ω τ. (35)

The general solution of Equation (34) is a summation of the solution x(a, b, ω, τ) of
a non-forced system and a forced solution. The solution of a non-forced system can be
obtained as

x(a, b, ω, τ) = aer1τ + ber2τ ,
.
x(a, b, ω, τ) = ar1er1τ + br2er2τ , (36)

r1,2 =
−2ε ∓

√
4ε2 − 4ω2

2
= −ε ∓

√
ε2 − ω2.

We are only interested in the oscillating case, ω2 − ε2 > 0, ε > 0, for which
Equation (36) can be rewritten as

x(a, b, ω, τ) = e−ετ(a sin ωτ + b cos ωτ), ω =
√

ω2 − ε2. (37)

.
x(a, b, ω, τ) = e−ετω(a cos ωτ − b sin ωτ)− εe−ετ(a sin ωτ + b cos ωτ).

The general solution is

x = x(a, b, ω, τ) + Re


∼
F

ω2 − 2iε
∼
ω − ∼

ω
2 e−i

∼
ωτ

,
.
x =

.
x(a, b, ω, τ) + Re

 −i
∼
ω
∼
F

ω2 − 2iε
∼
ω − ∼

ω
2 e−i

∼
ωτ

, (38)
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of which the second term is the real part of the complex solution of forced vibration. Here,
a and b are determined by the initial condition (x0, p0) at τ = 0. From Equations (36) and
(38), it follows

x0 = b +
(ω2 − ∼

ω
2
)
∼
F

(ω2 − ∼
ω

2
)

2
+ 4ε2∼ω

2
, b = x0 −

(ω2 − ∼
ω

2
)
∼
F

(ω2 − ∼
ω

2
)

2
+ 4ε2∼ω

2
, (39)

p0 = ωa − εb +
2ε

∼
ω

2∼
F

(ω2 − ∼
ω

2
)

2
+ 4ε2∼ω

2
, a =

1
ω

p0 + εx0 −
ε[(ω2 − ∼

ω
2
) + 2

∼
ω

2
]
∼
F

(ω2 − ∼
ω

2
)

2
+ 4ε2∼ω

2

.

3.1.2. Energy Flow Variables and Matrices

The EFM, SM, EFE and EFCF for a linear system are

E =
1
2

[
0 1 − ω2

1 − ω2 −4ε

]
= constant, U =

1
2

[
0 1 + ω2

−1 − ω2 0

]
= constant, (40)

.
E =

[
x p

][ 0 1
−ω2 −2ε

][
x
p

]
+
[

x p
][ 0

∼
F cos

∼
ω τ

]
(41)

=
(

1 − ω2
)

px − 2εp2 + pF =
(

1 − ω2
) d

dτ

(
x2

2

)
− 2εp2 + p

∼
Fcos

∼
ω τ,

.
K =

[ .
x

.
p
]
E

[ .
x
.
p

]
− .

p
∼
ω

∼
F sin

∼
ω τ =

(
1 − ω2

) d
dτ

(
p2

2

)
− 2ε

.
p2 − .

p
∼
ω

∼
F sin

∼
ω τ, (42)

.
E = λ1η2

1 + λ2η2
2 , λ1,2 = ε

−1 ∓

√
1 +

(
1 − ω2

2ε

)2
, λ1 < 0, λ2 > 0, (43)

.
υ = λ1 + λ2 = −2ε. (44)

3.1.3. Chaotic Motions of Non-Damped Forced Vibrations (ε = 0,
∼
F ̸= 0)

Equations (37)–(39) give the theoretical solution of forced vibrations of a non-damping
system as

x =
p0

ω
sin ωτ + x0cos ωτ +

∼
F

ω2 − ∼
ω

2 (cos
∼
ωτ − cos ωτ), (45)

p =
.
x = p0 cosωτ − x0ωsin ωτ −

∼
F

ω2 − ∼
ω

2

(∼
ωsin

∼
ωτ − ωsin ωτ

)
. (46)

Considering an example with the initial conditions (x0 = 1, p0 = 0) and
∼
F = 1, it

takes as

x = cos ωτ +
1

ω2 − ∼
ω

2

(
cos

∼
ωτ − cos ωτ

)
, p = −ωsin ωτ − 1

ω2 − ∼
ω

2 (
∼
ωsin

∼
ωτ − ωsin ωτ). (47)

It is important to mention that the general solution in Equation (47) consists of two
oscillations with different frequencies. Due to no damping, the free vibration caused by
initial conditions cannot be damped.

The EFE in Equations (41) and (42) becomes

.
E =

(
1 − ω2

) d
dτ

(
x2

2

)
+ p

∼
F cos

∼
ωτ,

.
K =

(
1 − ω2

) d
dτ

(
p2

2

)
− .

p
∼
ω

∼
F sin

∼
ωτ. (48)
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For an average time T, the TAEFs are

⟨
.
E⟩ = 1

T

∫ T

0

{(
1 − ω2

) d
dτ

(
x2

2

)
+ p

∼
F cos

∼
ωτ

}
dτ, ⟨

.
K⟩ = 1

T

∫ T

0

{(
1 − ω2

) d
dτ

(
p2

2

)
− .

p
∼
ω

∼
F sin

∼
ωτ

}
dτ. (49)

which are affected by the periods T/π = 2/ω and
∼
T/π = 2/

∼
ω as follows.

A. Periods T/π = 2/ω and
∼
T/π = 2/

∼
ω have their rational least common multiple

(LCM), so that the integrands in the integrations Equation (49) are the periodic
functions of period π ∗ LCM, and we have TAEF

⟨
.
E⟩ = 0 = ⟨

.
K⟩, (50)

implying the motion is periodic.

B. Periods T/π = 2/ω and
∼
T/π = 1 do not have their LCM, for example, a rational

frequency and an irrational one, we cannot find a common period, making the
integration Equation (49) zero.

Table 1 lists the parameters of 3 examples, which have been numerically simulated
with the results shown in Figure 4.

Table 1. The parameters of the 2 cases in Figure 4 with the related LCMs.

Cases ω T/π = 2/ω ∼
ω

∼
T/π = 2/

∼
ω LCM π∗LCM

(I) 1 2 2 1 2 2π

(II) 1 2
√

2 2/
√

2 No No

(III) 1 2
√

3 2/
√

3 No No

 
(I) 

 
(II) 

Figure 4. Cont.
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(III) 

Figure 4. Time histories and phase space orbits of a linear forced system (ε = 0, x0 = 1, p0 = 0) from
the theoretical solution in Equation (55) for the three cases: (I) ω = 1,

∼
ω = 2; (II) ω = 1,

∼
ω =

√
2;

(III) ω = 1,
∼
ω =

√
3.

Based on the theoretical solutions in Equation (47), we can avoid any numerical errors
to draw the time histories and the orbits in the phase space of a 1-DOF no-damping forced
system in Figure 4 for 3 cases: (I) ω = 1,

∼
ω = 2; (II) ω = 1,

∼
ω =

√
2; (III) ω = 1,

∼
ω = 3.

As indicated in Table 1, Case (I) with a rational LCM, the orbit in the phase space is a
closed curve and the motions are periodic, while for Cases (II, III), no LCM, the orbits are
not closed curves, where the phase points move between two circles, and the motions are
chaotic. The time histories of displacements and velocities for three Cases, respectively,
consist of two components, from which you can clearly see that Case (I) has a common
period showing horizontal envelope lines; while Cases (II) and (III) do not have common
periods, so they do not show these common envelopes.

Figure 5 provides the corresponding energy-flow diagrams obtained by energy flow
numerical simulations, from which we can see: Case (I) GPE of composed motion is a single
closed curve due to its LCM, the time averaged energies and flows by the common period,
respectively, tend to positive constants and zeros, while Cases (II, III) show chaotic orbits in
phase space due to not LCMs, the time averaged energies and flows are, respectively, tend
to constant positive numbers and zeros when the average time is increasing.

(I) 

Figure 5. Cont.

https://doi.org/10.3390/axioms15070529

https://doi.org/10.3390/axioms15070529


Axioms 2026, 15, 529 13 of 27

(II) 

 
(III) 

Figure 5. (I) The phase diagram, the GPE, GKE and their TAEFs of forced/free vibrations for a
linear 1-DOF system (ε = 0, x0 = 1, p0 = 0, ω = 1,

∼
ω = 2). (II) The phase diagram, the GPE,

GKE and their TAEFs of forced/free vibrations for a linear 1-DOF system (ε = 0, x0 = 1, p0 = 0,
ω = 1,

∼
ω =

√
2). (III) The phase diagram, the GPE, GKE and their TAEFs of forced/free vibrations

for a linear 1-DOF system (ε = 0, x0 = 1, p0 = 0, ω = 1,
∼
ω =

√
3).

For the motions in Figures 4(II,III) and 5(II,III), the phase points starting from their
initial positions are restricted in the finite domains because the phase space volume strain
(Vs) is zero and never come back to their starting points to construct closed curves. Also,
Figure 5(II,III) shows that the TAEF tend to zero when the averaged time cap T bar goes to
infinity; therefore, they are the periodic motions with infinite periods, the chaotic motions
based on EFT. As a result of this, we may say that the LCM of two periods with no finite rational
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LCM is ∞, which is why chaotic motions are considered as periodical motions with infinite period.
The above mathematical and numerical demonstrations are concluded as follows.

Chaotic motion in a linear non-damping system: For a 1-DOF linear non-damping forced
system with its natural frequency ω and the excitation force frequency

∼
ω, if there exists a rational

LCM for the two periods, the composed motion, consisting of the free motion due to initial conditions
and the forced one caused by the excitation, is a periodical motion in the period π ∗ LCM; if there is
no LCM of these two numbers, the composed motion is chaotic.

3.2. Nonlinear Systems

The following 1-DOF NDS with nonlinear stiffness/damping are investigated by EFT
to reveal their dynamic characteristics.

3.2.1. Nonlinear Stiffness

We consider a system with a nonlinear stiffness ω2(x) = α + βx + γx2, where α, β, γ

are real numbers. The parameters affect the dynamic behaviours of the system as follows.

• ω2(x) < 0 : γ > o, β2 − 4αγ > 0, or γ < o, β2 − 4αγ < 0. Nonlinear
stiffness is variable negative, so that the system is unstable and the motion is di-
vergent if there is no damping or excitation force. Figure 6(I,II) show two cases:
(I) ω2(x) = −2 + x + x2, −2 < x < 1, (II) ω2(x) = −2 − x − x2.

• ω2(x) > 0 : γ < o, β2 − 4αγ > 0, or γ > o, β2 − 4αγ < 0. Nonlinear stiffness is
variable positive, so that the system is stable, and the motions could be periodic and
chaotic depending on the damping and excitation force. Figure 6(III,IV) show two
cases where (III) ω2(x) = 2 − x − x2, −2 < x < 1, (IV) ω2(x) = 2 +

.
x +

.
x2.

Figure 6. The nonlinear stiffness functions: ω2(x) < 0, (I) ω2(x) = −2 + x + x2, −2 < x < 1,
(II) ω2(x) = −2− x − x2; ω2(x) > 0, (III) ω2(x) = 2− x − x2, −2 < x < 1, (IV) ω2(x) = 2+

.
x +

.
x2.

We numerically investigate the cases with the parameters α = −1, β = 0, γ = 1,
∼
ω =

1,
∼
F = 0.3 and 2ε = 0.15, 0.22, which construct the Duffing’s equations investigated by

Mood & Homes (1979) [40] who reported the periodical solution in the damping 0.22, and
the chaotic motion in the damping of 0.15.

The state equation and EFE of the system (β = 0) are[ .
x
.
p

]
=

[
0 1

−ω2(x) −2ε

][
x
p

]
+

[
0

∼
F cos

∼
ωτ

]
,

.
υ = −2ε, (51)

.
E =

[
1 − ω2(x)

]
xp − 2εp2 + p

∼
F cos

∼
ωτ, (52)

.
K =

[
1 − ω2(x)

]
p

.
p − 2ε

.
p2 − .

p
∼
ω

∼
F sin

∼
ωτ. (53)

Case I: Free vibration (ε = 0 =
∼
F, ω > 0)
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Equations (52) and (53) become

.
E =

[
1 − ω2(x)

]
xp =

[
1 − ω2(x)

]
x

dx
dτ

, (54)

.
K =

[
1 − ω2(x)

]
p

.
p =

[
1 − ω2(x)

] d
dτ

(
p2

2
). (55)

Integrating Equation (54) with respect to time along a curve from x = 0, and noting the
definition of GPE, we obtain

E =
∫ x

0

[
1 − ω2(x)

]
xdx =

1 − α

2
x2 − γ

4
x4 =

1
2
(x2 + p2), (56)

⟨
.
E⟩ = 1

T

∮ [
1 − ω2(x)

]
xdx = 0, (57)

from which it follows

p2

2
= −α

2
x2 − γ

4
x4,

d
dt

(
p2

2

)
= −ω2(x)x

dx
dτ

. (58)

Substituting Equation (58) into Equation (55) and then integrating it along the closed
curve, we obtain

⟨
.
K⟩ = 1

T

∮ [
ω2(x)− 1

]
ω2(x)xdx = 0. (59)

The conditions for periodical motion are satisfied at each position x, so that the motion
at x is a periodic motion of frequency ω(x). As given in [58], many approximation ap-
proaches, such as the perturbed simple harmonic one, homotopy analysis, and Hamiltonian
bounded methods, have been reported to obtain the corresponding approximated solution
restricted in a small area, which may show a local approximated periodical behaviour. To
confirm it is a real periodic one, its phase space diagram must be a closed single curve.
Generally, due to x being a continuous variable during the motion, for large, long-time
motion, the frequencies ω(x) with its variable periods, as indicated by the theoretical solu-
tion by Jacobi’s elliptic functions [58], include many different components, which normally
cannot have a finite LCM, or have an infinite LCM, so that no common finite period for all
frequencies and the phase space diagram shows chaotic according to EFT.

Case II: Forced vibrations of a no-damping system ( ε = 0, F ̸= 0, ω > 0)
In this case, EFEs are obtained by Equations (52) and (53) with ε = 0, of which TAEFs are

⟨
.
E⟩ = 1

T

∫ T

0

{[
1 − ω2(x)

] d
dτ

(
x2

2

)
+ p

∼
F cos

∼
ωτ

}
dτ =

1
T


[

x2

2
− W(x)

]∣∣∣∣T
0
+
∫ T

0
p
∼
F cos

∼
ωτdτ

, (60)

⟨
.
K⟩ = 1

T

∫ T

0

{[
1 − ω2(x)

] d
dτ

(
p2

2

)
− .

p
∼
ω
∼
F sin

∼
ωτ

}
dτ, W(x) =

∫ [
ω2(x)

] d
dτ

(
x2

2

)
. (61)

The nonlinear stiffness ω2(x) = α + γx2 is imaged as the variable natural frequency
ω(x) of period T(x), the functions of the position x, so that for a fixed force frequency

∼
ω

of period
∼
T, it is unable to find an LCM for the variable T(x) with

∼
T, and therefore the

resultant motion is chaotic.
Figure 7 shows the numerical results of three cases for the systems with the nonlinear

stiffness terms γx2, in which Case (I) is a free vibration with no excitation force, while
Cases (II) and (III) are forced vibrations with different values of the parameter γ. As we
have predicted above, Cases (I, II, III) show the motion orbits and TAEF curves satisfying
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the rules of chaotic motions, so that the motions are chaotic. To summarise the theoretical
discussion and numerical results, we may conclude the following chaotic motion.

 
(I) 

 
(II) 

 
(III) 

Figure 7. The energy-flow diagrams of forced and free vibrations of nonlinear non-
damping systems ( ε = 0, x0 = 1, p0 = 0) : (I) free vibration

(
γ = 2, F = 0

)
; (II) forced vibration(

γ = 2, F = 1,
∼
ω = 1

)
; (III) forced vibration

(
γ =

√
2, F = 1,

∼
ω = 1

)
.

Chaotic motion in non-damping systems with nonlinear stiffness: For a 1-DOF non-
linear non-damping forced system with the nonlinear stiffness in the form of γx2, (γ > 0), both
the free motion by initial conditions and the composed motions with the forced one caused by the
excitation are chaotic, since the nonlinear stiffness, as a continuous function of displacement x,
generates continuous ‘imaged natural frequencies’ unable to have their LCM as well as the LCM
with the excitation frequency.

Case III: Forced vibrations of a damping system ( ε > 0,
∼
F ̸= 0

)
For the forced vibrations of the damping system, from Equations (51)–(53), TAEFs are

⟨
.
E⟩ = 1

T

∫ T
0

{[
1 − ω2(x)

] dx2

2dτ − 2εp2 + p
∼
F cos

∼
ωτ

}
dτ

= 1
T

{[
x2

2 − W(x)
]∣∣∣T

0
+
∫ T

0

(
−2εp2 + p

∼
F cos

∼
ωτ

)
dτ

}
,

(62)

⟨
.
K⟩ = 1

T

∫ T

0

{[
1 − ω2(x)

] d
dτ

(
p2

2

)
− 2ε

.
p2 − .

p
∼
ω
∼
F sin

∼
ωτ

}
dτ (63)

As we have learnt that for linear systems, the damping will dampen the free vibration
components to zero as time increases, resulting in a periodical forced vibration with the
force frequency. However, for nonlinear systems, this is not true, since the frequencies
of forced vibrations are not unique. Therefore, although the free vibrations in nonlinear
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systems are damped to zero, the remaining forced vibrations have many frequencies with
no LCM, resulting in the composed motion exhibiting chaotic characteristics. Figure 8
shows the numerical results of two cases, where (I) is a free vibration and it gradually
decreases to ZEFS due to the damping, while (II) is a forced case, in which the free vibration
component is reduced, but the forced vibration components show chaotic motions. This
result can be concluded as the following chaotic motion.

 
(I) 

(II) 

Figure 8. The energy-flow diagrams of free and forced vibration of a nonlinear damp-
ing system ( ε = 0.01, x0 = 1, p0 = 0) : (I) free vibration

(
γ = 2, F = 0

)
; (II) forced vibration(

γ = 2,
∼
F = 1,

∼
ω = 1

)
.

Chaotic motion in a damping system with nonlinear stiffness: For a 1-DOF nonlinear
damping forced system with the nonlinear stiffness in the form of γx2, (γ > 0), the free motion
by initial condition gradually tends to zero due to damping, but the forced vibration caused by
the excitation with a given frequency consists of different frequency components showing chaotic
motion characteristics.

3.2.2. Nonlinear Damping

We consider a system with a nonlinear damping 2ε
( .
x
)
= 2ε + b

.
x + c

.
x2, where ε, b, c

are real numbers. For free vibrations (
∼
F = 0, ω > 0), the solutions can be discussed from

Equation (37) with the nonlinear damping ε
( .
x
)
. For different values of the parameter ε, the

corresponding free vibrations have the following characteristics.

• 0 < |ε| < ω, x = Ae−ετe−iωτ + Be−ετeiωτ , ω =
√

ω2 − ε2, the frequency of free
vibration, which is less than the natural frequency ω. The motion is an amplitude-
decreasing oscillation when positive damping ε > 0, but an amplitude increasing
oscillation if ε < 0.

• |ε| ≥ ω, r1,2 are two negative real numbers if ε > 0, the displacement x decreases
with no oscillation; while when ε < 0, r1,2 are positive real numbers, and the displace-
ment increases.

Non-forced nonlinear damping system (
∼
F = 0, ω > 0)
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For nonlinear damping cases, the nonlinear damping term 2ε
( .
x
)

plays the role of 2ε

for the linear system, the dynamic equation and EFEs are

..
x + 2ε

( .
x
) .

x + ω2x = 0, (64)

.
E =

[
1 − ω2

] d
dτ

(
x2

2
)− 2ε(p)p2, ⟨

.
E⟩ = 1

T

∮ {[
1 − ω2

] d
dτ

(
x2

2
)− 2ε(p)p2

}
dτ, (65)

.
K =

[
1 − ω2

] d
dτ

(
p2

2
)− 2ε(p)

.
p2, ⟨

.
K⟩ = 1

T

∮ {[
1 − ω2

] d
dτ

(
p2

2
)− 2ε(p)p2

}
dτ, (66)

and the energy conservation equation becomes

1
2

(
x2

0 + p2
0

)
− 1

2

(
x2 + p2

)
=
∫ T

0
2ε(p)p2dτ, E0 − E =

∫ T

0
2ε(p)p2dτ. (67)

The dissipating or absorbing energy of the system depends on the negative or positive
values of the integration on the right-hand side of Equation (67). Since the damping
2ε
( .

x
)

is the nonlinear function of
.
x, so that for different time, the free vibration frequency

ω(
.
x) =

√∣∣∣ε( .
x
)2 − ω2

∣∣∣ is also a function of time affecting the dynamic characteristics. As an

example, we consider ω = 1, c = ±1, b = 1 to discuss it, for which Equation (65) becomes

.
E = −2ε(p)p2 :


> 0, ε(p) < 0, −1 < p < 0,
= 0, ε(p) = 0, p = −1,
< 0, ε(p) > 0, p < −1,

(68)

which implies that ω = 1 and p = −1 defines a ZEFS, which is discussed in the following
two cases.

(a)
(

ε
( .

x
)2

< ω2
)

: 0 <
∣∣ε( .

x
)∣∣ < 1 and 0 <

∣∣2ε
( .
x
)∣∣ < 2, we have the following

two cases shown in Figure 9(I,II), where (I) for 2ε
( .
x
)
= −2 +

.
x +

.
x2, ε

( .
x
)
< 0;

and (II) for 2ε
( .

x
)
= 2 − .

x − .
x2, ε

( .
x
)
> 0. Figure 10(I,II) shows the corresponding

energy-flow diagrams, from which you can see that in Case (I), since the damp-
ing is negative, the amplitude

∣∣ .
x
∣∣ of oscillation increases from the initial posi-

tion ( x0 = 1, p0 = 0, 2ε
( .

x
)
= −2

)
locating inside of ZEFS towards the curve due to

ε
( .

x
)
< 0 and

.
E > 0. When the amplitude of velocity reaches

∣∣ .
x
∣∣→ |−2| = 2 , where

is a turning point 2ε
( .

x
)
= 0 corresponding ZEFS. After this point, it will be 2ε

( .
x
)
> 0,

the amplitude of velocity starts to decrease and
.
E < 0, the phase point returns to

the curve, so that this curve is a stable limit circle as shown in Figure 10(I). Since

the ω(
.
x) =

√∣∣∣ε( .
x
)2 − ω2

∣∣∣ it is continually changed with time; there is no LCM. The

phase point along a not-repeating orbit oscillates around ZEFS. However, for Case
in Figure 10(II), the damping is positive, the motion is damped from the initial point
(x0 = 1, p0 = 0) until its static EP (0, 0) is shown in the figure. To conclude this
dynamic characteristic, we have the following motion.

Non-repeating motion orbit towards a limit circle in NDS: For a 1-DOF NDS governed
by the equation

..
x + 2ε

( .
x
) .

x + x = 0, 2ε
( .
x
)
= −2 +

.
x +

.
x2, ε

( .
x
)
< 0, ε

( .
x
)2

< 1, (69)
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The motion of free vibration caused by the initial conditions (x0 = 1, p0 = 0) along a non-repeating
orbit towards a zero energy-flow limit circle of

.
E = 0, p = −1. This type of orbit is due to the free

vibration frequency ω(
.
x) =

√∣∣∣ε( .
x
)2 − 1

∣∣∣ is a continuous function of
.
x, so that is not their LCM.

Here, it may be needed to mention that the above ZEFS limit circle numerically obtained
just shows the prediction from the Poincare-Bendixson theorem [59,60], which says: the
attractors for any smooth 2D-bounded continuous-time autonomous system are either a
stable equilibrium or a limit cycle.

 
(I) (II) (III) (IV) 

Figure 9. The nonlinear damping functions: for 0 <
∣∣2ε
( .

x
)∣∣ < 2, (I) 2ε

( .
x
)
= −2 +

.
x +

.
x2, ε

( .
x
)
< 0;

(II) 2ε
( .

x
)

= 2 − .
x − .

x2, ε
( .

x
)

> 0; and for
∣∣2ε
( .

x
)∣∣ > 2, (III) 2ε

( .
x
)

= 2 +
.
x +

.
x2, ε

( .
x
)

> 0;

(IV) 2ε
( .

x
)
= −2 − .

x − .
x2, ε

( .
x
)
< 0.

(I) 

 
(II) 

Figure 10. The energy-flow diagrams of the two nonlinear damping cases: (I) 2ε
( .

x
)
= −2 +

.
x +

.
x2,

ε
( .

x
)
< 0; (II) 2ε

( .
x
)
= 2 − .

x − .
x2, ε

( .
x
)
> 0.

(b)
(

ε
( .

x
)2

> ω2
)

:
∣∣ε( .

x
)∣∣ > 1 with

∣∣2ε
( .
x
)∣∣ > 2, the two cases are shown in

Figure 9(III,IV), where (III) for 2ε
( .
x
)

= 2 +
.
x +

.
x2, ε

( .
x
)

> 0; and (IV) for

2ε
( .

x
)

= −2 − .
x − .

x2, ε
( .
x
)
< 0. The corresponding energy-flow diagrams are

shown in Figure 11, where (I) the curve shows a damped motion from the initial time
to the origin due to positive damping, but (II) the curve is a divergence motion due to
negative damping.
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(I) (II) 

Figure 11. The phase-space diagrams for the free motions of a nonlinear damping system:
(I) 2ε

( .
x
)
= 2 +

.
x +

.
x2, ε

( .
x
)
> 0, (II) 2ε

( .
x
)
= −2 − .

x − .
x2, ε

( .
x
)
< 0.

4. Energy-Flow Behaviour of QPS and Its Extension to N-DOF
Linear Systems
4.1. QPS

It has been realised that the investigated 1-DOF non-damping forced system satisfies
the condition of QPS [61], that is, for a set of m positive frequencies ωI and a set of non-zero
integers cI the following condition is valid

∑m
I=1 cIωI ̸= 0, (70)

implying that these m positive frequencies are linearly rationally independent. In our
words, there is no LCM of the periods of all frequencies of the system, i.e., the common
period of the system is infinite. Therefore, for non-damping QPSs, their phase space orbits
will be chaotic. We investigate a 2-DOF example as follows.

4.2. A 2-DOF Example
4.2.1. Governing Equation

The 2-DOF example is governed by the equation,[
1 0
0 1

][ ..
x1
..
x2

]
+

[
1 −1
−1 2

][
x1

x2

]
= 0,

[
x1

x2

]
(0) =

[
x1

x2

]∗
,

[ .
x1
.
x2

]
(0) =

[ .
x1
.
x2

]∗
, (71)

which is an equation of free vibrations caused by the initial conditions. It is not difficult to
solve its natural frequencies and modes as

ω1,2 = ±3 −
√

5
2

, ϕI =
1
aI

[
1

1 − ωI

]
, aI =

√
1 + (1 − ωI)

2, I = 1, 2, (72)

satisfying the orthogonality relationships[
ϕT

1
ϕT

2

][
1 0
0 1

][
ϕ1 ϕ2

]
=

[
1 0
0 1

]
,

[
ϕT

1
ϕT

2

][
1 −1
−1 2

][
ϕ1 ϕ2

]
=

[
ω2

1 0
0 ω2

2

]
. (73)

For this system, Equation (70) is valid, i.e., for any two integers

3 +
√

5
2

c1 +
3 −

√
5

2
c2 ̸= 0, (74)

implying there is not a common period (LCM) of the two periods of the system, so that it
is a quasi-periodical system with its period being infinite.
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4.2.2. EFE

Our aim is to investigate its energy flow characteristics from which to tackle its possible
chaotic motion, so that we rewrite Equation (71) in its form in the phase space as[ .

x
.
p

]
=

[
0 I
−k 0

][
x
p

]
, x =

[
x1

x2

]
, p =

[ .
x1
.
x2

]
, k =

[
1 −1
−1 2

]
, I =

[
1 0
0 1

]
. (75)

The EFE of the system is

.
E =

[
xT pT

][ 0 I
−k 0

][
x
p

]
=
[
xT pT

]
(E + U)

[
x
p

]
=
[
xT pT

]
(E)

[
x
p

]
, E =

1
2

[
xT pT

][x
p

]
, (76)

where E is GPE, and EFM E and SM U respectively are

E =
1
2

[
0 I − k

I − k 0

]
, U =

1
2

[
0 I + k

−I − k 0

]
. (77)

The GKE and its flow are

K =
1
2

[
.
xT .

pT
][ .

x
.
p

]
=

1
2

[
.
xT .

pT
][0 I

k 0

][
x
p

]
+

1
2

.
pT
[

0
cos

∼
ωτ

]
,

.
K =

[
.
xT .

pT
][ ..

x
..
p

]
. (78)

The TAEFs for the chaotic system are given in Equations (32) and (33).

4.2.3. EFCF

The EFCFs are the eigenvalues of EFM E, which are obtained by solving the equation∣∣∣∣∣ −λI (I − k)/2
(I − k)/2 −λI

∣∣∣∣∣ = λ2
∣∣∣∣−λI +

1
4

λ−1(I − k)2
∣∣∣∣ = ∣∣∣∣−λ2I +

1
4
(I − k)2

∣∣∣∣ = 0, (79)

which, when the determinate formulation [62] is used, gives

λ1,2 = ±1
2

√
3 +

√
5

2
, λ3,4 = ±1

2

√
3 −

√
5

2
. (80)

Based on the orthogonality [30] of modes, we obtain

E =
[
xT pT

]
(E)

[
x
p

]
= ∑4

I=1 λIζ
2
I , (81)

where ζ I denotes the coordinate along the principal direction I in PEFS spanned by the
4 eigenvectors. The GPE E is a Lyapunov function, and EFCFs play the roles of Lyapunov
exponents to tackle the stability of the system about a point on the orbit. Equation (80)
shows that this system has two positive and two negative Lyapunov exponents, so that it
could have chaotic motions, which will be numerically investigated as follows.

4.3. Numerical Investigations

Using the MATLAB_R2024b with the opened programme [30], we investigate its
orbits for the three cases of initial conditions: (a) x1 = 1 =

.
x1, x2 = 0 =

.
x2;

(b) x1 = 0 =
.
x1, x2 = 1 =

.
x2; (c) x1 = 1 =

.
x1, x2 = 1 =

.
x2. Figure 12 shows

the obtained results, where the orbits are, respectively, drawn for
(
x1,

.
x1
)

and
(

x2,
.
x2
)
, due

to the lack of a way to draw an orbit in 4-dimensional space. From these results, we can see
that for three cases: (1) the orbits are non-closed curves with no repeating points; (2) the
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time histories are mixed curves of two vibration components; (3) TAPE and TAKE, respec-
tively, tend to their positive constants with average time increasing; (4) TAEFs, respectively,
tend to zero with average time increasing. This is because the system has no LCM, so its
period is infinite. Based on EFT, the motions are chaotic.

 

 

 

Figure 12. The orbits in phase space, the time histories of GPEs and distances to the origin, TAEFs
with their TAPE/TAKE in free vibrations caused by initial conditions: left x1 = 1 =

.
x1, x2 = 0 =

.
x2;

middle x1 = 0 =
.
x1, x2 = 1 =

.
x2; right x1 = 1 =

.
x1, x2 = 1 =

.
x2, where y(1) = x1, y(2) = x2.

4.4. Extension on Chaotic Motions in N-DOF Linear Systems

Based on the results mentioned in linear and QPS, as well as the principle of superpo-
sition of the solutions for linear systems, we may extend our findings into a general N-DOF
linear system to conclude that chaotic motions in N-DOF linear systems appear if one of
the following conditions is satisfied.

• If an N-DOF system has its N natural frequencies with no LCM, its non-damping
free vibration caused by the initial conditions generally is chaotic, except the initial
condition just excites part of the natural modes having their LCM. For example, the
initial condition just forms one natural mode, so that the motion just has one natural
frequency due to the orthogonality of natural modes.

• If an N-DOF damping system is excited by several external harmonic forces which have
no LCM of their frequencies, after the free vibration components are damped, the stable
forced vibration consists of the corresponding components with force frequencies
supported by the principle of superposition; the motion is chaotic.

5. Discussion on Chaotic Motion in 1-DOF Linear System
In Section 3, we revealed the chaotic motions in the 1-DOF linear system based on

EFT [30–32]. As indicated in [23] and a more detailed discussion in the book of EFT [30],
there is no universally accepted mathematical definition of chaos. A commonly used
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definition says that, for an NDS to be classified as chaotic, it must have some properties
mentioned in Section 1, such as sensitive to initial conditions, topological transitivity and
dense ‘periodic’ orbits. Currently, the widely accepted methods to identify chaotic motions
are the Poincare maps and the Lyapunov exponents. To confirm the chaotic motion in the
linear system identified by EFT in this paper, we further discuss this topic as follows.

• As far as we have learnt, the reported chaotic motions are in NDS, but not linear
systems, which does not imply that there never exists chaos in linear systems, since no
publications have demonstrated it.

• It has theoretically proved, see Equation (43), that the linear system tackled herein has
one positive and another negative EFCF, which play the role of Lyapunov exponents
with GPE as Lyapunov function, so that the Lyapunov exponents condition for chaos
is satisfied.

• The vibration of the chaotic no-damping forced linear system consists of two compo-
nents, as shown in Equations (45) and (46), one is free vibrations dependent on the
initial conditions (x0, p0) and another is forced vibration dependent on force amplitude
∼
F. Therefore, any minor change, such as initial conditions, will affect the orbits, so that
the commonly accepted condition, sensitive to initial conditions, is no doubt satisfied.
Furthermore, for a continuous initial condition set (x0, p0) (ρ) as a function of a real
parameter ρ, letting ρ continuously changing in a defined domain, the corresponding
dense orbits in phase space will be generated and transit from one orbit to a neigh-
bouring one. Also, if we change the force amplitude, the orbits also have the following
changes. The phase space volume strain Vs = 0, implying the obit volume is kept in a
finite domain in phase space. These results confirm that the revealed chaotic motion
in the linear system satisfies the current understanding of chaos.

• Poincare map: A radial line in the phase space orbits in Figure 4(II,III) and or
Figure 5(II,III), where chaotic orbits are shown, can be considered as its Poincare
section, and the intersecting points of this line with the orbits curves construct its
Poincare map that is a set of points on this line, but no two ones at same place, since
there is no CLM, so no common period for free vibration and force one.

• It is necessary to mention that, although the revealed chaotic motion can be generated
by using the theoretical solution in Equations (45) and (46), we cannot obtain the exact
value of each point, since it involves the evaluation of irrationals, of which the exact
rational value is not known. Therefore, we cannot say that the orbit point of chaotic
motion in a linear system can be exactly predicted.

• The tackled linear system showing chaotic motion is an idealised no-damping system,
which normally does not exist in practical systems, since generally, damping cannot be
avoided, which may be why chaotic motions have not been reported before this paper.

6. Conclusions and Further Research Topics
We have completed a detailed investigation on chaotic/periodic motions in linear and

NDSs based on EFT, by which a chaotic motion is considered as a periodical motion with
infinite period. The LCM of periods for frequencies of vibration components may be a key
factor in identifying chaotic motions in the related cases tackled in the paper. The research
has revealed the chaotic motions in 1-DOF dynamic systems. (a) For a linear, non-damped
forced system, a type of chaotic motion has been discovered when there is no LCM for
the periods of natural and force frequencies, implying that there exist chaotic motions in
linear systems, addressing the question proposed in the introduction of the paper. (b) For a
1-DOF nonlinear non-damping forced system with the nonlinear stiffness in the form of
γx2, (γ > 0), both the free motion by initial conditions and the composed motions with the
forced one caused by the given excitation are chaotic; while, when the damping is added,
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the free vibration is gradually damped to zero, but the forced vibration consists of different
frequency components showing chaotic characteristics. (c) For a 1-DOF system of natural
frequency 1 with nonlinear amping 2ε

( .
x
)
= −2 +

.
x +

.
x2, ε

( .
x
)
< 0, ε

( .
x
)2

< 1, the motion
of free vibration caused by the initial conditions (x0 = 1, p0 = 0) along a non-repeating orbit
towards a zero energy-flow limit circle of

.
E = 0, p = −1. The chaotic orbits discovered

above have been shown by the curves in the phase space. It has been shown that GPE and
EFCFs, respectively, play the roles of Lyapunov functions and exponents to tackle NDSs
in EFT, so that by adopting energy flow variables to investigate NDS, we no longer need
to seek a Lyapunov function. The revealed Chaotic motion in a linear system is further
discussed based on the Poincare map, Lyapunov exponents, as well as commonly accepted
knowledge to confirm the finding is acceptable.

It has been realised that the studied linear 1-DOF systems of no LCMs belong to a
type of QPS, from EFT, the motion of a QPS is chaotic, which is examined by numerically
investigating a 2-DOF example. The idea to reveal possible chaotic motions for QRS and
1DOF linear systems might be extended to general N-DOF linear systems.

The results developed in the paper may suggest that LCMs could be an important
factor in identifying chaotic motions to address the second question proposed in the
introduction. A system with no LCM can be considered its LCM being infinite, which is
why the chaotic motion is imaged as a periodical one with infinite period. Although this
type of chaotic oscillation is a summation of given harmonic functions, we cannot say that
the chaotic motion can be predicated, since it involves irrational numbers, which cannot
give the exact rational position of each orbit point.

The following research directions may be proposed for readers to further develop EFT
to deal with more complex practical dynamical systems.

• LCM applicable cases are given by the mentioned linear and linear examples to
identify possible chaotic motions. We have assumed the possible chaotic motion cases
for general N-DOF linear systems in Section 4.3. However, we have not tackled more
general NDS using LCM, which may be investigated by readers.

• We discuss the chaotic motions in a linear system according to the understanding
of chaos knowledge by the author, but we cannot fully check all the different chaos
reports to compare them, due to the author’s limited knowledge. The interesting
readers might possibly tackle it using other chaotic information reported but not
mentioned in this paper.

• For a QPS, its phase space orbit and time history are unique, which does not involve
EFT. We only find its chaotic orbit behaviour due to no CLM, i.e., no common period
of its components. Therefore, a time history point and its corresponding phase space
orbit point never coincide with others, showing chaotic behaviour according to EFT.
Only a 2DOF non-damping example is examined in this paper, and its extension has
not given examples, so that more possible cases may be performed by readers.

• To the author’s current knowledge of EFT, the provided mathematical demonstration
on chaos was given in [30–37] and summarised in Section 2.5.4. Possible other demon-
strations may be developed by readers, for example, to reveal the connection between
EFT-based criteria and widely accepted topological entropy/Lyapunov function. The
author, being not an expert in pure mathematics, while initially reading the related
publications [63,64], might give the following personal understandings on this topic:
(a) GPE E automatically is a Lyapunov function, and EFCFs λI are Lyapunov expo-
nents to tackle stabilities, periodical/chaotic motions of NDSs; (b) GPE E and GKE
K are two metrics, respectively, for orbit field and its tangent space; (c) flows of GPE
(

.
E) and GKE (

.
K) define their variations, i.e., the evolution of distinguishable orbits

over time; (d) the four-time integrations in Equations (32) and (33) could play the
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roles of two topological entropies. The author deeply wishes experts in mathematics
to confirm or correct my initial understanding above, and possibly to give an exact
mathematical demonstration. I am looking forward to reading these further new
contributions of EFT.
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