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Abstract

By using recently established refinements of Jessen and converse Jessen-type inequalities,
together with improved characterizations of strongly convex functions, we derive new
Jensen—-Mercer-type functional inequalities. The obtained results extend and sharpen
several known inequalities for convex functions. As applications, we establish new integral
inequalities which improve some recently published estimates. In addition, we obtain
inequalities involving generalized logarithmic means. Finally, we derive corresponding
probabilistic versions of the main results, which lead to refinements of several known
results from the literature.
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1. Introduction

The notion of convexity plays an important role in many areas of mathematics, espe-
cially in analysis, optimization and inequality theory. Convex functions possess a number of
useful properties which make them suitable for studying various analytical and functional
problems. Because of their simple geometric interpretation and wide applicability, convex-
ity methods are frequently used in the derivation of different inequalities and estimates.

A function 2: I C R — R is said to be convex if

QA+ (1=2A)v) <AQ(E) + (1-21)Q(v) 1)

forall &, v e Tand A € [0,1].

Inequalities related to convex functions have been studied extensively and have found
applications in mathematical analysis, probability theory and optimization. Among the
most important results in this area, an essential tool in the study of convex functions is the
Jensen inequality:

0(8) < Y. a0(@) @
i=1

which holds for every convex function 2: I C R — R, every vector § = (¢1,...,8x) € I*
and every nonnegative k-tuple a = (ay, ..., a,) satisfying YX_;a; = 1, where ¢ = Y1, 4,;.
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Jensen’s inequality is a classical tool in convex analysis and inequality theory. Its
importance has motivated many refinements and extensions, especially in connection with
means, optimization and variational analysis. The geometric structure of convex func-
tions also leads naturally to various reflected and generalized forms of Jensen’s inequality.
Among them, particular attention has been devoted to the Jensen—-Mercer inequality, intro-
duced by A. McD. Mercer in [1]. This inequality may be viewed as a reflected counterpart
of the classical Jensen inequality and is based on the transformation x +— m +n — x.

More precisely, for a convex function (2: I — R, numbers m,n € I withm < n, a
vector § = (&1,...,8x) € [m,n]* and a nonnegative x-tuple a = (ay,...,a,) such that
Y ja;=1and ¢ = Y ,a4,C;, the Jensen-Mercer inequality states that

Q(m+n—¢) <Q(m)+Q(n) — iain(@-). (3)
i=1

The reflected form appearing in Jensen—-Mercer inequalities allows a finer control of
endpoint contributions than the classical Jensen framework. This becomes particularly
effective in the strongly convex setting, a stronger form of convexity.

A function 2: I C R — R is called strongly convex with modulus ¢ > 0, if

QAE+ (1 =A)) S AQE) + (1 -=1)Q(v) —cA(1 = A)(E —v)? 4)

forall¢,v € Tand A € [0,1].

Strong convexity may be viewed as a natural strengthening of ordinary convexity
obtained by adding a quadratic correction term cA(1 — A)(& — v)? to the defining inequality.
This additional term allows better control of the function and often leads to stronger ver-
sions of classical inequalities. For this reason, many results involving convex functions have
been extended to the strongly convex setting. Strong convexity concept provides sharper
estimates in various optimization problems. Together with ordinary convex functions, they
are being increasingly studied and applied in the recent literature because of their useful
analytical properties.

Throughout the paper, the notation 2 € SC.(I) means that 2: I — R is strongly
convex on I with modulus ¢ > 0.

Every strongly convex function is necessarily convex, while the converse statement is
generally false. Several useful characterizations of strong convexity are summarized in the
following lemmas (see [2—4]).

Lemma 1. The function (2 € SC.(I) if and only if the mapping h: I — R, defined by h(t) =
Q(t) — ct?, is convex.

Lemma 2. Suppose that 2: 1 — R is twice differentiable. Then Q2 € SC.(I) if and only if
Q' (t) = 2c for every t € I

In Section 3, we focus in particular on the following example of strongly con-
vex functions.

Example 1. Consider the family of power functions Q(t) = t1, q € R, defined on an interval

[m,n] C (0,00). Since
Q"(t) =q(q -1,
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it follows that Q" (t) > 0 on [m, n] whenever q € (—o0,0) U (1, 00). Consequently, in these cases
the function is strongly convex on [m,n|. Lemma 2, implies that the modulus of strong convexity is
determined by

1
~q(g —1) min #7172
54(q )té?nﬂ]

with the explicit representation

mi=2, q>2,
min 172 = 1=
te[m,n] ni=2, g<2.

Consequently, one may choose
) -2
29(q=1)m"™%, q=2,
%q(q —1)nT2, g€ (—e0,0)U(1,2).

Note that the cases ¢ = 0 and q = 1 correspond to a constant and a linear function, respec-
tively, which are not strongly convex. Moreover, for 0 < q < 1, the function Q(t) = t1 is
strongly concave.

Strongly convex functions satisfy the strengthened Jensen inequality
K
Q(8) < Y ai(8) — e ai(@ =) (5)
i=1 i

For ¢ = 0, inequality (5) becomes the classical Jensen inequality (2). This means that
strong convexity can be seen as a stronger version of ordinary convexity because of the
additional quadratic term. Moreover, for x = 2, the difference between the two sides of (5)
can be written as

Bolciév) = 0@ + 0w -20(47Y) - S -ef ©
In the special case ¢ = 0, we obtain
Balev) =@+ a6 -20(52). 7)

The quantities A (c; &, v) and A (¢, v) measure the deviation from linear behavior at
the midpoint and naturally arise in refined forms of Jensen type inequalities. Their
nonnegativity follows directly from Jensen’s inequality for strongly convex and convex
functions, respectively.

Both Jensen’s inequality (2) and the Jensen-Mercer inequality (3) can be extended to
positive linear functionals, which gives a useful framework for deriving different func-
tional inequalities.

Let L be a linear class of real-valued functions defined on a nonempty set T, containing
the unit function 1 € L, where 1(f) = 1 for every t € T. We consider a positive normalized
linear functional F: L — R (briefly, F € £(L,R)) characterized by the following properties:

e F(ag+ Bh) = aF(g) + BF(h),forallg,h € Land w,p € R,
e ifheLandh(t) > 0forallt € T, then F(h) > 0, together with the normalization
condition F(1) = 1.
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This functional approach connects discrete, integral and probabilistic versions of
Jensen-type inequalities within one general framework. In particular, if F € £(L,R), (2 is
continuous and convex on [m,n] and h € L with (h) € L, then Jessen’s inequality has

the form
Q(F(h)) < F(Q(h)). (8)

Conversely, the associated converse Jessen inequality provides the estimate

n— F(h)

HOW) < == Tn—m

O(n). ©)
Hence, inequalities (8) and (9) together yield two-sided bounds for the quantity F(Q(h)) —
Q(F(h)), which measures the deviation from equality in Jensen’s inequality.

The corresponding functional Jensen-Mercer inequality is given by

Q(m+n—F(h)) < Q(m)+ Q(n) — F(Q(h)), (10)

and is based on the reflected transformation & — m + n — h. This reflected form gives
estimates that complement those obtained from the classical Jensen inequality.

For the purposes of several results below, we additionally assume that L is a lattice,
meaning that

e ifh,g €L, thenmin{h g} € L and max{h, g} € L.

We will explicitly emphasize when L is assumed to be a lattice, whenever this property
is required.

Remark 1. The ordered space (RT, <), equipped with the pointwise order, forms a lattice. Moreover,
a subspace X C RT is a lattice if and only if t € X implies |t| € X. Indeed, for every t € X, the
positive and negative parts t_ and t. are determined through lattice operations, where |t|(s)
|t(s)], t— = —min{0,t(s)}, t4 = max{0,t(s)} fors € T, whilet, +t_ = |t|, ty —t_ =
In addition, the lattice operations can be represented by

t.

(t+u—|t—ul), max{tu} = ~(t+u+|t—ul).

it u) =
min{t,u} 5

NI~

In recent years, numerous strengthened and refined forms of the Jensen-Mercer
inequality have been investigated, especially in the setting of positive linear functionals.
Special attention has been given to improvements of Jessen’s inequality and its converse
obtained through Jensen-Mercer-type methods. One important improvement was proved
in [5] and is stated below,

Q(m+n—F(h)) <F(Q(m+n—h)) (11)

and holds for all continuous convex functions (2 : [m,n] - R, F € L(L,R) and h € L such
that Q(h),Q(m+n—h) € L.
A key example of improvement is another sharp Jessen—-Mercer-type inequality [6],
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Q(m+n— F(h)) (12)
< T2 0m + B ) - (3 - 2 P = 22 ) acon,m)
< Q(m) + Q(n) — F(Q(h))
— |- n_1m<F<’h— m;” ) + ’F(h)— m;” )}Ag(m,n)
< Q(m) + Qn) — F(Q(h)) — [1 _ nfmFQh— min )]Ag(m,n)
< Q(m) +Q(n) — F(Q(h)),
with
Ao (m,n) —Q(m)+Q(n)—zo<m;L”> >0, (13)

valid for all continuous convex functions (2 : [m,n] — R, F € L(L,R) on lattice L and
h € L such that Q(h), Q(m+n—h) € L.

Both inequalities (11) and (12) provide the intermediate bounds for the Jessen-Mercer
inequality (10).

The classical Jessen (8) and the converse Jessen inequality (9) can be further sharpened
by virtue of the stronger properties of strongly convex functions. The first refinement
results were obtained in the paper [7]. Subsequently, exploiting the stronger structure of
strongly convex functions, further refinements of Jessen’s and converse Jessen’s inequalities
were established more recently in [2], which we cite and present here.

Let I C R be an open interval, 2 € SC.(I) and 0 < K < 1. Further, let F € £(L,R),
h € L, such that h?, Q(h) € L. Then the following refinement holds:

Q(F(h)) < Q(F(h) + K[F(Q(1) = Q(F(r) —e(F02) = (EM))| a9
< F(Q(h) = c(F(r?) = (F(1))?)
< F(Q(h)

In the same paper [2], the improvement of the converse Jessen inequality (9) was
proved. Let I C R be an open interval, m,n € I with m < n and Q2 € SC.(I). Assume that
F € L(L,R) on a lattice L, h € L with values in [m, n] such that h?, Q(h) € L. Then

n—F(h F(h) —m
Fam) < "W oy ¢ =M g0 —er, ) (15)
— F(l’lmin)AQ (C,‘ m,n),
where hpyin is defined by
hmin:min{n—h(x)/h(x)—m}:11_ 1 ‘h_m—l-nl >0 (16)
n—m n—m 2 n—m 2
and . .
_ 1 _m+n
F(hmin) ) n_mpqh 7 ) >0, (17)
F(h) —m n—F(h
Rpy (m,n) = 51)—m n®+ n_fﬂ)mzfp(hz)zo, (18)
AQ(c;m,n):Q(m)—FQ(n)—ZQ(m;—n) —%(m—n)zzo. (19)

In particular, for ¢ = 0, inequality (15) reduces to
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n—F(h)Q(m)+ F(h)—m

Fam) < n—m n—m

Q(n) — F(hmin)Aq(m, n), (20)

where A (m,n) and F(hmin) are given by (13), (17), respectively. In this reduced case,
corresponding to the setting of convex functions, no terms involving F(h?) appear, and the
assumption #? € L, which is needed in the strongly convex case, is no longer required.

Remark 2. Note that it holds that

R iy (1, m) = th) My 2 ER) e
F(h)n* — mn* 4+ nm* — F(h)m?> — F(h®)n — F(h*)m
_ F(h)(n? — m?) — mn(n ——m) — F(h?)(n —m)

= F(h)(n+m) —mn — F(h?)
= (n— F(h))(F(h) —m) + (F(h))* — F(h?).

This enables us to write (15) in the equivalent forms

Fam) < "W g =g, @
—c|(n— F(h)(F(h) = m) + (F(h)2 = F(?)
— F(hmin) A (c;m, n)
or
Fam) < "W oy  FB =1, @

—c [(m +n)F(h) — mn — F(hﬂ
- F(hmin)AO(C; m/n)'

Finally, we mention another important result from the paper [2]. For Q € SC.(I),
where I C Ris an open interval, §,0 > 0,6 +p =1,and m,n € I, m < n, we have

0 < min{6, p} {Q(m)—!—()(n) —2(2(’”2’”) - ;(m—n)z] 23)
< 0Q(m) + pQ(n) — Q(dm + pn) — c<5m2 + pn? — (om +pn)2).

In the following remark, we present some key derivations and conclusions that we
use in the proofs of the new refinements.

Remark 3. It holds that

cdp(n —m)? = cdon* — 2cdpnm + cspm?
= c<5m2 + pn? — (0m + pn)2>

c(om? + pn® — 6*m? — 25pmn — pznz)

(
c<5m2 )+ pn2(1—p) — 25pmn)
c(épm + dpn? —Zépmn)
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https://doi.org/10.3390/axioms15070492

Axioms 2026, 15, 492 7 of 23
i.e., inequality (23) is equivalent to
Q(6m + pn) (24)
< 6Q(m) +pQ(n) — cop(n —m)? — min{d, p} Ay (c; m, 1)
=00 (m) +pQ(n) — c(5m2 + pn? — (om + pn)z)
—min{d, p}Aq(c;m, n)
Further, we have
csp(n — )2 + min{(5 p}Aq(c;m,n) (25)
= cop(n —
+min{J, p}[(z 2Q<m;r")—;(m—n)1
= cdp(n —m)? — min{4, p} —m)?
+ min{é,p} | Q(m 2Q(m+n)}

2
> min{4, p} [Q(m) +Qn) - 20 (m ;L ”)]
— min{s, p}An(m,n),

because of

cdo(n —m)* — min{é,p}%(n —m)?
cé(n— m)2 0 — % >0, for0<é<1t ie, min{sp} =9,
1) >0, forl<s<1,ie, min{sp}=p.

Jensen’s inequality has been the subject of extensive research due to its importance in
convex analysis, inequality theory and optimization. In 2009, M. A. Khan et al. [8] obtained
improved versions of Jensen’s inequality for convex and monotone functions and applied
them to several classes of means, including the Cauchy mean. Later, D. Choi et al. [9]
proposed refinements based on linear interpolation, leading to improved Jensen-type,
Young-type and matrix inequalities. In 2015, Matkovic et al. [6] refined the Jessen—Mercer in-
equality, established several generalizations for convex functions and introduced a method
for constructing exponentially convex functions. Their results were further applied to
mean value theorems and Stolarsky-type means. Related developments have also been
obtained for broader classes of convexity, with applications in integral and functional analy-
sis. For example, Dragomir [10] derived several Lebesgue integral Jensen-type inequalities
for convex functions on real intervals. Operator versions of Jensen’s inequality have also
attracted considerable attention. Hosseini et al. [11] established new operator Jensen in-
equalities and their reverse forms for convex functions that are not necessarily operator
convex. In 2023, Iveli¢ Bradanovi¢ [2] employed strongly convex functions to refine Jessen’s
and Jensen’s inequalities, including their converse and interpolating forms and applied
the obtained results to strongly f-divergences. More recently, strongly convex functions
have become an important framework for refining Jensen—-Mercer-type inequalities. Adil
Khan et al. [12] and Iveli¢ Bradanovi¢ and Lovri¢evi¢ [13] developed refined Jensen—-Mercer
inequalities for strongly convex functions and applied them to information-theoretic quan-
tities, f-divergences, entropy measures and related inequalities. Further contributions were
made by Sayyari et al. [14], who obtained new Jensen-type refinements with applications
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to entropy and divergence measures. Alshehri et al. [15] established Hermite-Hadamard-
Mercer-type inequalities and several related trapezoid-type inequalities. Most recently,
Dragomir et al. [16] introduced characterizations of generalized (m, M, {)-convex functions
and applied them to majorization-type and mean inequalities.

The main objective of this paper is to establish new refinements of the Jessen-Mercer
inequality and its converse by employing the class of strongly convex functions. More
precisely, by combining recent improvements of the Jessen inequality (14) and its con-
verse (15) with the newly established structural characterization of strong convexity (24),
we derive several new chains of Jessen—-Mercer-type inequalities. The obtained results
refine inequalities (11) and (12) by producing a sequence of intermediate estimates which
do not appear in previously known Jensen-Mercer-type inequalities. In particular, the new
inequalities incorporate correction terms arising from strong convexity and recent refine-
ments of Jensen-type inequalities, leading to substantially sharper upper bounds and a
finer localization of the quantity Q(m +n — F(h)).

The first main result is obtained by applying the recently established strongly convex
Jessen inequality to the reflected mapping h +— m + n — h. Building upon this observation,
the subsequent results combine these refinements with converse Jessen inequalities and the
structural characterization of strong convexity, yielding new intermediate bounds and refined
chains of inequalities that are not present in the previously known Jensen-Mercer-type results.

Furthermore, the developed approach leads to improved integral and probabilistic
Jensen—Mercer-type inequalities, as well as to new inequalities involving generalized loga-
rithmic means and their special cases. Our exposition is organized as follows. In Section 2,
we establish the main results of the paper by deriving new refined Jessen—-Mercer-type
inequalities and converse Jessen-Mercer inequalities for strongly convex functions. The ob-
tained results generate finer chains of inequalities containing several new intermediate
bounds that strengthen previously known Jensen-Mercer-type estimates. In Section 3, we
apply these results in the integral setting and obtain improvements of recent inequalities
from [17]. As particular cases, we derive new estimates for generalized logarithmic means
and their special instances. Finally, in Section 4, we establish probabilistic versions of the
obtained inequalities, leading to refinements and extensions of several results from [7,18,19].

2. Main Results

Our first statement can be viewed as an improved version of the reflected Jessen
inequality (11). It is obtained by applying the Jessen inequality for strongly convex func-
tions (14) to the reflected mapping i — m + n — h. The reflected form makes it possible to
derive estimates which differ from those in the classical setting and, in some cases, provide
more accurate bounds. The influence of strong convexity is reflected through the additional
quadratic term appearing in the inequalities.

Throughout the remainder of the paper, I C R denotes an open interval, un-
less stated otherwise.

Theorem 1. Let Q € SC.(I), m,n € Twithm < nand 0 < K < 1. Further, let F € L(L,R),
h € L takes values in [m,n] and assume h?>, Q(m +n —h) € L. Then

Q(m+n —F(h)) (26)
< Q(m+n—F(h))

+K|F(Q(m+n = 1) = Q(m+n = (k) - c(F(#) = (F(1)?)
<E(Q(m+n—h))— c(P(hz) - (F(h))z)

< F(Q(m+n—h)).
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Proof. By applying (14) to m + n — h instead of 11, we get

Q(F(m+n—h))

=Q(m+n—F(h))

<Q(m+n—F(h))

+K[F(Q(n +n = 1) = Q(m+n = F(k) = c[F((m +n = 1)) = (F(m +n — )]
<SFQ(m+n—h))— C[P((m tn—h)?) — (F(m+n— h))ﬂ

< F(Q(m+n—h)).

Since
F((m - h)2) — (F(m+n—h))? = E(h?) — (F(h))?,

the required result holds. O

Combining inequality (26) with the following auxiliary result, which gives several
successive upper estimates for F(Q2(m + n — h)), leads to a refined version of inequality (11).
In this way, one can observe how the obtained bounds are related to each other and how
they can be gradually improved. This also gives a better overview of the structure of the
corresponding inequalities.

Theorem 2. Let (2 € SC.(I) and let m,n € 1 satisfy m < n. Assume that L is a lattice
and F € L(L,R). Moreover, let h € L be a function with values in [m,n| and suppose that
W2, Q(h), Q(m +n — h) € L. Then the following inequalities hold:

F(Q(m+n—h)) (27)
< FL I 0n) 4 B0 03— cB(( = ) (1~ 1)) = F(hin) Ae(cim,)

< 1—":)_;11110(”1)+ - FI(:) )

< Q(m) +Q(n) — F(Q(h)) — cRpyy(m,n) — F(hmin) Do (c;m, n)

< Q(m) +Q(n) — F(Q(h)) — cRpyy(m,n)

< Q(m) +Q(n) — F(Q(h)),

where F(hmin), Ry (m,n), and Ay (c; m, n) are defined by (17), (18) and (19), respectively.

Proof. Define the mappings J,p : I = R by

n—x x—m
5x) = 2= plx) =22 8)
Then for every x € I,
n—x X —m
Q(x) Q(n_mm—i— n_mn> = Q(6(x)m+ p(x)n). (29)

Using (29) in (24), we get

Q(x) = Q6(x)m+ p(x)n)
< 6(x)2(m) + p(x)2(n) — c8(x)p(x) (n — m)?
—min{é(x),p(x)}Aq(c;m, n),

https:/ /doi.org/10.3390/axioms15070492
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ie.,
n—x X —m
< — _ _
Qx) € n_mQ(m)+ n_mQ(n) c(n—x)(x—m)
—min{J,p}An(c;m, n). (30)

Now for h € L, such that Q(h) € L and Q(m +n — h) € L, first substituting m +n — h in

1 + —
n7m|h7m2n| -

place of x, and then applying F on both sides of (30), with min{s, p} = % —
Nmin, We obtain

F(Q(m+n—h))
n — F(h)

Th—m Ty (2() = cE((h —m)(n —h)) = F(hmin) Ao (c; m, ).

Since h takes values in [m, n], we have (h —m)(n — h) > 0 and therefore
F((h—m)(n—h)) > 0.
Further, Q € SC.(I) and then A (c; m, n) > 0. Moreover, hmin > 0 on [m, n], hence

F(l’lmin)AQ (C,‘ m, n) >0

Consequently,
F@Qm+n ) < Mgy o 12 E W) g

Furthermore,

F;h)_i_mm()(m) + %anh)ﬂ(n)

— Q(m) + Q(n) + (W _ 1)(2(111) + (”n__FT(nh) - 1)Q(n)

= Q(m) + Q(n) - [7111__1:1(11;1)(2(141) + ma(n)].
Now, applying (15), we obtain

%F’(:)Q(m) + F;h)_ ™ (n)

> P(Q(1)) + cRpgyy (m,1) + Fllimin) Aca(c;m, 1)
which implies
F(Q(m+n—h))
< Q(m) +Q(n) — F(Q(h)) — cRpg,y (m,n) — F(hmin) A (c;m, 1)
< Q(m) +Q(n) — F(Q(h)) — cRp(,y (m, n)
< Q(m) +Q(n) — F(Q(h))

n

n

which follows directly from (15) together with the nonnegativity of Ry, (m,n) and
F(hmin)Aq(c;m,n). O

https:/ /doi.org/10.3390/axioms15070492
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The following theorem presents an additional improvement of the Jessen—-Mercer-type
inequality (12). More precisely, the result introduces a chain of intermediate inequalities
that further clarify the relationship between the involved expressions and yield tighter
estimates. This also highlights how intermediate steps can be used to better track the
behavior of the corresponding bounds.

Theorem 3. Let Q € SC.(I) and let m,n € 1 satisfy m < n. Assume that L is a lattice and
F € L(L,R). Moreover, let h € L be a function with values in [m, n] and suppose that Q(h) € L.
Then the following inequalities hold:

Q(m+n—F(h)) (31)
< PO oy 1 2 E W
B ClPth)_:nmmz N nn—_Fiiz)nz B (ngh)_—rnmm+ nn__p’(:)n)Z]
_ <; - nlm‘F(h) - m;tn >AQ(C,’TTZ,7’1)
< Hh)—m Elh)__mma(m) no t f:)n(n)
- (; R ANl )Ao(m/”)
< Q(m)+ Q(n) — F(Q(h))
1 m+n m-+n
- [1—_”1(1?(’}1— > )—i— ’F(h)— > )]Ag(m,n)

< Q(m) + Q(n) — F(Q(h)), 32

where Ay (m, n) and Aq(c; m,n) are defined by (13) and (19), respectively.

Proof. We again consider the functions J,p : I — R introduced in (28). Using (29) in (24),
together with the second representation and estimate given in Remark 3, yields

O(x) < 5(x)Qm) + p(x)Qn) — ¢ (6(x)m® + p(x)n* = (3(x)m + p(x)n)?)

— min{0(x), p(x) }Any(c;m, n)
< 5(x)Q(m) + p(x)2(n) — min{d(x), p(x)} Acy(m, n).

By substituting x = F(h), we have

min{3(F(1)), p(F()} = min{ "2, FO 2

7
n—m n—m 2 n—m

and
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n—F(h) F(h) —m
QR = == 0m =
C[nffaom2+sz—mnz(nifm%n+Pml—mn)j

n—Eh) Q(m) +

—<;— L Hm—m;”>&ﬂmm.

Q(n)

<

n—m

Replacing h by m + n — h further gives

Q(m+n—F(h)) (33)

< Ao +

_ﬂF@%ﬂmﬁ+n—F@Lﬂ_<HM—mm+n—FMM>1

n—m n—m n—m n—m

_(;_ 1 P(h)—m;rn >Ag(c;m,n)

<
n—m n—m

1 1 m+n
Y E(h) =
(2 n—m 2

= Q(m) +0n) - |
1 1
_<2_n—m F(h) — )Ag(m,n)
< Q(m)+ Q(n) — F(Q(h)) — F(hmin) A (m, n)
1 1
_<2_n—m F(h) — )An(m,n),
where the last inequality follows directly from (20), namely from the estimate

[nF(h)Q(m) L F(h) —m

n—m n—m

m+n
2

o<n>} < —F(QR)) — F(ltmin) Acy(m, 1),

where F(hpyn ) is defined by (17).
Further, we have

Qm) + Q) ~ F(Q(H)) ~ Flhwin) s (1) &N
1 1
~ (3 e P8 )aatmn)
— Q(m) + Qn) ~ F(QR))
1 m+n
(- (-

(m) +Q(n) — F(Q(h)) - <1_ niﬂp(’h— m;”

m-+n

)+%@_m;”

))Ao(m/”)
))Ag(m,n)

https:/ /doi.org/10.3390/axioms15070492


https://doi.org/10.3390/axioms15070492

Axioms 2026, 15, 492

13 of 23

Note that
m+n m+n m+n
_ — _ < _
e G L ()
and m < h < n implies
h_m—f—n n—m
2 |7 2
Since F is positive and normalized,
m+n n—m
F( |h— <
(=) ===

and therefore

T F(’hm+n)20.
n—m 2
Moreover, A (m,n) > 0 by (13). Hence
2 m+n
_ — >
(1 an(’h > >>Ag(m,n) >0,

which justifies the last inequality in (34). Now, combining (33) and (34), we get the required
result (31). O

Finally, we provide an alternative formulation of the refined Jessen-Mercer inequality
in the setting of strongly convex functions. This version emphasizes a different represen-
tation of the obtained bounds and complements the previous refinements discussed in
this section. In particular, it shows that the same inequality can be expressed in several
equivalent forms depending on the chosen approach.

Theorem 4. Let O € SC.(I) and let m,n € 1 satisfy m < n. Assume that L is a lattice
and F € L(L,R). Moreover, let h € L be a function with values in [m,n] and suppose that
h?,Q(h) € L. Then the following inequalities hold:

Q(m+n—F(h)) )
< B oty 4 2 E O 0y —c[m -4 ) F0) — o — (P
_ (; _ n_lm’F(h) - m;n )An(c;m,ﬂ)

< Q(m)+Q(n)—F(Q(h)) —c 2(m +n)F(h) —2mn — (F(h))? — F(hz):
L e

n—m 2

< Q(m) + Q(n) — F(Q(h)) — ¢ :Z(m +n)F(h) — 2mn — (F(h))* — F(hz):

_ (1 - nEmFQh_ m;—n ))AQ(c;m,n)
(m)+Q(n)—F(Qh)) —c :2(m+n)F(h) —2mn — (F(h))? — F(hz):

<0
< Q(m)+ Q(n) — F(Q(h)),

where Ay (c; m, n) is defined by (19).
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Proof. Replacing x with F(h) in (30) gives

() < "EW gy ¢ EWZM 00— cn— pu)) Py —m)
- (; - n_lm'F(h) -men )AQ(C;W/”)'

After substituting h — m +n — h, we obtain

Q(m+n—F(h))

< PO 0y - " E 0D ) — e[+ m) () — mn — (P(1))?]
SN

Next, we add and subtract the quantities (2(m) and Q(n),

Q(m +n — F(h)) (36)
< am) + a0 + "= o) — am) + " F W o) - o
el == (F0)2] = (5 = P9 = 5 ) datim )

— Q(m) +Q(n) - {Wo(m) " F;h)_me(n)}

el myF = = (F0)2] = (5 = o P = " ) dateimm),

By substituting x with /() and applying the functional F to both sides of (30) leads to

n—F(h)Q(m) n F(h) —m
n—m n—m

1 1 m+n
_<2_n—mF<‘h_ 2

Consequently, we arrive at

F(Q(h)) < Q(n) —c[(m—i—n)F(h) —mn—F(hZ)}

))Ag(c;m,n).
))Ag(c;m,n)

> - [”n__Ff:)Q(m) + quh)__ mo(n)} (37)

2 n—m

—F(Q(h))—c((m—l—n)l—"(h)—mn—F(hz))—(1— L F(‘h—m;n

Inserting inequality (37) into (36) finally yields

Q(m+n— F(h)) o
< B = ooty 4 2B ) — [t m)E) — mn — (B

1 1 m-+n
B <2 B A )AQ(C""I’”)

< Q(m) + Q(n) — F(Q(h))
- c(z(m + n)F(h) — 2mn — F(h?) — (F(h))z)

_<1_ 1 (F(‘h_m—kn
n—m 2

m-+n

E

))Ag(c; m,n).
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Using additionally

we derive

_ (1_n_1m<’1r(h)—m;” +F(‘h—m;n

<—(1— 2 P(‘h—m;n»m(c;m,n)-

n—m
Combining this relation with the non-negativity of the quantities

)

c[20m+n)F(h) — 2mn — F(2) — (F(1)?]

))cmn

and

= c[20m + n)E(h) — 2mn — 2F(i2) + (1) — (F(h))?]
=c [2F((h —m)(n—h)) + F(h?) — (F(h))z] >0,

immediately implies inequality (35). Finally, the proof is complete. [J

3. Applications to Integral Inequalities and Generalized
Logarithmic Means

In this section, we derive new integral inequalities for strongly convex functions using
the previous main results. Since the functional setting based on positive linear functionals
provides a general setting, we now pass to its integral version, which can be viewed as
a natural realization in terms of a probability measure space. In this setting, the abstract
functional F is represented by an integral functional. In the following results we assume
that (T,X, u) is a probability measure space, L = L;(u) and for h € Li(i), we define a
linear, positive and normalized functional F given by

F(h) = / h(t)dp.
T
As a direct consequence of Theorem 1, we obtain the following result.

Corollary 1. Let 2 € SC.(I) and let m,n € Lsatisfy m < nand 0 < K < 1. Assume that
h € Ly(u) takes values in [m,n] and suppose that h?, Q(m +n — h) € Li(p). Then the following
inequalities hold:

Q(m+n—h)
<Q(m+n—h)

+K[/TO(m+n—h(t))du—O<m+”"3)‘C</Th2(t)d”_ﬁz)]
g/TQ(m+n_h(t))dy—c</Th2(t)dM—]_12>

< /TQ(m+n—h(t))d;¢, (39)
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where h = [ h(t)du
The next statement can be deduced directly from Theorem 2.

Corollary 2. Let Q € SC.(I) and let m,n € satisfy m < n. Assume that h € Lq(p) takes values
in [m,n] and suppose that h?, Q(h), Q(m +n — h) € Ly(u). Then the following inequalities hold:

/TQ(m+n—h(t))dy (40)
< E:mn(m)+ ”’io(n) —C/T(h(t)—m)(n—h(t))dy

_ % — m+n dy]AQ(c;m,n)

< h*mn(m)+ hQ(n)

—m

<Q(m) +Q(n) — [ Q(e))dp

h—m , n—h , )
C{nmn + — ™ /Th (H)du
1 m+n
- {2 p— dy] Aq(c;m,n)
< Q(m /(2
—c{h mpy noh m—/h2 dy]
n—m
< Q(m) + /Q ))du,

where h = [ h(t)du, while Ay (c; m, n) is introduced in (19).
Remark 4. Our result (39) together with (40) improves result from [17] (Theorem 5.2).

To illustrate the practical significance of the obtained results (39) together with (40),
we consider the following numerical example.

Example 2. In Table 1, we consider the interval (m,n| = |[2,3] equipped with the uniform
probability measure dy = ﬁdt, together with the function Q(t) = t*, which is strongly convex
with modulus ¢ = 24. Furthermore, the parameter K satisfies 0 < K < 1, so that the bound
39.06 + 1.14K ranges from 39.06 to 40.20.

The first group of estimates in Table 1 (from the first to the third upper bound) is obtained
from Corollary 1, while the second group (from the fourth to the seventh upper bound) follows
from Corollary 2. These bounds are compared with the corresponding estimates obtained in [17]
(Theorem 5.2) and with the classical integral Jensen—Mercer inequality.

The comparison clearly shows that our results provide sharper upper bounds for the quantity
Q(m + n — h). Moreover, combining the estimates from Corollaries 1 and 2 yields several additional
intermediate bounds that do not appear in [17] (Theorem 5.2). Consequently, our approach produces

a substantially finer chain of inequalities and a more accurate localization of the quantity Q(m +
n—h).

The next corollary is a direct consequence of Theorem 3.
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Table 1. Comparison of all bounds appearing in Corollaries 1 and 2 with [17] (Theorem 5.2) and

classical integral Jensen—-Mercer inequality.

Bound Our Result Paper [17] Jensen—-Mercer
Q(m+n—h) 39.06 39.06 39.06
1. upper bound 39.06 + 1.14K 40.20 -
2. upper bound 40.20 43.78 -
3. upper bound 42.20 45.36 -
4. upper bound 42.78 - -
5. upper bound 48.50 - -
6. upper bound 49.08 - -
7. upper bound 50.80
Final upper bound 54.80 54.80 54.80

Corollary 3. Let Q € SC.(I) and let m,n € L satisfy m < n. Assume that h € Li(u) takes
values in [m, n] and suppose that A(h) € Ly (p). Then the following inequalities hold:

where h = J7h(

Q(m+n—h) (41)
h—m n—nh
< L
- n—mn(m)+ n—mﬂ(n)

ll_am , n—h , (Em n—nh )2]
- m- + n° — n

n—m n—m n—m n—m

1 1 | m+n
_<2_n—mh_ 5 >AQ(c,m,n)
<P oy + 2wy

n—m n—m

1 1 | m+n
<2n—mh )Ag(mn)
< Q(m) + /Q

[ 1 m+n - m+n
__1_nm(/Th_ > d,u—i-‘h— )}Ag(m,n)
<O —/th
m+n

- n—m/’h_ dy}AQ(m,n)
< Q(m /Q (t))du,

t)dy and the quantities A (m,n), Aq(c; m, n) are given by (13), (19), respectively.

Finally, as a special case of Theorem 4, we get the following result.
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Corollary 4. Let Q € SC.(I) and let m,n € L satisfy m < n. Assume that h € Li(u) takes
values in [m,n] and suppose that h?, Q(h) € Ly (u). Then the following inequalities hold:

Q(m-+n—h)

fz m

Q(m) + %Q(n) — c[(m +n)h —mn — fzz]

<; -
<Q(m)+ /Q dy—c[ (1m + n)h — 2mn — 2 — /h2 dy}
{1 <‘_ m;—n h— min dy)]AQ(c;m,n)

< Q(m)+ /Q dyc[(ern)h 2mn — h? — /h2 dy}
(1 p— m+n dy)AQ(c;m,n)

<Q(m) + /o
—c|2(m 4 n)h —2mn — h? — /h2 dy}
< Qm /(2 ))dn,

where h = [ h(t)du with Aqy(c; m, n) defined in (19).

By applying the previously derived corollaries to a particular family of positive normal-
ized linear functionals, we obtain new inequalities involving the generalized logarithmic
means. For g € R\ {—1,0}, these means are defined by

m, ifm=mn,
Ly(m,n) = ni+1 _ a1 114
[ B T
(q+1)(n—m)
The family can be continuously extended to the excluded case g = —1. Indeed, taking
the limit as § = —1, one obtains the logarithmic mean
m, ifm=mn,
L(m,n) = "—n "
Inm—Inn’" ' m 7 n.

Accordingly, throughout this section we write L, (11, 1) for ¢ € R \ {0}, understanding
that L_q1(m,n) = L(m,n).

This class of means provides a continuous bridge between different classical averages
and plays an important role in various comparison results. In particular, the parameter g
allows a smooth transition between different types of generalized means. For g4 = 1, we
recover the arithmetic mean

m-+n

Ly(m,n) = A(m,n) = 5
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Let I C (0,00) be an open interval and let m,n € I with m < n. We consider the
interval T = [m, n] C (0, 00) equipped with the uniform probability measure
1
dy = dt.

n—m

This choice of measure ensures that the associated functional corresponds to the
classical average value over the interval. In this setting, the associated positive normalized
linear functional F is given by

1 n
F(h) = — m/ h(t)dt.

The next identities can be viewed as particular cases of the previously established main
results, obtained by choosing specific functions and the corresponding positive normalized
linear functional. In this way, the general theory developed in the previous sections directly
leads to the following expressions.

Assuming thatg € R\ {0} and h, h7 € L (p), we have

n
E(h) = —! [rar="0
m

n—m 2
1 n
F(h) = [t =Li(m,m), R\ {-1,0}.
() = —— [ Jomm),  geR\{-10)
For the limiting case 4 = —1, we obtain
n —
E(hY) = 1 ﬁzlnn lnm: 1 .
n—mJm t n—m L(m,n)

Hence,
F(h™') =LY (m,n) =L }(m,n),

_!
-7

in accordance with our notation.

F(hmin)zl_ L F(‘h_m—i_n

We also have

2 n—m 2
(b m3) -t [ i
and for Q(f) = 11,4 € R, we get
A+ E() = (") = A0,
F(Q(m+n—h) = —— /m"(m+n—t)mz _ m = L(m,n),
FO0) = s = )
F((r = m) =) = ("= myn =ty = P Ry ()

and

F(h?) — (F(h))1 = n—lm/mntth_ (nim/mntdty
= Lg(m,n) — A(m,n).
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Using the above representations, we apply the previously established corollaries to
generalized logarithmic means which allows us to express them in terms of classical and
generalized means. Accordingly, we consider the family of power functions Q(t) = 1,
g € (—00,0) U (1,00) defined on [m, n] C (0,00). These functions are strongly convex on
[m,n] and their modulus of strong convexity is given by

%q(q —1mi=2, q>2,
%q(q —1)n172, g€ (~00,0)U(1,2).

The following examples illustrate the consequences of the preceding corollaries for
generalized logarithmic means and their relationships with classical means.

Example 3. Applying Corollary 1 to the above family of strongly convex power functions yields
the following inequality:

Al(m,n)

< Al(m,n)

+ K| Lf(m,n) — AT(m,n) — 2171(?1 —m)%q(qg —1) min 772

te[mmn|

1 .
< Lj(mm) — 5z (n—m)*(q —1) min 772

< Lg(m,n).

Example 4. Using Corollary 2 for the above family of strongly convex power functions, we obtain

Lg(m,n)
< lA(m" n) + 1Aq(m n)— l(n —m)*q(g—1) min 772
= 2 ! 2 ! 48 te[m,n}
< A(mi,n7)
< §A(mq, n?) + 1Aq(m,n) — LI(m,n) — l(n —m)?q(g —1) min 172
2 2 q 48 te[m,n]
<2A(mT,n7) — LZ(m,n) —(n—m)*q(g—1) min t12
12 te[m,n]

Example 5. By specializing Corollary 4 to the above family of strongly convex power functions, we
arrive at

Al(m,n)

< %A(m’i, nt) + gA'ﬁ(m,n) — Li(m,n) — %(n —m)?q(q—-1) tg[ln%} t1-2

< A(m7,n%) + AT(m,n) — Li(m,n) — %(n —m)*q(g—1) rr[dn] 12
temn

<2A(m,n7) — LZ(m,n) - %(n —m)?q(q—1) tgﬁirb] 12

< 2A(m,n7) — Lg(m,n).
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4. Application to Probabilistic Inequalities

In this section, we provide a probabilistic perspective on the previously established
results. Throughout the discussion, we work with real valued random variables defined
on a probability space (T,%, 4) and assume that all considered expectations are finite.
For a random variable Y : T — R, the symbols E[Y] and D?[Y] denote its expectation and
variance, respectively.

It is well known that every convex function 2 : I — R satisfies the classical
Jensen inequality

O(E[Y]) <E[O(Y)] @)

for any random variable Y whose values belong to the interval L.

A strengthened form of inequality (42) was established in [19]. More precisely,
for Q2 € SC.(I), the following estimate holds:

Q(E[Y]) < E[Q(Y)] - cD*[Y] < E[Q(Y)]. (43)

This inequality shows that the variance term naturally appears as a measure of devia-
tion between the two expressions. The probabilistic reformulation of our principal results
yields further refinements of inequality (43), together with several related inequalities
of the Jensen-Mercer type. In this setting, the obtained bounds provide a more detailed
description of the deviation between the expectation of a transformed random variable and
the transform of its expectation.

Let Q € SC.(I) and let m, n € I satisfy m < n. For a random variable Y : T — [m, n],
under the assumptions Y2, Q(Y), Q(m +n—Y) € L' (i), we consider a positive normalized
linear functional F such that

F(Y) = E[Y],
F(Y?) = E[Y?],
F(O(Y)) = E[Q(Y)],
FIQm+n-=Y))=E[Q(m+n-Y)]

and
F(Y?) = (F(Y))? = E[Y?] - (E[Y])* = D*[Y]

The next corollary follows immediately from Theorem 1 and represents a direct appli-
cation of the preceding result.

Corollary 5. Let Q2 € SC.(I), m,n € Twithm < nand 0 < K < 1. Furtherlet Y : T — [m, n|
be a random variable such that Y?, Q(m +n —Y) € L' (u). Then
Q(m+n—E[Y]) (44)
< Q(m+n—E[Y])
+K(E[Q(m+n = Y)] = Q(m+n — E[Y]) — cD?[Y])
<E[Q(m+n—Y)] —cD?[Y]
<E[Q(m+n-Y)].

Remark 5. In particular, replacing m +n — Y by Z and m +n — E[Y] by E[Z] in (44), leads to
the following refinement of inequality (43):
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Q(E[Z]) < Q(E[Z]) + K(E[Q(Z)} - Q(E[Z]) - cD? [Z]) (45)
< E[Q(Z)] — cD?[Z]
< E[Q(Z))].

An immediate consequence of Theorem 2 is given in the following statement.

Corollary 6. Let Q2 € SC(I) and m,n € Lwithm < n. Assume thatY : T — [m,n] is a random
variable satisfying Q(Y), Q(m +mn —Y) € LY (u). Then the following inequalities hold:

E[Q(m+n—-Y)]

< ELY]_%Q(M + %ﬂig]n(n) — CE[(Y —m)(n —Y)]

_ (; — n—lmEHY m;n })Ag(c,m,n)

E[Y] —m n—E[Y]
S n—m Qm) n—m Q(n)
<Q(m)+Q(n)—E[Q(Y)]—c(EnY_;m 2 B E[Y2]>

where Aqy(c; m, n) is defined by relation (19).

Remark 6. By introducing the substitutions m +n —Y = Z and m +n — E[Y] = E[Z] into the
previous inequality, we obtain the corresponding reformulated expression:

E[Q(Z)] »
< "B ) + B ) — cBi(z ) 2

- (; - n—lm]EHZ— m;n ])Ag(c;m,n)

n—E[Z] E[Z] —m
S STy A+ =m0

n—E[Z] , n ElZ]—m »_ E[(m +n— Z)2]>

gQ(m)+O(n)—E[Q(m+”—Z”_C< n—m n—m

1 1 m-+n
_(Z_ E _ .
(3= w5 - 2] Jsatemn

n—ElZ] » ElZ]l-m »_ E[(m+n— Z)2]>

<Q(m)+0<n)—E[Q<m+”‘Z”_C< n—m n—m

<Qm)+Q(n) —E[Q(m+n—2Z)].
Combining inequalities (45) and (46) yields a refinement of the results established in [7] (Corollary 7)
and [18] (Corollary 9), leading to sharper bounds in the considered setting.
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