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Abstract

In this paper, we consider the existence of normalized solutions for the fractional Kirchhoff
system with Hardy critical nonlinearities. The problem combines the challenges of nonlocal
operators, singular critical effects, and a variational framework with fixed mass conditions.
By employing the minimax theorem, analyzing the Palais-Smale sequence and restricting
to radial functions, we overcome the loss of strong convergence at critical energy levels.
Under L%-supercritical case, we prove the existence of positive radial normalized solutions,
along with the positivity of the corresponding Lagrange multipliers.
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1. Introduction

In this paper, we focus on the following fractional Kirchhoff system with Hardy
critical nonlinearities:

Suf? s -2 u[1 202U s
a+b/ V2ul%dx)(—A)°u + Au = pq|ul? u—i—rlvT, inR>,
r rp—2 (1)
3 2 s p—2 |u| 1|U| > : 3s
a+b A)29]%dx)(—A)°v + Ao = pp|v) v+r2vT, in R,
having prescribed L2- norm:
W) Check for updates / Ly — Cz/ / Py — dz’ @)
R3s R3s
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where u € S(RV) and S(RN) represents the Schwartz space of smooth functions decaying
rapidly at infinity, P.V. indicates the principle value of the integral and Cy s represents a
positive constant.

In recent years, numerous researches are focused on the normalized solutions of the
systems with nonlinearities. Li and Zou [1] explored the following Schrodinger system:

— Au+ A= pg|ulP2u+ Bro|ul " 2ulo2, inRY,

— AU+ A0 = 1|07 20 4 Brafu| o220,  inRY, 3)
27 _ 2 27 _ 2
/RNM dx = aj, ./RN |v|"dx = a3,

where p,qr; + 1y < 2*. By studying the geometry properties of the Pohozaev manifold
under some assumptions on parameters, they obtained a normalized positive ground state
solution. Moreover, Bartsch, Jeanjean and Soave [2] investigated the system (3) with p = 2%,
when N =3,4and2 <ry +7r <2+ %, they got a normalized ground state solution with
0 < B < Bo, and when 2 + % < 11 +rp < 2* they obtained the existence of a threshold
B1 > 0 such that when > B, there exists a ground state normalized solution. Later,
through Krasnoselskii genus approach, Bartsch and Soave [3] obtained the existence of an
infinite number of solutions to (3) with y; = yp and a; = 4. When the above system is
equipped with Sobolev critical nonlinearities, i.e., ¥; + o = 2*, Zhang and Han [4] got a
positive ground state solution under L2- subcritical case.

To extend the results mentioned above, a great deal of researchers are devoted to
exploring the fractional Schrédinger systems. Zuo [5] examined the following coupled
fractional Schrodinger systems:

(=8)°u = pyu+ [ul> 2o |ulP 20+ qalul*2ufolf inRY,

(—=A)°v = o + |0|% 720 4 112|0]9 20 + yBlo|P20lul* in RN,
|u[f2 = m} and |[o]|F, = m3,
where N > 2s, p,ganda+p € (2+ %, 2%]. Through scaling transformation, concentration-
compactness principle and classification discussion, they obtained a positive normalized
solution with negative Lagrange multipliers. Additionally, they proved that no positive
normalized solutions exist under the Sobolev-critical case. Moreover, Chen and Yang [6]
explored the fractional Schrodinger system with Choquard terms, by applying minimax
principle and describing the mountain pass geometry structure, they got the existence of
the normalized positive ground state solution and the mountain pass type normalized
solution under L2-subcritical case and L?-supercritical case respectively.
As for the study for Kirchhoff system has received considerable attention. Yang [7]
considered the following Kirchhoff system with Sobolev nonlinearities:

—(a1+ b /N \Vu|?dx)Au+ Au = py|u|P~2u + r1Blul" 2 |v|2u in RY,
R
— (ap + by /RN |Vo2dx)Av 4 Aot = pip|v|P =20 + rBul o220 in RN, (4)
/ widx = d?, / v?dx = d3,
JRN JRN
where2 < N <4and 2+ % <1y +1r2 < p,q < 2% By minimax methods, the author ob-
tained a ground state normalized solution under L?-supercritical case with the assumption

that the coupling coefficient is big enough. When a; = by =a; = by = 1and r1 +rp = 2%,
by leveraging the Pohozaev manifold and minimizing the energy functional, Zhang and
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Zhang [8] established a positive ground state solution to (4) under L?-subcritical case. Xu
and Wang [9] explored the positive solutions through the constrained variational method.
For the fractional Kirchhoff system, Li et al. [10] investigated the following system:

(1 +b/RN [(—A)2ul?dx) (—=A)u + Vi (x)u 4+ Aqu = pq|ulP"2u+ 1 Blu| "2|v|2u in RN,

(1+0b /RN [(—A)30)2dx) (—A)*0 + Va(x)v + A0 = pp|o|P22u + rpBlu| [v]2 >0 in RV,

/N u’dx = a3, /N v?dx = a3,
R R

where 2s < N < 4sand 2 + 8—13 < p1,p2, 11 + 12 < 2§. Through a constrained minimization
problem and minimax theorem, they achieved the existence of non-negative solutions.
When N = 2,3 and Vj(x) = Va(x) = 0, Kong and Chen [11] obtained the positive
solutions under L?-subcritical case and L2-supercritical case by using minimax theorem
and introducing some auxiliary minimization problems. For more results with regard to
the Kirchhoff system, we can refer to [12-19].

Based on the investigation of the fractional Schrodinger systems, studies for the
fractional Kirchhoff systems with nonlinearities are more challenging and interesting due
to the existence of nonlocal terms ([ |(—A)3u[?dx)(—A)*u and ([ |(—A)3v[?dx)(—A)%0.
Thus, to extend the results above, we consider the normalized solutions for the fractional
Kirchhoff system with Hardy critical terms (1) under L2-supercritical case.

Firstly, we introduce some notations for subsequent use. Throughout this paper, for
any 1 < r < oo, L"(IR%) stands for the Lebesgue space with the norm

Jull = ([ )"

H?(R%) is the fractional Hilbert space:

HE(R*) = {u € 12(R¥) : (—8)7u € 12(R*) },

with its standard inner product and norm expressed respectively as

w,0) = [ ((—8)iu(=a)to+uo)dx, [ulfy = u,u) = S e

-t = [ fo B
R3s JR3s le‘FZS y

Solutions to system (1) can be identified as critical points of energy functional I(u,v) :
H*(R%) x H*(R%*) —» R

where

N\‘n

,0): = 2 (I-a)5ul3 + [(~a)50l3) + 2 (I(~a)5ulld + | (~a)5ol3)

a1 T2
_m/ [P — ﬂz/ |v|qu_v/ [ufol™
p R3s q 3s R3s |_x|’x

One can readily verify that the energy functional is of class C!, and solution (1, v) serves as
a normalized solution for (1) if (u,v) € T (c,d), where

T(e,d) = {(u,0) € H*(R®) x H*(R®) : [[ull} = 2 ||o]} = 42}
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We then present the definition of the homotopy-stable family and the minimax theo-
rem, they can help to establish a Palais-Smale sequence later.

Definition 1 ([20], Definition 5.1). Let X be a topological space and Y be a closed subset of X.
We shall say that a class F of compact subsets of X is a homotopy-stable family with extended
boundary Y if for any set Z in F and any v € C([0,1] x X, X) satisfying y(t,x) = x for all
(t,x) € ({0} x X) U ([0,1] x Y) we have that y({1} x Z) € F.

Lemma 1 ([20], Theorem 3.2). Let ¢ be a C'-functional on a complete connected C'-Finsler
manifold X (without boundary) and consider a homotopy-stable family F of compact subsets of X
with a closed boundary B. Set

¢ =c(g,F) = inf maxg(x),

and suppose that
sup ¢(x) < c.

x€EB

Then, for any sequence of sets { A, } in F such that

lim sup ¢(x) =¢,
noe a4

there exists a sequence {xy } in X such that
(1) lim ¢(xn) =¢;
) Tim () | = 0
(3) lim dist(x,, A,) =0.
n—o0

Moreover, if d is uniformly continuous, then x, can be chosen to be in A, for each n.

To accommodate the constraint 7 (¢, d), we introduce a L2-norm preserving transfor-
. N
mation t x u(x) := e2u(efx) and

(u,v) € T(c,d) — tx(u,v) := (txu,txv) € T(c,d).
Then we have the fiber map:

cD(u,v)(t) = I(t * (u/v))

S S b S S
= 2= (=) 2ul + 1 (=a)20l3) + ¢ (| (~a)Tullf + | (~8)F0]3) (5

T T
— &ePS’Yp,st/ |u‘pdx — &eqs'ylﬁ,st/ |fv|qu J— Ve2§,a5t/ de
p R3s q R3s R3s |x|“

We have the following result.

Theorem 1. Let N = 3s, % <p,q<6,r,rp>landri +1rp = 2;0‘. There exists a constant
v1 > 0, for all v > vy, system (1) has a positive radial solution (ug,vg) with A1, Ay > 0.

In this theorem, the main difficulty is to obtain the strong convergence of the Palais-
Smale sequence. To overcome the difficulity, we establish the estimate of energy level o
which will be mentioned later. Moreover, we obtain the normalized solution through the
minimax theorem and all the studies are investigated in the radial setting to ensure the
critical sequence is strongly convergent in L” x LF.
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This paper is organized as follows. In Section 2, we give some preliminary results
which will be used later. In Section 3, we give the proof of Theorem 1.

Throughout this work, ||u||, denotes the LP-norm of u, “—" and “—" stand for strong
convergence and weak convergence in the corresponding space, u,; refers to the negative
part of u,,. C is adopted to denote a generic constant, whose value may change from line
to line.

2. Preliminaries

This section is devoted to establishing several auxiliary lemmas needed throughout
the work.

Lemma 2 ([21] Fractional Gagliardo-Nirenberg inequality). Let p € (1374, 6). Then there exists
a constant C(N, p,s) > 0 such that

= .S 1- ,5
]l < CON, p,8) | (=) 3ull57 w27, wu € HE(R3), ©)

3(p—2)

where 7yps := %

Then, we introduce the following fractional Sobolev embedding.

Lemma 3 ([22]). There exists the best Hardy-Sobolev constant defined by

—A)3ul2
S= inf I 23 uly _ )
Hs(R3)\ {0 500 o
u€Hs(R%)\{0} (fR3s |l|lJ|C"" dx) B
and - -
. —A)z2u|5+||(=A)2v
P (S LT RaCSET ®
u,0€H® (R%)\ {0} (s u|1[o]"2 4 dx)%a
R3s ~ [x|a
then we introduce the following Hardy-Sobolev inequality:
jul" o] ; %3
[ I < (1-a) B + 1 -a)500) ©)
Furthermore, we introduce the scalar equation:
+b/ A)2ulPdx)(—=A)u+ Au = plulP~?u, inR%,
(10)

/R3 lu|?dx = ¢?,
S

where ! < p < 6, whose results are crucial to the proof of Theorem 1.
Normahzed solutions to (10) correspond to the critical points of the energy functional
presented below:

a s b El 2
Eup(u) = 3 fos |(=A)2u|?dx + 4(/]1%35 |(—A)2u|2dx> — %/RSS |ulPdx, (11)

R3s
under the constraint S(c) = {u € H*(R*) : ||u|3 = c?}. We introduce the least energy level
eup(c):= inf E 12
(€)= inf. Eup(w) 12

there are following results.
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Lemma 4 ([10]). Let p € (4,6), a,b,c > 0and p > 0. Set

el/,,p(c) = Hu‘lll%-licz Ey,p(u).

Then,
(1) there exists a unique positive radial solution u,, for (10);

(2) sup;cpss Epp(t*uy) = Eyp(up);
(3) eupl(c) = ianu”%:Cz Eup(u) = Eyp(uy) > 0;
(4) the least energy ey, p(c) is strictly decreasing with respect to ¢ > 0.

The subsequent Liouville-type result will allow us to obtain the strong convergence of
a Palais-Smale sequence.

Lemma 5 ([23]). Suppose u € H*(R®) is a solution of the following equation:

(=A)*u >0, xeR%,
u>0 and u € LP(R*), p € (0,3],

then u = 0.

3. Proof of the Theorem 3

In this section, we give the proof of Theorem 1. To begin with, we denote
HS(R*) := {u € H*(R¥*) : u(x) = u(|x]), Vx € R*},
and the embedding H; (R3) — LP(R¥) is compact for 2 < p < 6. Then we set
Ti(c,d) == {(u,v) € HS(R*) x H(R*): /R35 lu2dx = ana’/RaS v|?dx = d?}.

Applying the Palais’s symmetric criticality principle in [24] (Theorem 1.28), we obtain
that the critical point of I(u,v) in 7;(c,d) is equivalent to the critical point of I(u,v) in
T (c,d). Thus, we will investigate under the radial setting.

Before introducing the lemmas, we have the following conclusions. By direct calcula-
tions, for any (u,v) € T (c,d),

lim <|(—A)%(t*u)\2+|(—A)%(t*v)|2)dx

t——o00 JIR3s

= tim ! ([[(~8)5ul3 + [|(~a)i03) = +eo,
and

lim (|(—A)%(t*u)\2+|(—A)%(t*0)|2>dx

t——oco0 JIR3s
= lim '([[(=2)3ul3+ | (~8)i0[3) = 0*.

t——oc0

Since

cD(u,v)(t) = I(t* (u,v))
= 22 (I(=8) ul + (-a)5ol3) + o (I[(~a)iuld + | (—a) o)

T T
— &eps’)/l’/st/ |u|pdx — &3‘757%st/ |'0‘qu —_ 1/62;/0(“/ de,
p R3s q R3s R3s ‘JC|‘X
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and pyps, 97q,s, 264 > 4, we can conclude that
i (1) = o 03
and
— ot
tgmooq)( )( ) =0". (14)
Lemma 6. There exists a fixed constant K > 0 such that, for sufficiently small K,
inf I(u,v) >0 and sup I(u,v)< inf I(u,v),
(u,v)eDy (u,v)ng (u,v)€Dy
where
Dy := {(u,v) € Tr(c,d) : /qu(“_A)%uF + \(—A)%v|2>dx < K},
and
Dy = {(u,v) e Ted): [ (1-M)uf +](-8) 0 )ax = ZK}.
Proof. In view of (6), for (1,v) € T (c,d), we have
s S (1 s)
lullp < CON, ps) (=) Bl Jufl3 7, (15)
and ( )
5 s 1- LS
lollf < C(N, g,8)ll(=4)303"" [oll; """, (16)
By (9), we have

2*
"ol _ o fof2) ©
e ([N EMERRTCVNELTE I

R
then for (1,v) € Dy we obtain that
a X s b s s 2
I(u,0) = 2 (I1(=8)7ul3 + |(=8)70[3) + 2 (I1(=2)ull} + [ (=2) 2o]3)
|pl2
_V1/ |u|Pdx — #2/ |v|”’dx—1// de
P q Je RS x|

a X s b s s 2
> 2 (I =8)2ul3 + 1 (=8)7013) + 2 (I(=a)7ull3 + [ (~a)3o[3)

ﬁ}<Np,wP1wSm Yiulpe — §2<Nqsmﬂlwﬁw—m%w?“

2%

s 3
Srat v(I(=8)3ul + 1 (=)30l3) *

since 13—4 < p,q <6and 2], >4, we can deduce that there exists sufficiently small K > 0
such that inf(,, )cp, 1(u,v) > 0.

https://doi.org/10.3390/axioms15050369
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For V(uy,v1) € Dy and V(up, v3) € Dy, there holds

I, o0) ~ L2, 02) > & (1-8) 73 + 1 (=8)F0aB) + & (=8 3 + () o )

—%QMnMNﬂﬁNT”—%quMWAﬁﬂ?ﬁ

(ST
N

2,

Supd v(I-) 2l + 1 (-8)Fel)
7§0u7>%wm+wu I I ([ ST RN [N EE

q,5

K+ 2K2— ?(NnmmT ?(N%N)T

St V2K)E

Since ¥ < p,q < 6and 2!, > 4, we get I(u1,01) — I(up,v2) > 0 with small K > 0, that is
sup(u,v)eD1 I(u,v) < mf(u,z,)eD2 I(u,v). O

Denote
D; = {<u,v> eTied): [ (I(=8)iuf+ (=)t )dx = 3K, 1(n,0) < o},

and
I':={y € C([0,1], T+ (c,d)) : 7(0) = (u1,01),7(1) = (u2,v2)},

where (111,v1) € D; and (up,v;) € Ds.
According to (13), (14) and Lemma 6, we obtain that

0= ;ré{_gra%% I(y(&)) > max{I(uy,v1), [(uz,02)} > 0.

Then we let
Di" = {(u,v) €D;:u,v>0 ae.in RSS},

and
D;r = {(u,v) €D3:u,v>0 ae.in R3s},

for any (u11,71) € D and (i1, 7;) € D5, we define
Iy = {y € C([0,1], Tr(c,d)) : 7(0) = (11,01),7(1) = (2,72)},
in view of [25], D} and D5 are connected by arcs and

7= Jnf me 100(€)) = Jof, may 16v(@)

Nextly, we introduce some properties of the level ¢.
Lemma 7. There exists a constant v > 0, such that for any v > vy, we have
0 < o <min{ey, »(c), eurq(d)},

where

e p(€) = ué‘;{)Em p(u) and ey, q(d) = EHS‘(f)Eﬂzfq( )-

https://doi.org/10.3390/axioms15050369


https://doi.org/10.3390/axioms15050369

Axioms 2026, 15, 369 9of 15

Proof. Let u;,, denote the unique positive critical point to E, ,(u) and let v,, denote the
unique positive critical point to E, 4(v). According to (13) and (14) there exists t; < 0 and
t» > 0 such that

(ﬁlrﬁl) = (tl * Uy, t x Uﬂz) S D;r

and
(ﬁz,@z) = (tz*um,tz*vm) € D;r.

Let
71(8) == (1 = &)t1 + &t2) * (upy, vy, ),

it is easy to see that
71(0) := t1 * (upy, 04,) € DI and 1(1) := ta * (uy,, v4,) € Dy,
which implies that 71 (&) € I'y, thus

o= inf max I(y(&))

Y€l Ze[0,1]
< I
< fnax (11(2))
max (1= &)ty + &ta) * (up,, v4y))

< sup I((t* ty,, txvy,)).
teR

Then we only need to show that sup, . I((f* ty,, t*vy,)) < min{ey, p(c), eu,q(d)}.
Through direct calculations, we have

2
a s b s 1
Ep p(txuy,) = EEZSt /Rss |(—A)2u|2dx + 164; (/]1%35 |(—A)2u|2dx> - %emp,sst /R3s |u|Pdx,

and

2
a s b s 2
Eyyq(txvy,) = Eezg /R3S |(—A)20|2dx + 464St</Rss |(—A)Zv|2dx) - %ecm,sst /RSS |v|7dx,

whent — —co, Ey, p(t*xuy,) — 07 and Ey, 4(t * vy,) — 0. We can infer the existence of a
small constant ty < 0 such that

sup I((# %ty t % 0u,y)) < sup{Ep, p(t %1y, ) + Epp g (F % 0,) }
t<tp t<ty

< min{e’“,p (C)/ e}lz,q (d) }

When t > t;, we have
[l ol
W P S

Ze2§,a5f0/ 7|u|rl|v|r2dx
R3s ‘x"x

https://doi.org/10.3390/axioms15050369
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Then in view of Lemma 4, there exists a constant v; > 0, when v > vy, it holds

* ul"|o|"2
sup I((x ity t % 0y,)) < SUP{ Eypy p (£ % 14y ) + Epiyg (£ 0p) } — vePse /3 M
t>to t>to R ||
* 1 I
S sup Eﬂl,P(t * uﬂl) + sup EVZ/q(t * Z)yz) — Uezs,aStO / M
t>t t>to R x|

2% st |u" o]
< ey p(€) + e q(d) —vema™ /]R3s EEE
< min{ey, p(c), euyq(d)}.

Thus, we obtain that ¢ < sup,cp I((t * 1y, t % vy,)) < min{ey, »(c), €u,4(d)}. This com-
pletes the proof. [

Lemma 8. Let I(t,u,v) := I(t* (u,0)) and

o= «1,2% max I(v(1)), (17)
where
Fi= {7 € C([0, 1, R x Ty(c,d)) : 7(0) = (0,u1,01), 7(1) = (0,u2,02)},
then o = 0.

Proof. For every ¢ € I', we denote  := (0,7) € T, which indicates & < ¢. On the other
hand, for any 7 = (0,7) = (0,1, 72) € Iy, there holds

(%) = 1(0,71,72) = I(71,72),

since (1,72) € T, we can conclude that o < 7. Thus we obtain thatoc = . O

Lemma 9. The functional I(u,v) admites a Palais-Smale sequence (uy,vy) C Ty (c,d) at level o
with u,; ,v,;, — 0asn — oo.

Proof. In view of the Definition 1, it is obvious that 7 = {Z = ([0,1]) : v € T}
is a homotopy stable family of compact subsets of X = R x 7;(c,d) with boundary
Y = (0,D") U (0,D5). Since I is a C'-functional on the C'-Finsler manifold X, apply-

ing Lemma 1, we can deduce the existence of a Palais-Smale sequence (¢, t,, v,) for I(u,v)
onR x T;(c,d) at level o with the following properties:

(1) limy—+oo T(tn,un,vn) =0 =0

(2) limy—y o0 041 (tn, tiy, vy) = 0;

(3) limy—+ooltn| + dist((un, v4), v4([0,1])) = 0.

According to the properties of Palais-Smale sequence, for all u,v € H; (R35) with fR3s uyu =0,

Jg3s o0 = 0, there holds

(T'(tn,tn, ), (£10,0) ) = 0(V) (1] + [tz + [[0]] 1), (18)

Moreover, (3) implies that u;;,v;; — 0 a.e. in R¥*. [

https://doi.org/10.3390/axioms15050369
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Proof of Theorem 1. Step 1. Boundedness of {uy, v, } in H (R%) x H;(R).
Since lim;,— 4o T (tn, Un,vn) = 0, we have

0

g’f(ti’l/ ui’l/ UI’!) - <T(ti’ll ui’l/ v}’l)/ (1/ 0/ 0)>

= ase® (|| (=8)2ul + | (~8) 20[13) + bse™ (|| (—8) 2ull} + ||(—4) 0]
_ Psyp,st Pdx — 957q,st q
prspse ! [ JulPdx = posyge™et [ folfd
r1 ra
R R
RS x|

- 01’1(1)'
Combined with lim,_, | o T(tn, Uy, vy) = 0, we have
~ 1/~
o+ 0n(1) = I(tn thn, 0n) — £<1 (b, 1, 0n), (1, o,o>>
a s s Yp,s 1
= 12 (1) 2B+ I-8)F0l3) + (5~ Dypmer st [ fulfdx

Yos 1 qswt/ 9y 1 (250 2 ,st/ |u|"t[0]™
- _ /8 == 1 S, 0 JLIN S S
+ ( 1 q)Vze s [o|7dx + ( 1 Jve B x|

Since 2 + % < p, q <6and 2], > 4, the coefficients of the terms above are positive, then
there exists some C > 0,

|-+ (-a)kol3<c, [ fuPax<c

1 r
/R3 |v|7dx < C, /RS de <C,
S S

x|

thus {u,,v,} is bounded in H:(R%) x H:(R%).
Taking (t,u,v) in (18) to be (0, u, v), combined with the boundedness of {u,, v, } and
t, — 0, we have

(1t o), (1,0)) = (T (b, tn,20), 0,0,0) ) + Ot (s + o]
o(V) (lles + 0],

thus we obtain that (u,,v,) C T:(c,d) is a Palais-Smale sequence for I(u,v) at level o.
Similar to [6], for every ¢, € H;(R%), one can find a sequence (A1 ,, A,) such that,

a(/RSS(—A)Sun(—A)3¢dx+ ' RSS(—A)EUH(—A)Elpdx)
oIl [ -o)un(-8)spax-+ (-8 kol [ (~8)30,(~0)’ i)
+ /R3S(/\1,nun4>+)tznvntp)dx—/35 (V1|un|p_2un¢+V2|Un|q_27}n¢)dx
B e |n| " [0 ]2 20,
v(/RSS n—— P 4>dx+/ 2] — . Ydx
=o0(1),

take (¢, ) = (uy,0) and (0, v, ) respectively, there holds

(19)

|t |" 00|

TG dx +o(1), (20)

Mac® = =all (= 8) b 3 = bl (= 8)bun I+ gl + v [
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and

s s u, "o, "2
Ao = —all (=)o |3 bl| (~a)Eo | + palfonl v [ B0 ey 000). oy

R3s |x|lx
Since {uy, v, } is bounded in Hi (R%) x H$(R%), we can deduce that (A, A ,) is bounded.
Thus we conclude that there exists u, v € H® (RN ), A1, A2 € R such that, after passing to
a subsequence

(un, vy) — (1, vg) in H (R%) x HS(R),
(un,vn) — (1g,v0) in LP(R%¥) x LF(R%), where2 < p < 2, @)
(un, vy) = (1o, v9) in R%,
(M Agn) = (A, A2)  inR2
Step 2. u, — ug (resp.vy, — vg) in H(R¥) when Ay > 0 (resp.Ay > 0).
According to the boundedness of u, in H(R%), we suppose
lim [[(=A)2un|| = 1> 0. (23)
In view of (22), we have
r ) r r2
tim [ nltoul o p Jol ool (24)
n—oo JIR3s |x|lX R3s |x|a
Taking (¢,0) as test function in (19), when n — oo, we heve
(a -+ bl) /RSS(—A)%(—A)%Wx n /m Mo
2 |t40| "1~ |vo| g @)
— p— — =
/]RSS ‘111|1/l0| ”0‘P V/égs 1 |.X|a ¢dx 0,
let ¢ = u, — ugp in (25), we have
(0 0) [ (~8)Euo(=8)% (e — o)+ [ Avutg(is — o)
-2 T2
_ p—2 B |ug|" " “[vo|?ug , (26)
= Jo Hlu0l” o (1t ”0)+V/RSS 4l e (1tn — up)
=o(1).
Using (uy — up,0) as a test function in (19), we can easily conclude that
8 [ (=) (= 8)3 (1 — wo)dx + | (=) a3 [ (=) Fua (=) (1 — o)
+ / Al,nun(“n - ”0)
R3s (27)

|10 |12 |0u |21y

|x|“ (un *MO)

- p—2 _
- pa|un [P~ %uy (1 — up) +U/RSS 7

=o(1).

Since limy 0 ||(—A)2u,|| =1 > 0and Ay, — Ay, we can deduce from (26) and (27) that
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when A; > 0, it is easy to obtain that u, — ug in Hj (R>)

Step 3. The weak limit up, v9 # 0 and A1, A > 0.
From (20), (21) and I(uy,v,) = 0(1) we get

A + Aot = =a(|1(=8) w3 + [ (=2) 204 13) = b (| (—8) 2ualld + | (~8) Fou 1)

: | ] [
gl ellonlly +vin +r2) [
— p q |un|" o™
= — sl = pavgslionllf —v25 [ N
|| [0n]"
+ pa[[unllp + p2llonll§ +v(r1 +r2)/RBS %d.’x—FO(l)

=p1(1 - ’)’p,S)Huan + p2(1 - ’Yq,S)”Un”Z +o(1),
since 4 < p,q < 6, there exists a positive constant C satisfying
M€ + Ay ud?® > C,

which indicates that at least one of A; and A, is a positive value.
Then we assume A; > 0 and thus u, — up in H{(R¥). Suppose A, < 0 and
limy, o0 || (—A)20,|| = I; > 0. Then 1, vy satisfies the following equation:

7

s rn-2 [y
a+b —A)2up|?dx) (—A) ug + Aug = uq|ug|P~2ug + rlyw
R K x|

]

(a +bly) (—A) v + Ayvg = pa|vo|P 200 + 1oV
Since ugy, vy > 0 and A, < 0, we have
(a + bll)(*A)svo > —Avy > 0,

which implies that (—A)°vy > 0. According to Lemma 5, we obtain that vy = 0, then
ug satisfies

(a+b R3S (=) 3ug[Pdx) (—A) g + Aquig = py|uo|P~2ug

u%dx =c?,
R?:s
and

o= lim I(u,,v,)
n—oo

= lim 2 (1(-8) 2B+ [ (~8)0ul3) + 2 (1~ 3l + () 3o

which contradicts to Lemma 7. Therefore, uy,vg > 0 and A,Ay > 0. In view of the
conclusion in Step 2, we can obtain that (u,,v,) — (1, vg) in Hj (R3) x H;(R3).
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References

Consequently, (1, vp) is a positive radial solution to system (1) satisfying A1, Ay > 0.
This completes the proof. O

4. Conclusions

In this paper, we have investigated the existence of normalized solutions for a frac-
tional Kirchhoff system with critical Hardy nonlinearities in three dimensions. By combin-
ing the minimax principle with radial rearrangement arguments, we overcame the lack
of compactness induced by the nonlocal Kirchhoff operator and the Hardy singular term,
and proved the existence of positive radial normalized solutions under a suitable condition
on the coupling strength. From a mathematical perspective, our results extend the theory
of normalized solutions for fractional Kirchhoff-type equation with Hardy critical nonlin-
earities, and provide a systematic approach to handling the loss of compactness in such
nonlocal constrained problems.

Although the present work is mainly theoretical, the methods and results have poten-
tial implications in the study of fractional models arising in physics and engineering. In
particular, fractional Kirchhoff equations have been widely used to describe anomalous
diffusion, nonlocal elasticity, and the propagation of waves in complex media. While
the classical integer-order Kirchhoff theory is well known for its applications to electrical
circuits with nonlinear elements, our fractional generalization could offer a more accurate
description of systems with memory effects or long-range interactions, which are common
in complex electrical engineering problems with nonlinear components. We believe that
the existence and qualitative properties of normalized solutions established here may serve
as a theoretical basis for future studies on the dynamics and stability of such systems.

There remain several open problems that deserve further investigation. One may
extend the present results to higher-dimensional cases and more general nonlinear struc-
tures. It is also valuable to study the multiplicity, symmetry and asymptotic behavior of
normalized solutions. These problems are left for future work.
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