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Abstract

This paper focuses on optimizing machine learning-based time-series forecasting models
by constructing compact data. Compact Data Learning for Time Series (CDL-TS) is a novel
framework aimed at minimizing forecasting model errors. By utilizing reduced sampling
and robust comparison procedures, CDL-TS addresses the challenges of forecasting models
on extensive real-time data systems. By strategically minimizing data size while maintain-
ing accuracy, CDL-TS presents an innovative framework that facilitates robust predictions
and enhances operational efficiency. The combined bivariate performance measure-based
optimization effectively balances sampling frequency with the mean square error (MSE) to
improve the trade operation performance in stock markets. Through a series of empirical
applications, particularly involving the M/M/1 queuing system and various stock trade
optimizations with global high-tech companies, the CDL-TS framework has proven its
effectiveness by significantly minimizing both forecasting errors and operational costs. This
accomplishment highlights the robust capabilities of CDL-TS in enhancing predictive accu-
racy while facilitating operation cost savings across different domains, including complex
systems like queues and real-time financial markets.

Keywords: compact data learning; data reduction; machine learning; time series; continuous
time domain; queuing system

MSC: 62A99; 62H12; 62H20; 68T99; 68Q32

1. Introduction
Pattern recognition tasks, spanning from image processing to natural language process-

ing, are areas where artificial intelligence (AI) and machine learning (ML) show exceptional
performance. Modern AI and ML models are essential in a variety of applications [1–3].
Supervised learning, which is one type of ML task, involves creating a function that maps
inputs to outputs based on example input–output pairs [4]. This approach generates
a function from labeled training data composed of training examples [5]. As the most
widely adopted ML training method, supervised learning is utilized in most AI appli-
cations. The convolutional neural network (CNN) is a frequently employed ML model
in diverse computer vision applications. Few-shot learning (FSL) has been developed to
tackle the limitation of small dataset sizes in machine learning training [6]. Acquiring large
training datasets is a significant challenge in ML training [7]. To alleviate this, many ML
algorithms require that each training dataset aligns with a prototype, but this creates a
major practical obstacle in learning thousands of object categories if optimal points are
hard to determine [7,8]. Conversely, FSL is capable of efficiently generalizing to new tasks
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that contain only a handful of labeled samples, decreasing the necessity for large-scale
supervised data gathering by making use of prior knowledge [6].

Compact Data Learning (CDL) in the context of machine learning aims to enhance the
efficiency of model training for clarifications [9,10]. Alternatively, the tailor-made compact
data should capture the maximum amount of knowledge patterns on a microscopic scale,
allowing for effective and customized utilization of large data systems [10]. These CDL
approaches aim to optimize runtime speed by reducing sample size and minimizing data
features. CDL not only boosts runtime efficiency but also ensures that the original accuracy
performance is minimally impacted [9]. Compact Data Learning for Time Series (CDL-TS)
is newly designed to reduce errors in forecasting models [11]. This innovative framework
offers unique and groundbreaking strategies for creating compact data in a wider time-
series context. By employing reduced sampling to decrease data size and implementing
a robust comparison and selection procedure to optimize sampling duration, we have
successfully addressed the challenges associated with training models on expansive real-
time data collection systems. Notably, this groundbreaking methodology enhances runtime
efficiency and ensures that the impact of the differences between original and forecasting
data is minimal. The results of this research provide insightful knowledge and practical
techniques for boosting model training efficiency, particularly in contexts where there is
data size reduction in continuous time-series data. As a demonstration of the application of
this innovation, this research provides an analytic solution for the M/M/1 queuing system
with continuous time parameters under a finite time limit. Generally, the infinite time
horizon condition is considered when solving the M/M/1 queuing system with continuous
time parameters, but the limited time condition has not been resolved before, even for
the basic M/M/1 queuing system. Additionally, the innovative optimization framework
designed for CDL-TS has been presented in this paper. The combined bivariate performance
measure (CBPM) is a groundbreaking metric developed to evaluate systems marked by
conflicting performance metrics [12]. By effectively capturing the intricate interactions
between these performance measures, the CBPM enriches our understanding of how they
collectively influence overall system performance. This comprehensive approach enables
more thoughtful decision-making when optimizing systems that require a delicate balance
of conflicting objectives [12]. This research introduces an optimization method through
the adaptation of the CBPM. This optimization method formulates the objective function
by integrating two conflicting performance metrics while relying on a single variable. In
essence, the CBPM plays a pivotal role in optimizing the balance between system efficiency
and accuracy, allowing system designers to better manage and enhance complex systems
that possess conflicting goals. Such an approach unveils new possibilities for improving
system performance across various fields, particularly within data analysis and decision-
making processes.

This paper is organized as follows: Section 2 provides the mathematical background
for constructing the Compact Data Learning for Time Series (CDL-TS) forecasting system.
In this section a simple statistical forecasting model is introduced, but it can be replaced
with other machine learning-based forecasting models. The M/M/1 queuing system
with a continuous time parameter and its analytic solution are introduced in Section 3.
This queuing system is used to demonstrate the optimization of sampling duration for
minimizing forecasting errors. The mean square error (MSE) performance comparisons
with different sampling durations are also explained in this section. Section 4 delves into the
groundbreaking optimization method that has been developed for the CDL-TS framework.
This section not only outlines the essential elements of the core optimization technique but
also describes its practical applications in real-world stock markets, showcasing how these
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methodologies can be effectively implemented to enhance trading strategies. Finally, the
conclusion is presented in Section 5.

2. Statistical Forecasting Reference Function
The statistical forecasting function within Compact Data Learning (SFF-CDL) provides

a straightforward yet highly effective approach, delivering competitive regression perfor-
mance outcomes across diverse time-series applications [11,13]. Its simplicity facilitates
efficient implementation and integration with subsequent augmentation techniques, while
maintaining robust predictive capability comparable to more complex models. This bal-
ance of computational lightness and accuracy positions SFF-CDL as a reliable baseline for
evaluating advanced methods, such as customized convolutional filters and dynamic filter
augmentation, in large-scale forecasting tasks [11]. Let Y(t) be an original continuous time-
series function, and T0 is the present moment of selecting samples [11]. y0

k , k = 0, 1, . . . , n
are the actual sampling values from the original time series Y(t), which can be described
as follows:

y0
k(ς) = Y(tk(ς)), k = 0, 1, . . . , n(ς), (1)

where

tk(ς) = t0 + ς · k, (2)

and ς is the duration between samplings, which is a deterministic value. The discrete
function y0

k by sampling from the original continuous function Y(t) at the moment of tk is
defined as follows:

y0
k =

Y(t0), k = 0,

Y(tk(ς)), k = 1, . . . , n(ς),
(3)

where

n(ς) =
⌊

T0

ς

⌋
, t0 = Max(0, δ), (4)

δ = T0 − ς ·
⌊

T0

ς

⌋
. (5)

The basic idea of the statistical forecasting reference model could be described
as follows:

y1
k+1 = y1

k + ∆k(ς), y1
0 = y0

0, (6)

where

∆k(ς) =
y0

k − y0
k−1

ς
, ∆0(ς) = 0. (7)

This basic forecasting reference model could be adjusted based on real present data y0
k

instead of based on predicted data y1
k at the kth epoch. Hence, the reinforcement statistical

forecasting model could be constructed from (6) as follows:

y1
k+1 = y0

k + ∆k(ς). (8)

From (7)–(8), the reinforcement statistical forecasting model is constructed as follows:
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y1
k+1(ς) = Y(t0 + k · ς)

(
1 +

1
ς

)
− Y(t0 − ς + k · ς)

ς
, (9)

and y1
0 = y0

0, k = 1, . . . , n(ς). It indicates the predicted value of the original function based
on the kth sampling with the sampling duration ς. The predicted value y1

k has the gaps (or
errors) with the original value y0

k , and the mean square error (MSE) could be calculated to
measure the real-time-series forecasting system. Let us consider the MSE function ξ(ς),
which depends on the sampling duration ς, and this MSE function of the real-time-series
forecasting system is constructed as follows:

ξ(ς) =
1

n(ς)

n(ς)

∑
k=1

(
y1

k(ς)− y0
k(ς)

)2
, (10)

and
ς∗ = argmin

ς

{
∃ς
∣∣∣ξ(ς), ς ∈ [t0, T0]

}
, (11)

which is the optimal sampling duration ς∗ for minimizing the MSE of a forecasting sys-
tem. It is demonstrated that a specific sampling number yields the best performance by
minimizing the gaps between predicted and real values.

3. M/M/1 Queuing System with Continues Time Parameters
This section demonstrates Compact Data Learning for a time-series forecasting

system [11]. A basic M/M/1 queuing system with a continuous time parameter has
been employed for the time-series system. A simple statistical forecasting model has been
proposed to illustrate performance differences dependent on the sampling duration, and
its optimization has been demonstrated.

3.1. Preliminaries

The M/M/1 queue describes the queue length in a single-server system, with arrivals
governed by a Poisson process and service times following an exponential distribution. As
the most basic queuing system, it is an appealing subject of study due to its ability to yield
closed-form expressions for many relevant metrics [14]. The particulars of the M/M/1
queuing system for this demonstration are as follows: the number of customers arriving
in a given time interval t follows a Poisson process with parameter λ. The time between
any two arrivals is exponentially distributed with parameter λ. The time to serve a single
customer follows an exponential distribution with parameter µ with one server. Although
not specifically stated, both the population and the queue size are assumed to be infinite,
and the service is conducted in a FIFO order. Let us consider a classical M/M/1 queuing
system [14] with a continuous time parameter, and N(θ) is the number of customers in the
queue. The probability generating function (PGF) of this queue without time parameters
Q(z, t) is defined as follows [14]:

Q(z, t) = ∑
k≥0

P{N(t) = k}zk, |z| ≤ 1. (12)

The Laplace transform of (12) is applied as follows:

L(•)(θ) =
∫ ∞

t=0
e−θ·t(•)dt, Re(θ) > 0. (13)

From (12)–(13), we have

Q∗(z, θ) =
∫ ∞

0
e−θtQ(z, t)dt = L{Q(z, t)}(θ), (14)
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with the inverse

Q(z, t) = L−1{Q∗(z, θ)}(t), Re(θ) > 0, (15)

which is the PGF (probability generating function) of the M/M/1 queuing system, which
could be analyzed by Rouche’s theorem, which determines the number of zeros of holo-
morphic functions inside a closed contour. This principle facilitates efficient root analysis
for polynomials and stability assessments in control systems without explicit computation
of individual zeros. By Rouche’s theorem,

Q∗(z, θ) =
1

λz1(1 − z0)
(

1 − z
z1

) , (16)

where

z0 =
θ + λ + µ −

√
(θ + λ + µ)2 − 4λµ

2λ
, |z0| ≤ 1, (17)

and

z1 =
θ + λ + µ +

√
(θ + λ + µ)2 − 4λµ

2λ
, |z1| ≤ 1. (18)

The Laplace transform of the average length of the queue N could be defined
as follows:

N (θ) := L{E[N(t)]}(θ) = ∂Q∗(z, θ)

∂z

∣∣∣∣
z=1

. (19)

From (16)–(19), we have

N (θ) =

(
1
λ

)(
1

1 − z0

)(
1

(z1 − 1)2

)
, (20)

where

1 − z0 =

√
(θ + λ + µ)2 − 4λµ − (θ − (λ − µ))

2λ
, (21)

(z1 − 1)2 =


√
(θ + λ + µ)2 − 4λµ + (θ − (λ − µ))

2λ

2

. (22)

From (21) and (22), the Laplace transform of the time-dependent average queue length
N (θ) from (20) could be calculated as follows:

N (θ) =
(

1
λ

)(
2λ√

(θ+λ+µ)2−4λµ−(θ−(λ−µ))

)
· 4λ2(√

(θ+λ+µ)2−4λµ+(θ−(λ−µ))

)2

,

=

(
2λ

θ

) 1(√
(θ + λ + µ)2 − 4λµ + (θ − (λ − µ))

)


=

(
1
2θ

)
√
(θ + λ + µ)2 − 4λµ − (θ − (λ − µ))

θ


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=

(
1
2θ

)
√√√√1 +

(
2(λ + µ)

θ
+

(λ − µ)2

θ2

)
− θ − (λ − µ)

θ

,

where (by adapting the Taylor series)√
1 +

(
2(λ+µ)

θ + (λ−µ)2

θ2

)
≃ 1 + 1

2

(
2(λ+µ)

θ + (λ−µ)2

θ2

)
− 1

8

(
2(λ+µ)

θ + (λ−µ)2

θ2

)2
.

Finally, we have:

N (θ) =

(
λ

θ2 − λµ

θ3 − (λ + µ)(λ − µ)2

4θ4 − (λ − µ)4

16θ5

)
, (23)

and the mean of the queue length is as follows:

E[N(t)] = L−1{N (θ)}(t). (24)

From (23) and (24), the average queue length could be determined as follows:

E[N(t)] = λt − λµt2

2
− (λ + µ)(λ − µ)2t3

24
− (λ − µ)4t4

384
, (25)

and the average waiting time could be found from Little’s law [11] that the long-run average
number of customers present equals the product of the average arrival rate and the average
time a customer spends in the system (i.e., N(t) = λW(t)). From this law, the average
waiting time W(t) is as follows:

E[W(t)] = t − µt2

2
−
(
(λ + µ)(λ − µ)2

24λ

)
t3 −

(
(λ − µ)4

384λ

)
t4. (26)

It is noted that the final result based on an optimized sample duration is based on the
waiting time of the queuing system, and the visualization of this case will be shown in the
next section.

3.2. Optimizing the Sampling Duration

This section focuses on simulating the M/M/1 queuing system within the context
of continuous time-series data. The example presented in this paper aims to optimize
the sampling duration, or observation period, under the specific conditions defined for
this study. The input rate for this system λ is established at 0.12, while the reciprocal of
the service time (= 1

µ ) is quantified as 7.69. Additionally, the maximum time parameter
considered in this simulation is set to 20 (see Table 1).

Table 1. Initial conditions for the simulation [11].

Name Value Description

T0 20 Domain of time
λ 0.12 Input rate
µ 0.13 Service rate
ϵ 0.01 Increasing step
N(t) − Queue length
W(t) N(t)/λ Waiting time
ς − Sampling duration
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It is noted that the numerical values presented in Table 1 have been arbitrarily selected
solely for the purpose of illustrating the concepts and facilitating visual interpretation
within the context of the simulation. The sampling duration is systematically increased by
an increment of 0.01 (i.e., ϵ = 0.01), leading to variations in error levels when compared
to the original continuous time series. A visualization of the error gaps associated with
different sampling durations has been provided in Figure 1. In this figure, the bold black
line represents the original time-series function that depicts the average waiting time within
the M/M/1 queuing system. Each alteration in the sampling duration directly impacts the
accuracy of the resultant time-series data, thereby underscoring the importance of selecting
an appropriate sampling duration for reliable forecasting.

Figure 1. Visualization of the error gap within different sampling durations [11].

The optimal duration for sampling can be determined from (10) by calculating the
mean square errors (MSEs) associated with various sampling durations. Figure 2 visually
illustrates how the MSE varies as a function of these different sampling durations, specif-
ically for the M/M/1 queuing system. Based on the experimental findings, it has been
established that the optimal sampling duration is 0.87, which corresponds to a total of
22 samplings taken during the evaluation period (i.e., n(ς∗) = 22), and the initial starting
time t0 is 0.989 (i.e., t0 = 0.989) from (4). This highlights the critical role of selecting an
appropriate sampling duration to effectively minimize forecasting errors in the analysis of
this queuing system. As shown in the figure, the MSE of the time-series data of the M/M/1
queuing system has been reduced to 4.815 × 10−4, which is more than eight times better
than the worst sampling duration (i.e., 4.8 × 10−4 vs. 3.9 × 10−3 in Figure 2).

This proposed optimization approach achieves competitive performance relative to
alternative methods, as the maximum algorithmic complexity remains bounded by O(n2),
depending solely on the total sample size n.
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Figure 2. Sampling duration optimization for M/M/1 system [11].

4. Alternative Optimization for Stock Trade Operations
This section has implemented a groundbreaking optimization method through the

adaptation of the combined bivariate performance measure (CBPM). The CBPM represents
an innovative metric specifically designed to evaluate systems characterized by conflict-
ing performance metrics, such as efficiency and accuracy [12]. The optimization method
based on the CBPM formulates the objective function by integrating two conflicting per-
formance metrics, while relying on a singular variable (the sampling duration). The two
performance metrics in this objective function are the frequency of samplings and the
mean square error (MSE). Both of these performance measures adhere to a smaller-is-better
(SIB) trend [12], as a reduced sampling frequency enhances the efficiency of stock trade
operations—leading to fewer transactions and lower costs—while a lower MSE indicates
improved prediction accuracy.

4.1. Combined Bivariate Performance Measure-Based Optimization

Let us consider two functions f0(x) and f1(x), which illustrate the performance of
the system across the time-series interval of x ∈ [x0, xm]. Given that both performance
measures exhibit a SIB (smaller-is-better) trend [12], it follows that f0(x) and f1(x) must
either both be decreasing functions or exhibit an inverse relationship. The objective function
for the optimization based on the CBPM is expressed as follows:

Ψ(x) = φ0(x) · φ1(x), (27)

and

φ0(x) =
f 1
0 − f0(x)

∆ f0
, φ1(x) =

f 1
1 − f1(x)

∆ f1
, (28)

where

f 0
0 = min{ f0(x)}, f 1

0 = max{ f0(x)},

and
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f 0
1 = min{ f1(x)}, f 1

1 = max{ f1(x)}, x ∈ [x0, xm],

∆ f0 = | f 1
0 − f 0

0 |, ∆ f1 = | f 1
1 − f 0

1 |. (29)

From (27) and (28), the optimal value x∗ of the objective function Ψ(x) could be
determined as follows:

x∗ = max
{
∃x
∣∣∣∣ d
dx

Ψ(x) = 0, x ∈ [x0, xm]

}
. (30)

By maximizing the objective function from (27), the optimal duration for the sampling
of the time-series x∗ could be accurately determined from (30). Adopting such a holistic
optimization strategy is crucial for enhancing the accuracy and efficiency of stock market
prediction systems. This improvement not only contributes to more reliable forecasts but
also plays a significant role in minimizing potential risks associated with stock trading
operations. This innovative optimization method could enhance the efficiency and overall
functionality of real-time systems and facilitate the earlier detection of potential defects.

4.2. Optimizing the Stock Trade Operations

In the pursuit of enhancing stock trade operations, this section discusses the implemen-
tation of the CBPM, which optimally balances conflicting metrics: the sampling frequency
and MSE. By minimizing the sampling frequency and MSE, trade operations become more
cost-effective and responsive, ultimately improving market predictions. This section also
presents real-world examples from the stock market, specifically focusing on major stocks,
such as Apple, AMD, and Google. These cases illustrate how the CBPM effectively reduces
the MSE while ensuring a lower sampling frequency. This advanced technique not only
enhances the efficiency of real-time data systems but also facilitates early detection of de-
fects, significantly improving the overall quality and reliability of stock trading operations.
Such innovations provide a pathway to mitigate risks and optimize trading efficiency,
thereby cultivating a more resilient market environment. The optimization case for Apple
stock has been illustrated in Figure 3. The objective function Ψ(x) for the stock trade
operations from (27) could be optimized when the sample duration of the stock is 7.3 h (i.e,
x∗ = 7.3 [hr]). It indicates that both efficiency and prediction accuracy balance best, before
again declining as parameters continue to increase. The intersection points and values
suggest a diminishing return, emphasizing the trade-off inherent in the sampling frequency
versus the error rate. In the figures in this section, the green line represents the frequency
performance (SIB), the orange line illustrates the MSE performance (SIB), and the purple
line denotes the CBPM objective, which integrates both measures.

An additional example of optimization for AMD stock is presented in Figure 4. This
figure depicts the correlation between performance measures in predicting AMD stock. The
performance parameter corresponds to the sampling hours. Notably, the bold purple line
starts to decline sharply after approximately 23.5 h, which is the optimal performance point
where the trade-off between the sampling frequency and prediction accuracy is maximized
(i.e., x∗ = 23.5 [hr]).

As the performance parameter increases beyond this point, the ratio decreases, high-
lighting diminishing returns and the importance of finding an optimal sampling strategy
to enhance prediction reliability while controlling costs. This optimization is essential for
effective decision-making in stock trading. The last optimization visualization for Google
stock has been illustrated in Figure 5. As the sampling duration x increases from 0 to 10 h,
the frequency performance gradually declines, while the MSE performance initially rises
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and then falls. The objective function for Google (i.e., purple bold line) oscillates, highlight-
ing the interplay between these two metrics. The optimal performance is marked at 5 h,
where the CBPM optimization achieves its maximum value, indicating the most favorable
conditions for both the frequency and MSE (i.e., x∗ = 5 [hr]). This visual representation
underscores the importance of balancing these performance measures to improve overall
system efficiency.

Figure 3. CBPM optimization visualization for Apple stock.

Figure 4. CBPM optimization visualization for AMD stock.
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Figure 5. CBPM optimization visualization for Google stock.

Numerous techniques for time-series data reduction and forecasting optimization have
been extensively investigated [15–18]. Recent studies report root mean square error (RMSE)
ranges for real-world time-series datasets when employing various forecasting models, in-
cluding SARIMAX (Seasonal AutoRegressive Integrated Moving Average with eXogenous
regressors), SARIMA (Seasonal Autoregressive Integrated Moving Average), ARIMA (Au-
toregressive Integrated Moving Average) and the LSTM (Long Short-Term Memory) machine
learning algorithm, spanning from 6.83 (SARIMAX) to 41.68 (LSTM) [18]. Alternatively, RMSE
values for stock price time-series datasets obtained through the CDL-TS framework range from
0.869 (Apple) to 1.323 (Google), demonstrating superior forecasting performance compared to
existing models despite variations across different time-series datasets.

5. Conclusions
A pioneering approach to improving machine learning training for time-series systems

has been introduced, featuring a framework known as Compact Data Learning for Time
Series (CDL-TS). This novel framework aims to accelerate the training phase without
increasing forecasting error and provides unique strategies for creating compact data in
a broader time-series context. Additionally, the integration of the combined bivariate
performance measure (CBPM) optimization into the CDL-TS framework represents a
substantial advancement in machine learning methodologies. This innovative approach
effectively balances the often conflicting objectives of the sampling frequency and mean
square error, significantly enhancing predictive accuracy while minimizing operation costs.
This newly proposed framework might reveal limitations in high-dimensional, dynamic,
non-stationary, or irregular series, multivariate extensions, and noisy conditions with long-
range dependencies, alongside dependence on base models and fixed sampling constraints.
The generalization capability of the CDL-TS framework to non-stationary, multivariate, or
highly irregular time series requires further investigation. Future research should also focus
on refining the CBPM methodology, exploring the adaptability of CDL-TS in other sectors,
such as health informatics or climate forecasting, which could benefit from optimized data
analysis techniques. Moreover, assessing the potential of integrating real-time data streams
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with this framework could further enhance its relevance in dynamic applications. Overall,
the significant achievements made through the CBPM optimization within CDL-TS lay the
groundwork for transformative developments in machine learning, providing an exciting
pathway for enhanced efficiency and accuracy in time-series forecasting.
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