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Abstract

The notion of 2-conformal vector fields on pseudo-Riemannian manifolds, which arose
naturally in the study of hyperbolic solitons, is introduced by Fasihi-Ramandi, De, and
Shambkhali. In this paper, we study invariant 2-conformal vector fields on four-dimensional
non-reductive pseudo-Riemannian homogeneous manifolds G/H. Consequently, the
complete classification of such vector fields is achieved, together with the necessary and
sufficient conditions for their existence. The results are then applied to Lorentzian and neu-
tral signatures, where 2-conformal vector fields provide an effective criterion for detecting
2-conformal equivalences in geometries with limited algebraic symmetries.

Keywords: non-reductive homogeneous spaces; 2-conformal vector field; 2-Killing vector
field; pseudo-Riemannian geometry

MSC: 53C30; 53C25; 37]37

1. Introduction

A connected pseudo-Riemannian manifold (M, g) is called homogeneous if its isom-
etry group acts transitively on M. If (M, g) can be realized as a coset space M = G/H,
where G is a Lie group acting transitively by isometries and H is the isotropy subgroup
at a point, then (M, g) is said to be reductive. Let g and b denote the Lie algebra of
G and H, respectively. For the reductive homogeneous space M = G/H, we have the
following decomposition:

g=mah, Ad(H)(m) Cm,

where m is an Ad(H)-invariant subspace of g. A homogeneous Riemannian manifold
is necessarily reductive. Furthermore, there do not exist any 2- and 3-dimensional non-
reductive homogeneous pseudo-Riemannian manifolds [1].

In pseudo-Riemannian geometry, the four-dimensional case is of particular interest,
since it admits a rich family of non-reductive homogeneous manifolds. Such spaces were
classified by M. E. Fels and A. G. Renner in [1], comprising eight distinct geometric types:
A1, Az, A3,Ay, A5,Bq, By, Bs.

Homogeneous spaces are characterized by their high symmetry and often serve as
natural settings for the initial investigation of new geometric concepts and conjectures. In
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particular, the study of geometric vector fields on such spaces provides an effective frame-
work for analyzing their geometric and physical properties. Among these geometric vector
fields, Killing, 2-Killing, and conformal vector fields have long been of interest to mathe-
maticians and physicists. In particular, Killing vector fields are the infinitesimal generators
of isometries, that is, flows generated by Killing fields are isometries of their underlying
manifolds, and conformal vector fields play a central role as a natural generalization of
Killing vector fields [2].

While conformal vector fields do not, in general, preserve the metric tensor, they
rescale it by a smooth scalar function. Precisely, for a smooth vector field X on a pseudo-
Riemannian manifold (M, g), if

Lxg =2fg,

for a smooth function f : M — R, then X is called a conformal vector field. In the
special case f = 0, the field X is Killing ; if f is constant, X is homothetic. The importance
of conformal vector fields in geometry lies in their preservation of the metric’s angular
structure and their revelation of scale symmetries of spacetime. Geometrically, the existence
of such fields reflects a deeper understanding of how metrics behave under local changes
in size and angle.

In this paper, we classify invariant 2-conformal vector fields on non-reductive homo-
geneous four-spaces. These fields, first introduced by G. Fasihi-Ramandi, U. C. De, and F.
Shamkhali [3] as follows.

Definition 1 ([3]). A smooth vector field X on a pseudo-Riemannian manifold (M, g) is called a
2-conformal vector field if

(LxLx)g = 208, (1)
for some smooth function ¢ € C*(M).

Whenever o = 0, the field defines a 2-Killing vector field (see, e.g., [4-7]). Further, if &
is a non-zero constant, the vector field is called 2-homothetic.

From the definition of conformal vector fields, it is easy to verify that every conformal
vector field is automatically a 2-conformal vector field. But the converse is not true in
general. In fact, G. Fasihi-Ramandji, U. C. De, and E. Shamkhali [3] provided some examples
of 2-conformal Killing vector fields on simply connected two-step nilpotent Lie groups
of dimension five which are not conformal vector fields. Also, in [8] R. Bossly, G. Fasihi-
Ramandi, and M. D. Siddiqi gave examples of 2-conformal vector fields in Sol space.
Furthermore, we show in this article that there exist many 2-conformal vector fields on
4-dimensional non-reductive homogeneous spaces that are not conformal.

A hyperbolic Ricci soliton is a generalization of a Ricci soliton representing a self-
similar solution to the hyperbolic Ricci flow. It is defined on a Riemannian manifold
(M, g) by the existence of a potential vector field X and constants A, u satisfying the
following equation:

o1
Ric+ iﬁxﬁxg +ALxg = ug,

which Ric is the Ricci tensor of (M, g). Thus, 2-conformal vector fields arise naturally in
the recent study of hyperbolic solitons (see, e.g., [3,8-11] for details).

Recently, self-similar solutions of the hyperbolic Yamabe flow, known as the hyperbolic
Yamabe solitons, have been studied by Blaga [12]. A hyperbolic Yamabe soliton is a self-
similar solution to the hyperbolic Yamabe flow. It is defined on a Riemannian manifold
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(M, g) by the existence of a potential vector field X and constants A, y satisfying the
following equation:

1
5£X£Xg+ )\ﬁxg = (;4 — R)g,

where R stands for scalar curvature of (M, g). Considering the argument in [12], when
A = 0, we reach to a critical situation. This shows that the notion of 2-conformal vector
fields are in close related to critical self-similar solutions to hyperbolic Yamabe solitons.

The study of 2-conformal vector fields on these non-reductive spaces is particularly
important, as these spaces exhibit the least algebraic symmetry and the greatest geometric
diversity. On these manifolds, the behaviour of the second Lie derivative of the metric
tensor, LxLxg, along the group generating fields, provides a deeper understanding of
how the metric deviates from isometries. The objective of investigating 2-conformal vector
fields on four-dimensional non-reductive homogeneous spaces is the explicit description
of B, the determination of the conditions for the existence of such fields, and the analysis
of their connection to the underlying algebraic structure of (g,b). This investigation is
especially significant in geometries with Lorentzian and neutral metrics, where angular
variations in the metric are linked to the causal structure of space. Ultimately, such a study
makes a significant contribution to the understanding of 2-conformal symmetries and
equivalences in non-reductive spaces, providing a valuable theoretical tool for developing
pseudo-Riemannian geometry in low dimensions.

2. Four-Dimensional Non-Reductive Homogeneous Spaces

Four-dimensional non-reductive homogeneous manifolds are classified according to
their non-reductive Lie algebras. In what follows, we recall from [1,13-16] the classification
of these spaces, as well as the pseudo-Riemannian metrics and the Lie derivative Lxg of
the metric tensor along a vector field X = X;u; € m.

2.1. Lorentzian Case
2.1.1. Case (A1)

Let 5(2) be a two-dimensional solvable Lie algebra and g = a1 be a five-dimensional
decomposable Lie algebra of the form (2, R) @ s(2). In addition, let {e, ..., e5} be a basis
for a; such that the non-zero brackets are defined as:

[61,6‘2} = —[61,63] = 262, [62,63} = €1, [64,85] = €4,
and h = span{h; = e3 + e4} is the isotropy subalgebra [16,17]. Therefore, we assume that
m = span{uy = ey, Uy = ey, Uz = €5,y = €3 — €4}

and the isotropy description for I is as follows:

0 -1 0 O
0 0 0 0
Hy = 2
! 00 0 0 @
1
10 -1o
The metric g with respect to the basis {u;} is given by:
a 0 -5 0
0 b ¢ a
— ) 3
8 -5 ¢ d 0 ®)
0 a 0 O
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Whenever a # 0, this metric is non-degenerate.
For any vector field X = Xju; € m, where X; € R, using
(Lxg)(eie)) = g(Ve X, e5) +g(ei, Ve, X), 4)
the Lie derivative of the metric g with respect to the vector field X is as follows:
0 2bX, 2cXp aX
2bX —4bX —2cXy —aXy —aXq+ yaX
EXg — 2 1 1 4 1a 2 3 . (5)
2cXy, —2cXi —aXy 0 5 X2
aX, —aXi+ %X3 %Xz 0

Since a # 0, the Formulas (3) and (5) show that in this case we have not any invariant
conformal vector field.
Corresponding to the basis {u1, uy, 13, us } and using relations (4) and (5), we have:

(LxLxg)n = —8b(X2Xy — X3)
(LxLxg)2 = 16bX3 + 4bX4Xo,
(LxLxg)ss = —%X2X4,
(LxLxg)aa = —4aX? +2aX3Xq — 2aX3,
(ﬁxﬁxg)u = 8bX1X4 — 12bX1X2,
5
(ﬁxﬁxg)l?: =4cXy X1 —4cX Xy — EaX2X4 + ZQXZ, (6)
3
(LxLxg)14 = (4b—2a)X1 X, + 50X X3 +2aX1 Xy — aXaXy,
5 1
(LxLxg)23 = 4cXF + 50X1 Xy + 20X Xy — 2aX5Xy,
3 1
(LxLxg)o = (20 —8b)X? + 53%1X5 + XXy — 2bX3 + ZLax2,
1
(LxLxg)ss = —4cX? — 2aX4 X1 — 2cX3 + 1“X2X3-

Consequently, using relations (1), (3) and (6), we obtain the following system for invariant
2-conformal vector fields:

(1) —8b(X2X4 — X3) = aP,
(2) 16bx2 +4bXyXo = bB,
(3) — *X2X4 =dp,
(4) — 4aX2 +2aX3X; — 2aX3 =0,
(5) 8bX1 X, — 126X X, = 0,
(6) 4cXu Xy — 4cX1Xp — gaX2X4 1 2aX2 = —%ﬁ, 7)
3
(7) (4b 2&1)X1X2 + 261X2X3 +2aX1Xy —aX3Xy =0,
5 1
(8) 4cX? + 2“X1X4 +2cXp Xy — ZaX3X4 =cB,
(9) (2a —8b)X3 + zaxlx_o, +aXy Xy — 2bX3 + iax2 =ap,
(10) — 4cX? —2aX4Xq — 2cX3 + }LLZXZX:J, =0.

According to the fifth equation, three cases arise:

X; =0, 8X;—12X,=0, or b=0.
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Whenever X; = 0 or b = 0, it follows after some algebraic manipulation that the system
has only the trivial solution. If X; = 0, then by fourth equation, X, = 0. Now, the first
equation shows § = 0. So, § = 0.

If B = 0, the right-hand side (RHS) of Equations (1)—(3), (6), and (8) becomes zero.
Form Equation (9), we obtain X3 = 0. Substituting these value in the system, the sixth
equation guarantees that X4 = 0. If b = 0, then by the first equation we have = 0. From
Equation (3), it follows that:

XXy = 0.

Hence, either X, = 0 or Xy = 0.
Casel: X; =0
Equation (4) simplifies to:

—4aX? 4+ 2aX3X; =0 = X3 = 2X;.
Equation (6) becomes:
4cXyXq +2aX7 =0 = X4(4cXy +2aXy) = 0.

If X4 = 0, then from (9) and other equations, all variables are zero: X; =0, Xy =0, X3 =0,
X4 =0.1If X4 7é 0, then:

Substituting into (7) leads to X; = 0; hence all variables are zero.
Case2: Xy, =0
Equation (4) becomes:

—4aX? +2aX3X; —2aX3 = 0.
Equation (7) reduces to:
3
X> <—2X1 + 2X3> =0,

implying either X, = 0 or X3 = 3X.
If X, = 0, all variables are zero as before. If X3 = %Xl, substitution into
Equation (4) yields:

4
—gaX% ~2aX3 =0,

which is impossible unless X; = 0. Therefore, all variables are zero. Hence, the only
solution consistent with the system under the specified conditions is:

X1 =X=X3=X4=0.
Therefore, we assume X; # 0 and b # 0. From the Equation (5), we obtain
Xy =3X,.
By substituting this into the remaining equations and eliminating j, the compatibility condition

3a% = 16bd
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is derived. Using the fourth equation, we can write

2

X3 = 2X +X2
3 — 1 Xl‘

Then, from the first and third equations we obtain

By substituting these relations into the remaining equations, we arrive at the homogeneous
equation
aX3Xy — bX% +cX1Xy =0.

Assume X; # 0 (since if X, = 0, we get X1 = 0, which contradicts the assumption). After
algebraic simplification, we find the equation
3 5 3c X0
3a+§ar —br+3 =0, r= X,
Solving it gives
e b+ \/b%—9a(2a +c)
= ey .

Thus, we obtain the following non-trivial solutions:

3r 4br?
Xo=rXy, Xz=2+)X;, X4= E)(1, B= —TX%, (8)

where X; € R. Consequently, we obtain the following.

Theorem 1. Let (M, g) be a four-dimensional non-reductive homogeneous space of type a1 associ-
ated with the basis {uy, uy, us, uy}. Then, 2-conformal fields exist if and only if 3a> = 16bd, and r
must satisfy the above quadratic equation. Also, all non-trivial invariant 2-conformal vector fields
are determined by (8).

2.1.2. Case (Ay)

The five-dimensional one-parameter family of Lie algebras As 3¢ is given by g = ap.
Let {ey,...,e5} be a basis for a;. Then for each e € R, the non-zero Lie brackets are:

le1,e5] = (e+1)ey, [ex,e4] =1, le2, e5] = eey,

[63/ 84] = €, [63, 65] = (6 - 1)63, [64, 65] = €4.
The isotropy subalgebra is h = span{h; = es}. Therefore, we consider
m = span{uy = ey, Uy = ey, U3 = €3, Us = €5}, ©)

and the isotropy description for /; is as follows:

0 -1 0 0
0 0 -1 0
Hy = 10
! 0 0 0 0 (10)
00 0 0
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Consequently, the invariant metrics are obtained as:
0 0 —a O
0 a 0 O
— , 11
g -a 0 b ¢ (1)
0 0 ¢ d

and they are non-degenerate whenever ad # 0. For any vector field X = X;u; € m, where
r =e+1and s = e — 1, the Lie derivative with respect to {u;} is obtained as:

0 0 —2eaXy asXs
0 2eaX. 0 —eaX
Lxg = o o (12)
—2eaXy 0 2bsXy arXy —s(bXz — cXy)
asXz  —eaXp arXy—s(bXz —cXy) —2¢sX3

Corresponding to the basis {u1, up, u3, us } and using relations (9), (10) and (12), we have:

(LxLxg)1 =0,

(Exﬁxg)zz = 4ﬂ€2XZ,

(Exﬁxg):;g = *4[752)(2,

(LxLxg)as = —4arsX1 X5 + 2e2aX3 + 252bX3 — 2cs* X3 Xy,

(LxLxg)12 =0, (13)
(LxLxg)13 = —2reaX3 — 2easX3,

(ﬁxﬁxg)ﬂ = rsaX3Xy + 2easX3Xy,

(LxLxg)s =0,

(LxLx8)2 = —3ae* XXy,

(LxLxg)sa = —(ars — 2ear) X1 Xq — s*bX3Xy + s> X3.

In conclusion, by using relations (1), (11), and (13), we obtain the following system of
algebraic equations to find 2-conformal vector fields:

(1) 4ae*>X2 = ap,

(2) 4bs*X3 = bP,

(3) 4arsX1 X3 — 2¢2aX3 — 252bX3 + 2cs2 X3 Xy = —dp,

(4) 2reaX? + 2easX? = ap, (14)
(5) rsaX3Xy + 2easX3 Xy =0,

(6) 3ae*X, X4 = 0,

(7) (ars — 2ear) X1 Xy + s*bX3 Xy — cs2X3 = —cB.

By solving the above system, we have the following;:

Theorem 2. Suppose (M, g) is a four-dimensional non-reductive homogeneous space of type a
associated with the basis {uy,uy, u3, us}. In this case, invariant 2-conformal vector fields reduce to
2-Killing vector fields and are as follows:

1. Ifp=0,e#0and X4 =0, then X, € R and X3 and X1 must satisfy the equation:
—darsX; X3 + 2¢%aX3 + 2s*bX3 = 0.

2. Ifﬁ:e:o,thenX4:0,X3:O/andX1/X2€R'
3. Ifp=e=0then X4 =0,X; Z—Z%Xg,andO;éXg,Xz eR
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2.1.3. Case (A3)

The Lie algebra g = a3 is one of the 5-dimensional Lie algebras As 3¢ or As 3y in [18].
For a3 the non-zero Lie brackets are as follows:

le1,e4] =261, ez, e3] =e1, [e2,e4] = €2,

[e2,e5] = —€e3, [e3, es] = e3, [e3,e5] = ey,

where € = —1 for As3s and € = 1 for As3;. The isotropy subalgebra is given by
h = span{h; = e3}. Therefore, we consider

m = span{u1 — €1, Up = €y, U3 = €4, Uy — 85}, (15)

and the isotropy description for /;, is as follows:

0 -1 0 0
0 0 01
Hy = 16
! 0 0 00 (16)
0 0 0O
Consequently, the invariant metrics are calculated as:
0 0 0 a
0 a 00
_ , 17
7100 b ¢ 17)
a 0 ¢ d
and they are non-degenerate whenever ab # 0.
For any vector field X = Xju; € m, we calculate:
0 0 0 2aX3
0 ZﬂX3 —aXz 0
Lxg= 18
x& 0 —aX, 0 —2aX (18)
2aX3 0 —2aX; 0
Corresponding to the basis {u1, uy, u3, us} and using relations (15) and (18), we have:
(LxLxg)1n =0,
(LxLxg)xn = 4aX3,
(LxLx8)33 = 2aX3,
(L£xLxg)aa =0,
(LxLxg)12 =0, 19)
(LxLxg)13 =0,
(LxLxg)14 = 4aX3,
(LxLx8)2s = —3aX2X3,
(L£xLxg)2a =0,
(L£xLxg)ss = —4aX1X3
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Consequently, by using relations (1), (17), and (19), we obtain the following system of
algebraic equations to find 2-conformal vector fields:

(20)

By solving the above system, we have the following.

Theorem 3. Let (M, g) be a four-dimensional non-reductive homogeneous space of type as, corre-
sponding to the basis {uy, up, uz, uy}. In this case, invariant 2-conformal vector fields are 2-Killing
vector fields, and we have

X =X3=0, Xi,XyeR

2.1.4. Case (Ay)

The 6-dimensional Schrodinger Lie algebra sl(2,R) x n(3) is given by g = a4, where
n(3) is the 3-dimensional Heisenberg algebra. Let {ey, . . ., ¢ } be a basis for ay. The non-zero

Lie brackets are:

[81162] = 262/ [61163] = _263/ [62/ 63] = e, [61164] = €4,

le1,e5] = —es, [ep,e5] =es, [e3,e4] = €5, [eg, e5] = 6.

The isotropy subalgebra is given by § span{h; = e3 + e,y = e5}. In the next

step, considering

m = span{u; = ey, Uy = e, U3 = €3 — €6, Uy = €4}, (21)
the isotropy descriptions for h; and h; are:
0 -1 0 0 0 0 00
0O 0 0O 0 0 0O
Hy = , H, = 1 (22)
1 0 00 0 0 0 3
0 0 0O 0 -1 0 0
The invariant metrics are found as:
a 00 O
0 b a O
= , 23
£ 10 a0 0 )
000 3

and they are non-degenerate whenever a # 0. For any arbitrary vector field X = X;u; € m,
the Lie derivative is calculated as:

0 2bX2 {1X2 %X4
20X, —4bX; —aXy O
Lxg = 24
X& aX, —aXy 0 0 24)
%X4 0 0 —Ele
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Corresponding to the basis {uy, uy, u3, us} and using relations (21) and (24), we have:

(LxLxg)11 = —2aX3Xp +aX3 + 8bX3,

(LxLxg)2n = 16bX3 +4bX3X2,

(LxLx8)3s = —2aX§,

(LXLx8)as = 2aX3,

(LxLxg)12 = aX1X3 — 12bX1 Xy,

(LxLxg)13 = —aX1Xo, (25)
(LxLx8)a = —;X1X4,

(LxLxg)xs = aX? +aXp X3 — 2bX3,

(LxLx8)ou = %X3X4,

(LxLx8)3s = —%X2X4.

As aresult, by using relations (1), (23), and (25), to find 2-conformal vector fields, we obtain
the following system of algebraic equations:

(1) aX3 — 2aX3Xp + 8bX3 = ap,

(2) 16bX2 +4bX3X, = bB,

(3) 2aX3 = 0

(4) 2X3 =

(5) aX1 X3 — 12bX1X2 =0,

(6) aX1 X2 =0, (26)
3

(7) §X1X4 =0,

(8) aX? +aXp X3 — 2bX2 = aB,
a

9) 5 XaXy =0,

(10) §X2X4 —0.

By solving the above system, we obtain the following.

Theorem 4. Let (M, g) be a non-reductive four-dimensional homogeneous space of type ay corre-
sponding to the basis {11, uy, us, uyg}. In this case, all invariant 2-conformal vector fields must be
2-Killing, leading to the condition:

X1=X,=X4=0, XzeR

2.1.5. Case (As)

The 7-dimensional Lie algebra s[(2, R) x A}Lg is given by g = a5, where A}w is the one
defined in [18]. A basis for as is {ey, ..., ey}, and the non-zero Lie brackets are:

le1,e2] = 2ep, [e1,e3] = —2e3, [e1,e5] = —e5, [e1,e6] = €6,
[62/ 63] = €1, [62/ 65] = €6, [63/ 66] = €5, [64/ 67] = 264/

les,e6) = es, [es,e7] =es5, [eq, e7] = 6.

The isotropy subalgebra is given by ) = span{h; = e + ey, hy = e3 — eq, h3 = e5}. Thus,
we set:
m = span{u; =e; —ey, Uy = ey, U3 = €3+ eq, Uy = €4 }.

https://doi.org/10.3390/axioms15050353
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For the isotropy description of h1, hy and h3, we have:
00 0 0 0 -3 00 0 0 0 0
02 0 O 0 0 0 O 0 0 0 O
Hy = , Hy = , H3 = 1
0 0 -2 0 2 0 00 0 0 0 3
00 0 O 0 0 00 0 -1 0 0
The invariant metrics are represented as follows:
a 0 0 O
00 ¢ 0
= 27
1o ¢ 0 o0 @)
00 0 &

and they are non-degenerate whenever a # 0.
We have the Lie derivative of metric tensor along to any arbitrary vector field
X = X;u; € mas follows:

0 5X3 0 1X4
ix, 0 —iX, 0
Lxg = 2 2 28
x8 0 —ix; 0 (28)
iX, 0 0 —ix

Corresponding to the basis {uq,up, u3,us} and using relations Section 2.1.5 and (28),
we have:

LxLxg)11 = 20X3X2 +aX? ,

LxLx8)n = ng,,

L)
>

[
>
0Q

13 = —aX1Xy, (29)
3

LxLxg)1a = —-aX1Xy,

LxLxg8)» = _§X3X2'

24 = —5X3Xy,

—=X3X5.
3 = TgA3R2

b
o
<

oQ

( )

( )

( )
(LxLx8)as = ZLIXZ,
(LxLx8)12 =10,

(£ )

( )

( )

(

(

)
)
As a result, by using the relations (1), (27), and (29), we obtain the following system of
algebraic equations to find invariant 2-conformal fields.

(1) %l X3X2 +aX3 = ap,

(2) 5%5 =0,

(3) 20X} = 2B,

(4) aX1 X, =0,

(5) 2aX, X4 = 0, (30)
(6) szXz - -2

(7) §X3X4 =0,

(8) §X3X2 =

It can be seen that the consistency condition for this system of equations is § = 0, and the
following theorem is obtained.
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Lxg=

Theorem 5. Let (M, g) be a non-reductive four-dimensional homogeneous space of type as corre-
sponding to basis {uy, up, us, uy}. In this case, the invariant 2-conformal vector fields are as follows:

(a) If B # 0, then the system has no solution.
(b) Ifp=0then X1 =X3=X4=0and Xp € R.

2.2. Sign (2, 2) Cases

Besides cases A1, Az, A3 when we accept the constant metrics with a neutral sign (2,2),
the remaining Lie algebras are given in the following cases.

2.2.1. Case (B1)

The 5-dimensional Lie algebra s[(2, R) x R? is equal to g = b;. The basis of by is such
that the non-zero brackets are as follows.

le1,e2] = 2ey, [e1,e3] = —2e3, [e,e3] =e1, [e1,e4] = e4,

le1,e5] = —es, [ex,e5] =esq, [e3,e4] =e5,
and the isotropy subalgebra is ) = span{h; = e3}. Therefore, we assume
m = span{u = e1, up = ey, Uz = eq, Ug = €5},

and the isotropy description for h is

0 -1.0 0

H, = 0 0 00
0 0 00
0 0 10

The invariant metrics are computed as follows:
0 0 a0
0 b ca
= 31
§ a c d 0 1)

0 a 00

So, they are non-degenerate whenever a # 0. For any vector field X = X;u; € m, we have:

2aX3 2bXy + cX3 —aX1+2cXp +dX3 aXp
2bX5 + ¢X3 —4bXq + 2cXy —3cXq +dXy —aX1 —cXp (32)
—aX1+2cXy +dXs  —3cXy+dXy —2dX, —dX,
LZXZ —Lle — CXZ —dXz 0

Corresponding to the basis {u1, 1, u3, 14} and using relations Section 2.2.1 and (32), we have:

L)
>
L)
<
oqQ
M
Il
—_
(o)
>
>
N}
\
[y
>~
o
23
>
S
+
N
QU
5
N
S

( )

( )

( )

( )

( )12 = —12bX]X2 + 7CX2X4 — 5CX3X1 + 2dX3X4, (33)
(LxLxg)13 = —8cX1Xo + 3dXp Xy — 3dX3X; + aX?,

( ) —4cX3 — 2dX, X3,

( )23 = 9c¢X? — 5dX1 Xy,

( )
( )

ACX,CXg 24 = IZX% + 4CX1X2 - 2dX1X4 — dX2X4,

L)
>
)
e
oQ
N =
W
(|
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In conclusion, using relations (1), (31) and (33), we obtain the following system of algebraic
equations to find 2-conformal vector fields

(1) 8bX3 + 8cXp X3 — 2aX1 X3 + 2dX3 — 2aXp X4 = 0,
(2) 16bX3 — 14c X1 Xq + 2dXp Xy = b,

(3) 4dX? = dp,

(4) 2dX3 =0,

(5) —12bX1Xp +7c¢Xp Xy — 5cX3X1 +2dX3Xy =0, (34)
(6) —8cX1Xp + 3dXp Xy — 3dX3Xy + aX? = aB,

(7) —4cX3 —2dX, X3 =0,

(8) 9cX? — 5dX1 X4 = B,

(9) aX? +4cX1 Xy — 2dX1 Xy — dXo Xy = aP,

(10) 2dX; X, = 0.

By solving the above system, we obtain the following.

Theorem 6. Let (M, g) be a non-reductive four-dimensional homogeneous space of type by corre-
sponding to the basis {uy, up, u3, uy}. In this case, the 2-conformal vector fields are as follows:

(a) Ifd =0, then invariant 2-conformal vector fields reduce to 2-Killing fields.
(b)  If the consistency conditions 7c* = 6bd and 4bd = —7ac are satisfied, then

(@) X, =0, X; _aVP oy,

2
(b) X, =0, Xlzi@, d+0 &:%.

In this case, X4 can be determined in terms of Xy and the structure constants of the algebra.

2.2.2. Case (B3)

The 6-dimensional Schrédinger-Lie algebras s[(2,R) x n(3) with g = by and the
isotropy subalgebra ) = span{h; = e3 —es,1n = es5} are equivalent. Therefore, we
compute that

m = span{uy = ey, up = ey, Uz = €3+ e, Ug = €4},

and the isotropy description for hy, hy are

0 -1 0 O 0O 0 0 O
0 0 0O 0O 0 0 O
Hl = 7 H2 == 1
1 0 00 0 0 0 —3
0 0 0O 0 -1 0 O
The invariant metrics are described by
a 0 0 O
0 b a 0
= , 35
£ 10 a0 0 (35
0 0 O —%
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so they are non-degenerate whenever a # 0. We have the Lie derivative of the metric for
any vector field X = X;u; € m as follows.

0 2bX2 HXZ —%X4
20X, —4bXy —aX; O

£xg = aXo —aXj 0 0 (36)
%X, 0 0 aX

Corresponding to the basis {uj,up, u3, 14} and using relations Section 2.2.2 and (36),
we have:

(LX'CXg)ll = *LZXZ + SbX%,

(LxLxg)n = —8bX1Xa,

(LxLxg)3s =0,

(ﬁxﬁxg)“ = —ZQX%,

(ﬁxﬁxg)lz = 4bX%,

(LxLxg)13 = —2aX1X3, (37)

(LxLxg)1a = %ﬂxlxzh

(LxLxg)2s = —2aX1Xa,

(LxLx8)2a =0,

(LxLx8)za = 0.

Consequently, by using relations (1), (35), and (37), we obtain the following system of
algebraic equations to find 2-conformal vector fields.

(1) 8bX3 — aX; = ap,

(2) 8bX1 X, = —bp,

(@mﬁ:zﬁ

(4) 4bX3 =0, (38)
(5) 2aX, X3 = 0,

(6) 2aX1X; =0,

(7) 2aX1Xp = —aP

By solving the above system, we obtain the following theorem.

Theorem 7. Suppose (M, g) is a four-dimensional non-reductive homogeneous space of type b,
corresponding to the basis {uy,uy, usz, us}. In this case, invariant 2-conformal vector fields are
as follows:

(1) IfX,=0andb #0,then X4 =X1=0,=0,and Xz € R.

(2) IfX; #0andb=0,then X4 = X1 =0,=0,and X3 € R.

2.2.3. Case (B3)

The 6-dimensional Lie algebra (s[(2, R) x R?) x R is denoted by g = b3. The basis of
bsis {e1,...,eq}, so the non-zero brackets are

les,ex] =e1, [es,e3] = —es, [es,€2] = —2eq,
[66/ 63] = —ey, [86/ 64] = €1, [61162} = —eq,
le1,e3] =e4, [ex,e3] = —2e3, [er, 4] = —ey,
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and the isotropy subalgebra is given by h = span{h; = e5,h = e }. Therefore, we consider
m = span{u1 =1, Up = e, U3 = €3,Uy = 6’4},

and the isotropy descriptions for h, i are

01 0 O 00 0 1
H, = 00 0 O , H, = 00 -1 0
00 0 O 00 0 O
00 -1 0 00 0 O
The invariant metrics are described as follows:
0 0 a O
0 0 0 a
= 39
8 a 0 b O (39)
0 a 00

Thus, they are non-degenerate whenever a # 0. For any vector field X = Xju; € m,

we obtain:
0 —aX3 IZXZ 0
—aX3 —2&X4 —2bX3 QXZ
Exs=1 1x, _ovxs 4bX, 0 (49
0 aX, 0 0
Corresponding to the basis {u1,up, u3, 14} and using relations Section 2.2.3 and (40),
we have:
(LxLxg)11 =0,
(LxLxg)m = —2aX1X5 + 8bX3 — 20X, Xy,
(LxLxg)3s = 16bX>X3,
(LxLxg)aa =0,
(LxLxg)12 = aX3Xy,
(41)
(LxLxg)3 = —aX3,
(LxLxg)1a =0,
(LxLx8)2s = —4bXoX3,
(LxLxg)24 = aX3,
(LxLxg)ss = 0.

Consequently, by using relations (1), (39), and (41), we obtain the following system of
algebraic equations to find the invariant 2-conformal fields:

(1) 2aX1 X5 — 8bX3 + 20X, Xy =0,
(2) 16bX,X3 = bp,
(3) aX3X; =0,

42
(4) aX? = —ap, (2)
(5) 4bX, X3 = 0,
(6) aX3 = ap

By solving the above system of equations, the following theorem is obtained.

Theorem 8. Suppose (M, g) is a four-dimensional non-reductive homogeneous space of type b3
corresponding to the basis {uy,uy, uz, uys}. In this case, invariant 2-conformal vector fields are
as follows:
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(1) IfXp =0and X3 # 0, then X = 41;&, =0,and X4 € R.

(2)  If Xy # 0and X3 = 0, then the system has no solution.

3. Conclusions

In pseudo-Riemannian geometry, dimension 4 is of particular interest, because there
exist many non-reductive homogeneous 4-manifolds. These spaces were classified by M. E.
Fels and A. G. Renner, comprising eight distinct geometric types A1, A, Az, Ay, As, B1, Ba,
and B3. In this paper, we investigated and classified invariant 2-conformal vector fields
on four-dimensional non-reductive homogeneous manifolds. The results are applied to
Lorentzian and neutral signatures. Investigating the existence of such fields leads to solving
systems of nonlinear equations, for which we completely determine the real solutions using
analytical methods. In several cases, the 2-conformal and invariant vector fields reduce to
2-Killing vector fields.

Since 2-conformal vector fields have arisen naturally in the recent literature on hy-
perbolic solitons, it is an interesting geometric problem to classify hyperbolic solitons
on non-reductive homogeneous spaces with 2-conformal vector fields as their potential
vector fields.
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