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Abstract

In this paper, we introduce topological information systems between objects with a distance
and attributes with a distance based on a complete co-residuated lattice. We can obtain
two distances and Alexandrov topologies for objects and attributes from an information
system. Moreover, we investigate the relations between residuated frames and residuated
connections on Alexandrov topologies induced by distances instead of fuzzy equalities.
We define a fuzzy concept lattice based on Alexandrov topologies and show that it is a
complete lattice. We study its properties as a topological viewpoint and provide examples.
Moreover, we introduce R-R embedding maps and R-R frame embedding maps.
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1. Introduction
Residuated connections were introduced by Blyth and Janovitz [1] as a pair of maps

from a partially ordered set to a partially ordered set. In modal logics [2–5], the operators
of necessity and possibility form this connection. Moreover, rough sets form a residuated
connection [6]. From this view point, Wille [7] introduced a formal concept analysis, which
is a mathematical framework used to analyze relationships between objects and their
attributes. Rodabaugh [8] interpreted the image and preimage of fuzzy sets as a residuated
connection. Kim [9] extended the image and preimage of filter bases. Various maps between
algebraic structures form residuated connections [4,10–13].

As extensions of Boolean algebras, Heyting algebras and left continuous t-norms, a
residuated lattice is an algebraic structure with a residuated connection. It appears in areas
like order theory, and many valued areas of logic and theoretical computer science [4,8–13].

Georgescu and Popescu [10,14] introduced residuated connection on a complete resid-
uated lattice with fuzzy partial orders. Moreover, they proposed a fuzzy concept, which is
an extension of Wille’ concepts [7]. Using various fuzzy concepts, information systems and
decision rules were investigated in complete residuated lattices [5,13,15–20].

On the other hand, dualities between algebras (Boolean algebras, Heyting al-
gebras, and BL-algebras) and relational semantics (classical logic, intuitionistic logic,
and basic fuzzy logic) are useful information systems, and data analysis and decision
rules [2–5,21]. As a duality, the relations between residuated connections as algebras and
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residuated frames as relational semantics were investigated in a complete residuated
lattice [11,21].

Zheng and Wang [22] introduced a complete co-residuated lattice as the generalization
of t-conorm. Qiao and Hu [23] investigated a (⊙, &)-generalized fuzzy rough set for
operations ⊙ and & on complete residuated lattices and complete co-residuated lattices,
but it does not behave for residuated connections. Using distances instead of fuzzy partial
orders, Oh and Kim [24] introduced various fuzzy concepts on a co-residuated lattice. This
concept plays an important role in changing the existing method of classifying information
using the equivalence relation to the method of using distance.

In this paper, we define a topological information system (Definition 5) with two
distances for objects and attributes based on a complete co-residuated lattice. Here, two
distances induce two Alexandrov topologies.

In Section 3, we introduce the notions of residuated connections and residuated frames
as a duality. From a residuated frame as relational semantics, in Theorem 2, we have
a residuated connection based on two Alexandrov topologies. In Theorem 3, from an
information system, we can obtain a topological information system with two distances
for objects and attributes satisfying a residuated frame. Moreover, we obtain a residuated
connection in Theorem 2.

In Theorem 5, from a residuated frame as relational semantics, we show that a fuzzy
concept lattice based on two Alexandrov topologies is a complete lattice as an algebra.
By Remark 3, it is an extension of classical fuzzy concepts in [25]. From these results, big
data with an information system can also be variously classified into small groups with a
viewpoint of Alexandrov topologies induced by distances.

In Section 4, we investigate the relations R-R embedding maps and R-R frame embed-
ding maps as structure-preserving maps in Definitions 7 and 8.

2. Preliminaries
In this section, we recall definitions and properties of complete co-residuated lattices

and a distance.

Definition 1 ([12,13,24,26]). An algebra (L,∧,∨,⊕,⊥,⊤) is called a complete co-residuated
lattice if it satisfies the following three conditions:

(C1) L = (L,∨,∧,⊥,⊤) is a complete lattice where ⊥ is the bottom element and ⊤ is the
top element.

(C2) x = x⊕⊥, x⊕ y = y⊕ x and x⊕ (y⊕ z) = (x⊕ y)⊕ z for all x, y, z ∈ L.
(C3) (

∧
i∈Γ xi)⊕ y =

∧
i∈Γ(xi ⊕ y) for all xi, y ∈ L.

Let (L,∧,∨,⊕,⊥,⊤) be a complete co-residuated lattice. For all x, y ∈ L, define

x⊖ y =
∧
{z ∈ L | y⊕ z ≥ x}.

Then (x⊕ y) ≥ z if and only if x ≥ (z⊖ y).

For all α ∈ L and A ∈ LX, we denote (A ⊖ αX), (αX ⊕ A) and αX ∈ LX by
(A⊖ αX)(x) = A(x)⊖ α, (αX ⊕ A)(x) = α⊕ A(x) and αX(x) = α, respectively.

Let x∗ = ⊤⊖ x. The condition (x∗)∗ = x for all x ∈ L is called a double negative law.

Lemma 1 ([12,13,24,26]). Let (L,∧,∨,⊕,⊖,⊥,⊤) be a complete co-residuated lattice with a
double negative law. For all x, y, z, xi, yi ∈ L, the following holds.

(1) If y ≤ z, then x⊕ y ≤ x⊕ z, y⊖ x ≤ z⊖ x and x⊖ z ≤ x⊖ y.
(2) (

∨
i∈Γ xi)⊖ y =

∨
i∈Γ(xi ⊖ y) and x⊖ (

∧
i∈Γ yi) =

∨
i∈Γ(x⊖ yi).
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(3) (
∧

i∈Γ xi)⊖ y ≤ ∧
i∈Γ(xi ⊖ y).

(4) x⊖ (
∨

i∈Γ yi) ≤
∧

i∈Γ(x⊖ yi).
(5) x⊖ x = ⊥, x⊖⊥ = x and ⊥⊖ x = ⊥. Moreover, x⊖ y = ⊥ if and only if x ≤ y.
(6) y⊕ (x⊖ y) ≥ x, y ≥ x⊖ (x⊖ y) and (x⊖ y)⊕ (y⊖ z) ≥ x⊖ z.
(7) x⊖ (y⊕ z) = (x⊖ y)⊖ z = (x⊖ z)⊖ y.
(8) (x⊕ y)∗ = x∗ ⊖ y = y∗ ⊖ x, (x⊖ y)∗ = x∗ ⊕ y and x⊖ y = y∗ ⊖ x∗.

Definition 2 ([12,13]). Let (L,∧,∨,⊕,⊖,⊥,⊤) be a complete co-residuated lattice. Let X be a
set. A function dX : X× X → L is called a distance if it satisfies the following two conditions:

(M1) dX(x, x) = ⊥ for all x ∈ X.
(M2) dX(x, y)⊕ dX(y, z) ≥ dX(x, z), for all x, y, z ∈ X.
(M3) If dX(x, y) = dX(y, x) = ⊥, then x = y.

The pair (X, dX) is called a distance space.

Let dX : X × X → L be a distance. Define d−1
X : X × X → L by d−1

X (x, y) = dX(y, x)
for all x, y ∈ X. It is easy to see that d−1

X is a distance.
In this paper, we assume that (L,∧,∨,⊕,⊖,⊥,⊤) is a complete co-residuated lattice

with a double negative law.

3. Fuzzy Concept Lattices Based on Alexandrov Topologies
In this section, we investigate the relations between residuated connections and residu-

ated frames. Moreover, we show that fuzzy concept lattices based on Alexandrov topologies
are complete lattices.

Definition 3 ([12,13]). (1) Let τ ⊆ LX . τ is called an Alexandrov topology on X if it satisfies the
following two conditions:

(A1) If Ai ∈ τ for all i ∈ I, then
∨

i∈I Ai,
∧

i∈I Ai ∈ τ.
(A2) If A ∈ τ and α ∈ L, then A⊖ αX , A⊕ αX ∈ τ.

The pair (X, τ) is called an Alexandrov topological space on X.

Lemma 2. Let τX ⊂ LX . Define dτX : τX × τX → L as dτX (A, B) =
∨

x∈X(B(x)⊖ A(x)). Then
(τX , dτX ) is a distance space.

Proof. (1) (M1) dτX (A, A) =
∨

x∈X(A(x)⊖ A(x)) = ⊥ for all A ∈ τX ,
(M2) By Lemma 1 (6), dτX (A, B)⊕ dτX (B, C) =

∨
x∈X(B(x)⊖ A(x))⊕ ∨

x∈X(C(x)⊖
B(x)) ≥ ∨

x∈X((B(x)⊖ A(x))⊕ (C(x)⊖ A(x))) ≥ dτX (A, C), for all A, B, C ∈ τX ,
(M3) If dτX (A, B) = dτX (B, A) = ⊥, By Lemma 1 (5), A = B. Hence (τX, dτX ) is a

distance space.

Theorem 1. Let (X, dX) be a distance space. Define

τdX = {A ∈ LX | A(x)⊕ dX(x, z) ≥ A(z)}.

Then the following holds.

(1) τdX is an Alexandrov topology on X such that

τdX = {∧x∈X(A(x)⊕ dX(x,−)) | A ∈ LX}
= {∨x∈X(A(x)⊖ dX(−, x)) | A ∈ LX}.

(2) A ∈ τd−1
X

iff A∗ ∈ τdX . For each (dX)x = dX(x,−) and (dX)
z = dX(−, z), (dX)x ∈ τdX ,

(dX)
z ∈ τd−1

X
and ((dX)

z)∗ ∈ τdX .
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Proof. (1) (A1) If Ai ∈ τdX for all i ∈ I, then

(
∧

i∈I Ai)⊕ dX(x, y) =
∧

i∈I(Ai ⊕ dX(x, y))
≥ ∧

i∈I Ai,
(
∨

i∈I Ai)⊕ dX(x, y) ≥ ∨
i∈I(Ai ⊕ dX(x, y))

≥ ∨
i∈I Ai, (by Lemma 1 (1))

then
∧

i∈I Ai,
∨

i∈I Ai ∈ τdX .
(A2) If A ∈ τdX and α ∈ L, then α⊕ (A(x)⊖ α)⊕ dX(x, y) ≥ A(x)⊕ dX(x, y) ≥ A(y)

implies (A(x)⊖ α)⊕ dX(x, y) ≥ A(y)⊖ α. So, A⊖ αX ∈ τdX . Easily, αX ⊕ A ∈ τdX . Hence
τdX is an Alexandrov topology on X.

Put τ1 = {∧x∈X(A(x)⊕ dX(x,−)) | A ∈ LX}. Let A ∈ τdX . Then A =
∧

x∈X(A(x)⊕
dX(x,−)) ∈ τ1.

Let
∧

x∈X(A(x)⊕dX(x,−)) ∈ τ1. Then
∧

x∈X(A(x)⊕dX(x, y))⊕dX(y, z) ≥ ∧
x∈X(A(x)⊕

dX(x, z)). Thus
∧

x∈X(A(x)⊕ dX(x,−)) ∈ τdX . Hence τ1 = τdX

Put τ2 = {∨x∈X(A(x)⊖ dX(−, x)) | A ∈ LX}. Let A ∈ τdX . Then A(y) ≥ ∨
x∈X(A(x)⊖

dX(y, x)) ≥ A(y). Thus A ∈ τ2.
Let

∨
x∈X(A(x) ⊖ dX(−, x)) ∈ τ2. Since (A(x) ⊖ dX(y, x)) ⊕ dX(y, z) ⊕ dX(z, x) ≥

(A(x)⊖ dX(y, x))⊕ dX(y, x) ≥ A(x), (A(x)⊖ dX(y, x))⊕ dX(y, z) ≥ A(x)⊖ dX(z, x). It
implies

∨
x∈X(A(x)⊖ dX(y, x))⊕ dX(y, z) ≥ ∨

x∈X(A(x)⊖ dX(z, x)). Thus
∨

x∈X(A(x)⊖
dX(−, x)) ∈ τdX . Hence τ2 = τdX

(2) By Lemma 1 (8), A(x) ⊕ d−1
X (x, y) ≥ A(y) iff A(x) ⊕ dX(y, x) ≥ A(y) iff

A∗(x) ⊖ dX(y, x) ≤ A∗(y) iff A∗(y) ⊕ dX(y, x) ≥ A∗(x) iff A∗ ∈ τdX . Other cases are
easily proved.

Remark 1. (1) Let (X,⊥△X ) be a distance space where ⊥△X (x, x) = ⊥ and ⊥△X (x, y) = ⊤ for
x ̸= y ∈ X. For each A ∈ LX, A(y) =

∧
x∈X(A(x)⊕⊥△X (x, y)) ∈ τ⊥△X

. Thus τ⊥△X
= LX

and dτ⊥△X
= dLX : LX × LX → L as dLX (A, B) =

∨
x∈X(B(x)⊖ A(x)).

(2) Let (X,⊥X×X) be a distance space where ⊥X×X(x, y) = ⊥ for each x, y ∈ X. Since
A(y) =

∧
x∈X(A(x) ⊕ ⊥X×X(x, y)) = α Thus τ⊥X×X = {αX ∈ LX | α ∈ L} and dτ⊥X×X

:
τ⊥X×X × τ⊥X×X → L as dτ⊥X×X

(αX , βX) = β⊖ α.

Definition 4. Let (X, dX) and (Y, dY) be distance spaces and f : X → Y and g : Y → X maps.

(1) (dX, f , g, dY) is called a residuated connection if for all x ∈ X, y ∈ Y, dY( f (x), y) =

dX(x, g(y)).
(2) f is an isotone map if dY( f (x1), f (x2)) ≤ dX(x1, x2) for all x1, x2 ∈ X.
(3) f is an embedding map if dY( f (x1), f (x2)) = dX(x1, x2) for all x1, x2 ∈ X.

For R1 ∈ LX×Y, R2 ∈ LY×Z, we define

R1 ◦ R2(x, z) =
∧

y(R1(x, y)⊕ R2(y, z)),
R−1

1 (y, x) = R1(x, y).

Definition 5. Let (X, dX) and (Y, dY) be distance spaces and R ∈ LX×Y.

(1) A structure (dX , R, dY) is called a residuated frame if dX ◦ R ◦ dY = R.
(2) If X is a set of objects and Y is a set of attributes, a triple (X, Y, R) is called an information

system. Moreover, ((X, dX), (Y, dY), R) is called a topological information system.

Lemma 3. Let (X, dX) and (Y, dY) be distance spaces. For R ∈ LX×Y , we have the follow-
ing properties:

(1) dX ◦ R ◦ dY = R iff dX ◦ R = R and R ◦ dY = R.

https://doi.org/10.3390/axioms15050336

https://doi.org/10.3390/axioms15050336


Axioms 2026, 15, 336 5 of 25

(2) If dX ◦ R = R, then Ry ∈ τd−1
X

for each y ∈ Y where Ry(x) = R(x, y).

(3) If R ◦ dY = R, then Rx ∈ τdY for each x ∈ X where Rx(y) = R(x, y).

Proof. (1) Since dX ◦ R ◦ dY = R, R(x, y) ≤ dX ◦ R ◦ dY(x, y) =
∧

y1∈Y(dX ◦ R)(x, y1) ⊕
dY(y1, y) ≤ (dX ◦ R)(x, y)⊕ dY(y, y) = (dX ◦ R)(x, y) ≤ R(x, y). Thus dX ◦ R = R. Simi-
larly, R ◦ dY = R. Conversely, it easily proved.

(2) Since dX(x, z)⊕ R(z, y) ≥ (dX ◦ R)(x, y) = R(x, y), Ry ∈ τd−1
X

.

(3) Since R(x, y)⊕ dY(y, w)) ≥ R(x, w), Rx ∈ τdY .

Theorem 2. Let (dX , R, dY) be a residuated frame. Let τdX and τdY be Alexandrov topologies. Then
(dτdX

, F, G, dτdY
) is a residuated connection where

F(A)(y) =
∧

x∈X(R(x, y)⊕ A(x)),
G(B)(x) =

∨
y∈Y(B(y)⊖ R(x, y)).

Moreover, for each x, z ∈ X and y, w ∈ Y,

F((dX)x)(y) = R(x, y), G(((dY)
y)∗)(x) = R∗(x, y),

F(R∗(−, w))(y) =
∧

x∈X(R(x, y)⊕ R∗(x, w)),
G(R(z,−))(x) =

∨
y∈Y(R(z, y)⊖ R(x, y)).

Proof. Since R ◦ dY = R and dX ◦ R = R from Lemma 3 (1), F(A) ∈ τdY and G(B) ∈ τdX

from:
F(A)(y)⊕ dY(y, w)

= (
∧

x∈X(R(x, y)⊕ A(x)))⊕ dY(y, w)

≥ ∧
x∈X(R(x, w)⊕ A(x)) = F(A)(w),

G(B)(x)⊕ dX(x, z)⊕ R(z, y)
≥ ∨

w∈Y(B(w)⊖ R(x, w))⊕ R(x, y)
≥ (B(y)⊖ R(x, y))⊕ R(x, y) ≥ B(y),
G(B)(x)⊕ dX(x, z) ≥ B(y)⊖ R(z, y).

Moreover, A ∈ τdX , B ∈ τdY , by Lemma 1 (7),

dτdX
(A, G(B))

=
∨

x∈X(G(B)(x)⊖ A(x))

=
∨

x∈X

(∨
y∈Y(B(y)⊖ R(x, y))⊖ A(x)

)
=

∨
x∈X

∨
y∈Y

(
B(y)⊖ (R(x, y)⊕ A(x))

)
=

∨
y∈Y

(
B(y)⊖∧

x∈X(R(x, y)⊕ A(x))
)

=
∨

y∈Y

(
B(y)⊖ F(A)(y)

)
= dτdY

(F(A), B).

Moreover, since dX ◦ R ◦ dY = R, dX ◦ R = R and R ◦ dY = R. Thus,

F((dX)x)(y) =
∧

z∈X(R(z, y)⊕ (dX)x(z))
=

∧
z∈X(R(z, y)⊕ dX(x, z))

= (dX ◦ R)(x, y) = R(x, y),
G(((dY)

y)∗)(x) =
∨

w∈Y(((dY)
y)∗(w)⊖ R(x, w))

= (
∧

w∈Y(dY(w, y)⊕ R(x, w)))∗

= (R ◦ dY)
∗(x, y) = R∗(x, y).

Since dX ◦ R = R and R ◦ dY = R, R∗(−, w) ∈ τdX and R(z,−) ∈ τdY for each
z ∈ X and w ∈ Y. Thus F(R∗(−, w))(y) =

∧
x∈X(R(x, y) ⊕ R∗(x, w)), G(R(z,−))(x) =∨

y∈Y(R(z, y)⊖ R(x, y)).
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Remark 2. (1) Since (⊥△X , dX ,⊥△X ) is a residuated frame where dX is a distance and τ⊥△X
= LX

from Remark 1 (1), then (dLX , F, G, dLX ) is a residuated connection defined as

F(A)(y) =
∧

x∈X(A(x)⊕ dX(x, y)),
G(B)(x) =

∨
y∈X(B(y)⊖ dX(x, y)).

(2) Let (X,⊥△X ) and (Y,⊥△Y ) be distance spaces with τ⊥△X
= LX and τ⊥△Y

= LY. Let

R ∈ LX×Y be given. Since ⊥△X ◦ R ◦ ⊥△Y = R, (⊥△X , R,⊥△Y ) is a residuated frame. Hence
(dLX , F, G, dLY ) is a residuated connection defined as

F(A)(y) =
∧

x∈X(A(x)⊕ R(x, y)),
G(B)(x) =

∨
y∈Y(B(y)⊖ R(x, y)).

Moreover, let f : X → Y be a function and R(x, y) = ( f (x), y). Then

F(A)(y) =

{ ∧
x∈ f−1({y}) A(x), if y ∈ f (X),
⊤, if y ̸∈ f (X),

and G(B)(x) = B( f (x)) for each x ∈ X.

In following theorem, we can obtain a topological information system, a residuated
frame and a residuated connection from an information system.

Theorem 3. Let (X, Y, R) be an information system. Define dX : X× X → L and dY : Y×Y →
L as

dX(x, z) =
∨

y∈Y(R(x, y)⊖ R(z, y)),
dY(y, w) =

∨
x∈X(R(x, w)⊖ R(x, y)).

Then the following holds.

(1) A triple ((X, dX), (Y, dY), R) is a topological information system. Moreover, (dX , R, dY) is a
residuated frame.

(2) Then (dτdX
, F, G, dτdY

) is a residuated connection defined as

F(A)(y) =
∧

x∈X(R(x, y)⊕ A(x)),
G(B)(x) =

∨
y∈Y(B(y)⊖ R(x, y)).

Moreover, F(R∗(−, w))(y) = d∗Y(y, w), G(R(z,−))(x) = dX(z, x).

Proof. (1) For each x, y ∈ X,

(dX ◦ R)(x, y) =
∧

z∈X(dX(x, z)⊕ R(z, y))
=

∧
z∈X(

∨
w∈Y(R(x, w)⊖ R(z, w))⊕ R(z, y))

≥ ∧
z∈X((R(x, y)⊖ R(z, y))⊕ R(z, y))

≥ R(x, y),
(dX ◦ R)(x, y) =

∧
z∈X(dX(x, z)⊕ R(z, y))

=
∧

z∈X(
∨

w∈Y(R(x, w)⊖ R(z, w))⊕ R(z, y))
≤ ∨

w∈Y(R(x, w)⊖ R(x, w))⊕ R(x, y)
= R(x, y),
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(R ◦ dY)(x, y) =
∧

w∈Y(R(x, w)⊕ dY(w, y))
=

∧
w∈Y(R(x, w)⊕∨

z∈X(R(z, y)⊖ R(z, w)))

≥ ∧
w∈Y(R(x, w)⊕ (R(x, y)⊖ R(x, w)))

≥ R(x, y),
(R ◦ dY)(x, y) =

∧
w∈Y(R(x, w)⊕ dY(w, y))

=
∧

w∈Y(R(x, w)⊕∨
z∈X(R(z, y)⊖ R(z, w)))

≤ R(x, y)⊕∨
z∈X(R(z, y)⊖ R(z, y))

= R(x, y).

Thus R ◦ dY = R and dX ◦ R = R, by Lemma 3 (1), and (dX , R, dY) is a residuated frame.
(2) By Theorem 2 and (1), (dτdX

, F, G, dτdY
) is a residuated connection where

F(A)(y) =
∧

x∈X(R(x, y)⊕ A(x)),
G(B)(x) =

∨
y∈Y(B(y)⊖ R(x, y)).

For each x, z ∈ X and y, w ∈ Y,

F(R∗(−, w))(y) =
∧

x∈X(R(x, y)⊕ R∗(x, w))

= (
∨

x∈X(R(x, w)⊖ R(x, y)))∗ = d∗Y(y, w),
G(R(z,−))(x) =

∨
y∈Y(R(z, y)⊖ R(x, y))

= dX(z, x).

Definition 6. Let F : τdX → τdY and G : τdY → τdX be two maps with a residuated connection
(dτdX

, F, G, dτdY
). A family F (dτdX

, F, G, dτdY
) is called a fuzzy concept lattice based on τdX and

τdY where
F (dτdX

, F, G, dτdY
)

= {(A, B) ∈ τdX × τdY | F(A) = B, G(B) = A},
(A1, B1) ≤ (A2, B2) iff A1 ≤ A2(or B1 ≤ B2).

Theorem 4. Let F : τdX → τdY and G : τdY → τdX be two maps. The following statements
are equivalent.

(1) (dτdX
, F, G, dτdY

) is a residuated connection.

(2) F(
∧

i∈Γ Ai) =
∧

i∈Γ F(Ai), F(A⊕ α) = F(A)⊕ α and G(
∨

i∈Γ Bi) =
∨

i∈Γ G(Bi), G(B⊖
α) = G(B)⊖ α. Moreover, for each x ∈ X, y ∈ Y,

F(A)(y) =
∧

x∈X(A(x)⊕ F(dX(x,−))(y)),
G(B)(x) =

∨
y∈Y(F(dX(x,−))(y)⊖ B(y)),

F∗(dX(x,−))(y) = G(d∗Y(−, y))(x).

(3) For each A, A1, A2 ∈ τdX , B, B1, B2 ∈ τdY ,

G(F(A)) ≤ A, B ≤ F(G(B)),
dτdX

(A1, A2) ≥ dτdY
(F(A1), F(A2)),

dτdY
(B1, B2) ≥ dτdX

(G(B1), G(B2)),
F(G(F(A))) = F(A), G(F(G(B))) = G(B).

Proof. (1)⇒ (2) since
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dτdY
(F(

∧
i∈Γ Ai), B) = dτdX

(
∧

i∈Γ Ai, G(B))
=

∨
x∈X(G(B)(x)⊖∧

i∈Γ Ai(x))
=

∨
i∈Γ(

∨
x∈X(G(B)(x)⊖ Ai(x)))

((by Lemma 1 (2)))
=

∨
i∈Γ dτdX

(Ai, G(B)) =
∨

i∈Γ dτdY
(F(Ai), B)

= dτdY
(
∧

i∈Γ F(Ai), B),

we have F(
∧

i∈Γ Ai) =
∧

i∈Γ F(Ai). Since

dτdY
(F(A⊕ α), B) = dτdX

(A⊕ α, G(B))
=

∨
x∈X(G(B)(x)⊖ (A(x)⊕ α))

(by Lemma 1 (2,7))
=

∨
x∈X(G(B)(x)⊖ A(x))⊖ α

= dτdX
(F(A), B)⊖ α

=
∨

y∈Y(B(y)⊖ F(A)(y))⊖ α

=
∨

y∈Y(B(y)⊖ (F(A)(y)⊕ α))

= dτdY
(F(A)⊕ α, B),

we have F(A⊕ α) = F(A)⊕ α for all α ∈ L.
Since

dτdX
(A, G(

∨
i∈Γ Bi)) = dτdY

(F(A),
∨

i∈Γ Bi)

=
∨

i∈Γ dτdX
(A, G(Bi)) = dτdX

(A,
∨

i∈Γ G(Bi)),

we have G(
∨

i∈Γ Bi) =
∨

i∈Γ G(Bi). Note that

dτdX
(A, G(B⊖ α)) = dτdY

(F(A), B⊖ α)

=
∨

y∈Y((B(y)⊖ α)⊖ F(A)(y))
=

∨
y∈Y((B(y)⊖ F(A)(y))⊖ α)

= dτdY
(F(A), B)⊖ α

= dτdX
(A, G(B))⊖ α

=
∨

x∈X(G(B)(x)⊖ A(x))⊖ α

=
∨

x∈X(G(B)(x)⊖ α)⊖ A(x))
= dτdX

(A, G(B)⊖ α).

Then G(B⊖ α) = G(B)⊖ α for all α ∈ L. Moreover, for A ∈ τdX , since A =
∧

z∈X(A(z)⊕
dX(z,−)),

F(A)(y) = F(
∧

z∈X(A(z)⊕ dX(z,−)))
=

∧
z∈X(A(z)⊕ F(dX(z,−))(y))

and
dτdY

(F(dX(x,−)), B) = dτdX
(dX(x,−), G(B))

=
∨

z∈X

(
G(B)(z)⊖ dX(x, z)

)
= G(B)(x),

G(B)(x) =
∨

y∈Y(B(y)⊖ F(dX(x,−))(y)).

and
F∗(dX(x,−)) = dτdY

(F(dX(x,−)), d∗Y(−, y))
= dτdX

(dX(x,−), G(d∗Y(−, y)))
=

∨
z∈X(G(d∗Y(−, y))(z)⊖ dX(x, z))

= G(d∗Y(−, y))(x).

(2)⇒ (1). Put R(x, y) = F(dX(x,−))(y). Then
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F(A)(y) =
∧

x∈X(R(x, y)⊕ A(x))
G(B)(x) =

∨
y∈Y(B(y)⊖ R(x, y)).

Moreover, (dX , R, dY) is a residuated frame from:

R(x, y) = F(dX(x,−))(y) = ∧
z∈X(dX(x,−)(z)⊕ R(z, y))

= (dX ◦ R)(x, y)
R(x, y) = F∗(dX(x,−))(y)
=

∧
z∈X(R(z, y)⊕ dX(x, z)) = (dX ◦ R)(x, y),

R∗(x, y) = F∗(dX(x,−))(y) = G(d∗Y(−, y))(x)
=

∨
w∈Y(d∗Y(−, y)(w)⊖ R(x, w))

= (
∧

w∈Y(R(x, w)⊕ dY(w, y)))∗ = (R ◦ dY(x, y))∗.

From Theorem 2, (dτdX
, F, G, dτdY

) is a residuated connection.
(1)⇒ (3). For each A ∈ τdX , B ∈ τdY ,

⊥ = dτdY
(F(A), F(A)) = dτdX

(A, G(F(A)))

=
∨

x∈X(G(F(A)(x)⊖ A(x)).

By Lemma 1 (5), G(F(A)) ≤ A. Moreover, ⊥ = dτdX
(G(B), G(B)) = dτdY

(F(G(B)), B).
Thus B ≤ F(G(B)).

For each A1, A2 ∈ τdX , B1, B2 ∈ τdY ,

dτdY
(F(A1), F(A2)) = dτdX

(A1, G(F(A2)))

≤ dτdX
(A1, A2)⊕ dτdX

(A2, G(F(A2)))

= dτdX
(A1, A2),

dτdX
(G(B1), G(B2)) = dτdY

(F(G(B1)), B2)

≤ dτdY
(F(G(B1)), B1)⊕ dτdY

(B1, B2)

= dτdY
(B1, B2).

Since G(F(A)) ≤ A, F(G(F(A))) ≤ F(A). Moreover, F(A) ≤ F(G(F(A))). Thus
F(A) = F(G(F(A))). Similarly, G(F(G(B))) = G(B).

(3)⇒ (1). For each A ∈ τdX and B ∈ τdY ,

dτdY
(F(A), B) ≥ dτdX

(G(F(A)), G(B))
⊕dτdX

(A, G(F(A))) ≥ dτdX
(A, G(B)).

dτdX
(A, G(B)) ≥ dτdY

(F(A), F(G(B)))
⊕dτdY

(F(G(B)), B) ≥ dτdY
(F(A), B).

Hence dτdY
(F(A), B) = dτdX

(A, G(B)).

Theorem 5. Let F (dτdX
, F, G, dτdY

) be a fuzzy concept lattice. Then the following properties hold.

(1) For each A ∈ τdX and B ∈ τdY ,

F (dτdX
, F, G, dτdY

)

= {(A, F(A)) ∈ τdX × τdY | G(F(A)) = A}
= {(G(B), B) ∈ τdX × τdY | F(G(B)) = B}.

(2) For each (A1, B1), (A2, B2) ∈ F (dτdX
, F, G, dτdY

),

A1 ≤ A2 iff B1 ≤ B2.
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(3) For each (A1, B1), (A2, B2), (Ai, Bi)i∈I ∈ F (dτdX
, F, G, dτdY

), define

(A1, B1) ≤ (A2, B2) iff A1 ≤ A2(or B1 ≤ B2),∨
i∈I(Ai, Bi) = (

∨
i∈I Ai, F(G(

∨
i∈I Bi)))

= (
∨

i∈I Ai, F(
∨

i∈I Ai)),∧
i∈I(Ai, Bi) = (G(F(

∧
i∈I Ai)),

∧
i∈I Bi)

= (G(
∧

i∈I Bi),
∧

i∈I Bi).

Then F (dτdX
, F, G, dτdY

) forms a complete lattice.

Proof. (1) Let B = {(A, F(A)) ∈ τdX × τdY | G(F(A)) = A}. Let (A, B) ∈ F(dτdX
, F, G, dτdY

).
Then G(F(A)) = G(B) = A, B = F(A). Thus (A, F(A)) ∈ B.

Let (A, F(A)) ∈ B. Since G(F(A)) = A, F(A) = F(A), (A, F(A)) ∈ F(dτdX
, F, G, dτdY

).
Let C = {(G(B), B) ∈ τdX × τdY | F(G(B)) = B}. Let (A, B) ∈ F (τdX , F, G, τdY ). Then

F(G(B)) = F(A) = B, A = G(B). Thus (G(B), B) ∈ C.
Let (G(B), B) ∈ C. Since F(G(B)) = B, G(B) = G(B), (G(B), B) ∈ F (dτdX

, F, G, dτdY
).

(2) For each (A1, B1), (A2, B2) ∈ F (dτdX
, F, G, dτdY

),
Let A1 ≤ A2. By Theorem 4 (3), dτdX

(A1, A2) ≥ dτdY
(F(A1), F(A2)), Then B1 =

F(A1) ≤ F(A2) = B2. Let B1 ≤ B2. Then A1 = G(B1) ≤ G(B2) = A2.
(3) For each i ∈ I, (Ai, Bi) ∈ F (dτdX

, F, G, dτdY
), by Theorem 4,

G(F(G(
∨

i∈I Bi))) = G(
∨

i∈I Bi)

=
∨

i∈I G(Bi) =
∨

i∈I Ai,
F(G(

∨
i∈I Bi)) = F(

∨
i∈I G(Bi)) = F(

∨
i∈I Ai).

Hence
∨

i∈I(Ai, Bi) ∈ F (dτdX
, F, G, dτdY

).
Since Ai ≤

∨
i∈I Ai, Bi = F(Ai) ≤ F(

∨
i∈I Ai) = F(G(

∨
i∈I Bi)). Thus (Ai, Bi) ≤∨

i∈I(Ai, Bi).
If (Ai, Bi) ≤ (A, B) for each i ∈ I, then

∨
i∈I Ai ≤ A and F(

∨
i∈I Ai) ≤ F(A) = B.

Hence
∨

i∈I(Ai, Bi) = (
∨

i∈I Ai, F(
∨

i∈I Ai)) ≤ (A, B). Thus
∨

i∈I(Ai, Bi) is the supremum
of (Ai, Bi) for each i ∈ I

For each i ∈ I, (Ai, Bi) ∈ F (τdX , F, G, τdY ),

F(G(F(
∧

i∈I Ai))) = F(
∧

i∈I Ai)

=
∧

i∈I F(Ai) =
∧

i∈I Bi,
G(F(

∧
i∈I Ai)) = G(

∧
i∈I F(Ai)) = G(

∧
i∈I Bi).

Hence
∧

i∈I(Ai, Bi) ∈ F (dτdX
, F, G, dτdY

). Moreover, since
∧

i∈I Bi ≤ Bi, F(G(
∧

i∈I Bi)) ≤∧
i∈I F(G(Bi)) =

∧
i∈I Ai ≤ Bi. Thus,

∧
i∈I(Ai, Bi) ≤ (Ai, Bi) for each i ∈ I.

If (A, B) ≤ (Ai, Bi) for each i ∈ I, then B ≤ ∧
i∈I Bi and A = G(B) ≤ G(

∧
i∈I Bi).

Hence (A, B) ≤ ∧
i∈I(Ai, Bi) = (G(

∧
i∈I Bi),

∧
i∈I Bi). Thus

∧
i∈I(Ai, Bi) is the infimum of

(Ai, Bi) for each i ∈ I.

Remark 3. Let (X,⊥△X ) and (Y,⊥△Y ) be distance spaces with τ⊥△X
= LX and τ⊥△Y

= LY. Let

F : LX → LY and G : LY → LX be two maps with a residuated connection (dτ⊥△X
, F, G, dτ⊥△Y

).

By Theorem 5, F (dτ⊥△X
, F, G, dτ⊥△Y

) forms a complete lattice as a sense in [17].

Example 1. Let X = {x1, x2, x3} be a set of objects xi and Y = {y1, y2, y3, y4} be a set of
attributes yj. Define a binary operation ⊕ on L = [0, 1] by

x⊕ y = min{1, x + y}, x⊖ y = max{x− y, 0}.
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Then (L = [0, 1],⊕,⊖, 0, 1) is a complete coresiduated lattice.
Let (X, Y, R) be an information system with R ∈ [0, 1]X×Y as follows:

R y1 y2 y3 y4

x1 0.1 0.4 0.5 0.2
x2 0.3 0.6 0.4 0.5
x3 0.5 0.5 0.3 0.6


(1) Let (X, dX) and (Y, dY) be distance spaces as follows:

dX =

 0 0.4 0.5
0.6 0 0.3
0.4 0.2 0

dY =


0 0.3 0.5 0.2

0.5 0 0.2 0.5
0.3 0.2 0 0.5
0.6 0.3 0.5 0


Then τdX = {∧x∈X(A(x)⊕ dX(x,−)) | A ∈ LX} and τdY = {∧y∈Y(B(y)⊕ dY(y,−)) | B ∈
LY} are Alexandrov topologies on X and Y, respectively.

Since dX ◦ R ◦ dY = R, is a residuated frame, by Theorem 2, (dτdX
, F, G, dτdY

) is a residuated
connection where

F(A)(y) =
∧

x∈X(R(x, y)⊕ A(x)),
G(B)(x) =

∨
y∈X(B(y)⊖ R(x, y)).

Moreover, F((dX)x)(y) = R(x, y), G(((dY)
y)∗)(x) = R∗(x, y), F((R∗(−, y2))(y4) =∧

x∈X(R(x, y4)⊕ R∗(x, y2)) = 0.8, G(R(x3,−))(x1) =
∨

y∈Y(R(x3, y)⊖ R(x1, y)) = 0.4.
For A1 = (0.5, 0.1, 0.7) ̸∈ τdX , 0.4 = A1(x2) ⊕ dX(x2, x3) ̸≥ A1(x3) = 0.7. Then

A1 ̸∈ τdX . But, A = (0.5, 0.1, 0.4) =
∧

x∈X(A1(x) ⊕ dX(x,−)) ∈ τdX and F(A) =

(0.4, 0.7, 0.5, 0.6) ∈ τdY .
Then a fuzzy concept lattice F (τdX , F, G, τdY ) is defined as

F (dτdX
, F, G, dτdY

)

= {(A, B) ∈ τdX × τdX | F(A) = B, G(B) = A},
(A1, B1) ≤ (A2, B2) iff A1 ≤ A2(or B1 ≤ B2).

Since A ̸= G(F(A)) = (0.4, 0.1, 0.2),

(A, F(A)) ̸∈ F (dτdX
, F, G, dτdY

),
(G(F(A)), F(A)) ∈ F (dτdX

, F, G, dτdY
),

((dX)x1 , F((dX)x1))

= ((0, 0.6, 0.4), (0.1, 0.4, 0.5, 0.2)) ̸∈ F (dτdX
, F, G, dτdY

),
(G(F((dX)x1)), F((dX)x1))

= ((0, 0.1, 0.2), (0.1, 0.4, 0.5, 0.2)) ∈ F (dτdX
, F, G, dτdY

),

((dX)x2 , F((dX)x2))

= ((0.4, 0, 0.2), (0.3, 0.6, 0.4, 0.5)) ̸∈ F (dτdX
, F, G, dτdY

),
(G(F((dX)x2)), F((dX)x2))

= ((0.3, 0, 0.1), (0.3, 0.6, 0.4, 0.5)) ∈ F (dτdX
, F, G, dτdY

),

((dX)x3 , F((dX)x3))

= ((0.5, 0.3, 0), (0.5, 0.5, 0.3, 0.6)) ̸∈ F (dτdX
, F, G, dτdY

),
(G(F((dX)x3)), F((dX)x3))

= ((0.4, 0.2, 0), (0.5, 0.5, 0.3, 0.6)) ∈ F (dτdX
, F, G, dτdY

),
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(G(F((dX)x1)) ∨ G(F((dX)x2)), F((dX)x1) ∨ F((dX)x2))

= ((0.3, 0.1, 0.2), (0.3, 0.6, 0.5, 0.5)) ̸∈ F (dτdX
, F, G, dτdY

),
(G(F((dX)x1)) ∨ G(F((dX)x2)), F(G(F((dX)x1)) ∨ G(F((dX)x2))))

= ((0.3, 0.1, 0.2), (0.4, 0.7, 0.5, 0.5)) ∈ F (dτdX
, F, G, dτdY

),

(G(F((dX)x1)) ∧ G(F((dX)x3)), F((dX)x1) ∧ F((dX)x3))

= ((0, 0.1, 0), (0.1, 0.4, 0.3, 0.2)) ̸∈ F (dτdX
, F, G, dτdY

),
(G(F((dX)x1) ∧ F((dX)x3)), F((dX)x1) ∧ F((dX)x3))

= ((0, 0, 0), (0.1, 0.4, 0.3, 0.2)) ∈ F (τdX , F, G, τdY ).

(2) For an information system (X, Y, R), we can obtain two distances d1
X : X× X → L and

d1
Y : Y×Y → L as

d1
X(x, z) =

∨
y∈Y(R(x, y)⊖ R(z, y)),

d1
Y(y, w) =

∨
x∈X(R(x, y)⊖ R(x, w)).

as follows:

d1
X =

 0 0.1 0.2
0.3 0 0.1
0.4 0.2 0

d1
Y =


0 0.3 0.4 0.2
0 0 0.1 0.1

0.2 0.2 0 0.3
0 0.2 0.3 0


Then F (dτd1

X
, F, G, dτd1

Y
) is a fuzzy concept lattice where F, G in (1) and

F (dτd1
X

, F, G, dτd1
Y
)

= {(A, B) ∈ τd1
X
× τd1

Y
| F(A) = B, G(B) = A},

(A1, B1) ≤ (A2, B2) iff A1 ≤ A2(or B1 ≤ B2).

For A1 = (0.5, 0.1, 0.7) ̸∈ τd1
X

, C = (0.4, 0.1, 0.2) =
∧

x∈X(A1(x) ⊕ d1
X(x,−)) ∈ τd1

X
and

F(C) = (0.4, 0.7, 0.5, 0.6) ∈ τd1
Y

.
Since C = G(F(C)) = (0.4, 0.1, 0.2),

(C, F(C)) ∈ F (dτd1
X

, F, G, dτd1
Y
),

For B1 = (0.3, 0.6, 0.1) ̸∈ τd1
X

, D = (0.3, 0.3, 0.1) =
∧

x∈X(B1(x)⊕ d1
X(x,−)) ∈ τd1

X
and

F(D) = (0.4, 0.6, 0.4, 0.5) ∈ τd1
Y

.
Since D ̸= G(F(D)) = (0.3, 0.1, 0.1),

(D, F(D)) ̸∈ F (dτdX
, F, G, dτdY

),
(G(F(D)), F(D)) ∈ F (dτdX

, F, G, dτdY
),

((d1
X)x1 , F((d1

X)x1))

= ((0, 0.1, 0.2), (0.1, 0.4, 0.5, 0.2)) ∈ F (dτd1
X

, F, G, dτd1
Y
),

((d1
X)x2 , F((d1

X)x2))

= ((0.3, 0, 0.1), (0.3, 0.6, 0.4, 0.5)) ∈ F (dτd1
X

, F, G, dτd1
Y
),

(d1
X)x3 , F((d1

X)x3))

= ((0.4, 0.2, 0), (0.5, 0.5, 0.3, 0.6)) ∈ F (dτd1
X

, F, G, dτd1
Y
),
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((d1
X)x1 ∨ (d1

X)x2 , F((d1
X)x1) ∨ F((d1

X)x2))

= ((0.3, 0.1, 0.2), (0.3, 0.6, 0.5, 0.5)) ̸∈ F (dτd1
X

, F, G, dτd1
Y
),

((d1
X)x1 ∨ (d1

X)x2 , F((d1
X)x1 ∨ (d1

X)x2))

= ((0.3, 0.1, 0.2), (0.4, 0.7, 0.5, 0.5)) ∈ F (dτd1
X

, F, G, dτd1
Y
),

((d1
X)x1 ∧ (d1

X)x3 , F((d1
X)x1) ∧ F((d1

X)x3))

= ((0, 0.1, 0), (0.1, 0.4, 0.3, 0.2)) ̸∈ F (dτd1
X

, F, G, dτd1
Y
),

(G(F((d1
X)x1) ∧ F((d1

X)x3)), F((d1
X)x1) ∧ F((d1

X)x3))

= ((0, 0, 0), (0.1, 0.4, 0.3, 0.2)) ∈ F (dτd1
X

, F, G, dτd1
Y
).

Moreover,
F(R∗(−, y1))(y3) = F((0.9, 0.7, 0.5))(y3)

= (d1
Y)
∗(y3, y1) = 0.8,

G(R(x2,−))(x3) = G((0.3, 0.6, 0.4, 0.5))(x3)

= d1
X(x2, x3) = 0.1.

(3) Let (X,⊥△X ) and (Y,⊥△Y ) be distance spaces with τ⊥△X
= LX and τ⊥△Y

= LY. Define
f : X → Y be a function as

f (x1) = f (x2) = y1, f (x3) = y2.

By Remark 2 (2),

F(A)(y) =

{ ∧
x∈ f−1({y}) A(x), if y ∈ f (X),
⊤, if y ̸∈ f (X),

and G(B)(x) = B( f (x)) for each x ∈ X.
For A1 = (0.5, 0.1, 0.7) ∈ τ⊥△X

= LX ,

F(A1) = (0.1, 1, 0.7, 1) ∈ τ⊥△Y
= LY,

G(F(A1)) = (0.1, 0.1, 0.7) ∈ LX ,
(A1, F(A1)) ̸∈ F (dLX , F, G, dLX ),
(G(F(A1)), F(A1)) ∈ F (dLX , F, G, dLX ).

4. Various Embedding Maps Based on Alexandrov Topologies
In this section, we investigate the relations between R-R embedding maps and R-R

frame embedding maps.

Theorem 6. Let (X, dX) be a distance space, and τdX and τdτdX
= {α ∈ LτdX | α(A) ⊕

dτdX
(A, B) ≥ α(B)} be Alexandrov topologies. Define a map kX : X → τdτdX

as kX(x)(A) =

x̂(A) = A(x). Then kX : (X, dX)→ (τdτdX
, dτdτdX

) is an embedding map.

Proof. We show kX(x) = x̂ ∈ τdτdX
from

x̂(A)⊕ dτdX
(A, B)

= x̂(A)⊕∨
y∈X(B(y)⊖ A(y))

≥ A(x)⊕ (B(x)⊖ A(x)) ≥ B(x) = x̂(B),

If kX(x)(A) = kX(y)(A) for each A ∈ τdX , then kX(x)((dX)x) = kX(y)((dX)x) =

dX(x, y) = ⊥ for (dX)x ∈ τdX , and kX(x)((dX)y) = kX(y)((dX)y) = dX(y, x) = ⊥ for
(dX)y ∈ τdX . Thus x = y. Hence kX is injective.

For each A ∈ τdX , since A(x)⊕ dX(x, y) ≥ A(y), we have
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dX(x, y) ≥ ∨
A∈τdX

(A(y)⊖ A(x))

=
∨

A∈τdX
(ŷ(A)⊖ x̂(A)) = dτdτdX

(x̂, ŷ).

Put (dX)z(x) = dX(z, x). Since (dX)z(x)⊕ dX(x, y) ≥ (dX)z(y), then (dX)z ∈ τdX for
all z ∈ X. Hence

dτdτdX
(x̂, ŷ) =

∨
A∈τdX

(A(y)⊖ A(x))

≥ ∨
(dX)z∈τdX

((dX)z(y)⊖ (dX)z(x))

=
∨

z∈X(dX(z, y)⊖ dX(z, x)) = dX(x, y).

Thus, dτdτdX
(x̂, ŷ) = dX(x, y).

Definition 7. Let (dX , R, dY) and (dZ, R̃, dW) be residuated frames. Let kX : (X, dX)→ (Z, dZ)

and kY : (Y, dY) → (W, dW) be maps. An injective function k = (kX, kY) : (dX, R, dY) →
(dZ, R̃, dW) is called R-R frame embedding if

dX(x, z) = dZ(kX(x), kX(z)),
dY(y, w) = dW(kY(y), kY(w)),
R(x, y) = R̃(kX(x), kY(y)).

Lemma 4. Let (X, dX) and (Y, dY) be distance spaces, and f : X → Y and g : Y → X be two
maps. Then the following holds.

(1) If (dX , f , g, dY) is a residuated connection and a define map R : X×Y → L as

R(x, y) = dX(x, g(y)) = dY( f (x), y).

Then (dX , R, dY) is a residuated frame.
(2) If g is isotone and R2(x, y) = dX(x, g(y)), then dX ◦ R2 ◦ dY = R2.
(3) If f is isotone and R1(x, y) = dY( f (x), y), then dX ◦ R1 ◦ dY = R1.

Proof. (1) For each x, x1 ∈ X, y, y1 ∈ Y,

dX(x, x1)⊕ R(x1, y1)⊕ dY(y1, y)
= dX(x, x1)⊕ dX(x1, g(y1))⊕ dY(y1, y)
≥ dX(x, g(y1))⊕ dX(y1, y)
= dY( f (x), y1)⊕ dY(y1, y)
≥ dY( f (x), y) = R(x, y).

Hence dX ◦ R ◦ dY ≥ R. Easily, dX ◦ R ◦ dY ≤ R.
(2) For each x, x1 ∈ X, y, y1 ∈ Y,

dX(x, x1)⊕ R2(x1, y1)⊕ dY(y1, y)
= dX(x, x1)⊕ dX(x1, g(y1))⊕ dY(y1, y)
≥ dX(x, x1)⊕ dX(x1, g(y1))⊕ dX(g(y1), g(y))
≥ dX(x, x1)⊕ dX(x1, g(y))
≥ dX(x, g(y)) = R2(x, y).

Hence dX ◦ R2 ◦ dY ≥ R2. Easily, dX ◦ R2 ◦ dY ≤ R2.
(3) is similarly proved as in (2).

Theorem 7. Let (X, dX) and (Y, dY) be distance spaces, τdX and τdY be Alexandrov topologies and
f : X → Y, g : Y → X be maps. Then the following statements (1), (2) and (3) are equivalent.

(1) (dX , f , g, dY) is a residuated connection, that is, dY( f (x), y) = dX(x, g(y)) for all x, y ∈ X.
(2) There exists a residuated connection (dτX , F, G, dτY ) such that
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F(A)(y) =
∧

z∈X(dY( f (z), y)⊕ A(z))
=

∧
z∈X(dY(z, g(y))⊕ A(z)),

G(B)(x) =
∨

y∈Y(B(y)⊖ dY( f (x), y))
=

∨
w∈Y(B(w)⊖ dX(x, g(w)))

with isotone maps f : X → Y, g : Y → X.
(3) There exists a relation R : τdX × τdY → L as

R(A, B) =
∨

x∈X(B( f (x))⊖ A(x))
=

∨
y∈Y(B(y)⊖ A(g(y)))

with isotone maps f : X → Y, g : Y → X such that (dτdX
, R, dτdY

) is a residuated frame.
Moreover,

R(A, B) = dτdX
(A, f←(B)) = dτdY

(g←(A), B)
= dτdY

(F(A), B) = dτdX
(A, G(B))

where f←(B)(x) = B( f (x)), g←(A)(y) = A(g(y)), for each x ∈ X, y ∈ Y, F and G
in (2).

Proof. (1)⇒ (2). Put R1(x, y) = dY( f (x), y) = dX(x, g(y)) for all x, y ∈ X. By Lemma 4 (1),
dX ◦ R1 ◦ dY = R1. By Theorem 2, there exists a residuated connection (dτX , F, G, dτY ),
where

F(A)(y) =
∧

z∈X(dY( f (z), y)⊕ A(z))
=

∧
z∈X(dY(z, g(y))⊕ A(z)),

G(B)(x) =
∨

y∈Y(B(y)⊖ dY( f (x), y))
=

∨
w∈Y(B(w)⊖ dX(x, g(w))).

Since ⊥ = dY( f (z), f (z)) = dX(z, g( f (z))) and ⊥ = dX(g(y), g(y)) = dY( f (g(y)), y),

dY( f (x), f (z)) = dX(x, g( f (z)))
≤ dX(x, z)⊕ dX(z, g( f (z))) = dX(x, z),
dX(g(y), g(w)) = dY( f (g(y)), w)

≤ dY( f (g(y)), y)⊕ dY(y, w) = dX(y, w).

Hence f : X → Y, g : Y → X are isotone maps.
(2) ⇒ (1). By Lemma 3 (1), since

∧
z∈X(dX(z, g(w))⊕ (dX)x(z)) = dX ◦ R1(x, w) =

R1(x, w) = dX(x, g(w)) and
∧

w∈Y(dY(w, y)⊕ dX(x, g(w))) = R1 ◦ dY(x, y) = R1(x, y) =
dX(x, g(y)), for (dX)x ∈ τdX and ((dY)

y)∗ ∈ τdY ,

dτY (F((dX)x), ((dY)
y)∗) =

∨
w∈Y(((dY)

y)∗(w)

⊖∧
z∈X(dX(z, g(w))⊕ (dX)x(z)))

=
∨

w∈Y(((dY)
y)∗(w)⊖ dX(x, g(w)))

(by Lemma 1 (8))
= (

∧
w∈Y(dY(w, y)⊕ dX(x, g(w))))∗

= d∗X(x, g(y)).

Hence dτY (F((dX)x), ((dY)
y)∗) = d∗X(x, g(y)) for each x ∈ X and y ∈ Y.

On the other hand, since
∧

w∈Y(dY(w, y)⊕ dY( f (x), w)) = R1 ◦ dY(x, y) = R1(x, y) =
dY( f (x), y) for (dX)x ∈ τdX and ((dY)

y)∗ ∈ τdY ,
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dτY ((dX)x, G(((dY)
y)∗))

=
∨

z∈X(
∨

w∈Y(((dY)
y)∗(w)⊖ dY( f (z), w)))

⊖(dX)x(z))
(by Lemma 1 (8))
=

∨
z∈X((

∧
w∈Y(dY(w, y)⊕ dY( f (z), w)))∗

⊖dX(x, z))
=

∨
z∈X(dY( f (z), y)∗ ⊖ dX(x, z))

= (
∧

z∈X(dY( f (z), y)⊕ dX(x, z)))∗

= d∗Y( f (x), y).

Hence dτY ((dX)x, G(((dY)
y)∗)) = d∗Y( f (x), y) for each x ∈ X and y ∈ Y. Thus,

d∗X(x, g(y)) = dτX (F((dX)x), ((dY)
y)∗) = dτY ((dX)x, G(((dY)

y)∗)) = d∗Y( f (x), y) implies
dY( f (x), y) = dX(x, g(y)) for each x ∈ X and y ∈ Y.

(1)⇒ (3). From the proof of (1)⇒ (2), f and g are isotone maps.
Put S(A, B) =

∨
y∈Y(B(y)⊖ A(g(y))) for A ∈ τdX and B ∈ τdY . Since B( f (g(y))) =

B( f (g(y)))⊕ dY( f (g(y)), y) ≥ B(y), dY( f (g(y)), y) = ⊥, A(x) = A(x)⊕ dX(x, g( f (x))) ≥
A(g( f (x))) and dX(x, g( f (x))) = ⊥, we have R(A, B) = S(A, B) from:

R(A, B) =
∨

x∈X(B( f (x))⊖ A(x))
≥ ∨

y∈Y(B( f (g(y)))⊖ A(g(y)))
=

∨
y∈Y((B( f (g(y)))⊕ dY( f (g(y)), y))⊖ A(g(y)))

≥ ∨
y∈Y(B(y)⊖ A(g(y))) = S(A, B),

S(A, B) =
∨

y∈Y(B(y)⊖ A(g(y)))
≥ ∨

x∈X(B( f (x))⊖ A(g( f (x))))
≥ ∨

y∈X(B( f (x))⊖ (A(x)⊕ dX(x, g( f (x))))
=

∨
y∈X(B( f (x))⊖ A(x)) = R(A, B).

For A ∈ τdX and B∗ ∈ τd−1
Y

, A =
∧

z∈X(A(z)⊕ dX(z,−)) and B∗ =
∧

y∈Y(B∗(y)⊕ dY(−, y))
implies B =

∨
y∈Y(d∗Y(−, y)⊖ B∗(y)). Thus,

R(A, B) =
∨

x∈X(B( f (x))⊖ A(x))
=

∨
x∈X(

∨
y∈Y(d∗Y( f (x), y)⊖ B∗(y))

⊖∧
z∈X(A(z)⊕ dX(z, x)))

=
∨

y∈Y
∨

z∈X(
∨

x∈X(d∗Y( f (x), y)⊖ dX(z, x)))
⊖(A(z)⊕ B∗(y)))
=

∨
y∈Y

∨
z∈X((

∧
x∈X(dY( f (x), y)⊕ dX(z, x))∗

⊖(A(z)⊕ B∗(y)))
((dX ◦ R1)(z, y) = R1(z, x) = dY( f (z), y))
=

∨
y∈Y

∨
z∈X(d∗Y( f (z), y))⊖ (A(z)⊕ B∗(y)))

=
∨

y∈Y(
∨

z∈X(d∗Y( f (z), y)⊖ A(z))⊖ B∗(y)))
=

∨
y∈Y(B(y)⊖∧

z∈X(dY( f (z), y)⊕ A(z)))
= dτdY

(F(A), B)
=

∨
z∈X(

∨
y∈Y(d∗Y( f (z), y)⊖ B∗(y))⊖ A(z))

=
∨

z∈X(
∨

y∈Y(B(y)⊖ dY( f (z), y))⊖ A(z))
= dτdX

(A, G(B)).

(3)⇒ (1). Since
∧

z∈X(dY( f (z), y)⊕ dX(x, z)) = dX ◦R1(x, y) = R1(x, y) = dY( f (x), y),
for (dX)x ∈ τdX and ((dY)

y)∗ ∈ τdY ,
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R((dX)x, ((dY)
y)∗)

=
∨

z∈X(((dY)
y)∗( f (z))⊖ (dX)x(z))

= (
∧

z∈X(dY( f (z), y)⊕ dX(x, z))∗ = d∗Y( f (x), y).

Since
∧

z∈X(dY(z, y) ⊕ dX(x, g(z))) = (R1 ◦ dY)(x, y) = R1(x, y) = dX(x, g(y)), for
(dX)x ∈ τdX and ((dY)

y)∗ ∈ τdY ,

R((dX)x, ((dY)
y)∗)

=
∨

z∈X(((dY)
y)∗(z)⊖ (dX)x(g(z)))

= (
∧

z∈X(dY(z, y)⊕ dX(x, g(z))))∗ = dX(x, g(y))∗

Hence, for (dX)x ∈ τdX and ((dY)
y)∗ ∈ τdY ,

R((dX)x, ((dY)
y)∗) = d∗Y( f (x), y) = d∗X(x, g(y)).

Thus dY( f (x), y) = dX(x, g(y)) for all x, y ∈ X.

Example 2. Define a binary operation ⊕ on [0, 1] by

x⊕ y = min{x + y, 1}, x⊖ y = max{x− y, 0}.

(1) Let d[0,1] : [0, 1]× [0, 1]→ [0, 1] be a map as follows:

d[0,1](x, y) =

{
0, if x ≥ y,
1, if x < y.

By Lemma 1 (6), d[0,1] : [0, 1]× [0, 1]→ [0, 1] is a distance. Then

τd[0,1]

= {A ∈ [0, 1][0,1] | ∧x∈X(A(x)⊕ d[0,1](x,−)) = A}
= {A ∈ [0, 1][0,1] | ∧x≥y A(x) = A(y), ∀y ∈ Y}
= {A ∈ [0, 1][0,1] | A(x) ≥ A(y), ∀x ≥ y}.

For a ∈ [0, 1], define fa, ga : [0, 1]→ [0, 1] as

fa(x) = x⊕ a, ga(x) = x⊖ a.

Since fa(x) = x ⊕ a ≥ y iff x ≥ ga(y) = y ⊖ a, d[0,1]( fa(x), y) = d[0,1](x, ga(y)); i.e.,
(d[0,1], fa, ga, d[0,1]) is a residuated connection. There exists a residuated connection (dτd[0,1]

, F, G, dτd[0,1]
)

such that
F(A)(y) =

∧
fa(z)≥y A(z)

=
∧

z≥ga(y) A(z) = A(y⊖ a),
G(B)(x) =

∨
y≤ fa(x) B(y)

=
∨

x≥ga(y) B(y) = B( fa(x)) = B(x⊕ a).

dτd[0,1]
(F(A), B) =

∨
y∈[0,1](B(y)⊖ F(A)(y))

=
∨

y∈[0,1](B(y)⊖ A(y⊖ a))
dτd[0,1]

(A, G(B)) =
∨

x∈[0,1](G(B)(x)⊖ A(x))

=
∨

x∈[0,1](B(x⊕ a)⊖ A(x))
R(A, B) =

∨
x∈[0,1](B(x⊕ a)⊖ A(x))

=
∨

y∈[0,1](B(y)⊖ A(y⊖ a))
= dτd[0,1]

(A, f←a (B)) = dτd[0,1]
(g←a (A), B)

= dτd[0,1]
(F(A), B) = dτd[0,1]

(A, G(B)).
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For A(x) = 0.6, B(x) = x for each x ∈ [0, 1], then A, B ∈ τd[0,1]
. Put f0.3(x) = x ⊕

0.3, g0.3(x) = x⊖ 0.3. Since F(A)(y) = A(y⊖ 0.3) = g←0.3(A)(y), G(B)(x) = B(x⊕ 0.3) =
f←0.3(B)(x), F(A)(y) = 0.6,

G(B)(x) =

{
x + 0.3, if 0 ≤ x ≤ 0.7,
1, if x > 0.7,

R(A, B) = dτd[0,1]
(A, f←0.3(B)) = dτd[0,1]

(g←0.3(A), B)

= dτd[0,1]
(F(A), B) = dτd[0,1]

(A, G(B)) = 0.4.

(2) Let d : [0, 1] × [0, 1] → [0, 1] be a distance as d(x, y) = x ⊖ y. Then τd = {A ∈
[0, 1][0,1] | ∧x∈X(A(x)⊕ d(x,−)) = A}.

Define g : [0, 1]→ [0, 1] as g(x) = 1
2 x. Then d(g(x), g(y)) = 1

2 x⊖ 1
2 y ≤ d(x, y) = x⊖ y;

i.e., g is an isotone map. Put R2(x, y) = d(x, g(y)). By Lemma 4 (2), (d, R2, d) is a residuated
frame. Then (dτd , F1, G1, dτd) is a residuated connection where

F1(A)(y) =
∧

x∈X(A(x)⊕ (x⊖ 1
2 y)),

G1(B)(x) =
∨

y∈Y(B(y)⊖ (x⊖ 1
2 y)).

Theorem 8. Let (dX, R, dY) be a residuated frame, τdX and τdY be Alexandrov topologies on X
and Y and τdτdX

and τdτdY
be Alexandrov topologies on τdX and τdY , respectively. Define a map

k = (kX, kY) : X × Y → τdτdX
× τdτdY

as k(x, y)(A × B) = (x̂(A), ŷ(B)) = (A(x), B(y)).

Then k : (dX , R, dY)→ (dτdτdX
, R̂, dτdτdY

) is an R-R frame embedding map where

F(A)(y) =
∧

x∈X(R(x, y)⊕ A(x)),
G(B)(x) =

∨
y∈Y(B(y)⊖ R(x, y)),

R̂(α, β) =
∨

A∈τdX
(β(F(A))⊖ α(A)),

=
∨

B∈τdY
(β(B)⊖ α(G(B))).

Proof. By Theorem 6, kX : (X, dX) → (τdτdX
, dτdτdX

) and kY : (Y, dY) → (τdτdY
, dτdτdY

) are

embedding maps. Hence dX(x, z) = dτdτdX
(x̂, ẑ) and dY(y, w) = dτdτdY

(ŷ, ŵ). By Theorem 2,

(dτdX
, F, G, dτdY

) is a residuated connection where

F(A)(y) =
∧

x∈X(R(x, y)⊕ A(x)),
G(B)(x) =

∨
y∈X(B(y)⊖ R(x, y)).

By Theorem 7 (3), (dτdτdX
, R̂, dτdτdX

) is a residuated frame where

R̂(α, β) =
∨

A∈τdX
(β(F(A))⊖ α(A))

=
∨

B∈τdX
(β(B)⊖ α(G(B))).

For each x̂ ∈ τdτdX
, ŷ ∈ τdτdY

,

R̂(x̂, ŷ) =
∨

A∈τdX
(ŷ(F(A))⊖ x̂(A))

=
∨

A∈τdX
(F(A)(y)⊖ A(x))

=
∨

A∈τdX

(∧
z∈X(R(z, y)⊕ A(z))⊖ A(x)

)
≤ ∨

A∈τdX

(
(R(x, y)⊕ A(x))⊖ A(x)

)
≤ R(x, y).
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Put (dX)x(z) = dX(x, z). Then (dX)x ∈ τdX . Since dX ◦ R(x, y) =
∧

z∈X(dX(x, z) ⊕
R(z, y)) = R(x, y),

R̂(x̂, ŷ) =
∨

A∈τdX

(∧
z∈X(R(z, y)⊕ A(z))⊖ A(x)

)
≥

(∧
z∈X(R(z, y)⊕ (dX)x(z))⊖ (dX)x(x)

)
= R(x, y).

Thus R̂(x̂, ŷ) = R(x, y) for each x, y ∈ X.

Example 3. Let (X = {x1, x2, x3}, dX) be a distance space with

dX =

 0 0.4 0.5
0.4 0 0.3
0.5 0.3 0

.

Define a binary operation ⊕ on [0, 1] by

x⊕ y = min{x + y, 1}, x⊖ y = max{x− y, 0}.

Put

R =

 0.3 0.6 0.7
0.4 0.2 0.5
0.7 0.5 0.2

.

Since (dX, R, dX) is residuated frame, by Theorem 2, (dτdX
, F, G, dτdX

) is a residuated connec-
tion where

F(A)(y) =
∧

x∈X(R(x, y)⊕ A(x)),
G(B)(x) =

∨
y∈X(B(y)⊖ R(x, y)).

For (dX)x1 = (0, 0.4, 0.5), ((dX)
x2)∗ = (0.6, 1, 0.7) ∈ τdX ,

F((dX)x1) =
∧

x∈X(R(x,−)⊕ (dX)x1(x))
= R(x1,−) = (0.3, 0.6, 0.7),
G(((dX)

x2)∗) =
∨

y∈X(((dX)
x2)∗(y)⊖ R(−, y))

= R∗(−, x2) = (0.4, 0.8, 0.5),
dτdX

(F((dX)x1), ((dX)
x2)∗)

= dτdX
((dX)x1 , G(((dX)

x2)∗)) = 0.4.

By Theorem 7 (3), (dτdτdX
, R̂, dτdτdX

) is a residuated frame where

R̂(α, β) =
∨

A∈τdX
(β(F(A))⊖ α(A))

=
∨

B∈τdX
(β(B)⊖ α(G(B))).

For 0.4 ∈ τdτdX
defined as 0.4(A) = A for each A ∈ τdX ,

R̂(0.4, x̂1) =
∨

A∈τdX
(x̂1(F(A))⊖ 0.4(A))

=
∨

A∈τdX
(F(A)(x1)⊖ 0.4))

=
∨

A∈τdX
(
∧

x∈X(R(x, x1)⊕ A(x))⊖ 0.4))

= 1⊖ 0.4 = 0.6.

A map k = (kX, kX) : X × X → τdτdX
× τdτdX

as k(x, y)(A× B) = (x̂(A), ŷ(B)) is an embed-

ding map. But kX(x) ̸= 0.4 for all x ∈ X. Thus kX is not surjective.
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Moreover, k : (dX, R, dX) → (dτdτdX
, R̂, dτdτdX

) is an R-R frame embedding map with

dX(x, y) = dτdτdX
(x̂, ŷ), R̂(x̂i, x̂j) = R(xi, xj) for each xi, xj ∈ X.

Definition 8. Let (dX , f , g, dY) and (dZ, f̃ , g̃, dW) be residuated connections. An injective func-
tion k : (dX, f , g, dY) → (dZ, f̃ , g̃, dW) is called an R-R embedding if for each x, z ∈ X and
y, w ∈ Y,

dX(x, z) = dZ(k(x), k(z)),
dY(y, w) = dW(k(y), k(w)),
dY( f (x), y) = dW( f̃ (k(x)), k(y))
= dX(x, g(y)) = dZ(k(x), g̃(k(y))).

Theorem 9. Let (dX , f , g, dY) be a residuated connection, τdX and τdY be Alexandrov topologies
on X and Y and τdτdX

and τdτdY
be Alexandrov topologies on τdX and τdY , respectively. There exists

a residuated connection (dτdτdX
, Θ, Φ, dτdτdY

) defined as

R(A, B) =
∨

x∈X(B( f (x))⊖ A(x))
=

∨
y∈X(B(y)⊖ A(g(y))),

Θ(α)(B) =
∧

A∈τdX
(α(A)⊕ R(A, B)),

Φ(β)(A) =
∨

B∈τdY
(β(B)⊖ R(A, B)).

Define a map k = (kX, kY) : X × Y → τdτdX
× τdτdX

as k(x, y)(A × B) = (x̂(A), ŷ(B)) =

(A(x), B(y)). Then k : (dX , f , g, dY)→ (dτdτdX
, Θ, Φ, dτdτdY

) is an R-R embedding map such that

Θ(x̂)(B) = ˆf (x)(B) = B( f (x)),
Θ(x̂)(((dY)

y)∗) = d∗τdτdX

(x̂, ˆg(y)) = d∗X(x, g(y)),

Φ(ŷ)(A) = ˆg(y)(A) = A(g(y)),
Φ(ŷ)((dX)x) = dτdτdY

( ˆf (x), ŷ) = dY( f (x), y).

Proof. By Theorem 6, since kX : (X, dX)→ (τdτdX
, dτdτdX

) and kY : (Y, dY)→ (τdτdY
, dτdτdY

)

are embedding maps,

dX(x, z) = dτdτdX
(kX(x), kX(z)) = dτdτdX

(x̂, ẑ)

dY(y, w) = dτdτdY
(kY(y), kY(w)) = dτdτdY

(ŷ, ŵ).

By Theorem 7 (3), (dτdX
, R, dτdY

) is a residuated frame where

R(A, B) =
∨

x∈X(B( f (x))⊖ A(x))
=

∨
y∈Y(B(y)⊖ A(g(y))).

By Theorem 7, (dτdτdX
, Θ, Φ, dτdτdY

) is a residuated connection where

Θ(α)(B) =
∧

A∈τdX
(R(A, B)⊕ α(A))

=
∧

A∈τdX

(∨
x∈X(B( f (x))⊖ A(x))⊕ α(A)

)
,

Φ(β)(A) =
∨

B∈τdY
(β(B)⊖ R(A, B))

=
∨

B∈τdY

(
β(B)⊖∨

y∈Y(B(y)⊖ A(g(y)))
)

.

Since B ∈ τdY and f is isotone from Theorem 7 (2), then
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B( f (x))⊕ dY( f (x), f (y)) ≥ B( f (y))
⇒ B( f (x))⊕ dX(x, y)
≥ B( f (x))⊕ dY( f (x), f (y)) ≥ B( f (y)).

Thus f←(B) ∈ τdX . Put A = f←(B). Then

Θ(x̂)(B)

=
∧

A∈τdX

(
x̂(A)⊕∨

z∈X(B( f (z))⊖ A(z))
)

≤ x̂( f←(B))⊕∨
z∈X(B( f (z))⊖ f←(B)(z))

= B( f (x)).

Moreover,
Θ(x̂)(B) =

∧
A∈τdX

(x̂(A)⊕ R(A, B))

=
∧

A∈τdX

(
x̂(A)⊕∨

z∈X(B( f (z))⊖ A(z))
)

≥ ∧
A∈τdX

(
A(x)⊕ (B( f (x))⊖ A(x))

)
≥ B( f (x)).

Hence Θ(x̂)(B) = ˆf (x)(B) = B( f (x)).
Since f←(B) ∈ τdX ,

∨
z∈X(B( f (z))⊖ (dX)x(z)) = B( f (x)). For (dX)x ∈ τdX ,

Φ(ŷ)((dX)x)

=
∨

B∈τdY

(
ŷ(B)⊖∨

z∈X(B( f (z))⊖ (dX)x(z))
)

=
∨

B∈τdY

(
B(y)⊖ B( f (x)))

)
= dτdτdY

( ˆf (x), ŷ) = dY( f (x), y) (by Theorem 6).

Since A ∈ τdX and g is isotone from Theorem 7 (2),

A(g(y))⊕ dY(y, w) ≥ A(g(y))⊕ dX(g(y), g(w))

≥ A(g(w)).

Thus g←(A) ∈ τdY . Put B = g←(A).

Φ(ŷ)(A) =
∨

B∈τdY
(ŷ(B)⊖ R(A, B))

=
∨

B∈τdY

(
ŷ(B)⊖∨

y∈Y(B(y)⊖ A(g(y)))
)

≥ ŷ(g←(A))⊖∨
y∈Y(g←(A)(y)⊖ A(g(y)))

= A(g(y)).

Φ(ŷ)(A) =
∨

B∈τdY
(ŷ(B)⊖ R(A, B))

=
∨

B∈τdY

(
ŷ(B)⊖∨

y∈Y(B(y)⊖ A(g(y)))
)

≤ ∨
B∈τdY

(
B(y)⊖ (B(y)⊖ A(g(y)))

)
≤ A(g(y)).

Hence Φ(ŷ)(A) = ˆg(y)(A) = A(g(y)).
For each x ∈ X and ((dY)

y)∗ ∈ τdY ,
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Θ(x̂)(((dY)
y)∗)

=
∧

A∈τdX

(
x̂(A)⊕∨

w∈Y(((dY)
y)∗(w)⊖ A(g(w)))

)
≥ ∧

A∈τdX

(
x̂(A)⊕ (dY(y, y)∗ ⊖ A(g(y)))

)
=

(∨
A∈τdX

( ˆg(y)(A)⊖ x̂(A))
)∗

(by Lemma 1 (8))

= d∗τdτdX

(x̂, ˆg(y)) = d∗X(x, g(y)) = R∗2(x, y).

Moreover,
Θ(x̂)(((dY)

y)∗)

=
∧

A∈τdX

(
x̂(A)⊕∨

w∈Y(((dY)
y)∗(w)⊖ A(g(w)))

)
≤ x̂((dX)x)⊕

∨
w∈Y(((dY)

y)∗(w)⊖ (dX)x(g(w)))
)

= dX(x, x)⊕
(∧

w∈Y(dY(w, y)⊕ dX(x, g(w)))
)∗

=
(∧

w∈Y(dY(w, y)⊕ R2(x, w))
)∗

= R2(x, y)∗ = d∗X(x, g(y)) (by Lemma 3 (1)).

Hence Θ(x̂)(((dY)
y)∗) = d∗τdτdX

(x̂, ˆg(y)) = R2(x, y)∗ = d∗X(x, g(y)). Thus,

Θ(x̂)(B) = ˆf (x)(B) = B( f (x)),
Θ(x̂)(((dY)

y)∗) = d∗τdτdX

(x̂, ˆg(y)) = d∗X(x, g(y)),

Φ(ŷ)(A) = ˆg(y)(A) = A(g(y)),
Φ(ŷ)((dX)x) = dτdτdY

( ˆf (x), ŷ) = dY( f (x), y).

Moreover,
dτdτdY

(Θ(x̂), ŷ) = dτdτdY
( ˆf (x), ŷ) = dY( f (x), y)

= dX(x, g(y)) = dτdτdX
(x̂, ˆg(y)) = dτdτdX

(x̂, Φ(ŷ)).

Hence k : (dX , f , g, dY)→ (dτdτdX
, Θ, Φ, dτdτdY

) is an R-R embedding map.

Example 4. Let X = {x1, x2, x3} be a set and f : X → X a function as f (x1) = x2,
f (x2) = x1, f (x3) = x3 and f = f−1. Define a binary operation ⊕ on L = [0, 1] by

x⊕ y = min{1, x + y}, x⊖ y = max{x− y, 0}.

Let (X, dX) be a distance space as follows:

dX =

 0 0.5 0.4
0.5 0 0.4
0.3 0.3 0


Since dX( f (x), y) = dX(x, f (y)) for all x, y ∈ X, (dX, f , f , dX) is a residuated connection. By
Theorem 7, (dX, R1, dX) is a residuated frame where R1(x, y) = dX( f (x), y) = dX(x, f (y)) for
all x, y ∈ X such that

R1 =

 0.5 0 0.4
0 0.5 0.4

0.3 0.3 0


By Theorem 7 (2), there exists a residuated connection (dτdX

, F, G, dτdX
) where
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F(A)(y) =
∧

z∈X(dX( f (z), y)⊕ A(z))
=

∧
z∈X(dX(z, f (y))⊕ A(z))

G(B)(x) =
∨

y∈X(B(y)⊖ dX( f (x), y))
=

∨
w∈X(B(w)⊖ dX(x, f (w))).

By Theorem 7 (3), (dτdX
, R, dτdX

) is a residuated frame where R : τdX × τdX → L as

R(A, B) =
∨

x∈X(B( f (x))⊖ A(x))
=

∨
y∈X(B(y)⊖ A( f (y))).

For A1 = (0.5, 0.2, 0.8), 0.6 = A1(x2) ⊕ dX(x2, x3) ̸≥ A1(x3) = 0.8, A1 ̸∈ τdX . Then
A =

∧
z∈X(dX(z, y)⊕ A1(z)) = (0.5, 0.2, 0.6) ∈ τdX .

For B1 = (0.2, 0.7, 0.8), 0.6 = B1(x1) ⊕ dX(x1, x3) ̸≥ B1(x3) = 0.8, B1 ̸∈ τdX . Then
B =

∧
z∈X(dX(z, y) ⊕ B1(z)) = (0.2, 0.7, 0.6) ∈ τdX . For A = (0.5, 0.2, 0.6) ∈ τdX and

B = (0.2, 0.7, 0.6) ∈ τdX ,

F(A) =
∧

z∈X(dX( f (z),−)⊕ A(z)) = (0.2, 0.5, 0.6)
G(B) =

∨
y∈X(B(y)⊖ dX( f (−), y)) = (0.7, 0.2, 0.6)

dτdX
(F(A), B) =

∨
w∈Y(B(w)⊖ F(A)(w))

dτdX
(A, G(B)) =

∨
x∈X(G(B)(x)⊖ A(x))

R(A, B) = dτdX
(F(A), B) = dτdX

(A, G(B)) = 0.2.

By Theorem 5,
{(A, F(A)), (B, F(B))} ⊂ F (dτdX

, F, G, dτdX
). Moreover,

F((dX)x)(y) =
∧

z∈X(dX( f (z), y)⊕ dX(x, z))
= dX( f (x), y),
R((dX)x, ((dX)

y)∗) = d∗X(x, f (y)) = d∗X( f (x), y)
= G(((dX)

y)∗) = dτdX
(F((dX)x), ((dX)

y)∗)

= dτdX
((dX)x, G(((dX)

y)∗)).

By Theorem 9, (dτdτdX
, Θ, Φ, dτdτdX

) is a residuated connection where

Θ(α)(B) =
∧

A∈τdX
(α(A)⊕ R(A, B)),

Φ(β)(A) =
∨

B∈τdX
(β(B)⊖ R(A, B)).

Since (dX, f , f , dX) is a residuated connection, by Theorem 9, Θ(x̂)(A) = ˆf (x)(A) = A( f (x))
and Φ(ŷ)(A) = ˆf (y)(A) = A( f (y)) for each A ∈ τdX . Thus, Θ(x̂) = Φ(x̂) for each x ∈ X.
For A = (0.5, 0.2, 0.6) ∈ τdX and B = (0.2, 0.7, 0.6) ∈ τdX ,

Θ(x̂1)(A) = ˆf (x1)(A) = A( f (x1)) = 0.2,
Θ(x̂1)(B) = ˆf (x1)(B) = B( f (x1)) = 0.7.

Hence k : (dX , f , f , dX)→ (dτdτdX
, Θ, Φ, dτdτdX

) is an R-R embedding map. Moreover,

dτdτdX
(Θ(x̂2), x̂3) = dτdτdX

( ˆf (x2), x̂3)

= dX( f (x2), x3) = 0.4 = dX(x2, f (x3))

= dτdτdX
(x̂2, ˆf (x3)) = dτdτdX

(x̂2, Φ(x̂3)).
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5. Conclusions
In this paper, we have introduced that residuated frames for fuzzy logics induce

residuated connections on Alexandrov topologies. Moreover, we have studied that fuzzy
residuated connections with distances induce fuzzy concept lattices based on Alexandrov
topologies. From an information system, we can define two distances for objects and
attributes satisfying a residuated frame. Moreover, we obtain a residuated connection and
a fuzzy concept lattice. It has shown that big data with an information system can also be
variously classified into small groups with a viewpoint of Alexandrov topologies induced
by distances.

In the future, by using the concepts of various connections and frames, we may study
various fuzzy concepts, information systems and decision rules on algebraic structures.
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