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Abstract

In this paper, we introduce topological information systems between objects with a distance
and attributes with a distance based on a complete co-residuated lattice. We can obtain
two distances and Alexandrov topologies for objects and attributes from an information
system. Moreover, we investigate the relations between residuated frames and residuated
connections on Alexandrov topologies induced by distances instead of fuzzy equalities.
We define a fuzzy concept lattice based on Alexandrov topologies and show that it is a
complete lattice. We study its properties as a topological viewpoint and provide examples.
Moreover, we introduce R-R embedding maps and R-R frame embedding maps.
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1. Introduction

Residuated connections were introduced by Blyth and Janovitz [1] as a pair of maps
from a partially ordered set to a partially ordered set. In modal logics [2-5], the operators
of necessity and possibility form this connection. Moreover, rough sets form a residuated
connection [6]. From this view point, Wille [7] introduced a formal concept analysis, which
is a mathematical framework used to analyze relationships between objects and their
attributes. Rodabaugh [8] interpreted the image and preimage of fuzzy sets as a residuated
connection. Kim [9] extended the image and preimage of filter bases. Various maps between
algebraic structures form residuated connections [4,10-13].

As extensions of Boolean algebras, Heyting algebras and left continuous t-norms, a
residuated lattice is an algebraic structure with a residuated connection. It appears in areas
like order theory, and many valued areas of logic and theoretical computer science [4,8-13].

Georgescu and Popescu [10,14] introduced residuated connection on a complete resid-
uated lattice with fuzzy partial orders. Moreover, they proposed a fuzzy concept, which is
an extension of Wille” concepts [7]. Using various fuzzy concepts, information systems and
decision rules were investigated in complete residuated lattices [5,13,15-20].

On the other hand, dualities between algebras (Boolean algebras, Heyting al-
gebras, and BL-algebras) and relational semantics (classical logic, intuitionistic logic,
and basic fuzzy logic) are useful information systems, and data analysis and decision
rules [2-5,21]. As a duality, the relations between residuated connections as algebras and
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residuated frames as relational semantics were investigated in a complete residuated
lattice [11,21].

Zheng and Wang [22] introduced a complete co-residuated lattice as the generalization
of t-conorm. Qiao and Hu [23] investigated a (©, &)-generalized fuzzy rough set for
operations ® and & on complete residuated lattices and complete co-residuated lattices,
but it does not behave for residuated connections. Using distances instead of fuzzy partial
orders, Oh and Kim [24] introduced various fuzzy concepts on a co-residuated lattice. This
concept plays an important role in changing the existing method of classifying information
using the equivalence relation to the method of using distance.

In this paper, we define a topological information system (Definition 5) with two
distances for objects and attributes based on a complete co-residuated lattice. Here, two
distances induce two Alexandrov topologies.

In Section 3, we introduce the notions of residuated connections and residuated frames
as a duality. From a residuated frame as relational semantics, in Theorem 2, we have
a residuated connection based on two Alexandrov topologies. In Theorem 3, from an
information system, we can obtain a topological information system with two distances
for objects and attributes satisfying a residuated frame. Moreover, we obtain a residuated
connection in Theorem 2.

In Theorem 5, from a residuated frame as relational semantics, we show that a fuzzy
concept lattice based on two Alexandrov topologies is a complete lattice as an algebra.
By Remark 3, it is an extension of classical fuzzy concepts in [25]. From these results, big
data with an information system can also be variously classified into small groups with a
viewpoint of Alexandrov topologies induced by distances.

In Section 4, we investigate the relations R-R embedding maps and R-R frame embed-
ding maps as structure-preserving maps in Definitions 7 and 8.

2. Preliminaries

In this section, we recall definitions and properties of complete co-residuated lattices
and a distance.

Definition 1 ([12,13,24,26]). An algebra (L, A, V,®, L, T) is called a complete co-residuated
lattice if it satisfies the following three conditions:

(C1) L = (L,V,A,L,T) is a complete lattice where L is the bottom element and T is the
top element.

(C2) x=x L xby=y@dxandxd(y®z) = (xdy)Dzforalx,y,zc L.

(C3) (Nier xi) ®y = Nier (xi ®y) forall x;,y € L.
Let (L,\,V,®, L, T) be a complete co-residuated lattice. For all x,y € L, define

xoy=N{zel|ydz>x}
Then (x ®y) > zifand only if x > (z & y).

Foralla € Land A € L%, we denote (A © ay), (ax ® A) and ax € LX by
(Acax)(x) =A(x)Sa, (ax ® A)(x) =a® A(x) and ax(x) = «, respectively.
Let x* = T © x. The condition (x*)* = x for all x € L is called a double negative law.

Lemma 1 ([12,13,24,26]). Let (L,A,V,®,0, L, T) be a complete co-residuated lattice with a
double negative law. For all x,y, z, x;,y; € L, the following holds.

(1) Ify<z,thnx®dy<x®z,yox<zoxandxOz<x0Oy.
2) (Vierxi) ©y = Vier(xi ©y) and x S (Nier ¥i) = Vier(x © ¥i).
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3 (Nier i) ©y < Nier (xi © )

4 x© (Vier¥i) < Nier(x O yi)-

(6) xox=L1Lxol=xand Lox = 1. Moreover,x Oy = L ifand only if x < y.
6 y®dxoy)>xy>xo(xoy)and (xoy)® (yoz)>xOz

(7) xo(yodz)=(xoy)oz=(x0z)OU.

8) (xey) =x"cy=yox xoy) =xoymdxoy=y"cx.

Definition 2 ([12,13]). Let (L, A, V,®, O, L, T) be a complete co-residuated lattice. Let X be a
set. A function dx : X x X — L is called a distance if it satisfies the following two conditions:

(M1) dx(x,x) = L forall x € X.
(M2) dx(x,y) ®dx(y,z) > dx(x,z), forall x,y,z € X.
(M3) Ifdx(x,y) =dx(y,x) = L, then x = y.

The pair (X, dx) is called a distance space.

Letdx : X x X — L be a distance. Define d;(l : X x X — Lby dil(x,y) =dx(y,x)
for all x,y € X. Itis easy to see that d;(l is a distance.

In this paper, we assume that (L, A, V,®,©, L, T) is a complete co-residuated lattice
with a double negative law.

3. Fuzzy Concept Lattices Based on Alexandrov Topologies

In this section, we investigate the relations between residuated connections and residu-
ated frames. Moreover, we show that fuzzy concept lattices based on Alexandrov topologies
are complete lattices.

Definition 3 ([12,13]). (1) Let T C LX. T is called an Alexandrov topology on X if it satisfies the
following two conditions:

(A1) If A;j € Tforalli € I, then \/;c; Ai, Nie] Ai € T.
(A2) fActanda € L, then ASax, AP ayx € T.

The pair (X, T) is called an Alexandrov topological space on X.

Lemma 2. Let Tx C LX. Define dr, : Tx X Tx — Las dry (A, B) = Vxex(B(x) © A(x)). Then
(tx,d+y ) is a distance space.

Proof. (1) M1) d+y (A, A) = Vyex(A(x) © A(x)) = Lforall A € 1x,

(M2) By Lemma 1 (6), dry (A, B) & duy (B,C) = Vyex (B(x) © A(x)) & V,yex(C(x)
B(x)) > Vyex((B(x) © A(x)) @ (C(x) © A(x))) > dy(A,C), forall A,B,C € 1x,

(M3) If dy(A,B) = dey(B,A) = L, By Lemma 1 (5), A = B. Hence (1x,d) is a
distance space. [

Theorem 1. Let (X, dx) be a distance space. Define
T4, = {A € LX | A(x) ®@dx(x,z) > A(z)}.

Then the following holds.
(1) T4, is an Alexandrov topology on X such that

Tay = {Arex(A(x) &dx(x,—)) | A € L¥}
= {Viex(A(x) ©dx(—x)) | A e LX}.

2) Acec T iff A* € 14,. For each (dx)x = dx(x, —) and (dx)* = dx(—,z), (dx)x € T4y,
(dx)z S Td;{] and ((dx)z)* € Tgy-

https://doi.org/10.3390/axioms15050336


https://doi.org/10.3390/axioms15050336

Axioms 2026, 15, 336

4 of 25

Proof. (1) (A1) If A; € 14, foralli € I, then

(Aier Ai) ®dx(x,y) = Nier(Ai ®dx(x,y))
> Nier Ais

(Vier Ai) ®dx(x,y) > Vier(Ai ®dx(x,y))
> Vier Ai, (by Lemma 1 (1))

then Aic; Ai, Vier Ai € Tay-

(A2)If A € 1y, andw € L, thena @ (A(x) © ) ®dx(x,y) > A(x) Ddx(x,y) > A(y)
implies (A(x) © &) ©dx(x,y) > A(y) ©«. So, AS ax € 14, Easily, ax ® A € 74,. Hence
T4, is an Alexandrov topology on X.

Put 71 = {Arex(A(x) ®dx(x,—)) | A € LX}. Let A € 15,. Then A = A,cx(A(x) ®
dx(x,—)) € 1.

Let Avex(A(x) Ddx(x, —)) € 7. Then Ayex (A(x) Ddx (%)) Ddx (1,2) > Ayex(A(X) @
dx(x,z)). Thus Ayex(A(x) @ dx(x, —)) € 14,. Hence 1y = 14,

Put 7, = {V,yex(A(x) ©dx(—,x)) | A € L*}. Let A € 15,. Then A(y) > V,ex(A(x) ©
dx(y,x)) > A(y). Thus A € 1.

Let V,ex(A(x) ©dx(—,x)) € 1. Since (A(x) ©dx(y,x)) ®dx(y,z) ®dx(z,x) >
(A(x) ©.dx(y, %)) ® dx(1,%) > A(x), (A(x) © dx(y,%)) ®dx(y,2) = Ax) ©dx(z,%). 1
implies Vyex (A(x) & dx (y,%)) ® dx(y,2) > Vyex (A(x) & dx (2, x)). Thus Vyex(A(x) ©
dx(—,x)) € 14,. Hence 1, = 14,

(2) By Lemma 1 (8), A(x) ®dy'(x,y) > A(y) iff A(x) ®@dx(y,x) > Aly) iff
A*(x) ©dx(y,x) < A*(y) iff A*(y) ©dx(y,x) > A*(x) iff A* € 74,. Other cases are
easily proved. [

—+

Remark 1. (1) Let (X, L A, ) be a distance space where L n, (x,x) = Land LA (x,y) = T for
x #y € X. Foreach A € LX, A(y) = Nyex(A(x) ® Lo, (x,y)) € T, Thus Tip, = LX
and dTLAX =d;x: LXxLX - Lasd;x(A,B) = Vyex(B(x) © A(x)).

(2) Let (X, Lxxx) be a distance space where Lx,x(x,y) = L for each x,y € X. Since
A(Y) = Nex(A(x) @ Lxxx(x,y)) = a Thus 7, = {ax € LX | a € L} and e, o
Tigox X Tiyx = Lasde,  (ax,Bx) =poa.

Definition 4. Let (X,dx) and (Y,dy) be distance spaces and f : X — Y and g : Y — X maps.
(1) (dx, f,g,dy) is called a residuated connection if for all x € X,y € Y, dy(f(x),y) =

dx(x,8(y))-
(2)  fisan isotone map if dy(f(x1), f(x2)) < dx(x1,x2) forall x1,x; € X.
(3)  fisan embedding map if dy (f(x1), f(x2)) = dx(x1, x2) forall x1,x, € X.

For R; € LXXY R, € LY*Z we define

RioRa(x,2) = Ay(Ri(x,9) @ Ra(v,2)),
R7(y,x) = Ri(x,y).

Definition 5. Let (X,dx) and (Y,dy) be distance spaces and R € LX*Y.

(1)  Astructure (dx, R, dy) is called a residuated frame if dx o Rody = R.
(2)  If X is a set of objects and Y is a set of attributes, a triple (X, Y, R) is called an information
system. Moreover, ((X,dx), (Y,dy), R) is called a topological information system.

Lemma 3. Let (X,dx) and (Y,dy) be distance spaces. For R € LX*Y, we have the follow-
ing properties:
(1) dXoROdY:Riﬁ(dXoR:RandROdY:R.
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(2) IfdxoR =R, then RY € 7,1 for each y € Y where RY(x) = R(x,y).
X
(3) IfRody = R, then Ry € 14, for each x € X where Ry(y) = R(x,y).

Proof. (1) Since dx o Rody = R, R(x,y) < dxoRody(x,y) = Ayey(dxoR)(x,y1) ®
dy(y1,y) < (dxoR)(x,y) ®dy(y,y) = (dx oR)(x,y) < R(x,y). Thus dx o R = R. Simi-
larly, R o dy = R. Conversely, it easily proved.

(2) Since dx(x,z) @ R(z,y) > (dx oR)(x,y) = R(x,y), RY € Tt

(3) Since R(x,y) @ dy(y,w)) > R(x,w), Ry € 14,. [

Theorem 2. Let (dx, R, dy) be a residuated frame. Let 14, and T4, be Alexandrov topologies. Then
(deX, F,G, dey) is a residuated connection where

F(A)(y) = Arex(R(x,y) ® A(x)),
G(B)(x) = Vyey(B(y) © R(x,y)).

Moreover, for each x,z € X and y,w € Y,

F((dx)x)(y) = R(x,y), G(((dy)?)") (x) = R*(x,y),
F(R*(=,w))(y) = Axvex(R(x,y) ® R*(x,w)),
G(R(z,=))(x) = Vyer(R(z,y) © R(x,))-

Proof. Since Rody = R and dx o R = R from Lemma 3 (1), F(A) € 13, and G(B) € 14,
from:

F(A)(y) @dy(y,w)
= (/\xeX(R(x/y) ©A(x))) ®dy(y,w)

G(B)(x )@dx(x 2) & R(
> Voer (B(w) © R(x, w)
> (B(y) & R(x,)) & R(x,

)

Moreover, A € 14, B € 13, by Lemma 1 (7),

Az, (A,G(B))
— Vex(G(B) () © Ax)
= Viex (Vyer(B(y) &R
= Viex Vyey (B() & (R(x,
= Vyer (Bl )@/\xeX(R(x/y) Al >>)

= Vyev (B(y) © F(A)(y)) = duy, (F(A), B).

Moreover, since dy o Rody = R,dx o R = Rand Rody = R. Thus,

F((dx)x)(¥) = Nzex(R(z,y) @ (dx)x(2))
= Nzex(R(z,y) @ dx(x,z))
= (dxoR)(x,y) = R(x,y),
G(((dy)¥)*)(x) = Vwey (((dy)¥)* (w) © R(x, w))
= (Awey(dy(w,y) ® R(x,w)))*
= (Rody)*(x,y) = R*(x,y).

Since dx oR = R and Rody = R, R*(—,w) € 14, and R(z,—) € 74, for each
z € Xand w e Y. Thus F(R*(—,0))(y) = Avex(R(x,) ® R*(x,w)), G(R(z, ) (x) =
Vyer(R(z,y) ©R(x,y)). O
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Remark 2. (1) Since (L a,,dx, L a, ) isaresiduated frame where dx is a distance and Tin, = LX
from Remark 1 (1), then (d;x, F,G,d;x) is a residuated connection defined as

F(A)(y) = Arex(A(x) @ dx(x,y)),
G(B)(x) = Vyex(B(y) ©dx(x,y)).

(2) Let (X, Lay) and (Y, La, ) be distance spaces with Tip, = LX and T, = LY. Let
R € LX*Y be given. Since LayoRoLa, =R, (LA, R, La,) is aresiduated frame. Hence
(drx,F,G,d;v) is a residuated connection defined as

F(A)(y) = Ayex(A(x) @ R(x,y)),
G(B)(x) = Vyey(B(y) © R(x,y)).

Moreover, let f : X — Y be a function and R(x,y) = (f(x),y). Then

) Neepriy Alx),ify € f(X),
F(A)(y)_{ T ify & f(X),

and G(B)(x) = B(f(x)) for each x € X.

In following theorem, we can obtain a topological information system, a residuated
frame and a residuated connection from an information system.

Theorem 3. Let (X, Y, R) be an information system. Definedyx : X x X — Landdy : Y XY —

Las
dx(x,z) = Vyer (R(x,y) ©R(z,y)),
dy(y,w) = Vxex(R(x,w) © R(x,y))-
Then the following holds.
(1) Atriple ((X,dx), (Y,dy),R) is a topological information system. Moreover, (dx,R,dy) is a

residuated frame.
(2) Then (deX, F,G, dfdy) is a residuated connection defined as

F(A)(y) = Arex(R(x,y) & A(x)),
G(B)(x) = Vyev(B(y) © R(x,)).

Moreover, F(R*(—,w))(y) = d}(y,w), G(R(z, —))(x) = dx(z,x).

Proof. (1) Foreach x,y € X,

(dx o R)(x,y) = Azex(dx(x,2) ® R(z,y))

= Azex(Vwey (R(x,w) © R(z,w)) ® R(z,y))
> Nzex((R(x,¥) ©R(z,y)) ® R(z,y))

> R(x,y),

(dx o R)(x,y) = Azex(dx(x,2) ®R(z,y))

= Azex(Vwey (R(x,w) © R(z,w)) © R(z,y))
< Vuwey(R(x,w) © R(x,w)) ® R(x,y)

= R(x,y),
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(Rody)(x,y) = Awey (R(x,w) @ dy(w,y))
= Nwey (R(x,0) ® Vzex(R(z,y) © R(z,w)))
>/\weY(R(r w) ® (R(x,y) © R(x,w)))

( )I
(R ody)(x,y) = Nwey(R(x, w) @ dy(w,y))
= Nwey (R(x,w) ® Vzex(R(z,y) © R(z,w)))

< R(x,y) ® Voex(R(z,y) ©R(z,y))
= R(x,y).
Thus Rody = Rand dx o R = R, by Lemma 3 (1), and (dx, R, dy) is a residuated frame.
(2) By Theorem 2 and (1), (dex’ F,G, dey) is a residuated connection where

F(A)(y) = Arex(R(x,y) ® A(x)),
G(B)(x) = Vyey(B(y) © R(x,y)).

Foreachx,z € Xandy,w €Y,

F(R* (=, w))(y) = Axex(R(x,y) © R*(x,w))
= (Viex(R(x,w) ©R(x,)))" = dy (y, w),
G(R(z,—))(x) = Vyer(R(z,y) © R(x,y))
=dx(z,x).

O

Definition 6. Let F : 15, — 13, and G : 73, — Ty, be two maps with a residuated connection
(deX, F,G, deY ). A family F (deX, F,G, dey) is called a fuzzy concept lattice based on T4, and
T4, Where

]-'(deX, F,G, dey)

={(A,B) € iy, x 14, | F(A) = B,G(B) = A},

(AllBl) (Az, Bz) lffA] < AQ(OT’ Bl < Bz)

Theorem 4. Let F : 15, — 13, and G : 15, — Ty, be two maps. The following statements
are equivalent.
(1) (deX, F,G,d. dy) is a residuated connection.

(2 F(Aier Ai) = Nier F(Ai), F(A® &) = F(A) @ w and G(Vier B;) = Vier G(Bi), G(B©S
«) = G(B) © a. Moreover, foreach x € X,y € Y,

F(A)(y) = Axex(A(x) @ F(dx(x, —))(y)),
G(B)(x) = Vyey(F(dx(x,—))(y) © B(y)),
Fr(dx(x, =))(y) = G(dy (= ¥))(x).

(3) Foreach A, A1, Az € 14,,B,B1, B2 € 13,

G(F(A)) < A, B<F(G(B)),

dyy (A1, Az) 2 dyy (F(A1), F(A2)),

dy, (B1,B2) > dy; ( (B1), G(B2)),
F(G(F(A))) = F(A), G(F(G(B))) = G(B).

Proof. (1) = (2) since
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dv, (F(Aier Ai), B) = dy; (Aier Ai, G(B))
= Viex(G(B)(x) © Aier Ai(x))
= Vier(Viex(G(B)(x) © A;(x)))
((by Lemma 1 (2)))
= Vier dr;, (Ai, G(B)) = Vier dv, (F(A;), B)
= deY(/\ieF F(A;),B),

we have F(Ajcr Ai) = Ajer F(A;). Since

dy, (F(A®w),B) =dy, (A®w,G(B))
= Viex(G(B)(x) © (A(x) ® )

(by Lemma 1 (2,7))

= Viex(G(B)(x) 8 A(x)) S o

=dy (F(A),B)Sa

—\/er(B( )SF(A)(y)) ca

= Vyer(B(y) & (F(A)(y) S a))

= deY (F(A)®w, B),

wehave F(A®«a) = F(A)®aforalla € L.
Since

dr; (A, G(Vier Bi)) = dz; (F(A), Vier B;)
= Vier de,, (A, G(By)) = dr;, (A, Vier G(By)),

we have G(V;cr Bi) = Vet G(B;). Note that

dr, (A, G(BOw)) =dg (F(A),BOa)

= Vyer((Bly) ©a) © F( )(y))
= Vyex((B(y) © F(A)(y)) © a)
de (F(A )B)@zx

= dy, (A,G(B))©
— Vyex(G(B)(x) © A(x) ©
= Viex(G(B)(x) ©a) © A(x ))

= dy, (A, G(B) S a).

Then G(B© a) = G(B) © a for all « € L. Moreover, for A € 14, , since A = A,cx(A(z) @

dx(z,-)),
F(A)(y) = F(Acx(A(z) @ dx(z,-)))
= Neex(A(z) @ F(dx(z, =) ()
and
dry, (F(dx(x,~)), B) = dry, (dx(x, ~), G(B))
= Vex (G(B)(2) ©dx(x,2)) = G(B)(x),
G(B)(x) = Vyey (B(y) & F(dx(x, =) ().
and
F*(dx(x, =) = doy, (F(dx(x, =), d5(~, )
= du, (dx(x, =), G(d;(—,y)))
= Voex(G(dy (=, y))(2) © dx(x,2)

= G(dy(~y) ().
(= (). Put R(x,y) = F(dx(x, ))(y). Then
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F(A)(y) = Axex(R(x,y) ® A(x))
G(B)(x) = Vyer(B(y) © R(x,y)).

Moreover, (dx, R, dy) is a residuated frame from:

R(x,y) = F(dx(x,=))(y) = Azex(dx(x, —)(2) ® R(z,y))
= (dx o R)(x,y)

R(x,y) = F*(dx(x,—)) ()

= Nzex(R(z,y) @ dx(x,2)) = (dx o R)(x,y),
R*(x,y) = F*(dx(x, =))(y) = G(dy (=, y))(x)

= Vawey (@Y (= ) (w) © R(x, w))

= (Awey(R(x,w) @ dy(w,y)))" = (Rody(x,y))".

(
)

From Theorem 2, (deX ,F,G,d dy) is a residuated connection.
(1) = (3). Foreach A € 14,, B € 15,
= dz, (F(A),F(A)) = dr, (A, G(F(A)))
= Vxex(G(F(A)(X) A(x)).
By Lemma 1 (5), G(F(A)) < A. Moreover, L = dr, (G(B),G(B)) = dr, (F(G(B)),B).

Thus B < F(G(B)).
For each Ay, A € 14,,B1, B2 € 13,

v, (F(A1),F(A2)) = dr; (A1, G(F(A2)))
A1, A2) ® dy, (A2, G(F(A2)))

Since G(F(A)) < A, F(G(F(A))) < F(A). Moreover, F(A) < F(G(F(A))). Thus
F(A) = F(G(F(A))). Similarly, G(F(G(B))) = G(B).
(3) = (1). Foreach A € 13, and B € 15,

duy, (F(A),B) > dy, (G(F(A)),G(B))
@dy, (A, G(F(A)) > dy, (A, G(B)).

dy (A, G(B)) 2 d, (F(A),F(G(B)))
Gy, (F(G(B)),B) > dr, (F(A),B).
Hence dey(F(A),B) = deX(A,G(B)). O

Theorem 5. Let F (deX, F,G,d; dy) be a fuzzy concept lattice. Then the following properties hold.

(1) Foreach A € 13, and B € 1y,

F(dv  F,G,dy, )

{(A F(A)) € gy x 1, | G(F(A)) = A}
{(G(B), B) € T x 1, | F(G(B)) = B}.

(2)  Foreach (A1, By), (A2, By) € F(dy, ,F,G,dy, ),

A; < Ay iff By < By.
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(3) Foreach (A1,B1), (A2, B2), (A;, By)ics € ]-"(deX, F,G,dq, ), define

(Al, B1> (Az, Bz) iff A1 < Az(OV B; < Bz)

\/ieI(AirBi) (\/IEI AZ/F(G(\/zEI B; )))
(\/IEI AZIP(\/IEI Aj ))

Nier(Ai, Bi) = (G(F(Aicr Ai)), Nier Bi)
( (/\IEI ) /\IEI )

Then }'(deX, F,G, dey ) forms a complete lattice.

Proof. (1) Let B = {(A, F(A)) € 1y, x 74, | G(F(A)) = A}. Let (A, B) € F(dy,,,F,G,dr, ).
Then G(F(A)) = G(B) = A,B=F(A). Thus(A,F( )) € B.
Let (A, F(A)) € B. Since G(F(A)) = A, F(A) = F(A), (A, F(A)) € F(dy,,F,G,dr ).
LetC = {(G(B),B) € 1g, x 14, | F(G ( )) = B}.Let (A, B) € F(14,,F,G,1y,). Then
F(G(B)) = F(A) = B,A = G(B). Thus (G(B), B)
Let (G(B), B) € C. Since F(G(B)) = B,G(B) = G(B
(2) For each (A1, By), (A2, By) € ]-'(de F,Gdey, ),
Let A7 < A;. By Theorem 4 (3), de (Al,Az) > dy, ( (A1),F(Az)), Then By =
F(Al)SF(Ag)ZBz.LetBl < Bs. ThenA1 ( ) < ( )—Az
(3) Foreachi € I, (A;B;) € ]-"(de F, Gy, ), by Theorem 4,

G(F(G(VierBi))) = G(Vier By)
= Vier G(Bi) = Vier 4;,
F(G(VierBi)) = F(Vier G(Bi)) = F(Vier Ai)-

Hence V¢ (A;, B;) € ]:(dex’F’ G, dey).

Since A; < Vier Ai, Bi = F(Ai) < F(VierAi) = F(G(Vier Bi)). Thus (A;,B;) <
Vier(Ai, Bi).

If (A;,B;)) < (A,B) foreachi € I, then V;c;A; < Aand F(V;c; A;) < F(A) = B.
Hence Vic (A, Bi)) = (Vier Ai, F(Vier Ai)) < (A, B). Thus Vic (A, B;) is the supremum
of (A, B;) foreachi e I

For eachi € I, (A;, B;) € F(t4,,F, G, 14,),

( ( (/\IGIA‘))) = F(/\ZEI Ai)
- /\161 F( ) /\161 is
( (/\zel Aj)) = (/\zel F(Ai)) = G(/\ie[ B;).

Hence A;c;(Ai, B;) € .F(deX,F, G,dfdy). Moreover, since A;cr B; < B;, F(G(Ajer Bi)) <
Nier F(G(Bi)) = Aier Ai < Bj. Thus, Ajcr(A;, Bi) < (A;, B;) for eachi € L.

If (A,B) < (A;,B;) foreachi € I, then B < A;jc;B;and A = G(B) < G(Asej Bi)-
Hence (A, B) < Aie1(Ai, Bi) = (G(Ajer Bi), Nicr Bi)- Thus A;c;(A;, B;) is the infimum of
(A;, B;) foreachie . O

5}
eC.
), (G(B), B) ef(deX,P,G,dey).

Remark 3. Let (X, L, )and (Y, L, ) bedistance spaces with Tip, = LX and T, = LY. Let
F:LX > LYand G: LY — LX be two maps with a residuated connection (clTLA ,F, G, dnA ).
X Y

By Theorem 5, .7’-'(dnA ,F,G, dnA ) forms a complete lattice as a sense in [17].
X Y

Example 1. Let X = {x1,xp,x3} be a set of objects x; and Y = {y1,Y2,Y3,ya} be a set of
attributes y;. Define a binary operation © on L = [0,1] by

x®y=min{l,x+y}, x ©y = max{x —y,0}.
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Then (L = [0,1],®,©,0,1) is a complete coresiduated lattice.
Let (X, Y, R) be an information system with R € [0,1]%*Y as follows:

R v1i v2 y3 Va
x; 01 04 05 02

x, 03 06 04 05
x3 05 05 03 06

(1) Let (X, dx) and (Y, dy) be distance spaces as follows:

0 03 05 02

0 04 05
05 0 02 05
dx=1]1 06 0 03 |dy= 03 02 0 05
04 02 O ' ’ i

06 03 05 0

Then Tq, = {Axex(A(x) @ dx(x,—)) | A € L*} and 7y, = {Ayev(B(y) @ dy(y,—)) | B €
LY} are Alexandrov topologies on X and Y, respectively.
Since dx o Rody = R, is a residuated frame, by Theorem 2, (deX, F,G, dfdy) is a residuated

connection where
F(A)(y) = Arex(R(x,y) & A(x)),

G(B)(x) = Vyex(B(y) © R(x,y)).

Moreover, F((dx)x)(y) = R(x,y),G(((dy)")")(x) = R*(x,y), F(R"(—y2))(ya) =
Axex(R(x,y4) © *( 2)) = 0.8, G(R(x3, —))(x1) = Vyey(R(x3,y) © R(x1,y)) = 04.
For A1 = (0.5, 07) de, 04 = Ai(xp) ®dx(x,x3) 2 A1(xz) = 0.7. Then
Ay & 14, But, A = (05,0.1,04) = Ayex(Ai(x) @ dx(x,—)) € 14, and F(A) =
(0.4,0.7,0.5,0.6) € Ty,
Then a fuzzy concept lattice F (74, ,F, G, 1y, ) is defined as

-F(deX,F, G/deY)
={(A,B) € 1y, x 14, | F(A) = B,G(B) = A},
(A1,B1) (AZr BZ) lﬁA1 < Az(OT’ B; < Bz)

Since A # G(F(A)) = (0.4,0.1,0.2),

(A,F(A)) & Fldy, F,G,dx, ),
(G(F(A)), F(A)) € F(ds,,, F,G,dx ),

((dx)x, F((dx)x,))
((0,06,04),(0.1,0.4,05,02)) & F(d, ,F,G,dx, ),

(G(F((dx)x)), F((dx)x,))
= ((0,0.1,0.2),(0.1,04,05,02)) € F(dy, ,F,G,dr, ),

(dX)le ((dx)xz))
(0.4,0,02), (03,0.6,0.4,05)) ¢ F(dr, ,F, G, dr, ),

(
G(F((dx)x;)), F((dx)x,))
((03,0,01),(0.3,0.6,0.4,0.5)) € F(dv, ,F,G,dx, ),

==

—~
—

dx)xs, F((dx)x;))
((0.5,0.3,0), (0.5,0.5,0.3,0.6)) & F(dx, ,F,G,dx, ),
G(F((dx)x;)), F((dx)x;))
((0.4,02,0),(05,05,0.3,0.6)) € F(dx, ,F,G,dz, ),

= |

https://doi.org/10.3390/axioms15050336


https://doi.org/10.3390/axioms15050336

Axioms 2026, 15, 336 12 of 25

(dx)x,

g ( )/

G(F((dx )xl))VG(F((dx)xz))))
( )

)V G(F((dx)x,)), F
2),(0.3,0.6,0.5,0.5)
x)) V G(F((dx)x,)), F
2),(0.4,0.7,0.5,0.5)

F((dx)x)) N G(F((dx)x;)), F((dx)x ) A F((dx)xs))
(0,0.1,0),(0.1,04,03,0.2)) & F(dr, ,F,G,dx, ),
(

(
(
G(F((dx)x) AF((dx)x;)), F((d )xl)AF((dx)xs))
=((0,0,0),(0.1,04,0.3,0.2)) € F(tuy, F, G, ).

(2) For an information system (X, Y, R), we can obtain two distances d% : X x X — L and
d:YXY— Las
dy(x,2) = Vyey(R(x,y) © R(z,y)),
dy (y,w) = Viex(R(x,y) © R(x,w)).

as follows:
0 01 02 0 03 04 02
A=l o3 o o1 |a= 0 0 01 01
L )Y | o202 0 03
04 02 O

0 02 03 O

Then F (de1 ,F,G, de1 ) is a fuzzy concept lattice where F, G in (1) and
X Y
-F(de%(/F/ G/ de%/)
= {(4, B)ETd1 X Tq1 | F(A) = B,G(B) = A},
(Al, Bl) (Az, Bz) lffAl < Az(OT B1 < Bz)

For A1 = (0.5,0.1,0.7) ¢ T, C = (04,0.1,0.2) = Ayex(Ar(x) ddi(x,—)) € Ty and
F(C) = (0.4,0.7,05,0.6) € T
Since C = G(F(C)) = (04 0.1,0.2),

(C/F(C)) € ]:(d'f1 /FIG/dT] )/
X dy

For By = (03,0.6,0.1) & 7, D = (03,03,0.1) = Ayex(Bi(x) © dk(x, -)) € 7 and
F(D) = (0.4,0.6,04,05) € 7.
Since D # G(F(D)) = (0.3,0.1,0.1),

(D, F(D)) & Flds,y F,G,dr, ),
(G(E(D)), F(D)) € F(d, ,F,G,dx, ),

(dx)x, F((d)x;)
=((0,01,0.2),(0.1,0.4,05,0.2)) € F(dr, ,F,G,dz, ),
X Y

(@%)x2, F((d%)x2))
= ((03,0,01),(03,0.6,04,05)) € F(dy,, ,F,G,dr, ),

(dx)xs, F((d%)x))
= ((0.4,02,0),(05,05,03,06)) € F(dr, ,F, G, dz, ),
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(@), V (d%)xp, F((d)x,) V F(
= ((0.3,0.1,0.2), (0.3,0.6,0.5,0.5
) 1
0.

(@) V (dx)x, F((dx)x V (d%)x,))
=((0.3,01,02),(0.4,07,05,05)) € F(dr,  F, G, dr, ),

X A (dx)x, F((d%)x ) A F((d
(0010),(0104 3,02)) n

( 0.
G(F((d)x;) A F((d%)x3)), F((dx)x,) A E((d¥)x,))
= ((0,0,0),(0.1,0.4,0.3, ) € ]—'(del,FGd ).

d

)x3))
(dry F Grry ),

.
N =

0.
3))
0.2)

Moreover,

F(R (4/1))( 3) = F((0.9,0.7,0.5)) (y3)
= (d))*(y3, 1) =
G(R(x2,—))(x

3) =
:d}((xz,x3) 0.1.

0.8
((0.3,0.6, 0.4,05))(x3)

(3) Let (X, La,)and (Y, LA, ) be distance spaces with T, = LX and T, = LY. Define
f: X =Y bea function as
flx) = f(x2) = y1, f(x3) =y
By Remark 2 (2),

T, ify ¢ f(X),

and G(B)(x) = B(f(x)) for each x € X.
For Ay = (05,0.1,07) €T, = LX,

F(A)(y) = { Axep1(qyy AW, ify € f(X),

F(A1) =(01,1,07,1) €Ty, = LY,
G(F(Ay)) = (0.1,0.1,0.7) € LX,

(A1, F(A1)) & F(dx, F,G,dpx),
(G(F(A1)),F(A1)) € F(d;x,F,G,d;x).

4. Various Embedding Maps Based on Alexandrov Topologies

In this section, we investigate the relations between R-R embedding maps and R-R
frame embedding maps.

Theorem 6. Let (X,dx) be a distance space, and v, and T, = {a € L% | a(A) @
dx
dex(A’ ) > «(B)} be Alexandrov topologies. Define a map kx : X — Tdyy, 5 kx(x)(A) =
R(A) = A(x). Then kx : (X,dx) — (Tde ,deTd ) is an embedding map.
X X

Proof. We show kx(x) =% € Ty, from
X

2(A) ®dr, (A, B)
= 2(4) ® Vyex(B(y) © A(y))
> A(x) © (B(x) © A(x)) = B(x) = £(B),

If kx(x)(A) = kx(y)(A) for each A € 14, then kx(x)((dx)x) = kx(y)((dx)x) =
dx(x,y) = L for (dx)x € T4y, and kx(x)((dx)y) = kx(y)((dx)y) = dx(y,x) = L for
(dx)y € T4, Thus x = y. Hence kx is injective.

For each A € 14, since A(x) ® dx(x,y) > A(y), we have
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dx(x%,y) 2 Vaer, (Aly) © A(x))
= Vaer, (9(A) © £(4)) = dede (£,9)-

Put (dx).(x) = dx(z,x). Since (dx).(x) ®dx(x,y) > (dx):(y), then (dx). € 14, for

all z € X. Hence

iy (59) = Vpery, (AW) © AW)

> Viggen, (@x):(0) © (dx)=(+)

= Vzex(dx(z,y) ©dx(z,x)) = dx(x,y).
Thus, deTd (2,9) =dx(x,y). O

Definition 7. Let (dx, R,dy) and (dz, R, dy) be residuated frames. Let kx : (X,dx) — (Z,dz)
and ky : (Y,dy) — (W,dw) be maps. An injective function k = (kx,ky) : (dx,R,dy) —
(dz,R,dw) is called R-R frame embedding if

dx(x,z) = dz(kx(x), kx(z))
dy(y,w) = dw (ky(y), ky (w)
R(x,y) = R(kx(x),ky(y))-

Lemma 4. Let (X,dx) and (Y,dy) be distance spaces, and f : X — Y and ¢ : Y — X be two
maps. Then the following holds.

,),

(1) If (dx, f,g,dy) is a residuated connection and a define map R : X x Y — L as

R(x,y) = dx(x,8(y)) = dy (f(x),y)-

Then (dx, R, dy) is a residuated frame.
(2)  If gisisotone and Ry(x,y) = dx(x,g(y)), then dx o Ry ody = Ry.
(3) If f isisotone and Ry (x,y) = dy(f(x),y), then dx o Ry ody = R;.

Proof. (1) Foreachx,x; € X,y,y1 €Y,

dx(x,x1) @ R(x1,1) © dy(y1,v)
=dx(x,x1) & dx(x1,8(v1)) S dy(y1,v)
> dx(x,g(y1)) @ dx(y1,y)
=dy(f(x),y1) @ dy(y1,y)

> dy(f(x),y) = R(x,y).

Hence dx o Rody > R. Easily,dx o Rody < R.
(2) Foreach x,x1 € X,y,11 €Y,

dx(x,x1) © Ra(x1,y1) © dy(y1,y)

= dx(x,x1) ®dx(x1,8(y1)) ®dy(y1,y)

> dx(x,x1) ®dx(x1,8(y1)) ®dx(g(v1),8v))
> dx(x,x1) ®dx(x1,8())

> dx(x,g(y)) = Ra(x,y).

Hence dx o Ry ody > Rj. Easily, dx o Ry ody < R,.
(3) is similarly proved as in (2). O

o~~~ o~

Theorem 7. Let (X,dx) and (Y, dy) be distance spaces, 4, and t4, be Alexandrov topologies and
f:X—=Y,g:Y — X bemaps. Then the following statements (1), (2) and (3) are equivalent.

(1)  (dx, f,g dy) is a residuated connection, that is, dy (f(x),y) = dx(x,g(y)) forall x,y € X.
(2)  There exists a residuated connection (d+, F, G, d+, ) such that
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with isotonemaps f : X =Y, g:Y — X.
(3)  There exists a relation R : 73, X 15, — L as

R(A,B) = Vqiex(B(f(x)) © A(x))
= Vyer(B(y) © A(g(v)))

with isotone maps f : X — Y, g Y — X such that (deX,R, dey) is a residuated frame.
Moreover,

R(A,B) = dq, (A, f7(B)) = dy, (87 (A), B)

= dy, (F(A), B) = dy, (4,G(B))

where f<(B)(x) = B(f(x)),g" (A)(y) = A(g(y)), foreach x € X,y € Y, Fand G
in (2).

Proof. (1) = (2). Put Ry (x,y) = dy(f(x),y) = dx(x,g(y)) forall x,y € X. By Lemma 4 (1),
dx o Ry ody = Rj. By Theorem 2, there exists a residuated connection (d+,, F, G, d+,),
where

F(A)(y) = Neex(dy(f(2),y) @ A(2))
= Naex(dy(z,8(y)) @ A(z)),
G(B)(x) = Vyey(B(y) ©dy(f(x),y))

Hence f: X = Y, g: Y — X are isotone maps.

(2) = (1). By Lemma 3 (1), since A,cx(dx(z,g(w)) ® (dx)x(z)) = dx o Ry(x, w)
Ry(x,w) = dx(x,g(w)) and Ayey(dy (w,y) ® dx(x,g(w))) = Ry o dy
dx(x,8(y)), for (dx)x € T, and ((dy)¥)" € Tay,

dr, (F((dx)x), ((dv)Y)*) = Vaey (((dy)Y)* (w)
S Neex(dx(z,g(w)) @ (dx)x(z)))
= Vuwey (((dy))*(w) & dx(x,g(w)))
(by Lemma 1 (8))
= (Awey(dy(w,y) ® dx(x,g(w))))"
= dx(x,8(y))-

Hence d+, (F((dx)x), ((dy)?)*) = d%(x,8(y)) foreachx € Xandy € Y.
On the other hand, since A\ ,cy(dy(w,y) @ dy(f(x), w)) = Ryody(x,y) = Ri(x,y) =
dy(f(x),y) for (dx)x € T4, and ((dy)¥)* € Tdy s
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dr, ((dx)x, G(((dy))"))

= Vaex(Vwey (((dv)Y)"(w) © dy(f(z),w)))
O(dx)x(2))

(by Lemma 1 (8))

= Vzex((Awey (dy(w,y) @ dy(f(z),w)))*
©dx(x,z))

= Vzex(dy(f(2),y)" ©dx(x,2))

= (Azex(dy(f(2),y) ®dx(x,2)))"
=dy(f(x),y).

Hence dv, ((dx)x, G(((dy)Y)*)) = d3(f(x),y) for each x € X and y € Y. Thus,
dx (x,8(y)) = dux (F((dx)x), ((dy)¥)") = dr ((dx)x, G(((dy)Y)")) = dy(f(x),y) implies
dy(f(x),y) =dx(x,g(y)) foreachx € Xandy € Y.

(1) = (3). From the proof of (1) = (2), f and g are isotone maps.

Put S(A,B) = Vyey(B(y) © A(g(y))) for A € 14, and B € 1y,.. Since B(f(g(y)))

B(f(g(y))) @dv(f(g(y)).y) = B(y),dv(f(g(¥)),y) = L, A(x) = A(x) ©dx(x,g(f(x)))
A(g(f(x))) and dx(x,g(f(x))) = L, we have R(A, B) = S(A, B) from:

R(A,B) = Viex(B(f(x)) © A(x
> Vyer(B(f(8(y))) © A(g(y)))
= Vyer (B(f(8()) ®dy(f(8(¥)) ¥)) © A(g(y)))
> Vyer(B(y) © A(g(y))) = S(A

S(A,B) = Vyey
> Vxex(B(f(x
> Vyex(B(f(
= Vy€X<B(f(
For A € 14, and B* € ’l’d;1,A = Nsex(A(z)
implies B = /¢y (dy(—,y) © B*(y)). Thus,

R(A,B) = Viex(B(f(x)) © A(x))

= Vrex(Vyer (@3 (f(x),y) © B*(y))

O Nzex(A(z) ®dx(z x)))

= Vyey Vzex(Viex (dy (f(x),y) © dx(z,x)))

©(A(z) ® B*(y)))

= \/yEY \/ZEX((/\XEX(dY(f(x)’y) D dX(Z/ x))*
S(A(z) ® B*(y)))

((dx o R1)(z,y) = Ry(z,x
= Vyer Vzex(dy(f(2),y)) © (
= Vyer (Vaex(dy(f(2),y) © A(2)

= Vyer(B(y) © Nzex(dy (f(2),y) ® Az
— dy, (F(A),B)

= Vzex(Vyev (43 (f(2),y) © B*(y)) © A(2))
= Vzex(Vyex(B(y) ©dy(f(2),y)) © A(2))

= dr, (A,G(B)).

(AVANI!

<

(3) = (1). Since Aex(dy (f(z),y) @ dx(x,2)) = dx o Ry (x,y) = Ri(x,y) = dy(f(x),y),
for (dx)x € T, and ((dy)¥)* € 1y,
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R((dx)x, ((dy)¥)")
= Vaex(((dy)?)*(f(2)) © (dx)x(2))
= (Nzex(dy f(Z) y)®dd z))*

Since Azex(dy(z,y) ® dx(x,8(2))) = (Riody)(x,y) = Ri(x,y) = dx(x,8(y)), for
(dX)x ETdX and (( ) ) ETdy,

R((dx)x ((dy)¥)*)
= Vaex(((dy)Y)*(z) © (dx)x(8(2)))
= (Nzex(dy(z,y) ®dx(x,8(2))))" =dx(x,gy))"

Hence, for (dx)x € T4, and ((dy)Y)* € 14,
R((dx)x, ((dy)')") = dy(f(x),y) = dx(x,8(y))-
Thus dy(f(x),y) = dx(x,g(y)) forallx,y € X. O
Example 2. Define a binary operation & on [0,1] by
x@®y=min{x+y,1}, xSy = max{x —y,0}.
(1) Let dyg ) : [0,1] x [0,1] — [0, 1] be a map as follows:

)0, ifx>y,
dpo,) (%, y) _{1, ifx <uy.

By Lemma 1(6), djo q) : [0,1] x [0,1] — [0,1] is a distance. Then

Ty,

={A € 0,10 | Ayex(A(x) @dg(x,—)) = A}
={A 0,10 | Aoy A(x) = Ay),Vy € Y}
={A€[0,1)0U | A(x) > A(y),Vx > y}.

For a € [0,1], define fa, 84 : [0,1] — [0,1] as

falx) =x@a, gu(x)=xca.

Since fo(x) = x®a = yiff x 2 gly) = yOa, doy(fa(x),y) = dpy(x.8(y)) ie,
(d10,1) fa 8a, djo 1)) is a residuated connection. There exists a residuated connection (de ,F,G,d

such that a o
F(A)(Y) = Af,(z)=y A2)
= Ne>gu(y) Az) = A(]/ Sa),
G(B)(x) = Vy<f,(x) By)
= Vizg () Bly) = B(fa(X)) B(x @ a).
(

Ay (E(A), B) = Vyefon) (By) © F(A) (1))
= Vyelo1](By) © A(y ©a))

Ay (A G(B)) = Viepp) (G(B) (x) © A(x))
= Vxelo1)(B(x ®a) © A(x))

R(A,B) = Vyeo1)(B(x @ a) © A(x))

= Vyeo1(By) © Ay ©a))

=dy, (A fi(B)) =dv, (82 (A) B)
:deO/l](F(A), ) = dr, (A, G(B)).

https://doi.org/10.3390/axioms15050336


https://doi.org/10.3390/axioms15050336

Axioms 2026, 15, 336

18 of 25

For A(x) = 0.6,B(x) = x for each x € [0,1], then A,B € Ty Put fo3(x) = x @
0.3, g03(x) =x©0.3.Since F(A)(y) = A(y©0.3) = g53(A)(v),G(B)(x) = B(x®0.3) =
fo3(B)(x), F(A)(y) = 0.6,

- x+03, f0<x<07,
G(B)(x) = { 1, ifx > 07,
R(A,B) = de[O,l] (A,f(%(B)) = de[O,l] (g(%(A), B)
= de

01] (F(A),B) = de[O,l] (A,G(B)) =04.

(2) Let d : [0,1] x [0,1] — [0,1] be a distance as d(x,y) = xS y. Then 1y = {A €
[0, 1)1 | Ayex(A(x) @d(x, —)) = A}.

Define g : [0,1] — [0,1] as g(x) = 1x. Then d(g(x),g(y)) = sxo 1y <d(x,y) =xoy;
i.e., g is an isotone map. Put Ry(x,y) = d(x,g(y)). By Lemma 4 (2), (d, Ry, d) is a residuated
frame. Then (d+,, Fi, G1,d<,) is a residuated connection where

F(A)(y) = Nrex(A(x) © (x
G1(B)(x) = Vyey(B(y) © (x

Theorem 8. Let (dx, R,dy) be a residuated frame, 15, and 7, be Alexandrov topologies on X
and Y and 7z, ~and Tae,, be Alexandrov topologies on T4, and Ty, respectively. Define a map
dx

k= (knky) X xY 5 Tay, X Ty, 5 k(x,y)(A x B) = (2(4),9(B)) = (A(x),B(y)).
Thenk : (dx,R,dy) — (d T, R deTd ) is an R-R frame embedding map where
X Y

y) © A(x)),
S R(x,y)),

) ©a(A)),
)-

F(A)(y) = Arex(R(x
G(B)(x) = Vyer (B(y
R(a, ) = Vaeq, (B(E(A)
= Vier, (B(B) ©a(G(B))

"H\_/\
CD

Proof. By Theorem 6, kx : (X,dx) — (Tde ,deTd Yand ky : (Y,dy) — (Tde ,deTd ) are
X Y Y
embedding maps. Hence dx(x,z) = deTd (2,2)and dy(y, w) = deTd (9, ). By Theorem 2,
X Y

(deX, F,G, dfdy) is a residuated connection where

F(A)(y) = Arex(R(x,y) & A(x)),
G(B)(x) = Vyex(B(y) © R(x,y)).

By Theorem 7 (3), (d- Ty R,d, o, ) is a residuated frame where
X X

R(&,B) = Vacs,, (B(F(A)) © a(4))
= Vicr,, (B(B) ©a(G(B))).

For each £ € T, AS Tde, s
X Y

R(%,9) = V acr, (9(F(A)) © £(A))
= Vaeq, (F(A)) © A))

= Vaer, (Aex(RzY) @ A(Z) © A(x))
< Vaer, ((R(xy) @ A(x) & A(x))

< R(x,y).
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Put (dx)x(z) = dx(x,z). Then (dx)x € T4,. Since dx o R(x,y) = Asex(dx(x,z) @
R(zy)) = R(x,y),

(%,9) = vAerX(AZm (zy) @ A(z) S A(x))

X,
(Neex(RGzy) @ (dx)x(2)) © (@dx)x(x))
R(xy)

v =

Thus R(%,7) = R(x,y) foreach x,y € X. O

Example 3. Let (X = {x1,x2,x3},dx) be a distance space with

0 04 05
dx=1 04 0 03
05 03 0

Define a binary operation & on [0,1] by

x@®y=min{x+y,1}, x&y = max{x —y,0}.

Put
03 0.6 0.7

R=1 04 02 05
07 05 02

Since (dx, R,dx) is residuated frame, by Theorem 2, (deX,F, G, deX) is a residuated connec-
tion where

F(A)(¥) = Axex(R(x,y) ® A(x)),
G(B)(x) = Vyex(B(y) © R(x,y))-

For (dX)xl = (0,0.4,0.5), ((dX)Xz)* = (0.6,1,0.7) € Ty,
P((dX)xl) = /\xeX(R(xr 7) D (dX)X1 (x))

= R(xy,—) = (0.3,0.6,0.7),

)
G(((dx)™)") = Vyex(((dx)*2)*(y) © R(—,y))
= R*(—,x3) = (0.4,0.8,0.5),

) =
dy, (F((dx)x), ((dx)™2)7)
= dy ((dx)x, G(((dx)™2)")) = 0.4,

By Theorem 7 (3), (deTd R, deTd ) is a residuated frame where
X X

R(a, B) = Vaer, (B(F(A)) ©a(A))
= Vper,, (B(B) ©a(G(B)))-

For04 € ., defined as 0.4(A) = A for each A € 14,
X

R(0.4,%) = Ve, (41(F(4)) ©04(A))
= Vaer, (F(A)(x1) ©04))

= Vaer,, (Axex(R(x, x1) © A(x)) ©04))
=1604=0.6.

Amapk = (kx, kx) : X x X — T, X Ta, @S k(x,y)(A x B) = (2(A),§(B)) is an embed-
X X
ding map. But kx(x) # 0.4 for all x € X. Thus k is not surjective.
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Moreover, k : (dx,R,dx) — (deTd JR, deTd ) is an R-R frame embedding map with
X X
dx(x,y) = deTd (%,79), (xl,x]) R(xj, x;) for each x;, xj € X.

Definition 8. Let (dx, f,g,dy) and (dz, f, §,dw) be residuated connections. An injective func-
tion k = (dx, f,g,dy) — (dz, f,§ dw) is called an R-R embedding if for each x,z € X and
ywey,

Theorem 9. Let (dx, f, 8, dy) be a residuated connection, t4, and 14, be Alexandrov topologies
on X and'Y and ., and T, be Alexandrov topologies on Ty, and T, respectively. There exists
X Y

a residuated connection (deTd ,0,d, deTd ) defined as
X Y

R(A,B) = Viex(B(f(x)) © A(x))
= Vyex(B(y) © A(g(y))),
) @ R(A, B)),

©(«@)(B) = Aser,, («(A) R
(B(B) © R(A, B)).

(A

P(B)(A) = Vier, (B

Define a map k = (kx,ky) : X XY — Ta,, X Tg,, @5 k(x,y)(A x B) = (2(A),9(B)) =
X X

(A(x),B(y)). Thenk : (dx, f,g,dy) — (deTd ,0,, deTd ) is an R-R embedding map such that
X Y

©(#)(B) = f(x)(B) = B(f(x)),

O(#)(((dy)¥)") = dideX (%,8(y)) = dx(x,8(v)),
2(9)(A) = g(y)(4) = Ag(y)),

@) (dx)x) = dryy, (F(x),9) = dr(f(x).y)

Proof. By Theorem 6, since kx : (X,dx) — (Tde ,deTd Yand ky : (Y,dy) — (Tde ,deTd )
X Y
are embedding maps, * '
dX(x,z) = deTd (kx(
X
el w) = d, ey (), k(@) = d,, (9,2).

=
Nl
ox
>
—
N
=
~—
|
S8

By Theorem 7 (3), (deX, R, dey) is a residuated frame where

R(A,B) = Viex(B(f(x)) © A(x))
= Vyer(B(y) © A(g(y)))-

By Theorem 7, (d- 4, 0,9, deTd ) is a residuated connection where
X Y

O(2)(B) = Ascr,, (R(4,B) & a(A))

= Acry, (Vaex(B(f(%) & A(x) & a(4)),
©(B)(A) = Vier,, (B(B) & R(4,B))

= Vper,, (B(B) & Vyey (By) © AR(1))))-

Since B € 14, and f is isotone from Theorem 7 (2), then
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B(f(x)) @ dy(f(x), f(y)) = B(f(v))
= B(f(x)) ®dx(x,y)
> B(f(x)) ®dy(f(x), f(y)) = B(f(¥))-

Thus f<(B) € 14,. Put A = f<(B). Then

O(#)(B)
= Acry, (%(4) @ Vex(B(f(2) © A2)))
< #(£(B) @ Vaex(B(f(2)) & /< (B)(2))
= B(f(x)).
Moreover,
O(%)(B) = Aper,, (¥(4) & R(A, B))
= A, ((4 >@vzex< (fz) e A(2))
> Naery, (A(x) )) e A( x)))
> B(f(x)).
Hence ©(£)(B) = f(x)(B) = B(f(x
Since £ (B) € Tay, Vaex(BUF(2)) © (dx)x(2)) = B(F(x)). For (d)s € Ty

Since A € 14, and g is isotone from Theorem 7 (2),

A(g(y)) @dy(y,w) > A(g(y)) ®dx(g(y), g(w))
> A(g(w)).

Thus ¢~ (A) € 14,. Put B =g (A).

®(9)(A) = Ve, (7(B) & R(4,B))
= Vper, (7(B)© Vyer(B(y) © Ag())))

> 987 (A) © Vyer (™ (A)(y) © A(g(y)))
= A(g(y))-

©(7)(4) = Vper, (7(B) S R(4,B))
= Vper,, (9(B)© Vyer(B(y) © AG3())))

< vBETd (B & (Bw) & AGgw))))
A(g(y)

)-
Hence ®(§)(A) :8@)( )= Ag(y ))
For each x € X and ((dy)¥)* € 1,
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*

(8)(A)©2(A))) (by Lemma 1 (8))
=dy,  (2,8(y)) =dx(x,g(y)) = R3(x,y).

Moreover,

Hence ©(£)(((dy)¥)") = d%,T (2,8(y)) = Ra(x,y)" = di (x,8(y)). Thus,

©(2)(B) = f(x)(B) = B(f(x)),

O(#)(((d )))—didT (2,8(y) = di (x,8(y)),
@(9)(4) = g(y)(4) = Alg(y)),

P(9)((dx)x) = dr, (f(x),9) = dy (f(x),y).

Moreover,

Hence k : (dx, f, g, dy) — (deTd ,0,d, deTd ) is an R-R embedding map. [
X Y

Example 4. Let X = {x1,x2,x3} be a set and f : X — X a function as f(x1) = xp,
f(x2) = x1, f(x3) = x3 and f = f~. Define a binary operation & on L = [0,1] by

x®y=min{l,x+y}, x©y = max{x —y,0}.

Let (X,dx) be a distance space as follows:

0 05 04
dx=1 05 0 04
03 03 O

Since dx(f(x),y) = dx(x, f(y)) forall x,y € X, (dx, f, f,dx) is a residuated connection. By
Theorem 7, (dx, Rq,dx) is a residuated frame where Ry (x,y) = dx(f(x),y) = dx(x, f(y)) for

all x,y € X such that
05 0 04
Ry = 0 05 04
03 03 0

By Theorem 7 (2), there exists a residuated connection (d ,F,G, de ) where
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F(A)(y) = Naex(dx(f(2),y) © A(z))
= Neex(dx(z f(y)) © A(2))
( (f(x),y))

By Theorem 7 (3), (deX,R, deX) is a residuated frame where R : 73, X 15, — Las

R(A,B) = Vxex(B(f(x)) © A(x))
= Vyex(B(y) © A(f()))-

For A1 = (0.5,0.2,0.8), 0.6 = Al(XZ) @dx(Xz,X3) 7 Al(X3) = 0.8, A1 g Tdy- Then
A= /\Zex(dx(z,y) D A1 (Z)) = (0.5, 0.2, 0.6) S Tdy-

For Bl = (0.2,0.7,0.8), 0.6 = B1(X1) @dx(X1,X3) z Bl(X3) = 0.8, B1 ¢ TdX. Then
B = Azex(dx(z,y) ® Bi(z)) = (0.2,0.7,0.6) € 74,. For A = (0.5,02,0.6) € 14, and
B =(0.2,0.7,0.6) € Tiy/

(0.2,0.5,0.6)
(0.7,0.2,0.6)
w))

x))
(B)) = 0.2.

= Nzex(dx(f(2), —) © A(z))
= Vyex(B(y) ©dx(f(-).y))
A),B) = Vyey(B(w) © F(A)
/G(B)) = Vxex(G(B)(x) 5 A
= dT,;zX (F(A)/B) = deX(

/-\

Q/\

By Theorem 5,
{(A,F(A)),(B,F(B))} C Fl(dy, ,F,G,dy ). Moreover,

F((dx)x)(y) = Azex(dx(f(2),y) ® dx(x,z))

By Theorem 9, (deTd ,0,0, deTd ) is a residuated connection where
X X

O(a)(B) = Aser,, (2(A) © R(A, B)),
®(B)(A) = Ve, (B(B) S R(A, B)).
Since (dx, f, f,dx) is a residuated connection, by Theorem 9, ©(%)(A)

and ©(9)(A) = f(y)(A) = A(f(y)) for each A € Ty Thus, ©(%) =
For A = (0.5,0.2,0.6) € 14, and B = (0.2,0.7,0.6) € 14,,

©(41)(A) = f(x31)(A) = A(f(x1)) =02,
©(%1)(B) = f(x1)(B) = B(f(x1)) = 0.7.

Hencek : (dx, f, f,dx) — (deTd ,0, 0, deTd ) is an R-R embedding map. Moreover,
X X

F(x)(A) = A(f(x))
®

(%) for each x € X.

dry, (O(¥2),%3) = dr;, (f(x2), %3)
X X

= dx(f(xz), X32 =04 = dx(XQ,f(x:),))
= dy,, (0 f(x3)) = dy, (¥, P(x3)),
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5. Conclusions

In this paper, we have introduced that residuated frames for fuzzy logics induce
residuated connections on Alexandrov topologies. Moreover, we have studied that fuzzy
residuated connections with distances induce fuzzy concept lattices based on Alexandrov
topologies. From an information system, we can define two distances for objects and
attributes satisfying a residuated frame. Moreover, we obtain a residuated connection and
a fuzzy concept lattice. It has shown that big data with an information system can also be
variously classified into small groups with a viewpoint of Alexandrov topologies induced
by distances.

In the future, by using the concepts of various connections and frames, we may study
various fuzzy concepts, information systems and decision rules on algebraic structures.
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