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Abstract

In terms of order, lower order, type, lower type and two-member power asymptotic for the
o
function A(z) = Y a,f(A4z), analytic in a finite disk, where f is an entire transcendental
n=1

function and (A,) is sequence of positive numbers increasing to +co, the relationship
between the growth of M(r, A) = ¥ [an|Mf(rAn), where Mf(r) = max{[f(z)| : |z| =1},
n=1

and the behavior of the coefficients ;n, is studied.
Keywords: series in system of functions; order; type; two-member power asymptotic

MSC: 30B50; 30D20

1. Introduction

The study of asymptotic properties of analytic functions represented by series in
systems of functions has deep roots, beginning with classical works such as those by
Beuermann [1], Kamthan [2], and Reddy [3], as well as the structural developments of
Zelisko [4]. Important advances were made through the theory of regularly converging
series explored by Sheremeta [5-7] and later expanded in the analyses of maximal terms
by Gal’ and Sheremeta [8]. The foundations of series expansions in suitable function
systems were also shaped by contributions of Saurer [9] and the extensive series of results
by Vinnitskii [10-13]. Further refinements involving Borel-type relations and positive
functional series were introduced by Skaskiv and collaborators [14-16], with additional
developments by Bodnarchuk, Skaskiv, and Trusevych [17]. Recent progress on two-
member asymptotics and inequalities analogous to those of Lockhart and Straus is reflected
in the works of Holovata and Sheremeta [18], while classical insights into the relation
between maximal terms and maximum modulus can be traced back to Lockhart and
Straus [19] and later to Filevych [20] and Skaskiv [21]. Altogether, these references form
a coherent theoretical background for the present investigation. The purpose of this
study is to establish explicit formulas describing the order, lower order, type, lower type,
and two-member asymptotics of functions defined by such series in system of functions,
expressed directly in terms of their coefficients.
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Let
f2) =Y fidk (1)
k=0
be an entire transcendental function,
My(r) = max{[f(z)| : |z| =1},

(An) be a sequence of positive numbers increasing to +oco and

A(z) = Z anf(Anz) )
n=1

be a series in the system f(A,z). Let R[A] be the radius of regular convergence of
series (2), i.e.,
M(r,A) =Y, |an| Mg (rAy) < +oo 3)
n=1
holds for r < R[A] and does not hold for r > R[A]. If (3) holds for all r > 0 then we put
R[A] = +oo.

dIn Mg(r) . L . .
Denote I'(r) = s (at points where the derivative does not exist, the notation
dln Mg (r) . . . . . .
., Mmeans right-hand derivative). Since the function In M¢(r) is logarithmically

convex, we have I'¢(r) / +ooasr — +oo.

Remark 1. Let M(r) = max;—, |f(z)|, where f is an entire function, and consider the func-
tion ¢(r) = log My(r), for r > 0. The derivative in the variable r exists almost everywhere.
The function has such known properties: My(r) is a continuous and non-decreasing function
and log M¢(r) is a convex function as a function of logr (Hadamard three-circle theorem). So,
¢(r) has one-sided derivatives everywhere, but the ordinary (two-sided) derivative may not ex-
ist at points where the “dominating” term changes in power series of f. If f(z) = Yoo axzt,
then the following estimate is often valid: M¢(r) ~ max |ag|r%. Then for the logarithm, one has
log M¢(r) = maxy(log |ax| + klogr). It is the maximum of the family of smooth functions. At
points where the maximum is attained by two different indices k, a break occurs. Let us present
a simple example where only the right-hand derivative exists. Put f(z) = z +z2. Forr > 0,
one has Mg(r) = max;—, [z + 22| = r + 12 Then ¢(r) = log(r + r*). We have such asymp-
totic estimates:

forr < 1: Mg(r) ~ 1, ¢(r) ~logr;

forr > 1: M(r) ~ 12, ¢(r) ~ 2logr. At the point r = 1, the left derivative is
=1, and the right derivative is %ZIOgr’r_l = 2. Hence, ¢'(1 —0) # ¢'(1+0).

d
7 logr ‘ L _
Then the ordinary derivative does not exist, but the right derivative exists.

It is known [5] that if T¢(cr) =< Tf(r) as r — oo for each ¢ € (0, +o0) and In n =
1 1
0(Ts(An)) as n — oo then R[A] = lim —Mf_1 <> If 0 < R[A] < +oo then quantities

n—oo An |an|

— InlnM(r, A)
Al= 1 7
oAl = i T ®A] )’

~ lim In In M(r, A)
MAI= B RAT 1)

are called the order and lower order of the function A, respectively. If 0 < g[A] < +oo, then
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T[A] = Tim (R[A] — r)24 1n om(r, A),
[A] rTgﬁﬂ([] r)*n M(r, A)

t{A] = lim (R[A] — )24 In M(r, A)
rIR[A]
are called type and lower type of the function A, respectively.
The purpose of this article is to find formulas for calculating o[A], A[A], T[A] and t[A]
by the coefficients a,. In addition, the two-member power asymptotic of In M(r, A) will
be studied.

2. Formulas for the Order and Lower Order

Let
u(r, A) = max{|ay|Ms(rAy) : n > 1}

be the maximal term of series (3) and
v(r,A) =max{n > 1: [ay|Ms(rAn) = u(r, A)}

be its central index. We remark that if R[A] < +oo then the function y(r, A) can be bounded
on [0, R[A]). But if
lim |an| My (R[A]An) = oo,

then u(r, A) — 400 as r — R[A]. In what follows, we will assume that this condition
is satisfied.

Let us recall that a (measurable or smooth) function f : R" — C s called slowly increas-
ing, if there exist constants C > 0 and N > O such that |f(x)| < C(1+ |x|)N forall x € R".
In other words, a slowly increasing function grows at most polynomially at infinity. No
restriction is imposed near the origin; the condition concerns only the behavior as |x| — co.
The same concept can be expressed in Big-O formulation f(x) = O(|x|N) as |x| — oo for
some finite N or by the logarithmic growth log | f(x)| = O(log |x|).

Clearly, p(r, A) < 9M(r, A). On the other hand, the following statement is true.

Lemma 1. Let I's(x) = x+ O(l(x)) as x — +oo, where | is a slowly increasing function,

and InIn n(t) = o(Int) as t — oo, where n(t) = Y\ <1 is the counting function of the
sequence (Ay). Then for every g € (0,1), e € (0,1) and all r € [ro(e), R[A]) one has

M(r, A) 4p e/(1—¢) § 4 e/ (1—¢)
u(r+q(R[A] —7), A) S2<q(R[A]—r)) xp (WR[A]_V)) +K, (4

where p > 1 and K is a constant independent of r.

Proof. For g € (0,1) we have

Mf(r)\n) <
Mg((r+q(RIA] =r)An) —

M(r, A) = il|an|Mf<<r+q<R[A} —))An)
Mf(?’)\n)

< i+ a(RIAT =), A) L 3 o (RIAT = 7)) A

n=1

On the other hand,
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Me((r+q(R[A]—1)An
A BN oxp{in My (7 + 4(RIA] = 1))An) ~ In My(rAy)} =

(ra(RIAI=)An) (r+q(R[A]=7))An)
= exp }\f T In My(t)dIn t » = exp }\f Ti(t)dInt ;.
T'An T'An

Since I'f(r) / +ooasr — 400, one has T¢(t) > T(rAy) for t € [rAn, (r +q(R[A] — 7)) Ay].

Then (r+q(R[A] ) A,)
M ((r+(R[A]-1)\,) rHARIAIZT) A
/ r}\/?f(r/\ﬂ) ! >exp{l"f(r/\n) mf dinty =
= exp{Ff(r)\n) In 7”'1(%[’4}4) = ©)

= exp{Ff(r/\n) In (1 + W)} > exp{Ff(rAn)q(R[;;]_r) }
provided r > R[A]/2. Above in the last inequality we used that In(1+ x) > 3 for x € (0,1].
Since g € (0,1), one has In (1 + q(R[‘;‘]_r)) > q(R[Q]_r), if q(R[‘:]_r) < RAl-1) o (0,1].

- r
From R4=1) < 1 we deduce R[A] < 2r.

r

From (5) and (6) we get

3 9(R[A] — 1)
TR A < e e TR R o

and, thus, we need an estimate for the series on the right-hand side of (7).
Since T¢(x) = x + O(I(x)) as x — +oo, where [ is a slowly increasing function,

we have
geXP{—Ff(Mn)‘m;l_r)} = éexp{—(l +0(1))W2\n} <
= ,ﬁeXP{_cm;;]a_r)A"} K< ZQXP{—Wt}dn(t) +K, 8

for p > 1. Here and below, K; denotes positive constants independent of r.
The condition In In n(t) = o(In t) as t — +co implies In n(t) < t* for every ¢ € (0,1)
and all t > ty = fy(e). We put

Then
i g(R[A] - 1) g(RIA] =1) | g(R[A] - 1)
O/exp{— 2 t}dn(t) < 2 O/n(t)exp{— 2 t}dt <
aRal-n (7T a(R[A] 1)
< —F + [ + expy ——————t+In n(t) pdt. )
2p 0/ ; T([) { 2p }
On the other hand,
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T
R[A]-r) T R[A]—r
A0 T ol (s i
_ aRAI-n) T ¢ (a(R[A]=7) _
- sien T (1) o=
(r) 5 (10)
_ qR[A]=r)  _ —4p s _ ¢ 9(R[A]=7)
= M5 S tims e exp{ — (155 } o
1/(1—¢)
_ _ 9(R[A]- )| _ _ 4p g(RIA]-N ) | _
_2exp{ T(r)( T )}—Zexp{ <q(R[A]r)> ( T )}
= 2exp{_ (W(R[ﬁq]—r))_s/(l_s)} <2
(R[A]-7) (R[A]-r) | ~¢/(1=®)
because qT > 0 and (qT> > 0. Moreover,
a®(al-n T ARIA-) , | e
ARAr) t{ exp{ — 18R 4 pedar <
T(r) .
< AR [ exp{t)dr < WAD (1) exp{T(r)} = (11)
_ 2< 4p )E/(lﬁ) exp ( 4p )8/(18)
q(R[A] —71) q(R[A] — 1)
and, similarly,
to
q(R[A] —7) CqR[A]=7), | e q(R[A] —7) ¢
2 /exp 2 t4+ 15 5dt < 2 toexp{ty} <
< @to exp{ty} = Kz < +o0, (12)

because g € (0,1), r € [ro(¢), R[A]), p > 1 (see above lines). So, weputr =0, =1,p = 1.
Recall that t((¢) is chosen such that In n(t) < t for every e € (0,1) and all t > t( = tg(e).
Hence, the expression %to exp{t§} = Ky is finite. Estimates (8)-(12) imply (4). Lemma 1
is proved. O

Using Lemma 1, we prove the following theorem.

Theorem 1. If T¢(x) = x + O(I(x)) as x — +oo, where | is a slowly increasing function,
and In In n(t) = o(In t) as t — oo, then

o buA) oo Indnu(,A)
AA = ek = e S — . M =AM = m R

Proof. Since u(r, A) < M(r, A), we have o[u] < 0[A] and A[u] < A[A]. On the other hand,
from (4) we obtain

e/(1—e)
In M(r, A) <1In u(r+q(R[A] —71),A)+ (1+0(1)) <q4p—r)> l , r1TR[A],

and, thus,

InlnM(r, A) <Inlnu(r+q(R[A]—71),A)+ In p +o(1)+In2, r1RIA]
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Therefore,
InnM(r,4) _ _Inlnp(r+q(R[A] —7),4) In(1/((A-q)(R[A] 1))
In(1/(R[A] =r) = In(1/(R[A] =r —q(R[A] =7)))  In(1/(R[A] —7))

L& In(@/(R[A] - r)) +O(1)
1—¢ In(1/(R[A] —7)

(
whence it follows that o[A] < o[u] + /(1 —¢) and A[A] < A[u] +¢€/(1 —¢). In view of the
arbitrariness of ¢ we get 0[A] < o[u] and A[A] < A[y], ie., 0[A] = o[u] and A[A] = A[u].

+0(1), r7TR[A],

Theorem 1 is proved. [J

We now obtain formulas for the finding o[u| and A[u] by the coefficients a,,. At
first, we remark that the condition I' f( x) = x+O(I(x)) as x — +oo implies In M¢(x) =
x + O(L(x)) as x — o0, where L(x) = [ I(t)dIn t is also a slowly increasing function.

Let o[u] < +co. Then In y(r A) < (1/( [A] — 1)) for every 0 > o[u] and all
r € [ro(0), R[A]). Therefore,

In |ay| <Inp(r,A) —In M¢(rA,) <

< m — 1A, + K3L()\n)

foralln > 1and r € [ro(0), R[A]). We choose r = r, := R[A] — (0/An)"/ €+, Then
tn > 1o(0) for n > np(e) and

A\ ¢/ (e+D) A\ ¢/ (e+D)
In |y < ( Q”) —R[A]An+Q<Q"> +KaL(M),

ie.,
o/(e+1)
In (a, [eRAA) < (0 4+1) ();) (140(1)), n— oo,

and

In In (|a,|eRAM) < (1 —I—o(l))g%ln An, 1 — o,

whence in view of the arbitrariness of ¢ we get

— In In (|a, [eR[AIAn)

_ olu]
a[A] := Tim L < 1T < 1. (13)

On the contrary, if a[A] < 1 then In (]a, [eRlA1M) < A% for every & € (x[A],1) and all
n > ng = np(w). Therefore,

In u(r,A) <Ky +rr;ax{ln |an| +1In Mg(rAq)} <
n-=ng

< max{Ay — R[AJA; + 1Ay + KsL(rAn) } + Ky <

n>ngp

< max{px® — (R[A] = r)x} + Ky = max{—x((R[4] = 1) - o) 1 Ky

1/(1—«)
for some p > 1. Put x(r) = (R[A?—r) . Then (R[A] —r) — px*~! = 0 and the

maximum point of the function px* — (R[A] — r)x does not exceed x(r). Therefore,

p /(1—a)
In u(r,A) < px(r)* + K4 = p(R[A]—r) + Ky,

https://doi.org/10.3390/axioms15050335
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whence in view of the arbitrariness of « it follows that o[u] < «a[A]/(1 — a[A]). Thus,
the following statement is true.

Proposition 1. If T(x) = x + O(I(x)) as x — oo, where | is a slowly increasing function,
then olp] = [A)/ (1 a[A]).

To find the formula for A[u] we need a result from [8]. Suppose that the function I'f
M 1 400 as r T R[A]. Therefore, if all a4, # 0 then
Mf (1’/\,1 ) ' ! "
Mf(r)\n+1) ~ an lan| Mf(Kn)\n+1)

My (rAn) [ |ania] My (knAn)
The following statement is proved in [8] for R[A] = oo, but from the proof given in [8] it
is clear that it is also true for 0 < R[A] < +oo.

is increasing to +oo. Then

the equation has unique solution r = x,, i.e.,

Lemma 2. Ifk, /* R[A]asn — oo then p(xy, A) = |an|Ms(xknAn). If kn T R[A] as n — oo
then u(r, A) = |an|Mg(rAn) and v(r, A) = n forall v € [k, 1, kn) and all n > 1.

Now we suppose that

.. In In (|ay|eR[AIAn)
BlA] := lim e <1

n—oo

Then for every € (B[A],1) there exists a sequence () 1 co such that In (|a,, |eR[A])‘"k) <
)\ﬁk. If ki, /* R[A] as n — o0, then by Lemma 2 we have i(k,, , A) = |ay, |Mf(1cnk)\nk). Let
m € {n;}. Then

In p(xm, A) < AB R[AJAm +1In My (kmAm) < In p*(km),

where
In u*(r) = mg{({)xg — R[A]Ay +1In Ms(rAy)}
n=

and as in the proof of Proposition 1 we get
In g, A) < In ¥ (16, A) < p(p/ (R[A] = 16))P/ 0P,

whence in view of the arbitrariness of f it follows that

InIn u(r, A)) < lim In In p(rm, A)) < BlA]

Alu] = n%] ZIn(RIA]— 1) = moe —In (R[A] — k) — 1— B[A] (14)

On the other hand, if B[A] > 0 then In (|a, [eRlAAr) > AP for every B € (0,B[A]) and
all n > ng = ny(pB). Therefore, if we choose r, = R[A] — AB=1/2 then

In p(r, A) > In [ay] +1n My (radn) = A — RIAJAy + radn +O(L(rudn)) =

—AP/2 40 0(L(A) = (1+0(1)AE/2, 1 — o,

ie.,
Inln u(ry, A) > (1+0(1))BIn Ay, n — oco.

Similarly,

Inln u(ry41,A) > (14+0(1))pIn Ay = (140(1))BIn Ay, 1 — o0

https://doi.org/10.3390/axioms15050335
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ifIn Ay 1 = (140(1))In A, as n — 0. Since A, = (1/(2(R[A] — 7))/ (1=F), from hence
forry, <r <r,q1 we get

Inln u(r,A) > Inln u(r,, A) > (1 +o(1))1’8ﬁ1n R[Al] — r T R[A],

BlA]
- BlA]

, that is

i.e., in view of the arbitrariness of § we obtain the inequality A[u] > 1
obvious if B[A] = 0. Thus, the following statement is true.

Proposition 2. Let I'r(x) T +ocoand T¢(x) = x + O(I(x)) as x — +oo, where | is a slowly
increasing function. If In Ay yq1 = (1+0(1))In Ay, and x, /* R[A] as n — oo then A[u] =

BlA]/ (1 = BlA]).
Combining Propositions 1 and 2 with Theorem 1, we arrive at the following theorem.

Theorem 2. Let I'r(x) = x+ O(I(x)) as x — +oo, where | is a slowly increasing function,
andIn'In n(t) = o(In t) ast — +oo. Then o[u] = a[A]/ (1 — a[A]) and if, moreover, T r(x) 1 +o0
asx — +oo,In Ay = (14+0(1))In Ay and x, /' [A] as n — oo then A[u] = B[A]/(1 — B[A]).

3. Formulas for the Type and Lower Type

Let’s start with the following analogue of Theorem 1.

Theorem 3. If T¢(x) = x+ O(I(x)) as x — +oo, where | is a slowly increasing function,
and In n(t) = o(telAl/@AI+1)) g5t — oo then

T[A] = T[u] := r@](R[A} =) n u(r, A)),

t[A] = 7[u) == lim (R[A] = 7)?*In p(r, A)).
rtR[A]

Proof. Since In n(t) < qt?lAl/(€lAI+1) for every g € (0,1) and all t > ty = ty(q), choosing

4p o[A]+1
T(r) = (R[A}—r) , from (7) and (8) as above we get

gRAI=7) [ f q®Al-n),
= T(/r) p{ Byt n(t)}dt<

_ 9(R[A] 1) / exp{_q(R[A] T)t+th[A]/(Q[A]+1)}dt _
(r)

- 2p 2p
T

_qRIA]=1) T (RA-r 1

= 2p (/) expy —qt 2p /(AT dt <
T(r

https://doi.org/10.3390/axioms15050335
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T(r)
_q(R[A] —71) q(R[A] —7)
= 2p T(/) exp{t( iy )}dt§2
and -
q(R[i]j r) / exp{—qm[i}7 r) t+1In n(t)}dt <
< q(R[?}l — )T(r) exp{In n(T(r))} =
_ q(4p)att 1 ap
T 2p (RIA]—r)eAl eXP{‘7<R[A] —r)
and

Thus, we get

(4]
In M(r, A) <In pu(r+q(R[A] — 1), A) +q(R[:]p_r>Q +O<1n R[A? — r)’

ie.,
(R[A] — )2 n m(r, A) <
< (R[A] = = q(R[A] = r))® ™ In pu(r + (R[A] = ), A)) (1 — ) ® + dpg +o(1)
Tp] Tyl :
< < .
asr 1 R[A], whence T[A] < 1= g +4pgand 7[A] < 1= q)d A +4pq. In view of the
arbitrariness of g we get T[A] < T[u| and t[A] < 7[u], which, together with the obvious
inequalities T[A] > T[u] and T[A] > T[], completes the proof of Theorem 3. [J

Now we obtain formulas for finding T[u| and T[] by the coefficients a,,.
Let T[y] < +oco. Then In u(r,A) < T/(R[A] —r))?4] for every T > T[y] and all
r € [ro(T), R[A]). Therefore, as above,

T

In|ay| < —————
n Il < RA e

— 1Ay + K7L(Ay)

1/(o[Al+1
foralln > 1and r € [ro(T),R[A]). Now we choose r = r, := R[A] — (Ti[:‘]) (el ).

Then r, > ro(T) for n > ny(T) and

A\ Al Al
) + KL,

A, )Q[AV(Q[AHU
To[A]

Inla,| <T
onl < 7( TolA]

— R[AJA, + TQ<

ie.,

in (aleX4) < (1+0()Tela] + 1)
whence in view of the arbitrariness of T we get

v[A] == Tim A;Q[A]/(Q[A]Jrl) In (|an|eR[A]/\n) < (olA] + 1)Q[A]—Q[A]/(Q[A]-H.)T[l/l]l/(Q[A]-‘rl),

n—oo

https://doi.org/10.3390/axioms15050335


https://doi.org/10.3390/axioms15050335

Axioms 2026, 15, 335 10 of 17

ie.,
Q[A]Q[A] ]Q[A]+1

Tlu] = W’HA

On the contrary, if y[A] < +oo then In (|a,[eRl4M) < 'y/\ﬁ[A]/(Q[A]H) for every
v > v[A] and all n > ng = ny(7y). Therefore, if v* > 7 then as above we get

In u(r,A) < m>aa<{(l + 0(1))’)/x9[A]/(Q[AH1) — (R[A] —7r)x} + Kg <

< max{y*x2lA/ (@A) _(R[A] — r)x} + Kg =

x>0
_ Q[A]Q[A] *\0[A]+1 1 olAl
" e T jap ) e

whence in view of the arbitrariness of 7* and 7 it follows that

T < — QA TolAp,

(olA] + 1)¢A

Thus, the following statement is true.

Proposition 3. IfT'¢(x) = x + O(I(x)) as x — oo, where L is a slowly increasing function, then

AlelA]
= (Q[AQ][+]1)Q[A}+1'V[A]Q[A]H‘

Now let k, T R[A] asn — 400 and

S[A] = hﬂA;g[A]/(Q[A]+1) 1n(|an|eR[A]/\n) < +oo.
n—oo

Then for every 6 > 6[A] there exists a sequence (1) 1 oo such that

and by Lemma 2 for m € {n j} as above we have

In (e, A) < SASH CAFD _RIATA, 410 My (kmAn) < In i (),

where
In u*(r) = mgﬁ(&Ag[A]/(Q[A]H) — R[AJAy +1n My (rAy))

and as in the proof of Proposition 2 we get

) Q[A]Q[A] [A]+1 < 1 >Q[A]
< < ST 50 _
In (s, 4) < In " (i, A) < 2 S RA —tw)

whence in view of the arbitrariness of J it follows that

tlu) = lim (R[A] = r)®n p(r, A) < lim (R[A] = )? VI po(kim, A) <
rTR[A] m—oo

o[A]eA) A1
: (Q[A]+1)Q[A]+15[A]Q[ .
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On the other hand, if §[A] > 0 then In (|a,|eRlAA) > 5)\%[/”/(@[/”“) for every
6 € (0,0[A]) and all n > ny = ny(6). Therefore, if we choose r, = R[A] — 85/\;1/(Q[AH1),
0 <e<1,then

In p(rn, A) > In || +1In My (rar,) > SASA @AY _RIAN, 4 1A, + O(L(radn)) =

= 5(1 — )AZAEAFD L oL (A) = (14 0(1))8(1 — e)AZA/ @AY o,

Similarly, one has as n — oo

In pu(rys1,A) > (140(1))6(1— g)Ag[iql}/(Q[AHl) — (1+0(1))5(1 - S)Ag[A]/(Q[A]+1),

if Ayy1 = (1+0(1))A, as n — co. Since A, = (e8/(R[A] — r,,))2A4+1, from hence for
rp <r < ryypq we get

(A]
In u(r, A) > In u(ry, A) > (1+0(1))(1 — s)EQ[A](SQ[AHl <R[Al]r)QA =

AlelA] 1 o[4]
= (1+0(1)) (Q[AQ][Jr]l)Q[A]H(SQ[A]Jrl (R[A] - r) ;TR

if we choose ¢ = 0[A]/(0[A] +1). Hence, in view of the arbitrariness of §, we obtain
the inequality
o[A]elAl

Al+1
(e[A] +1)Q[A}+15[A]Q[ a

Tyl >

that is obvious if 6[A] = 0.
Thus, the following statement is true.

Proposition 4. Let ['¢(x) 1 +ooand I'g(x) = x + O(I(x)) as x — +oo, where | is a slowly
increasing function. If Ay = (14 0(1))Ay, and k, T R[A] as n — oo then

_ alAP
Ik = (0[A] + 1)Q[A}+15[A]Q[AH1'

Combining Propositions 3 and 4 with Theorem 3, we arrive at the following theorem.

Theorem 4. Let T'r(x) = x + O(I(x)) as x — +oo, where | is a slowly increasing function,
and In n(t) = o(telAl/(@lAI+1)) g5 t 5 400, Then

Tlh] = q[AJ2M (glA] + 1)~ €A1+ Dy aJelals
and if, moreover, I'r(x) T 400 as x — +00, Ay 1 = (1+0(1))Ay and x, T R[A] as n — oo then
i) = QA1) (g[A] + 1)~ (eI Vg AJelAI 1,

4. Two-Member Asymptotic

The following result is proved in [3].

Proposition 5. Let 0 < R[A] < 400, 0 < ¢1 < ¢[A] and Ty # 0. IfIs(r) < r and
In n(t) = O(In t) as t — oo then

T[A] (1+0(1)Ty
(R[A] — e " (R[A]— )21

In M(r, A) < r 1 R[A],
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if and only if
T[A] (1+0(1)Ty

0 A) S R AT— el T (RIAT - e

r 1 R[A]. (15)

Here we will study under what conditions on the coefficients a, inequality (15) is true.

Theorem 5. Let I'¢(x) = x + O(I(x)) as x — oo, where | is a slowly increasing function. Then
(15) holds if and only if

Proof. If (15) holds then

TlA] (1+0(1)Th
(R[A] — el T (R[A]—rjan "+ OLA)

In |ay| <Inp(r, A) —In Mg(rA,) <

If we choose

1
T[A]Q[A]) Q[A]+1 1
r=ry:=R[A| - | ———— , 0<y< ,
ni KA (M—AZ RS
then we get
o[A] 9

— ATy olar
In [an] < T[A}M

“R[A]An + A (TW@W) W e (17)

Since as 1 — oo one has

1 1
1 \aas 1 \aas AT (4, — ADEAT 140(1) - 242
) &) T4 A
n— ‘\n n /\;;[A]Jrl(/\n_/\Z)W Q

from (17) it follows that

In (|ay|eRlAM) < T[A]—M (14 0(1)Ty (T[A)]\Z[M) Q[A]+1+

o[A]

Jr(T[A]Q[A])W/\;;W+1 +(1 _|_o(l))(T[A]Q[A])U(Q[A]Jrl)AZ*l/(Q[A]Jrl) _

— T[A]TA7 ([A] +1) (Q?I’j”) 1 e))Ty (M) T e,

i.e., (16) holds.
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On the contrary, if (16) holds then

o[A]

In ]/l(T A) < l;?flx{T[A}Q[AlHl(Q[A] +1)(Q}[\IZ]>Q[A]+1+

+(1+0(1)Ty <T[z‘GZJ[A]) e R[AJA, + rAn} +0(1) < r)rcléaa(d)(x) + const,

where

d(x) = A} (olA] + 1)x% T Mxe[ﬁ]lﬂ — (R[A] = r)x.

olajieT (T[AlglA]) T

Calculating the first derivative of the function @ in the variable x and equating it to zero, it
can be shown that the function ® reaches its maximum at the point

_ T[AlglA] (1+0(1)Tr o) _ (1+0(1)T[AJo[A]
) = Ao (1 gl Rl e ) = S
asr T R[A] and

o[A] 0[A]
o(4] TIAlolA o[Al+T 1+0(1))T o[AT+1
X = ((R[A][ ]igeﬁxm) (1 ) ™ (1A —rytate ) =
_o[A]
—((Tlgf[‘iﬁ[f”j)j[jﬂ +(Uko()(TlAlela)) L B8 Rl
Therefore,
T[] (g[A] +1) ol T[A](o[A]+1) | (1+0(1)Tio
i T RA e A e A
_h x(r @[f‘,]l“ = 7(1+0(1))T1 r T R[A
g ®ap e T
and
—(R[A] = 7)x(r) = —m (1 +(1 +o(1))T[Z‘\;1W(R[A] - r)Q[A]_91> =

___T[Ale[A]  (+o()Tier
~ (R[A]—r)elAl (R[A]=r)a ’ T R[A].

Hence, it follows that

T[A] (1+0(1)Ty

®) = Ria] = e T (RTA] - o

r 1 R[A],

that is (15) holds. Theorem 5 is proved. O
In conclusion, we will find the conditions under which

T[A] (1+0(1)Th
(R[A] —r)elal ~ (R[A] —r)or’

In pu(r,A) = r 1 R[A]. (18)
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The following theorem is true.

Theorem 6. Let T¢(x) T +ooand T¢(x) = x + O(I(x)) as x — oo, where | is a slowly increas-
ing function. If k, /* +R[A], Ay(R[A] — 1) = O(1) and Ay — Ay = o(/\,(flﬂ)/(g[A]H))
as n — oo, then (18) holds if and only if
A [Qfgﬁl
In(la eR[A]/\n —T[A Al +1 <”>Q +
(aa e®441) = T{Al elA] + 1) (2

+(1+o(1))T1</\” )Q“”“ 1= oo 19)

Proof. Clearly, (18) implies (15) and by Theorem 5 (16) holds. From (18) we also get

TA] (1+0(1)Ty

) 2 RaT= e RAT - e

r 1 R[A].

By Lemma 2, In p(x,, A) = In |a,| + In Mf(Kn)\n) for all n > 1, that is in view of the
condition A, (R[A] — x,)% = O(1) as n — oo we have

In |a,| = In p(x,, A) — In Mf(KnAn) >

T[A] (140(1))T
= (R[A] — Kn)Q[A} * (R[A] — Kn);l — knAn + O(L(An))
T[A] (1+0(1)T _
~ (R[A] = K)o T RA] = Kn)él ~ KnAn 2 min @, (x),
TA] (1+0(1)Ty

— xAy. Calculating the first derivative of

where @, (x) = (R[A] — x)elA] ~ (R[A] —x)&

the function @ in the variable x and equating it to zero, it can be shown that the function
®, reaches its minimum at the point

T[AJg[A]\ T (1+0(1))Ties  (T[AJo[A]\' "o
x”:R‘< A ) ‘T[A]Q[A]<Q[A11+11>< A )

whence

1 01 —¢[4]
1 B An o[A]+1 B (1+ O(l))T1Q1 An o[A]+1 " ~
7~ () (1 FAAA 1 (A ) o

Therefore,

T(4]
(RIA] — )]

o[A] 01-0lA o[A]
B Ay dat [ (1+0(1)Thes Ay o[AT+1 _
-4 ) (1 FAA ) (Al )
0[4] e1—¢l4]
. An o[A]+1 _ (1 + 0(1))T1Q1 An o[A]+1 _
141 (1 ATalAT 3 (T )

0[A] 01
B Ao\ (4o Tier ( Aw Nawa
‘”A](T[ [A]) QAT+ 1 (T[A]Q[A]) e
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and o
(1—|—o(1))T1: Ay QAT 4 oo
(RTA]— x)m (”"(l”Tl(T[A]e[A]) e
and
o= (TIANIAN T (1+0()Tier  (T[AJe[A]\' @Y
o (R ()™ - s () )
a[A] 01
An AT (140(1))Tho Ay oA+
““"”[A]@[A]<T[A}Q[A}) Q[A]Jrlll(T[A]Q[A]) P
Thus,
0[A] 01

@, (x,) = —RA, + T[A](0[A] + 1) <T[A]Q[A]) olATH (40T (TVSZ[A]) Q[AHII

and, therefore,

o[4] 01

In (Jaule") > T(A)(olA) + 1) () ™" + (1+ o T () 7 @0

as n — oo, that is in view of (16) we get (19).
On the other hand, (19) implies (20), that is

o[4] o
in lr,4) 2 TlAlglA] + 1) (7t ) 4 o () -

—(R—=7r)Ay +O(L(Ay)), n — oo.

T[A}Q[A])“W“”

. From the condition
An

Weputrn—R—(

Mgl — Ay = o(A,(qQﬁl)/(Q[A]H)) asn — oo

it follows that

1 B 1 N 1
(R— 1) (R—rpeldl ~ "\ (R=r,)

and

1 B 1 . 1
(R=7p1)2 (R=ry)et "\ (R—1y)%
as n — oo. Therefore, for r, < r < r,.1 we have

b (e, A) > I (v, ) > TANQIAL T D) (1 +0()T _T(AlglA]

R—r)A T (R—ra)@  (R—r,)dA
() = G o -
TR —Tr,[j]l)@[/ﬂ R T ((R T R )+
0+ o) G~ )
T[A] (1+0(1)Ty T[A] (14+0(1)Ty

=R )@ T R=rp)e = (R _pedl T R=ner + TTRAL
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i.e., in view of (15) we obtain (18). Theorem 6 is proved. [

5. Conclusions

In this paper, we have investigated the asymptotic growth properties of functions
analytic in a finite disk that are represented by series in systems of functions of the form
A(z) = Y07 1 anf(Ayz), where f is an entire transcendental function and (A,) is a sequence
of positive numbers tending to infinity. The analysis has been carried out under natural
and fairly general assumptions on the growth of the function f and on the distribution of
the sequence (A,).

First, we established that under appropriate regularity conditions on the function I'¢
and the counting function of the sequence (A, ), the order and lower order of the function
A coincide with the corresponding characteristics of its maximal term. In particular, The-
orem 1 shows that the order and lower order of A can be completely determined via the
asymptotic behavior of the maximal term p(r, A). This reduces the study of the global
growth of A to the analysis of a single dominant term of the defining series.

Next, explicit coefficientwise formulas for the order and lower order were ob-
tained. Theorem 2 expresses these growth characteristics in terms of the limits involving
Inln (|an |eR[A])‘") and In A;, thereby revealing a precise quantitative connection between
the growth of A near the boundary of its disk of convergence and the asymptotic behavior
of its coefficients. These results extend and refine earlier coefficient criteria known for
power series and Dirichlet series.

Furthermore, we derived analogous results for the type and lower type of the function
A. Theorems 3 and 4 show that, under suitable additional assumptions, the type and lower
type of A are also determined by the maximal term and can be calculated explicitly in terms
of coefficient sequences. These formulas provide a complete description of the fine growth
scale of In M(r, A) in terms of the coefficients a,, and the sequence (A,).

Finally, the two-member power asymptotic of In M(r, A) was studied in detail. Theo-
rems 5 and 6 give necessary and sufficient conditions, formulated purely in terms of the
coefficients a,,, under which a two-term asymptotic expansion holds as r T R[A]. These
results can be viewed as precise analogues of the Lockhart-Straus-type inequalities for
series in systems of functions and significantly sharpen known upper estimates.

Overall, the paper provides a unified and systematic approach to determining the
main growth characteristics of analytic functions represented by series in general systems of
functions. The obtained formulas demonstrate that the boundary growth of such functions
is governed in a precise way by the asymptotic behavior of their coefficients. The methods
developed here can be further applied to study growth on finer scales, such as logarith-
mic or generalized orders, and to other classes of functional series, offering a promising
direction for future research.

The methods used in this article can be applied to study of the growth of the function
In 9M(r, A) on various scales, i.e., we can study, for example, the asymptotic properties
of series (1) in the system of functions, regularly converging in a finite disc in terms of
k-logarithmic orders, generalized a-orders and the like.
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