axioms

Article

Second-Order Differential Inequality Convexity

Josip Pecari¢ !

W) Check for updates

Academic Editors: Simeon Reich and

Janusz Matkowski

Received: 5 March 2026

Revised: 12 April 2026

Accepted: 27 April 2026

Published: 1 May 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license.

and Jinyan Miao **

Department of Mathematical, Physical and Chemical Sciences, University of Zagreb, Croatian Academy of
Sciences and Arts, 10000 Zagreb, Croatia; jopecaric@gmail.com

Institute for Sustainable Industries and Liveable Cities, Victoria University, Melbourne 3001, Australia
Correspondence: jinyan.miao@students.vu.edu.au

Abstract

Some equivalent statements and basic properties for the generalized convexity assumption
p(x)f(x) +q(x)f'(x) + f"(x) > 0 are proved. Then based on these conclusions, various
Jensen type inequalities under the generalized convexity are established. The idea is to trans-
form such p(x), g(x)-convex functions to some simpler p(x), 0-convex or 0, g(x)-convex
functions, or even convex functions. Ky Fan and Wang-Wang type inequalities are also
generalized as applications.
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1. Introduction

There are some studies on Jensen or Hermite-Hadamard inequality for twice differen-
tiable convex functions f, that extend the condition

f(x) =20
to the second order differential inequality

f1) +a(x) f/(x) + p(x) f(x) + a(x) 20,

where g, p, « are different in specific references. Such examples are Theorem 3.9.57 in [1],
Theorem 5 of Chapter 1 in [2-9], Proposition 1.3 of Chapter 5 in [10].

In this paper, we focus specifically on definitions and topics mentioned in [11,12].

In [11], the generalized convexity, a(x)-convex is defined and several equivalent
statements are proved. One of these can be expressed by the following differential inequality
for twice differentiable f:

f'(x) —a(x)f'(x) = 0. (1)

Jensen type inequality and other inequalities are established.
In [12] the following condition is considered for twice differentiable continuous f:

f1) +a(x)f (x) + p(x)f(x) 20, )

then Jensen type inequality is established as the following.
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Theorem 1. Let p,q, f : I — R be continuous functions with q differentiable, f twice differentiable
such that p(x) f(x) +q(x)f'(x) + f"(x) > 0 almost everywhere on I. Fora, € I, (k =1,...,n)
and py > 0 with Y}, px = 1, we have

> b [ @ f)dx+ Y pefa) > f(@) ®)
k=1 a k=1

where cwy(x) = (ag — ) (p(x) — '(x)) + q(x), and @ means T}_, pyay.

Let g(x) = —a(x),p(x) = 0, it reduces to a(x)-convex functions. In the following
sections, we abbreviate (2) as p(x), 4(x)-convex. Properties, some inequalities in [11] and
new inequalities will be considered for p(x), q(x)-convex functions.

The paper is arranged as the following. In the second section, we establish some
basic properties and equivalent statements for p(x), q(x)-convex functions. These are just
some generalizations or continuity of the results and ideas in the previous references, but
some are essential tools for the next section. In the third main section, we establish various
Jensen type inequalities. The idea is different from the previous ones, as we transform
these p(x), g(x)-convex functions to some simpler ones, or even convex functions. Then
the inequalities obtained are not just “trivial form” by just adding the corresponding parts
concerning g(x) f'(x) + p(x) f(x) than Jensen inequality. The fourth application section
is devoted to Ky Fan and Wang-Wang inequalities. As pointed out in several Remarks,
for some p, g, the second differential inequalities naturally hold (without assumed as a
condition). This means we get truly extensions or more accurate forms of Ky Fan type
inequalities, under the same assumptions as the classical ones.

2. Preliminary Properties

In this section, we establish some equivalent statements and properties for p(x), g(x)-
convex functions. We suppose that p,q are continuous functions on the whole closed
interval I.

Theorem 2. If f', f"" are continuous functions and pf + qf" an integrable function on the whole
closed interval 1, f is p(x), g(x)-convex on the interval I if and only if

(v =0 ) = () + =) [ @) () + p(o)f(E)dt =0 @
forevery x,y € L
Proof. Let (4) holds, then for x,y € I such that x # y we have

Fy)-fx) 1
y—x y—x.

[0 + po7 o) > 0.

Taking the limit as y — x we get "/ (x) + q(x) f'(x) + p(x) f(x) > 0.
Conversely, let f be a p(x),q(x)-convex function, for x,y € I such that x < y we have

/xy(f”(t) +q(t)f'(8) + p(H)f(t))dt > 0.

Since " is continuous, we have [ f”(t)dt = f'(y) — f'(x). Furthermore, since x < y
we can multiply the inequality above with y — x to get (4). If x > y we have
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Since f” is continuous, we have fyx f'(t)dt = f'(x) — f'(y). Furthermore, since y < x
we can multiply the inequality above with x — y to get (4). O

Theorem 3. If f, f/, f" are continuous and pf + qf’ an integrable function on the closed interval
I, fis p(x),q(x)-convex on the interval I if and only if

F) = £ = £ @ =0+ [ =@ ©) + plf (1)t > 0
forall x,y € I.

Proof. First apply Theorem 2, suppose that s > x, then (4) is equivalent to

75 = )+ [Caof (6 + pe)f(e)de >0

For every [x,y] C I we have
/f /f x)ds +// + p(£)f(t))dtds > 0

F) = f(x) = F () (y—=x +/ — @O F () + p()F(£)dt > 0.

Analogously, for s < x and [x,y] C I, we have similar discussions. Since we have

ie.,

equivalence in each step, the proof is completed. [

Remark 1. Due to the assumptions about the continuity, that “f is p(x), q(x)-convex on the
interval 1" is equivalent to “f is p(x), q(x)-convex almost everywhere on the interval 1”.

Then we establish Jensen type inequality for p(x), g(x)-convex functions. The form
is almost the same as in Theorem 1, but here we point out that, the condition that g is
differentiable is unnecessary.

Theorem 4. Let f : [ — Rbe p(x),q(x)-convex with f, f', f" continuous and pf + qf" integrable
on the closed interval I. Foray € I, (k =1,...,n) and p, > 0 with Y}, px = 1, we have

> pi [ = D@ () + p()f )+ Y pef ) > @),
k=1 a k=1

where @ means Y ;. PAx.

Proof. Apply Theorem 3 with x =74,y = a;, we obtain:

Fla) = 7@ =)+ [ = 0@OF () + p0f ()it > £(@),

multiplying this inequality with py and summing over k from 1 to 1, we get the desired
result. [J

Theorem 5. With f, f', f continuous and pf + qf' integrable on the closed interval I, a twice
differentiable continuous function f is p(x),q(x)-convex on interval I if and only if the continuous
function F : I — R defined by

F&)+ [ 6= 0GOF @)+ pe) )i
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is convex, where xo € L.

Proof. If f is p(x), g(x)-convex, then Theorem 4 holds, which is equivalent to

o / " — D) 0(x)f' () + p() f()dx + Y pif )

k=1

7)+ 2 pi [ o= 0 () + pf ()i,
further noticing that
2 pi [ o= 00 () + pl)f )

— [0 @) + pla) (),

so from inequality above we get

Y peF(a) > F(@),
k=1

hence F is convex.
Conversely, if F is convex, as F is also continuous and twice differentiable, we may
take the second order derivative and it is non-negative:

0 < F'(s) = f"(s) +a(s)f'(s) + p(s)f (s),
then f is p(x),q(x)-convex. O

Another important conclusion in [11] is worth mentioning.
Lemma 1. Let I be an open interval. Let a be an integrable function and h € C?(I) be such that
h'" — ah’ is bounded by integrable functions M and m, that is, m(x) < h"(x) —a(x)l' (x) < M(x),
for every x € 1. Then functions ®1, ®, defined by

®1(x) = Ry(x) — h(x), ®)
Dy (x) = h(x) = Ra(x), 6)

where

/( a(x)dx / M(x dxdx> ix,
/( / m(x)e” f”(x)dxdx> dx,

are a(x)-convex.

Actually this is more general than the p(x),q(x)-convex concept, as we can set
a(x) = —q(x), m(x) = —p(x)h(x), then the following conclusion is deduced.

https://doi.org/10.3390/axioms15050330
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Theorem 6. Let I be an open interval. Let q be an integrable function and h € C>(I) be p(x),
q(x)-convex. Then the function O, defined by

D, (x) = h(x) +/<e‘f’7(")d"/p(x)h(x)ef"(")dxdx> dx, )

is 0,q(x)-convex.
Proof. It is easy to verify

@ (x) + (x)P5(x) + 0P2(x)
=h"(x) +q(x)I' (x) + p(x)h(x) = 0.

O

Another similar situation below also derives a new p;(x),0-convex from the known
p(x),q(x)-convex.

Theorem 7. Let f : I — R be p(x), g(x)-convex. Then the function y defined by

is p1(x), 0-convex, where

Proof. Verify

y'(x) + p1(x)y(x)
=(f"(x) + g () f (%) + p(x) f (x))e2 S 1),

From the fact that f is p(x), g(x)-convex, the above terms is non-negative. Then y is
p1(x),0-convex. [

3. Main Results

For p(x),q(x)-convex functions, we can establish different kinds of Jensen type in-
equalities than Theorems 1 and 4. The goal is to transform a p(x), g(x)-convex function to
another function that is “closer to” convex function, or even convex function. Then we can
eliminate some integral terms involving f or f’ in the inequality.

Theorem 8. Let f : I — Rbe p(x),q(x)-convexwith f, f', f"" continuous and pf + qf’ integrable
on the closed interval I. Foray € I, (k =1,...,n) and p, > 0 with Y}, px = 1, we have

n ay n
Y pi [ (= 0q(x)@ (0)dx+ Y ped(ay) > o),
k=1 a k=1
where @ means Y, pxay and

d(x) = f(x) +/<ef’i(x)d"/p(x)f(x)efq(x)d"dx>dx. (8)

Proof. For Theorem 6, we can use Theorem 4 for 0, (x)-convex function ®. [J
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Theorem 9. Let f : I — Rbe p(x),q(x)-convexwith f, f', f"" continuous and pf + qf’ integrable
on the closed interval I. Foray € I, (k =1,...,n) and p, > 0 with Y}, px = 1, we have

n x " a a
Y pi [ (= x)pr () f(x)eF B0 dx 1 Y piflag)e W90 > faed e,
k=1 a k=1

where @ means Y pxay and

pi(x) = plx) — (0 — 34/ (x).

Proof. From Theorem 7, we can use Theorem 4 for a specific p1(x), 0-convex function

O

Remark 2. Set p(x) = 1q(x)? + 14'(x), we get Theorem 2.1 in [12] where the integral terms
totally vanish.

Recall a definition in [11].

Definition 1. A function f : I — R is convex with respect to a strictly monotone function
h:] —R,JCIif foh lisconvex.

Remark 3. If f and h are twice differentiable functions and h is strictly increasing, then f o h=! is
convex if and only if f" (x)h'(x) — f'(x)h"(x) > 0.

Here we give a slight generalization for the concepts above. Note that for g(x) =1, it
reduces to the situation above.

Remark 4. A function f : I — R with its positive weight function ¢ : I — R is convex with
respect to strictly monotone function h : | — R, ] C I if (fg) o h='is convex. If f, g and h are
twice differentiable functions and h is strictly increasing, then (fg) o h=" is convex if and only if

SO () (x) = f/(x)h" (x)] + f(x)[8" () (x) — &' ()" ()] + 2f¢" (x) ' (x) = 0.

Proof. Take the second order derivative for f(h~!(x))g(h~1(x)), due to the non-negativity,
it is equivalent to the inequality above. [

For inequalities of convex (fg) o h~1, we have different perspectives to establish. The
first is using Jensen inequality for convex functions in the usual sense.

Theorem 10. A function f : I — R with its positive weight function g : I — R is convex with
respect to strictly monotone functionh : | — R, ] C I. Foray € |, (k=1,...,n) and py > 0
with Y )4 px = 1, we have

g (h—l <Z pkh(ak)> ) f (h‘l <Z th(ak)> ) <. pglan) (o)
k=1 k=1 k=1
Proof. Omit. [

The second perspective, for which we mainly focus on, is regarding f as a certain
p(x), g(x)-convex function, concerning convex (fg) o h~ 1.

https://doi.org/10.3390/axioms15050330
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Remark 5. From Remark 4 we have that: If f,g and h are twice differentiable functions, g is
positive and h is strictly increasing, then (fg) o h=' is convex if and only if

" 28'(x) _H'(9)] . §"(x) g (x)h"(x)
o+ [ -+ (55 - S o =0
It is easy to observe that f is a certain p(x), q(x)-convex function for
o200
‘1( ) - (X) h/(x) ’ (9)
§"(x) _§(x)h"(x)

(10)

This, as well as Theorem 10, shows that some p(x), q(x)-convex function can directly lead to a
Jensen inequality, without any additional integral terms.

The above discussion points out that each (fg) o h=! convex function is also a p(x),q(x)-
convex function for some p(x),q(x). It is natural to ask, if each p(x), q(x)-convex function is also
(fg) o h™! convex for some g, h? We need to solve g, h from (9), (10), which are equivalent to

— p(x)g(x)? + q(x)g(x)g' (x) — 28’ (x)* + g(x)g" (x) =0, (11)
280 _, (12)

Solve (11) first for g, then (12) is easy to solve. If g # 0, setting y = % and taking the
expressions of g, ', ¢ into (11), we actually get

v (x) +q(x)y' (x) + p(x)y(x) = 0. (13)

Suppose that the solution is y = y(Cy1,Co, x) = T, ¢, (p,q), then § = m, h can also

be solved. Thus we conclude, for each p(x), q(x)-convex function, we can establish the inequality in
Theorem 10 for some g, h.

Then we give a special example of p(x), g(x)-convex function that (13) can be solved
explicitly. Here we choose p(x) = —2,4(x) = 1.

Example 1. Suppose that f is a —2, 1-convex function, by solving (13) we get
y(x) = Cre* 4 Coe %,

(x) = v
8\ = Cpe* + Cpe—2x’

with g positive restriction. Take it into (12) we get

W)= —°" s
N (Cle" +C2€_2x)2’ 3 ’
Thus,
C
h(x) 3 +Cy,

- 3C2(C1 + C2€_3X)

_ 1 G G
[RRTE) JE Y [ E——
() =3 n<3c§(x—c4) Cz)

https://doi.org/10.3390/axioms15050330
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with feasible x. Hence, for —2,1-convex function, we have corresponding convex function
(fg) o h™1, such that the inequality in Theorem 10 holds.

With (9), (10) and using Theorem 4, we get the following inequality.

Theorem 11. Let f, g and h be twice differentiable functions, g positive and h strictly increasing,
if (fg) o h™ 1 is convex with f, f', f"" continuous and pf + qf' integrable on the closed interval I,
where p, q is defined by (9) and (10). Foray € I, (k =1,...,n) and p > Owith Y, pr =1,
we have

Lo f w0 ([T - i)+ [ - S 1)

n
> f(@) =} pef(ax),
k=1
where @ means Y PAx.
This shows that a composite convex function (fg) o h~! can also satisfy Jensen
type inequality with non-composite terms like f(7) — Y./, pxf (ax), which differs from
Theorem 10.

We may also establish a companion (reverse) Jensen type inequality similar to those
in [13,14].

Theorem 12. Let f : [ — R be p(x),q(x)-convex and increasing with f, f', f continuous
and pf + qf' integrable on the closed interval I. For ap € I, (k = 1,...,n) and py > 0 with
Yi—q Px = 1, we have

FAY+ Yoo [ (o= ) a0f () + p)f()x > ) puf a),
k=1 Tk k=1

where
_ Y pef () a
Yo pef'(ar)

Proof. Noticing that A € I since A is a convex combination of a;, we can apply Theorem 3
to get

F(A) = flar) = @) (A=) + [ (A= D@0F 0)+ O ()t =0

Multiply with pj and add from 1 to n, we have
n A n n
fA)+ ) Pk/ (ax — x)(q(x) f'(x) + p(x) f(x))dx > Y pef(ax) + Y pef'(ax) (A — ax),
k=1 % k=1 k=1

the conclusion is proved since Y }_; pif’(ax) (A —a) =0. O

Remark 6. In the future, researchers may consider functions that satisfy the following differential
inequality

F 4 () fD 4 () f > 0. (14)

If f") > 0, then it reduces to n-convex functions. As there are various theorems about the
n-convex functions, if (14) indicates another function T(rq,...,1y; f)x that is “closer to” or even

https://doi.org/10.3390/axioms15050330
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n-convex functions, like in Remark 5, then similar theorems may also apply to this r1(x), ..., rs(x)-
n-convex function.

Under the assumption (14) we may consider some examples.

Example 2. One example is

T(ri,....mn; f)x = f(x) + € E il /:(x — )" (D)D) + . () f (1),

T (x) > 0.

Example 3. The function y defined by
y(x) = fx)en I
is 0,55(x), ..., sn(x)-n-convex that satisfies
Y 453 (x)y" 2 4 45, (x)y > 0.
Here sp(x),...,sy(x) can be determined by comparing the coefficient functions in
Y 53 (x)y D 4L sy (x)y = b IO (L0 () f0-D L ().

Readers may also consider how to define y to be an s1(x),...,s;_1(x),0,si41(x), ...,
su(x)-n-convex function. The most special case is the s1(x), ...,s,_1(x), 0-n-convex func-
tion below.

Example 4. The function y defined by

is s1(x),...,sy—1(x),0-n-convex that satisfies
vy s (0)y" D 4 s, (x)y > 0.
Here so(x),s1(x),...,sy—1(x) can be determined by comparing the coefficient functions in
g +s1 (Y s (Y = el SOF oy () fTY 4 (x)f).

It is easy to observe that y' is s1(x),...,8,—1(x)-(n — 1)-convex. Then we can repeat the
discussion above for

(%) =y (x)el DO,
aty(x),..., ty—a(x),0-(n — 1)-convex that satisfies
ygn) + sl(x)ygnfl) + . Fsya(x)yy > 0.

We can continue this process to some lower order.
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4. Application

In this section, we use Jensen type inequalities p(x), q(x)-convex functions above, to
establish some Ky Fan type inequalities. Let
-1
Pr
k

n -1
An:2Pk<l—ak>,GwH<1—“”kH _<21—a> '
k=1 k

k=1

n n
Ap = 2 Pk, Gn = Ha]’:k/Hn = (

k=1 k=1

=
Hl“x
—_

S

The arithmetic-geometric-harmonic mean inequality is

Hy < Gy < Ay
Ky Fan inequality is
Gy — Ay
and Wang-Wang inequality is
oG,
Hﬂ N GTl

It is known that by setting f(x) = In 1%" in Jensen type inequalities we can get Ky Fan
type inequalities. And it is pointed out in [15], by setting f(x) = In ka in [13] we can get
Wang-Wang inequality.

The theorem below is generalized Ky Fan inequality.

Theorem 13. Let

1 1
n n q(x)

Bt +p(x)In—— <0 (15)

x(1—x) 1—x

for x € I C R" and the integral below exists. For ai € I, (k = 1,...,n) and py > 0 with
Y1 Pk =1, we have

!/

o [ 9(x) x AnG
- 1 dx| < L 16
expLgpk_/Anwk RO e ey (16)
Proof. Using Theorem 4 for f(x) = —In %, then the p(x),q(x)-convex condition and

Jensen type inequality are equivalent to the inequality condition (15) and inequality (16) in
this theorem. [

There are some examples that the condition (15) naturally holds.
Remark 7. Let I = (0, %] and p(x),q(x) = 0, we get Ky Fan inequality.

Remark 8. Let I = (0, 15¢] and p(x) = 0,q(x) = —1 < ¢ < 1, we have:

(1 x)’

— X

for ag € (0, %], (k=1,...,n)and pp > 0with }}_, pr = 1.

AnG,
- A;’l Gn

https://doi.org/10.3390/axioms15050330
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Remark 9. Let I = (0, 2] and p(x) = 0,q(x) = 155, ¢ > —2, we have:
L U g —x AnG,
exp|(c ——dx| < ——"
Pl kzlpk/A,, x(1—x)?2 ~ A,Gy
forag € (0,51, (k=1,...,n) and px > O with Y}_; pp = L.
The theorem below is generalized Wang-Wang inequality.
Theorem 14. Let
1 1 g(x) x
—— 1 < 17
x2+(1—x)2+x(1—x)+p(x)nl—x_o A7)

for x € I C R* and the integral below exists. Foray € I, (k = 1,...,n) and pp > 0 with
Y1 Pk =1, we have

H,Gy,

n Hy/ (Hy+H,) q(x) X
— -~ 7z < .
exp Lzl e (1 =)y + PG| < G a9)
Proof. Using Theorem 12 for f(x) = —In 1%, then the p(x), g(x)-convex condition and

Jensen type inequality are equivalent to the inequality condition (17) and inequality (18) in
this theorem, since

Ao Yioipef'(ar)ax  Hy
= Tk / — _
Yi—1 pf'(ax) H, + H,

O

There are some examples that the condition (17) naturally holds.
Remark 10. Let I = (0, 3] and p(x),q(x) = 0, we get Wang-Wang inequality.

Remark 11. Let [ = R and p(x) =0,9(x) = — 1%, ¢ > 1, we have:

I—x’

n Ha/(HutHy) g, — x
exp|c k/ —dx| < —F—
p[ v, (1—x) Gy Hy

forap e RT, (k=1,...,n)and py > Owith Y }_, pp = 1.
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