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Abstract

Let G C C be a bounded simply connected domain with rectifiable Jordan boundary.
Denote by ¢ the conformal map of the exterior of G onto the exterior of the unit disk. For
R > 1, let T'g be the level curve defined by |¢(z)| = R, and let Gg denote its interior, so
that G C Gg. Suppose that f is analytic in Gg. In this paper, we investigate the maximal
convergence properties of the Fourier series of f with respect to the Bergman orthogonal
polynomials of G. By employing the strong asymptotics of Bergman polynomials outside
the domain G of orthogonality, determined by the boundary properties of G, we obtain
estimates for the maximal convergence rate of the partial sums of the Fourier series of f
in the uniform norm on G. These estimates are expressed in terms of the best polynomial
approximation of f in the domain Ggr where f is analytic.

Keywords: bergman orthogonal polynomials; fourier series; rate of convergence; best
approximation number

MSC: 30E10; 30E15; 41A10; 41A25; 42C10

1. Introduction

Bergman orthogonal polynomials play a significant role in complex approximation
theory. Their strong asymptotics have been extensively studied for domains bounded
by various classes of curves (see, e.g., [1-4]). On the other hand, Fourier series also play
an important role in this area, particularly in terms of approximation via their partial
sums. In [1,5-8], results on the approximation by Fourier series with respect to Bergman
orthogonal polynomials were obtained for domains bounded by various classes of curves.
In particular, convergence results for the partial sums of Fourier series with respect to
these polynomials of a domain G were established by Suetin [1] for domains bounded
by analytic and smooth curves, and by Abdullayev and Kiigtikaslan [6-8] for domains
bounded by piecewise smooth and quasiconformal curves. In these works, the function f,
being approximated, is generally assumed to be analytic in G, without requiring analyticity
in a larger domain.

In this paper, for R > 1, we assume that f is analytic in a domain Gg O G, where
G C Cis a simply connected domain bounded by a rectifiable Jordan curve I', and where
Gr denotes the interior of the level curve I'g associated with G. We investigate the ap-
proximation of f on G in connection with its analyticity in Gg, which naturally leads
to the concept of maximal convergence introduced by Walsh [9]. In this setting, maximal
convergence refers to the fact that the rate of convergence improves with the analyticity of
f in Gg and is characterized in terms of the corresponding best polynomial approximation,
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while the approximation error is measured on G. The foundations of maximal convergence
go back to the work of Bernstein and were later systematically developed by Walsh. They
also obtained direct and inverse theorems when the function f is analytic in the canon-
ical domain Gg, R > 1 (see, for example, ([10] pp. 54-59)). In ([5] p. 27), Gaier proved
the maximal convergence theorem of Fourier series with respect to Bergman orthogonal
polynomials of a domain G bounded by a Jordan curve. In [10-15], maximal convergence
problems were also investigated for Faber series.

Using the results on the strong asymptotics of Bergman orthogonal polynomials of G
given in [4] by Beckermann and Stylianopoulos, we investigate the maximal convergence
of the partial sums of the Fourier series of f with respect to these polynomials on G when
G is bounded by certain classes of curves. We obtain results on maximal convergence rates
for each of the cases where the boundary of G is analytic, piecewise analytic, or smooth.
In our results, the convergence rates rapidly approach zero depending on the number R,
the best approximation number E,(12) (f, Gr), and the geometric properties of the boundary
curve of G. Moreover, in the case of domains bounded by analytic curves, the convergence
rate additionally depends on the geometric properties of the level curves approaching the
boundary of G from the inside.

2. Preliminaries

Let G be a simply connected domain bounded by a rectifiable curve I' in the complex
plane C. For k > 0, we introduce the Bergman orthogonal polynomials Py(z), defined by
Pi(z) := MzF+ lower-degree terms, with A > 0, satisfying

(BB = [ [ PPEm(E) = b
where dm(z) denotes the two dimensional Lebesque measure and J is the Kronecker

delta. Without loss of generality, we assume that Py(z) = Ag = 1.
Let Ay := A(G) be the space of square-integrable analytic functions in the domain G,

W= (f [ Panc)*

For every f € Ay(G), the Fourier coefficients are defined by

with respect to the norm

ap = ap(f) = //Gf(z)Pk(z)dm(z), k=0,12,...
and the function f corresponds to the following series
Y akPy(2).
k=0

We set ;
Ky i= Kn(z.f) := Y axPe(z)
k=0

for the n-th partial sums of the Fourier series. We also set the remaining term as:

Wiz f) = wn2) == |f(2) = Ka(z.f)], z€G
It is known (see, for example, [1,5,16]) that

limy ooy (z) =0
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which is uniform for compact subsets of G.

We denote by D the open unit disk, by D* the exterior of the closed unit disk, by ()
the exterior of the closure G of G, containing the point of infinity z = co. By the Riemann
conformal mapping theorem, there exists a unique function w = ¢(z), meromorphic in (),
that maps the domain () conformally and univalently onto D* and satisfies the conditions

¢(00) =00, ¢'(00) =p >0,
The second condition is sometimes written in the form

lim 9(z) =u>0.
z—0  Z
The conditions above imply that the function w = ¢(z), being analytic in the domain
Q) without the point z = o, has a simple pole at the point z = co. Therefore, its Laurent
expansion in some neighborhood of the point z = oo has the form
_ i S Hn
$(z) = pz+ po + . + 2 +...+ o +...,

where u > 0 is the inverse of the logarithmic capacity of G. Let the function z = ¢(w) be
the inverse function of w = ¢(z). This is a function that conformally and univalently maps
D* to (2 and has normalization at the point co. Its expansion has the form

_ a, %2 In
P(w) = ow + oy + w+w2+"'+w”+""

where 0 := % > 0. The Riemann map ¢ and its inverse i play a central role in the analysis.
They provide the analytic link between the geometry of I and the polynomial expansions
under consideration. In particular, the asymptotic formulas for the partial sums of Fourier
series with respect to Bergman orthogonal polynomials can be expressed in terms of the
conformal map ¢. Moreover, in the study of Faber series, the inverse mapping ¢ naturally
arises in the formulation of their coefficients, establishing a direct connection between the
series expansions and the domain geometry.

We now denote a level curve as follows:

Tri={z€Q; |¢(z)] =R}

Let Gy be the interior domain of the level curve I'k.

Gaier dealt with the question of when the series expansion of f converges uniformly
evenin G. In ([5] p. 27, Theorem 4), he proved that if T is the Jordan curve and R > 1 is the
largest number such that f is analytic inside I'g, then the relation

max{wy(z) :z € G} =0(r™")
holds for each r < R, but not forr > R.

Definition 1. T is called an analytic curve if ¢ admits an analytic and univalent continuation to
|w| > p for some p € [0,1) [17]. We denote by p the smallest such value throughout the paper. In
this case, we write T € U(p).

Definition 2. A rectifiable Jordan curve T is said to belong to the class C(p, a), where p is a positive
integer and 0 < a < 1, if it can be represented as z = z(s) with s denoting the arc length, such
that the periodic function z(s) is p-times continuously differentiable, and its p-th derivative z(P) (s)
satisfies a Lipschitz condition of order a [10].
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Definition 3. A Jordan curve T is called a K-quasiconformal (K > 1) curve if there exists a
K-quasiconformal mapping f of a region G containing I such that f(T') is a circle [18]. As an
example, a piecewise smooth Jordan curve without cusps is known to be quasiconformal [17].

If T is a smooth curve, it follows that (see, for example, [17,19])

0<c1 <|P(z)] <cp <o, z€Q 1)

where ¢; and ¢} are positive constants independent of z € Q).
Now we define the best approximation to the function f € A(G) as:

EX(f,G) = inf|If — pulli2(r)

where inf is taken over the polynomials p;, of a degree at most n. In the main results of this
paper, the assumption f € A, (Ggr) implies that the best approximation number is defined
on Gy with respect to the L?(I'g) norm.

We also define the n-th Faber polynomial F,. It represents the polynomial part of the
Laurent expansion of ¢(z)" at infinity. Consequently, F, is a polynomial of degree n, with
leading coefficients u". For the function f that is analytic in the domain Gg, the series

Zbka(Z), z€ Gg,R>1
k=0

converges absolutely and uniformly on Gg, where

1
b=l = 5 [, o f(;fﬂ»dt, k=01,2,...

are the Faber coefficients of f ([10] Chapter X). We set

Sn = Sn (Z,f) = Xn: bka(Z)
k=0

for the partial sums of the Faber series. And we set

(s f) = 1f@) —Suz )l = Y biFel2)

k=n+1

It is known that the Bergman polynomial P, asymptotically behaves like an appropri-
ately normalized derivative of the Faber polynomial F, |1, under different assumptions on
I', thus providing a natural link between these two families of polynomials.

In this paper, we primarily make use of the following strong asymptotics for Bergman
orthogonal polynomials outside the support of orthogonality, established in [4], which
serve as the main tool in our analysis.

Theorem 1 (See [4]). Let I be quasiconformal, and assume that €, = O(niﬂ), for some B > 0. Then

I C1C
rriger 00

=

An(z) = ), n— oo

uniformly on closed subsets of ().

For a curve T in the class C(p + 1,a), where p > 0, « € (0,1), Suetin established
in ([1] Lemma 1.5) that €, decays as €, = O(1/nf), with B = 2p + 2a. When B exceeds
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1, the leading coefficient of the orthogonal polynomials P, (z), n = 0,1,2,- - -, admits an
asymptotic representation given in ([1] Theorem 1.1).
€, in Theorem 1 is summarized in [4] as follows.

052, i T e U(5),

1 .
&n = n2(p+a)>/ 1fr€C(P+1, 0(),

1
(@) . ) , if I is piecewise analytic without cusps.

where § € [0,1),p > 0and a € (0,1).

We also make use of the results on the maximal convergence of the Faber series. When
fis analytic in the domain Gg for R > 1, Suetin obtained fundamental results concerning
the maximal convergence of the Faber series in ([10] Chapter X). In inequality (14) in ([10]
p- 208), Suetin proved that, for f € A,/(Gr) (defined analogously to A>(G)) with p’ > 1,
and forz € Iy, p > 1,

1
pn+l ) L p2 i/ |dt| 7
r(z, f) < Rn+1 Ex’ (f,Gr) pt — 1lnp2 —1|2m Jit|=r |t —p|q/ @

such that % + ql = 1. Here, E,(j’ ) (f, Gr) denotes the best approximation to the function
f € Apy(Ggr). Assuming p = 1+ Lin the result above, for z € G, Suetin obtained
Theorem 6 in ([10] p. 207).

Throughout the proofs of the main results, we denote by cy,c3, ... positive constants.
Each constant depends only on the parameters explicitly indicated in parentheses, if any;
for example, c11(R), c12(p, a), c13(R, p, «), while some constants may not depend on any
parameter. Once introduced, these constants are used throughout the proofs without
further specification.

3. Main Results
3.1. The Case of Domains Bounded by Smooth Curves

In this section, we assume that the domain G is bounded by a curve I' from the class
C(p+1,a),p>0,a € (0,1). Under this assumption, we obtain the maximal convergence
rate of the partial sums of Fourier series of f with Bergman orthogonal polynomials of
domain G, where f is analytic on Gg D G for R > 1. Firstly, using the strong asymptotics
of Bergman polynomials, we deduce the following lemma.

Lemmal. IfT € C(p+1,a), wherep > 0, « € (0,1) with p+a > %,forz €Ty p>1,
the inequality

- 2 PN 1
n;l|Pn(Z)| < C(p")‘)pzi_lp N<1+I\]2p+2a>’
holds, where c(p, «) > 0 is a constant independent of N and p.

Proof. SinceI' € C(p +1,a), where p > 0, & € (0,1), we take 2p + 2« instead of p in
€n = O(nl—ﬁ) Hence, from Theorem 1, it follows that
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< 1+ n2p+2a

‘ Pu(2)
n+1¢'(z)¢(z)"

PG < e \|4> "1+ )

2 n+1| . o))
RGP < @[l 0+ o2

Taking z € Tp, p > 1 and using (1), we have

N
2 C4
Y IP(2)]" < chp (At )

n=1

) N pZn
< 032”P"+CSZW- 3)
n=1

n=1

We estimate the two sums separately. Since p > 1, the sequence {p?"},>1 grows
exponentially. Hence,

2

N N 2(,2N _
Y <Ny =N P
n=1 n=1

2N

We next consider
N 2n

Z Y
. n2p2a—1-

n=

Since the summand is the product of an exponentially growing sequence {p>"},>1,
whose partial sums can be explicitly controlled, and a polynomially decaying sequence
{n=@p+2e=1)y | Abel summation provides a natural tool to estimate the growth of the
corresponding partial sums. Set

n
A =", bpi=—, y:=2p+2—1>0, Ay:=) g,

where 7 > 0 follows from the condition p +« > 1 in the hypothesis. By Abel’s summation
formula, it follows that

AN N-1
+ X Ao = baga).

N
[
Lo

Since p > 1, we have

n
2k P 2
AHZZP S 2_1pn, lel
k=1 P
Moreover, since ¢ > 0, there exists a constant ¢ (7y) such that

1 1 c6(7)
- _ < , > 1.
0< 7 " Gzip Swar "2

Combining these estimates yields

N £< ot N 2 Nol g
) =5 +¢6(7) = T
= nr T pr—1NY pr—1 = nrt
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Since the second sum is of lower order, it can be absorbed into the first term. Therefore,
there exists a constant ¢y (p, &) such that

%%— (P/)zpz %- ®)
o nePT p= — 1 N2pten

Substituting (4) and (5) in place of (3), we conclude

N 2 2 2N
p

’1;1|Pn(2)|2 < Cszi_l NN “‘CS(PI“)pzpi_l%

Pz 2N 1
= C9(P/“)p 1P N<1+N2p+2a>

for a constant ¢(p,«) > 0 independent of N and p. O

Theorem 2. If the boundary T of the domain G belongs to the class C(p + 1,«), where p > 0,
a € (0,1) with p+a > 1, and a function f(z) € Ax(Gg),R > 1, then the remaining term
wn(z, f) satisfies the inequality

c(R,p, nR 1

for a constant c(R, p,«) > 0 independent of n.

Proof. Let the boundary T of the domain G be of the class C(p + 1,a) where « € (0,1),
p>0,p+a> 3. Let f(z) € A2(Gr), R > 1and T, be the best approximation polynomial
to f(z) on Gg. We set

T, := Za " Pe(2)

by the Fourier coefficient;

= [ [ 1@ (@)

We write that

wn(z, f) = 1f(2) = Ku(z )] <1f(2) = Tulz, ) + | Tu(z, f) — Ku(z, f)|. (6)

Firstly, we estimate |T;(z, f) — Ku(z, f)|. Using the Cauchy-Schwarz inequality,
we write

Tu(z, f) = Kulz, f)| = L P(2 ZﬂkPk

P(D)dm(Z) Pi(2)

IN

G

k=0

dm(¢)

J L@ - @

( i) (] fomesoc)

IN
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An L?-estimate derived from the Bernstein-Walsh inequality for analytic functions
on domains ([9] Chapter III, Theorem III.4) and the assumption that P, k = 0,1,2, ... are
orthonormal polynomials in G show that

1

Tz ) -k Nl < SR ([ 1100 - @) Pami) )

x ( ([ [l )|Pk< >|>%

= R ED) 5, Gr) <|P0 P+ LIR) ) .

Since we assume Py(z) = 1 in this paper,

1
2

Toe )~ Kl f)l < RER(fGo) <1+i|Pk<z>|2)
k=1

14 (im(z)ﬁ) ]
k=1

1/2
_ C“(f)ESf)(f,GRH% (f,Gr) (ZIPk ) '

61}2(5) ER (f, Gr)

IN

=

Let us take z € Tp such that 1 < p < R. Hence, from Lemma 1, it follows

Tz f) - Kl )l < BRIED (1 Gy

1
) P\ p* 1 :
+ c12(R, p,a)Ey (f,GR)(E) \/;\/ﬁ(1+n2p+2a) :

Here, since p > 1 and n > 1, we have % < C(% ) /1, for some constant C > 0;
hence, the factor R™" can be absorbed into (& ) /1 by enlarging the constant. Taking this
observation into account, we obtain

ITu(z, f) — Kn(z )] < ci3(R p,0)E} fGR

\f 1+ me) . (7)
On the other hand, since T, is the best approximation polynomial to the function f(z), we have

1f(2) = Tu(z )] < 1f(2) = Sul(z f)I.

Substituting (2) for p’ = g’ = 2, and (7) in place of (6), we write

A
BS)

1
@) P2 0 1 / at)_|*
wn(zf) < parrBa (f,Gr) 1" 2—1{2” t=R |t — p|?

1
PN | P2 1 \2
E) 2 -1 a (1 + 2p+2a)

n 2
%) \/p2p_ 1 (\/RZ + \/>( 2p1+20¢ )> (8)

IN
o
hx
'S
PN
=
=
R
=
]
e
—~
b
)
=
[&9)
S
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The above integral is evaluated as follows. Using the parametrization t = Re?,
0 < 0 < 27, we obtain

1 dt| 1 g Rd6

ﬂ/\t\:R lt—p2 2w Jo R2+p2—2Rpcosb’

Applying the classical identity

. L
2w Jo a—bcos® /g2 —p2’ ’

yields

1 / |dt| R
27t Jiy=r [t =p[>  |R?—p2|
Now we choose p = 1+ 1. This choice ensures that the convergence rate rapidly
decays to zero. In this choice of p, when 1 goes to infinity, the level curve I', approaches I'.
Hence, we can find a convergence rate for z € I, and also for z € G using the maximum

modulus principle. If we replace 1+ 1 instead of p in (8), as n — oo, for z € G and for a
constant ¢(R, p, ) > 0 independent of 1, we finally obtain the following result.

O

3.2. The Case of Domains Bounded by Piecewise Analytic Curves

In this section, we consider the case where the boundary I' of the domain G is a
piecewise analytic curve without cusps. Under this assumption, we obtain the maximal
convergence rate of the partial sums of Fourier series of f with Bergman orthogonal
polynomials of domain G, where f is analytic on Gg D G for R > 1. We first deduce
the following lemma for the sum of the Bergman orthogonal polynomials regarding their
strong asymptotics.

Lemma 2. If T is a piecewise analytic curve without cusps, for z € Ty, p > 1, the inequality

2

N 2 Y 2N
Y IPu(z) < N

holds, where ¢ > 0 is a constant independent of N and p.

Proof. Since I is a piecewise analytic curve without cusps, we write 8 = 1 from Theorem 1.
Hence, forz € Ty, p > 1, we have

7T Pn(Z) C15
Vitigomer| < 145
1 n
Pel < L e|per 1+ )
3 2 : 2n 152 N C17\ 2n
LIPu()l" < a6 L (n 4 1)p (1+2) §clér;(n+1)(1+7)p
N
< Clszﬂpzn

n=1
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Since p > 1, it follows

ipzn:pzpm—1< & 02N,
= p2—1 — p2-1

Hence, we obtain

N 2 P2 2N
P e T

for a constant ¢ > 0 independent of N and p. O

Theorem 3. If the boundary I of the domain G is a piecewise analytic curve without cusps and a
function f(z) € A2(Gr),R > 1, then the remaining term wy,(z, f) satisfies the inequality

n

wn(z, f) < C(R>R71E’(12)(f’GR)< RzR_ 1 —I—l), z€G.

for a constant c(R) > 0 independent of n.

Proof. Let the boundary I of the domain G be a piecewise analytic curve without cusps
and a function f(z) € A»(Ggr),R > 1. We assume z € I', such that 1 < p < R. Proceeding
in the same manner as in the proof of inequality (7) in Theorem 2, and employing Lemma 2
instead, for the constants depending only on R, we arrive at the following inequality.

R 2 " %
Tu(z, ) — Ka(z, f)] < Cli{(n )Er(zz)(f,GR)<p2p_1P2 n)
n 2
= en(R) ()" BX .Gy 7 ©)
Using (2) for p’ = g’ = 2, and (9), we can write
wa(z, f) < |f(z) = Sulz, )|+ |Tu(z, f) — Ku(z, f)|
P P21 e |*
< RnJrlEn (f/GR) p4_1lnp2_1 27T/|t\:R |t—P|2
n 2
+ en(®ED(£,68)(§)"\ | 7
< o (RED(f,G )(ﬁ)" rp* R 11 (10)
=~ 21 n 7 UR R pz_l Rz_pz .

If wereplacep =1+ % instead of p in (10), as n — oo, we finally obtain

wn(z, f) < c(R)%E,(f)(f,GR) (1/R2R_1 +1>, zeG

for a constant c¢(R) > 0 independent of n. [J

3.3. The Case of Domains Bounded by Analytic Curves

In this section, we assume that the boundary I' of the domain G is analytic curve.
Using the geometric properties of the level curves I';, < 1 approaching I' from the inside,

https://doi.org/10.3390/axioms15050326
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we obtain the maximal convergence rate of the partial sums of Fourier series of f with
Bergman orthogonal polynomials of domain G, where f is analyticon Gg D G for R > 1.
We use the following result for the asymptotics of Bergman orthogonal polynomials, which
improves on the geometric rate given in Theorem 1 by a factor max(6",1/r"), where r > 1
for closed subsets of () (see ([4] Corollary 4.1)).

Corollary 1 (See [4]). Let T’ € U(d) for some & < 1, and define

2(p+a) >0 ifT;€C(p+1,a),
B:=41 if s is piecewise analytic without cusps,

0 otherwise.

Then, uniformly for z € Q,,
O .
|An(z)| = O(W) ifr € (5, 1),
0()

If the level curve T belongs to the class of C(p +1,a), p > 0, « € (0,1), we
first give the following lemma for the sum of the Bergman polynomials according to
their asymptotics.

Lemma 3. If T € U(9) for some &6 < 1 and the level curve I's € C(p + 1,a) where p > 0,
a € (0,1) with p+a > 1, then for z € T, such that p € (8, 1), the inequality

N 2
P 2N op 1
<
QP" “p )<pz—1Np +150NP+*—%>

holds, where c(p, a) > 0 is a constant independent of N, p and 6.

Proof. LetT € U(6) for some § < 1 and the level curve T's € C(p+1,a),p > 0,a € (0,1).
Therefore, from Corollary 1, we take 2(p + «) instead of B. Then, we consider the case
z € T, with p € (4, }). Hence, we write

Pa(2) o
n41 4’( )‘P(Z)" n(2p+2a+1)/2
o\n
2 n+1 (ﬁ)
[Pa(2)]” < ( )\fp \ 9(2) 1+C22m)2-
Since z € T and g < 1, it follows
o\n
P 5p)"
P 2 < 2n 1 — 2n ( .
|Pu(z)|” < cosnp ( + 24 anrH;) c3np™" + co5 pta-]
Hence, we take the summation
N N N 50"
Y |Pa(z)* <cos Y mp® 45 Y L)l (11)
n=1 n=1 n=1 nPte—3

https://doi.org/10.3390/axioms15050326
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From (4), we already have
al 2 P2 2N
Y np* < 5 le . (12)
n=1 p= -
We now estimate the second sum. Set
X (50)"
Sy = — .
n=1 nPTe"2
Define a,, := (dp)", by := n%, and v = p+a —1/2. By Abel summation,
N—-1 k
SN =ANbDN+ Y Ap (b —bry1), A=) an.
k=1 n=1
Since 0 < Jp < 1 by hypotesis p € (5, 1), we have
Ak: Xk:(ép)n:‘sp(lf(‘sp)k) < 5P .
= 1-46p ~—1-6p
Moreover, for p +a > %, the discrete difference of by satisfies
0 < by — by < ca6(p, &) —
k — Ok+1 = Co6\P, & W-
Therefore,
op 1 op NI 1
Sy < +c , 0 . 13
L 26(p )1—5P k;k(l’*"‘*%) (13)

Since p + a > 3, the function x — (x + 1)—(p+zx+%) is positive and decreasing. Hence,

1—(N+ 1)*(”“‘*%) < co7(p, &)

N-1 . N .
} : k—(p+uc+7) < / <x+ 1)—(P+uc+7) dx = T < 7 (14)
= Jo pta—3 NPtz
From (13) and (14), we have

N )" 5 1 1

0
< —
; o1 SO e pe> (15)

If we write (12) and (15) instead of (11), we finally obtain

N 2 ) 1 1
2 o % N P 1
ng:l“)"(z)l _529(79/“) p2_1Np +1_(5PNP+“7% 4 p+a>2

for a constant c9(p, &) > 0 independent of N, pand 5. [

Theorem 4. Let the boundary T of the domain G belong to the class U(J) for some 6 < 1 and
the level curve Ts € C(p+1,&), where p > 0, a € (0,1) with p +a > . Let also a function
f(z) € A2(GRr), R > 1, then the remaining term wy(z, ) satisfies the mequalzty

wn(z, f) < C(R,p,tx) fGR (”Rz [ % 1_ ngjg) zeG
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for a constant c(R, p, &) > 0 independent of n and 6.

Proof. Let the boundary I' of the domain G belong to the class U (J) for some § < 1. and the
level curve I's belong to the class C(p +1,a) such that p > 0,a € (0,1) with p+a > 1. Let
also f(z) € A2(Ggr),R > 1. We assume z € I'y, where 1 < p < R. By a similar argument to
that used for (7) in Theorem 2, with Lemma 3 in place, we obtain the following inequality.

IN

2 %
Tz, f) — Kalz, £ % (fGR>( — %)

C31(R P, 2) 1
(f,Gr) 1—5p nits-1

By this and (2) for p’ = 4’ = 2, we write

wn(z, f) < |f(z) = O+ 1Tu(z,
n+1 dt %
< Iﬂnﬂ (f, Gr) \/T[ PM
f GRr) ( !
N np?
e (R, p,0)(B) ER (£,Gr) <\/ \/ — p2_1>

+ C33(R/pr“)<1;ln (f GR) (1_ ! 1)

c1(R p,a)
R?’l

IN

If wereplacep =1+ % instead of p, as n — oo, for z € G, we finally get

1 p@) |_R /o 1
wn(zrf) < 034(R/P11X)RnEn (erR)< R2*1+1+ 1_5n§+%,% ’

where c34(R, p,«) > 0is a constant independent of n and 6. [

Lemma 4. IfT € U(J) for some § < 1and the level curve Iy is a piecewise analytic curve without
cusps, then for z € T,y such that p € (3, }), the inequality

N
2 P N, 0P

holds for a constant ¢ > 0 independent of N, p and 6.

Proof. LetT € U(J) for some & < 1 and let the level curve I'; be a piecewise analytic curve
without cusps. From Corollary 1, taking 1 instead of B and assuming p € (J, %), we write

Py (2) (28

‘ g @ S T,
2 n+1 : (é)nz
RGP < Sy @[ @+ et
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forz € ﬁp. Since z € Tp from the hypothesis, we have
o\n
|Py(z) \2 < cygnp” (1 + C37Pn> = c36np*" + c38(8p)"
Hence, it follows
N ) N ) N
2 |Pn(2)|” < c36 Z np" + c38 Z (6p)". (16)
n=1 n=1 n=1
For the first sum, by (4), we have
Y 2 P2 2N
np" < Np~™. (17)
n; p?=1
Since ép < 1, the second sum can be estimated as follows.
N
1—(%p)" op
Sp)* < (6 < (18)

Hence, by writing (18) and (17) in (16), we obtain

N 2 )
Y 1Pu(2)]” < c3 <2‘01Np2N + p),
n=1 p= =

1—-46p
where c39 > 0 is a constant independent of N, pand §. [

Theorem 5. Let the boundary T of the domain G belong to the class U(6) for some 6 < 1 and the
level curve T'5 be a piecewise analytic curve without cusps. Let also a function f(z) € Az(Gr),
R > 1, then the remaining term wy(z, f) satisfies the inequality

wnlef) < c<R>;E£2><f,GR><\/R21i1+1+\/1f5>f

for a constant c(R) > 0 independent of n and 6.

Proof. Let the boundary I of the domain G belong to the class U(¢) for some § < 1
and the level curve I'; be a piecewise analytic curve without cusps. Let also a function
f(z) € A2(Gr),R > 1. We assume z € I';, where 1 < p < R. Following the same line of
reasoning as in the derivation of (7) in Theorem 2, but using Lemma 4, for the constants
depending only on R, we obtain the following inequality

|Ta(z, f) = Ku(z, f)] < C4°<R>E£2><f,cR>(pPZ npz”ﬂ&p )

L o

C‘*}{(f) EZ(f, Gr) (

IN
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wn(z, f)

IN

IN

IN

Using the last inequality, and (2) for p’ = g’ = 2, we write

f(2) = Su(z )| +|Tu(z, f) — Kn(z, f)]
n+1 1 |dt| 2
ZLA_RUPJ

C4z(R)E(2)(f Gr) np? o+ C43(R)E(z)(f G) op
n 7 p . n 7 1 _ (5p

o 2) p? 0>
Rn+1E" (f’GR) p4_1lnp2_1

p* R
P2—1 Rz_pz

np?
p*—1

+ess(R) (8) ER (£, Gr)

If we replace p = 1+ 1 instead of p, as 1 — oo, for z € G, we finally obtain

n(zf) < cr(R) gD (f,Gr) (x/RzR_1 14y 1f5>

where c47(R) > 0 is a constant independent of n and 6. [

4. Conclusions and Discussion

The approximation problems of Fourier series have been extensively studied by
numerous authors in real lines or complex planes. However, so far only a few studies
on the approximation of Fourier series with respect to Bergman orthogonal polynomials
are available in the literature [1,5-8]. In this paper, employing the results on the strong
asymptotics of Bergman orthogonal polynomials outside the domain G of orthogonality,
obtained by a new matrix approach [4], we add new findings to the known results within a
modern framework.

The findings in this paper extend the approximation problems for the canonical
domain Gg D G for R > 1, where f is analytic. Furthermore, as expected, the remaining
term values rapidly approach zero as n — oo since the exponential decay R™", R > 1
dominates any polynomial growth. The convergence rates we found depend on the best
approximation number E,(lz) (f, Gr), the number R and the properties of the boundary curve
of domain G, and even the properties of the level curves that approach the boundary I of
domain G from inside for the analytic curves.

However, while the present approach suffices to establish the rapid decay of the
remainder term with respect to the best approximation number E,(qz) (f, Gr), the number
R > 1, and the properties of the curve I', improved approximation rates may be obtained
by employing different techniques. And it would be of interest to investigate how the
approximation rates are affected by geometric features of the boundary in the piecewise
analytic case. In particular, the influence of corner angles on the asymptotic behavior of the
approximation error remains an open problem. Such questions are closely related to the
local singular behavior of conformal mappings near corner points. Understanding the role
of corner angles in such settings may lead to refined estimates and will be considered in
future work. On the other hand, the summability condition p + « > 1/2 in Lemma 1 and
Lemma 3 arises naturally from the convergence requirements in the application of the Abel
transformation and is intrinsic to the present method of proof. Whether this condition can
be relaxed by alternative techniques remains open.
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