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Abstract

We introduce a minimal relational network model in which superconducting-like behavior
emerges as a collective phase of constrained connectivity and phase coherence, without
assuming microscopic electrons, phonons, or material-specific interactions. The model
is formulated as a concrete instantiation of a previously introduced axiomatic relational—-
informational framework for emergent geometry and effective spacetime, in which ge-
ometry and effective forces arise from constrained information flow rather than from a
background manifold. Mathematically, this construction is realized on a finite weighted
graph with binary edge-activation variables and compact vertex phase variables, sampled
through a Gibbs ensemble generated by an additive informational action. The system is
represented as a finite weighted graph with weighted edges encoding transport or informa-
tional costs, augmented by dynamically activated low-cost channels and compact phase
degrees of freedom defined at vertices. The effective edge costs induce a weighted shortest-
path metric, providing an operational notion of emergent relational geometry. Using Monte
Carlo simulations on two-dimensional periodic lattices, we show that the same informa-
tional action supports three distinct emergent regimes: a normal resistive phase, a fragile
low-temperature-like superconducting phase characterized by noise-sensitive coherence,
and a noise-robust high-temperature-like superconducting phase in which global phase
coherence persists under substantial fluctuations. These regimes are identified using purely
relational observables with direct graph-theoretic and statistical-mechanical interpretation,
including percolation of low-cost channels, phase correlation functions, an operational
phase stiffness (helicity modulus), and a geometric diagnostic based on relational ball
growth. In particular, we extract an effective geometric dimension from the scaling of low-
cost accessibility balls, using a ball-growth relation of the form (B(r)) ~ r%ff, revealing
a clear monotonic hierarchy between normal, fragile superconducting, and noise-robust
superconducting—like regimes. This demonstrates that superconducting-like behaviour
in the present framework corresponds not only to percolation and phase alignment, but
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also to a qualitative reorganization of relational geometry. Robustness is tested via finite-
size comparison between 8 x 8, 12 x 12 and 16 x 16 lattice realizations. Within this
framework, normal and superconducting-like behavior arise from the same underlying
relational mechanism and differ only in the structural stability of connectivity, coherence,
and geometric accessibility under fluctuations. The aim of this work is structural rather
than material-specific: we do not reproduce detailed experimental phase diagrams or
microscopic pairing mechanisms, but identify minimal relational conditions under which
low-dissipation, phase-coherent transport can emerge as a generic organizational regime of
constrained relational systems.

Keywords: relational-informational framework; emergent geometry; superconducting-like
behavior; superconducting-like regimes; phase coherence; helicity modulus; phase stiffness;
percolation; complex networks; statistical mechanics; XY model; Monte Carlo simulation;
emergent phases; constrained information flow; finite-size scaling; geometric dimension;
network phase transitions; structural organization

MSC: 05C82; 82B20; 82B26; 82B80; 37B15

1. Introduction

Superconductivity represents one of the most striking examples of macroscopic co-
herence in physics. Below a critical temperature T, electrical resistance vanishes and
transport becomes governed by a collective phase extending across the entire system. In
conventional superconductors, this phenomenon is successfully explained by the Bardeen—
Cooper—Schrieffer (BCS) theory, where electrons form weakly bound Cooper pairs mediated
by lattice vibrations, leading to a condensate with long-range phase coherence [1,2]. By
contrast, high-temperature superconductivity (HTSC), discovered in layered copper-oxide
materials [3], has resisted a comparably universal theoretical description despite decades
of experimental and theoretical investigation [4—6].

A persistent difficulty in understanding HTSC is that many of its defining features—
strong electronic correlations, reduced effective dimensionality, spatial inhomogeneity, and
the prominence of collective excitations—do not fit naturally within weak-coupling or
quasiparticle-based frameworks. Numerous proposals have been advanced, including
resonating valence bond states [7], spin-fluctuation-mediated pairing [8], emergent gauge
fields [9], and strongly correlated quantum critical scenarios [10]. While these approaches
differ substantially in microscopic detail, they share a common implication: superconductiv-
ity, particularly at high temperatures, appears to be a collective organizational phenomenon
rather than the straightforward consequence of a single dominant interaction.

This observation motivates a shift in perspective. Instead of asking which microscopic
mechanism produces superconductivity in a given material, one may ask a more structural
question: what minimal conditions are sufficient for superconductivity to emerge at all?
Addressing this question requires a framework in which coherence, transport, and effective
dynamics can arise without being imposed a priori.

In parallel with developments in condensed matter physics, recent work across
network-based, relational, and information-theoretic approaches has explored how large-
scale organization, geometry, and effective dynamics may emerge from constrained interac-
tions rather than from a fixed background structure [11-14]. In particular, the axiomatic
relational-informational framework developed in [14] proposes that physical geometry
and effective forces arise from a minimal substrate consisting solely of degrees of freedom
connected by admissible informational relations subject to quantifiable constraints. Within
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that framework, distance is defined operationally via minimal constraint cost along rela-
tional paths, curvature arises from heterogeneity in constraint structure, and effective forces
emerge as gradients of an informational action under coarse-graining. No background
spacetime or predefined geometry is assumed.

The present work extends this axiomatic framework to the study of superconducting-
like behavior within a relational setting. Rather than introducing electrons, phonons, or
microscopic order parameters as fundamental ingredients, we ask whether superconduct-
ing behavior can emerge as a phase of constrained relational information. In this setting,
transport is governed by accessibility through a network of constraints, and macroscopic
behavior reflects how low-cost pathways organize statistically across the relational struc-
ture. Superconducting-like behavior is then identified operationally as a regime in which
a particular transport channel becomes system-spanning and phase-coherent, allowing
currents or information to propagate without accumulating effective resistance.

This relational interpretation naturally accommodates both normal conduction and
superconductivity within a single conceptual scheme. A normal conducting phase corre-
sponds to a regime in which low-cost pathways are fragmented and phase correlations are
short-ranged. Within the present framework, superconducting-like behavior emerges when
low-constraint connectivity percolates across the system and phase coherence becomes
long-ranged. Crucially, the distinction between low-temperature and high-temperature
superconductivity is reinterpreted not as a difference in fundamental mechanisms, but as a
difference in the robustness of coherent relational organization against fluctuations. Low-
temperature superconductors correspond to marginally stable coherence that survives only
under strong noise suppression, while high-temperature superconductors correspond to
regimes in which the relational structure itself strongly favors coherent, low-cost transport.

From this perspective, high-temperature-like superconducting behavior is not anoma-
lous but structurally natural within the relational model. The same relational principles that
give rise to emergent geometry and effective forces also permit the emergence of globally
coherent, low-dissipation transport when constraint organization and phase stiffness are
sufficiently favorable. Geometry, forces, and superconductivity thus appear as different
manifestations of emergent order within constrained relational systems.

The goal of this paper is therefore foundational rather than material-specific. We do not
aim to replace existing microscopic theories of superconductivity, nor to reproduce detailed
experimental phase diagrams. Instead, we seek to demonstrate that superconducting-like
behavior—encompassing both low-temperature-like and high-temperature-like regimes—
can arise generically within a relational-informational framework consistent with the
axioms introduced in [14]. By doing so, we clarify which aspects of superconducting
behavior are structural and universal, and which depend on particular physical realizations.

Concretely, we show in Section 5 that by varying only a small set of relational pa-
rameters controlling cost reduction, channel activation, and phase stiffness, the same
informational action gives rise to three distinct organizational regimes. These correspond
to a normal resistive phase with fragmented low-cost connectivity, a low-temperature-like
superconducting phase in which coherence is fragile and noise-sensitive, and a high-
temperature-like superconducting phase in which a system-spanning low-cost network
supports robust long-range coherence even under substantial fluctuations. In addition
to connectivity and correlation-based diagnostics, we compute an operational phase stiff-
ness (helicity modulus) and perform a finite-size comparison between 8 x 8,12 x 12 and
16 x 16 lattice realizations, which together confirm that the three relational regimes dif-
fer not only in percolation properties but also in their phase rigidity and robustness to
system-size enlargement.
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In addition to connectivity and phase coherence, we show that the emergence of
superconducting behavior is accompanied by a qualitative reorganization of relational
geometry. By analyzing the growth of low-cost accessibility balls within the relational
network, we extract an effective geometric dimension that increases monotonically from
the normal to the fragile and noise-robust superconducting-like regimes. This demonstrates
that superconducting-like behavior in the present framework corresponds not only to
percolation and phase alignment, but also to an emergent extension and densification of
relational geometry itself.

Although the present framework is relational and axiomatic in origin, the opera-
tional diagnostics used to identify superconducting phases are grounded in established
statistical-physics traditions. In particular, the phase coherence sector is analyzed us-
ing an XY-like phase stiffness observable (helicity modulus) that measures the energetic
cost of global phase twists [15-18], while the transport backbone is characterized using
percolation-inspired connectivity diagnostics [19]. These tools do not impose microscopic
assumptions but provide a transparent bridge between the relational formalism and the
broader theory of phase transitions and collective organization. The methodology therefore
situates the present model within the conceptual lineage of XY systems, phase-stiff states,
and connectivity-driven critical phenomena, while preserving the axiomatic relational—-
informational foundation.

From a mathematical perspective, the present construction is a finite weighted graph
model with mixed discrete-compact state space. Binary edge variables p, € {0,1} de-
termine an activated low-cost subgraph, while compact vertex phases ¢; € S!' define
a phase field on the vertex set. The statistical ensemble is induced by a Gibbs weight
Pg(w) o e~PS(@) associated with the informational action. The main objects studied are
the weighted shortest-path metric generated by the effective edge costs, the connected-
component structure of the activated subgraph, graph-distance phase correlations, an
operational helicity modulus, and an effective geometric dimension extracted from ball-
growth scaling. In this sense, the model lies at the interface of graph theory, percolation
theory, lattice spin systems, complex networks, and mathematical physics [20-23].

The formal contribution of this work is fourfold. First, we define a minimal
weighted relational graph model compatible with the previously introduced axiomatic
relational-informational framework. Second, we specify a family of observables that
jointly characterize connectivity, coherence, phase rigidity, and relational geometric ac-
cessibility. Third, we show numerically that the same action supports three distinct
finite-size organizational regimes—normal, fragile superconducting-like, and noise-robust
superconducting-like—without changing the underlying formal structure of the model.
Fourth, we show that these regimes are accompanied by a monotone hierarchy in effective
geometric dimension, thereby linking coherent transport to geometric densification of the
activated relational subgraph.

Relation to the Axiomatic Relational-Informational Framework

The present model is not an independent departure from earlier work, but a concrete
specialization of the axiomatic relational-informational framework developed in [14].

In that framework, the only primitive object is a relational configuration
G = (V, E, C) whose directed edges carry nonnegative constraint weights C(e) interpreted as
path-additive informational costs. An informational action S(G), monotone in constraint
strength and additive over edges, induces a Gibbs ensemble [20] P(G) « exp[—BS(G)],
and effective geometry, forces, and spacetime arise as emergent structures of constrained
relational accessibility.

https://doi.org/10.3390/axioms15050309


https://doi.org/10.3390/axioms15050309

Axioms 2026, 15, 309

5 of 30

In the present work, this general relational structure is specialized to a finite weighted
graph with configuration space Q) = {0, 1}E x (S1) V, yielding a mixed discrete—compact
Gibbs system in finite volume.

The superconducting-like model introduced here adopts this structure with minimal
additional assumptions. First, the relational graph G = (V, E) of Section 2 corresponds to the
undirected specialization of the general configuration G = (V, E, C), with baseline transport
costs . playing the role of constraint weights C(e). The emergent relational distance d,; (i, j)
defined in Equation (1) is the accessibility distance introduced in [14], obtained as minimal
cumulative constraint cost along admissible paths. Second, the baseline term Sy, in
Equation (7) is a specific choice of informational action, corresponding to the additive form
S(G) = a)_, ®(C(e)) with ®(C) = ¢, already shown in [14] to generate well-defined Gibbs
ensembles and emergent information geometry.

The additional contributions Spair and Sppase do not introduce new ontological primi-
tives; rather, they restrict attention to a particular class of relational configurations in which
(i) certain edges may carry an enhanced “low-cost” channel, encoded by binary variables
Pe, and (ii) vertices carry compact phase degrees of freedom ¢; that couple only along
these low-cost channels. These extra terms are therefore interpreted as a specific physi-
cal hypothesis within the axiomatic framework: superconducting behavior corresponds
to an emergent organizational phase in which constraint structure and phase alignment
co-stabilize, rather than to a modification of the underlying relational principles.

Finally, the statistical weighting P & e~P° used in Equation (5) is identical in form
to the Gibbs ensemble introduced in [14], where 87! is interpreted as an effective noise
parameter controlling the exploration of near-optimal relational configurations. In the
present context, varying f plays the role of tuning fluctuation strength in the relational
network and allows us to distinguish normal, fragile superconducting, and noise-robust
superconducting regimes within the same axiomatic architecture.

In the present work, the terminology “low-temperature-like” and “high-temperature-
like” refers not to literal thermodynamic temperature, but to the robustness of phase
coherence with respect to the effective noise parameter 8! appearing in the informational
ensemble. A “low-temperature-like” regime denotes coherence that survives only at large 8
(weak fluctuations), whereas a “high-temperature-like” regime denotes parameter regions
in which macroscopic coherence and phase stiffness persist even at moderate 5. This
terminology is therefore structural and operational rather than material-specific.

2. Relational Network Model

In this section we introduce the relational model that underlies the results of this work.
The construction is deliberately minimal and is designed to extend the axiomatic relational-
informational framework in the smallest possible way required to support superconducting
behavior. No microscopic particles, quantum fields, or background spacetime structures
are assumed. Instead, all physical notions emerge from the organization of constraints and
collective degrees of freedom defined on a relational network.

2.1. Network Structure and Relational Distance

The fundamental substrate of the model is a graph G = (V, E) [20,24] where the set
of vertices V represents abstract relational sites and the set of edges E represents admissible
pathways for transport or information flow between them. This choice follows directly from
the axiomatic framework, in which relational adjacency, rather than spatial embedding, is
taken as primitive.

Each edge e € E is assigned a positive baseline cost x, > 0. This cost quantifies
the constraint associated with transport across that relation and may be interpreted as
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resistance, friction, or informational difficulty. Importantly, x, is not an energy in the
microscopic sense; it is a structural parameter encoding how easily relational accessibility
can be achieved along a given edge.

No notion of geometric distance is assumed a priori. Instead, distance emerges
operationally from the constraint structure of the network. The effective distance between
two vertices i,j € V is defined as the minimal cumulative cost along all admissible paths
connecting them,

dret (i, ) = I%i,nZGEP{j Ke 1)
i

where P;; denotes a path in the graph from i to j. In this way, geometry arises as a derived,
coarse-grained concept rather than as an input. This construction is fully consistent with
the relational-informational interpretation of space developed in the axiomatic framework.

It is important to distinguish this emergent, cost-based relational distance d,,; from
the discrete hop distance used later in numerical measurements of correlation functions. In
Section 4, the quantity 7 denotes the shortest-path length in the underlying adjacency graph
of a specific lattice realization (i.e., the minimal number of nearest-neighbor edge traversals
between two vertices). This hop distance serves solely as an operational indexing param-
eter for organizing correlation data in simulations and does not define the fundamental
relational geometry of the model.

The relational framework itself remains independent of any predefined metric embed-
ding. The lattice geometry used in simulations is a convenient realization for numerical
study; superconducting behavior, if it emerges, arises from the organization of constraints
and phase variables on the graph and not from any imposed background spatial structure.

2.2. Emergent Low-Cost Transport Channel

To allow for collective reorganization of transport, each edge ecE is endowed with an
additional binary internal variable
pe € {0,1} 2

This variable represents the activation of a special transport channel on that edge.
The interpretation is as follows:

e p. = 0 corresponds to a normal transport channel governed solely by the baseline cost .,
e p. =1 corresponds to the activation of an additional low-cost channel that facilitates
transport across the edge.

The effective cost associated with an edge is then defined as

Cesrle) = Ke(1—ype) (©)

where 0 <y <1 controls the degree to which the special channel reduces the transport cost.

This formulation is chosen for its minimality. The binary variable p, represents the
simplest nontrivial extension of the relational framework that allows transport properties
to reorganize dynamically. Continuous-valued channels or multiple internal states are
possible generalizations, but they are not required to capture the essential phenomenology
of superconductivity explored here.

Crucially, the activation of low-cost channels is not imposed externally. As detailed
in Section 3, each active channel carries a cost in the informational action. Low-cost
connectivity therefore emerges only when it is collectively favorable at the level of the
entire network. This ensures that system-spanning low-resistance pathways arise as an
emergent phenomenon rather than as a trivial saturation of edges.
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Within the present framework, these low-cost channels play a structural role analogous
to paired transport modes in superconductors, but without invoking microscopic pairing
mechanisms or particle-based descriptions.

2.3. Phase Degree of Freedom and Coherence

In addition to transport channels, each vertex i € V is assigned a compact
phase variable
$; € 10,2m) 4)

These phases represent collective relational degrees of freedom associated with coher-
ence. They are not interpreted as microscopic quantum wavefunctions or order parameters
tied to specific particles. Rather, they encode the possibility of phase alignment across
extended regions of the network.

The coupling of phase variables is strictly conditional on transport accessibility. Only
edges for which the low-cost channel is active (p. = 1) contribute to phase coupling.
Edges with p. = 0 do not mediate any phase interaction. This construction ensures that
coherence is inseparable from enhanced transport, reflecting the defining property of
superconductivity: resistance-free transport and phase coherence arise together.

This choice is conceptually important. It prevents the appearance of spurious
long-range order in the absence of efficient transport pathways and guarantees that
any macroscopic coherence observed in the system is directly tied to the emergence of
low-resistance connectivity.

The phase variables thus provide the minimal additional structure required to distin-
guish between mere percolation of low-cost pathways and superconducting-like coherent
transport behavior, characterized by coherent transport governed by a global phase.

Percolation of low-cost channels and phase coherence play distinct roles in the model.
Percolation is a connectivity property of the activated low-cost subgraph and indicates
the existence of a system-spanning transport backbone. Phase coherence is an ordering
property of the compact vertex phases and indicates whether transport along that backbone
is collectively organized rather than locally disordered. The two are therefore not equivalent:
a percolating low-cost network may exist without robust long-range coherence, as seen in
the fragile regime at low f3.

2.4. Conceptual Status of the Model

It is important to emphasize that the relational network model introduced here is not
intended as a microscopic description of any specific superconducting material. Instead, it
should be understood as a structural extension of the axiomatic relational-informational
framework, designed to test whether superconductivity can emerge as a generic phase of
constrained relational systems.

All elements of the model—the graph structure, transport costs, low-cost channels,
and phase variables—are defined operationally and relationally. No background spacetime,
lattice embedding, or particle ontology is assumed. As a result, superconducting behavior,
if it arises, does so as an emergent organizational property of the network rather than as a
consequence of imposed microscopic dynamics.

This completes the definition of the relational substrate on which the informational
action and statistical dynamics, introduced in the next section, are built.

2.5. Notation and Symbol Summary

For clarity, we summarize in Table 1 the main symbols and parameters used through-
out the manuscript. All quantities are defined within the relational-informational frame-
work introduced in Sections 2—4.
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Table 1. Summary of Symbols and Parameters in the Relational Superconducting Model.

Symbol Meaning Type
G=(V,E) Relational graph with vertices V and edges E Structure
|4 Set of relational sites (vertices) Structure
E Set of admissible transport relations (edges) Structure
Ke Baseline transport cost of edge ¢ Parameter
pe € {0,1} Binary activation variable for low-cost channel on edgee Dynamical variable
0% Cost-reduction factor for activated channels (0 <y < 1) Coupling parameter
Cesf(e) Effective transport cost of edge e Derived quantity
¢;i € [0,2m) Phase variable at vertex i Dynamical variable
] Phase stiffness coupling constant Coupling parameter
€p Intrinsic activation cost for low-cost channels Parameter
u Crowding penalty strength Parameter
« Global transport cost weight Parameter
Informational action Functional
Inverse effective noise (fluctuation strength) Control parameter
Op Pair density (fraction of edges with p, = 1) Observable
Largest cluster fraction Fraction of sites in largest connected low-cost component Observable
C(r) Phase correlation function at hop distance r Observable
r Graph-theoretic hop distance Indexing parameter
Y Helicity modulus (phase stiffness) Observable
L Linear system size Simulation parameter

The symbols in Table 1 should be understood as superconductivity-specific specializa-
tions of the more general notation used in the axiomatic relational-informational frame-
work [14]. In particular, the baseline costs k. correspond to the constraint weights C(e)
of that framework, the emergent relational distance d, coincides with the accessibility
distance defined there, and the informational action S plays the same role of quantifying
global constraint tension and inducing a Gibbs ensemble P o< e £S5,

3. Informational Action

The relational network introduced in Section 2 acquires physical meaning through
its statistical organization. In the axiomatic relational-informational framework, such
organization is governed by an action functional that assigns a weight to each admissible
configuration of relations and constraints. Geometry, effective forces, and dynamical
behavior emerge from the collective minimization of this action under coarse-graining.
In the present work, superconducting behavior is likewise treated as an emergent phase
arising from the statistical structure of an informational action, rather than from microscopic
equations of motion.

We therefore define an effective informational action S that assigns a scalar cost to
each configuration of transport channels and phase variables on the network. The action is
constructed to be minimal, additive, and fully consistent with the relational principles of
the underlying framework. Configurations are sampled according to a Boltzmann weight,

P e PS (5)
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where B controls the strength of fluctuations. Throughout this work, ! should be in-
terpreted as an effective noise or disorder parameter rather than a literal thermodynamic
temperature, although the analogy is useful for interpreting phase transitions.

The total action is written as

S = Spase + Spair + Sphase (6)

where each term encodes a distinct structural contribution to the global organization of the
network. The separation into these three contributions reflects a conceptual decomposition
into transport cost, channel activation, and coherence.

3.1. Baseline Transport Cost

The first contribution to the action accounts for the global cost of transport across the
network. It is defined as

Sbase = “ZEGE Ké’(l - r)/pé’) @)

where o > 0 sets the overall sensitivity of the system to transport constraints.

This term generalizes the baseline action used in the axiomatic framework, where
global tension is measured by the cumulative constraint cost of relational paths. Here,
the effective cost of each edge depends on whether the low-cost channel is active. When
pe = 1, the contribution of that edge to the global transport cost is reduced, reflecting
enhanced accessibility.

Importantly, Sy,s, alone does not favor indiscriminate activation of low-cost chan-
nels. While activating a channel reduces this contribution to the action, such activation is
penalized elsewhere. As a result, reductions in transport cost must be balanced against
the energetic cost of creating and maintaining special channels. This balance is essen-
tial for preventing trivial solutions in which all edges are activated independently of
global structure.

From a relational perspective, Sj,s. encodes the tendency of the system to reorganize
its constraint structure so as to minimize effective distances between relational sites.

3.2. Pair Creation and Crowding Penalty

The activation and spatial distribution of low-cost transport channels are regulated by
the second contribution to the action,

2
Spair = 6}72365 Pe + UZiGV (Z€9i Pe) (8)

The first term assigns an intrinsic cost €, to the activation of each low-cost channel.
Positive values of €, suppress the formation of such channels, while smaller or negative
values favor their appearance. This parameter therefore controls the overall density of
enhanced transport pathways in the network.

The second term introduces a crowding penalty with strength U > 0, which discourages
an excessive concentration of low-cost channels around individual vertices. Without this
term, the system could reduce its action by clustering many activated edges locally, leading
to highly inhomogeneous and unphysical configurations. The quadratic form ensures that
low-cost connectivity, when it emerges, does so in a distributed and collective manner
across the network.

Together, these terms play a role analogous to regulating the formation and spatial
organization of paired transport modes. However, no microscopic pairing mechanism is
assumed. The variables p, encode purely relational possibilities for enhanced accessibility,
and their organization is determined statistically by the global action.

https://doi.org/10.3390/axioms15050309
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3.3. Phase Coherence Term

The third contribution to the action encodes coherence between relational sites and is
defined as

Sphuse = _]Z(i,j)EE pijcos (4)1 B 4)]) ©)

where | > 0 controls the stiffness of phase alignment.

This term favors alignment of phase variables ¢; and ¢; along edges for which the
low-cost channel is active. The cosine form is chosen for its simplicity and periodicity,
reflecting the compact nature of the phase variables. Importantly, no phase interaction exists
along edges with p. = 0, ensuring that coherence is mediated exclusively by enhanced
transport pathways.

This construction embodies a central structural feature associated with superconduct-
ing organization: long-range phase coherence cannot exist independently of the emergence
of low-cost, low-dissipation transport pathways. In the present framework, coherence and
low-cost connectivity are inseparable. Phase alignment is possible only where relational
accessibility is sufficiently high.

Although the mathematical form of this term resembles that of an XY-type interaction,
its interpretation here is fundamentally relational. The phases do not correspond to mi-
croscopic quantum states but to collective degrees of freedom encoding coherence across
the network. As a result, macroscopic phase order, when it appears, arises as an emergent
organizational feature of the relational system.

3.4. Statistical Interpretation and Phase Structure

The full informational action defines a statistical ensemble of relational configurations.
At large B, fluctuations are suppressed and the system organizes into configurations that
minimize the action. At smaller B, disorder competes with collective organization, leading
to qualitatively different phases.

Within this ensemble, superconducting-like behavior is identified operationally rather
than postulated. A superconducting-like phase corresponds to configurations in which low-
cost transport channels form a system-spanning connected structure and phase coherence
extends across that structure. The distinction between normal conduction, low-temperature-
like superconductivity, and high-temperature-like superconductivity arises from how
robust this organization is against increasing noise within the ensemble.

This statistical interpretation completes the definition of the model. In the follow-
ing section, we describe how the resulting ensemble is explored numerically and how
superconducting phases are identified using purely relational observables.

4. Simulation Methodology

The relational model defined in Sections 2 and 3 does not admit a closed-form an-
alytical solution in general, due to the coupled, nonlinear dependence between trans-
port channels and phase degrees of freedom. To explore its statistical behavior and
emergent phases, we therefore study the model numerically using Monte Carlo simu-
lations [25]. The goal of these simulations is not to reproduce detailed material-specific phe-
nomenology, but to determine whether the relational action supports distinct organizational
regimes corresponding to normal conduction, low-temperature superconductivity, and
high-temperature superconductivity.

4.1. Choice of Lattice and Boundary Conditions

For numerical concreteness, the relational network G = (V, E) is instantiated as a
two-dimensional square lattice with periodic boundary conditions. Each vertex has a fixed
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coordination number, and edges connect nearest neighbors. This choice is motivated by
two considerations.

First, many superconducting materials, particularly high-temperature cuprates, ex-
hibit strong quasi-two-dimensional character, with transport and coherence dominated
by layered structures. Second, a regular lattice provides a controlled setting in which
relational distance, connectivity, and correlation functions can be defined unambiguously,
while remaining fully consistent with the relational interpretation of the model. Impor-
tantly, the formalism itself does not rely on lattice geometry and can be generalized to
arbitrary graphs.

Periodic boundary conditions are imposed to reduce boundary effects and to approxi-
mate bulk behavior within a finite system. Because the primary simulations are performed
on a finite 8 x 8 lattice, with additional finite-size comparisons on 12 x 12 and 16 x 16
lattices discussed later, the results should be interpreted as evidence of extended coherence
in finite realizations rather than as a full thermodynamic-limit analysis. A systematic finite-
size scaling study would be required to characterize critical behavior in the infinite-system
limit and is left for future work.

4.2. Dynamical Variables and Configuration Space

The configuration space of the model consists of two sets of dynamical variables:

1. Edge variables p. € {0,1}, which encode the activation of low-cost transport channels
on edges.

2. Vertex variables ¢; € [0,277), which encode phase degrees of freedom associated with
coherence.

A complete configuration of the system is therefore specified by the pair {p,}, {¢;}.
Both sets of variables evolve dynamically during the simulation, allowing the network’s
transport structure and phase organization to co-evolve.

4.3. Monte Carlo Update Scheme

Configurations are sampled from the Boltzmann distribution
P o e PS

where S is the informational action defined in Section 3 and B controls the strength
of fluctuations.

We employ a standard Metropolis Monte Carlo algorithm [25,26] consisting of
local updates:

e Edge updates: an edge ¢ is selected at random and its transport state is proposed to
flip, pe = 1 —pe.

e Phase updates: a vertex i is selected at random and its phase is proposed to change by a
small random increment, ¢; — ¢; + J, where J is drawn from a symmetric distribution.

Each proposed update is accepted or rejected according to the Metropolis criterion
based on the change in the total action AS. This update scheme ensures detailed balance
and ergodicity within the configuration space.

The separation between edge and phase updates reflects the conceptual structure
of the model: transport accessibility and coherence are distinct but coupled degrees of
freedom. Allowing both to evolve dynamically is essential for capturing the emergence of
superconducting phases.

4.4. Thermalization and Measurement Protocol

Simulations are divided into two stages:
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1.  Thermalization: an initial sequence of Monte Carlo sweeps is discarded to allow the
system to relax from its initial condition toward equilibrium.

2. Measurement: observables are recorded over subsequent sweeps, with sufficient
separation between measurements to reduce autocorrelation effects.

All reported quantities are obtained by averaging over the measurement phase.
Where appropriate, simulations are repeated with different random seeds to ensure
statistical robustness.

4.5. Observables

Superconducting behavior is identified using observables defined entirely in relational
terms, consistent with the axiomatic framework. The primary diagnostics are as follows.
Pair density. The fraction of edges with activated low-cost channels,

1
op = EZEEE pe (10)

provides a measure of how extensively enhanced transport pathways populate the network.
Largest connected component. We compute the size of the largest connected cluster
formed by edges with p, = 1, normalized by the number of vertices. A cluster that spans a
finite fraction of the system indicates percolating low-resistance connectivity.
Phase correlation function. Phase coherence is quantified by the correlation function

C(r) = (cos(¢; — 4>]-)> (11)

where the average is taken over all unordered pairs of vertices (i,j) separated by graph-
theoretic hop distance r. In the present 8 x 8 periodic square lattice realization, r is defined
as the minimal number of nearest-neighbor edge traversals (Manhattan distance on the
torus) connecting i and j.

This definition depends only on adjacency relations in the chosen graph and does not
assume a continuous background metric. The hop distance serves solely as an operational
indexing parameter for organizing correlation data in simulations. Long-range persistence
of C(r) as r increases signals macroscopic phase coherence, while rapid decay indicates
incoherent transport. For a general graph realization, r would correspond to the shortest-
path length in the underlying adjacency graph.

These observables allow a clear operational distinction between different phases of
the model without reference to microscopic particles, currents, or electromagnetic response.
In this sense, the observables diagnose structural superconducting-like organization within
the relational model, rather than full electromagnetic superconductivity.

4.6. Phase Stiffness (Helicity Modulus)

To complement the cluster and correlation-based diagnostics, we also compute an
operational phase stiffness (helicity modulus) Y, which probes the energetic cost of twisting
the phase field across the system. In analogy with XY-type models of superconducting films,
the helicity modulus along a given direction (say, x) is defined as the second derivative
of the free energy with respect to a uniform phase twist imposed along that direction.
Operationally, we introduce a small twist 6 in the phase differences along x-directed edges,
¢i — ¢j = ¢i — ¢; + 6, and estimate
1 9°F(0)

Y~ 12592

evaluated at 0 =0 (12)

—
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where F(0) is the effective free energy per site in the presence of the twist and L is the linear
system size. In practice, we evaluate this curvature using a finite-difference estimator,
comparing the action with and without a small twist applied along x

F(6) — 2F(0) + F(—6)

Y ~ 202

(13)

A nonzero positive Y indicates a phase-stiff state in which global coherence is resistant
to distortions, whereas Y =~ 0 signals the absence of macroscopic stiffness.

In the results below we report Y as an averaged scalar quantity (dropping the x
subscript), since the square lattice with periodic boundary conditions is isotropic at the
level of the present model.

4.7. Identification of Phases
A superconducting-like phase is operationally defined as a regime in which:

e  low-cost transport channels form a system-spanning connected structure, and
e  phase correlations remain long-ranged across that structure.

This definition is structural and operational within the relational model and is not
intended as a claim of full microscopic or electromagnetic superconductivity.

A normal conducting phase is characterized by fragmented low-cost connectivity and
rapidly decaying phase correlations.

Within the class of superconducting-like phases, a low-temperature-like regime de-
notes superconducting-like behavior that survives only at large 3 (weak fluctuations),
whereas a high-temperature-like regime denotes parameter regions in which macroscopic
coherence and phase stiffness persist over a broad range of 3.

4.8. Simulation Parameters and Statistical Analysis

One Monte Carlo sweep is defined as a sequence of |E| attempted edge updates
followed by |V| attempted phase updates, where |E| and |V| denote the numbers of edges
and vertices, respectively. For all simulations, configurations were initialized with randomly
assigned binary channel variables p, and uniformly distributed phases ¢; € [0,277).

For the L = 8 simulations reported in Tables 2-6, each parameter point (regime, §) was
simulated with 500 thermalization sweeps followed by 1000 measurement steps. Between
successive measurements, 5 additional sweeps were performed to reduce short-time corre-
lations, for a total of approximately 5500 sweeps per parameter point. Observables were
recorded at the end of each measurement block.

Table 2. Representative numerical observables in the strong-coupling regime at neutral pairing field
(ep = 0.0). Shown are the pair density p,, the fraction of lattice sites belonging to the largest connected
component of low-cost edges, and the phase correlation function C(r) measured at lattice distances
r =1, 2, 3, as functions of the inverse noise parameter . Even at § = 1, the system exhibits a
nearly system-spanning low-cost network and substantial long-range phase coherence. Increas-
ing B further enhances and saturates both percolation and phase coherence, indicating a robust
superconducting phase.

B Pp Largest Cluster Cc@) C(2) C@3)
1.0 0.857 0.999 0.807 0.745 0.710
2.0 0.983 1.000 0.934 0.913 0.901
3.0 0.998 1.000 0.958 0.944 0.937
4.0 1.000 1.000 0.969 0.959 0.953
5.0 1.000 1.000 0.975 0.967 0.962
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Table 3. Dependence of the superconducting observables on the pairing field €, at fixed inverse noise
parameter B = 1.0. Despite a progressive reduction in pair density as €, increases, the largest low-cost
cluster continues to span nearly the entire lattice, and phase correlations remain large and slowly
decaying with distance. These results demonstrate that global coherence in the strong-coupling
regime is robust against moderate energetic penalties for pair formation.

Largest Cluster

€p Pair Density pp Fraction C(1) C(@2) C@3)

—0.5 0.911 1.000 0.840 0.790 0.764
0.0 0.861 0.999 0.812 0.762 0.737
+0.5 0.779 0.996 0.766 0.693 0.654

Table 4. Normal regime (N) observables on an 8 x 8 lattice. Pair density oy, largest low-cost cluster
fraction, and phase correlation function C(r) at distances r = 1, 2, 3 as functions of 8 for the weak-
coupling parameter set y = 0.3, ] =0.3, ¢, = 0.8, U=0.2 (x = 1, k. = 1). The low channel density,
subextensive largest cluster, and correlations fluctuating around zero indicate a normal resistive
regime with fragmented low-cost connectivity and absent macroscopic phase coherence.

B Pp Largest Cluster Cc@) C@) C@3)
1.0 0.208 0.096 0.025 —0.001 0.002
2.0 0.108 0.051 0.032 —0.001 0.002
3.0 0.058 0.037 0.021 0.003 0.001
4.0 0.032 0.032 0.017 —0.000 0.002
5.0 0.016 0.030 0.010 —0.002 —0.002

Table 5. Fragile superconducting regime (F) on an 8 x 8 lattice. Pair density p, largest low-cost
cluster fraction, and phase correlation function C() at distances r = 1, 2, 3 as functions of j for the
intermediate-coupling parameter set y = 0.7, ] = 1.0, ¢, = 0.2, U= 0.1 (« = 1, k, = 1). The low-cost
cluster becomes nearly spanning already at p = 1 and fully spanning by 8 > 3, while intermediate-
and long-range correlations C(2), C(3) are strongly suppressed at f = 1 and increase rapidly with B.
This combination of extended low-cost connectivity and noise-sensitive coherence identifies a fragile
superconducting regime.

B Pp Largest Cluster c C©2 C@3)
1.0 0.490 0.754 0.231 0.076 0.025
2.0 0.566 0.908 0.498 0.322 0.232
3.0 0.673 0.988 0.773 0.692 0.649
4.0 0.722 0.991 0.846 0.783 0.744
5.0 0.766 0.999 0.908 0.876 0.858

To control for sampling variability, all L = 8 results were averaged over 5 independent
runs with different random number seeds for each regime and value of B. For a given §,
the seed used in the s-th run was taken as

seed = basege,y + s + [108]

with distinct base_seed values for the three regimes to avoid accidental correlations between
runs. The quantities reported in Tables 2-5 and in the helicity modulus summary (Table 6)
correspond to arithmetic means over these independent realizations.
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For the finite-size comparison on a larger L = 12 and L = 16 lattices (Table 7), a lighter
Monte Carlo protocol was used for computational efficiency: 150 thermalization sweeps
followed by 60 measurement steps, with 2 additional sweeps between measurements. Each
(regime, B) point at L = 12 and L = 16 was averaged over 3 independent seeds using the
same seeding scheme as above.

Table 6. Helicity modulus Y and intermediate-distance phase correlation C(2) as functions of {3 for the
three parameter sets N (normal), F (fragile superconducting), and R (noise-robust superconducting)
on an 8 x 8 periodic lattice. All values are averaged over five independent Monte Carlo seeds per
parameter point (500 thermalization sweeps followed by 1000 measurement steps with 5 sweeps
between measurements). Regime R exhibits a sizable and increasing helicity modulus across the full
f range, regime F shows a much smaller and strongly 3 -dependent stiffness, and regime N has Y
fluctuating around zero. The clear separation YR > Yy ~ 0 > Y\ confirms that the three regimes differ
not only in connectivity and correlation structure but also in intrinsic phase rigidity.

Regime B C@2) Y
F 1.0 0.076 0.006
F 2.0 0.322 0.057
F 3.0 0.692 0.158
F 4.0 0.783 0.199
F 5.0 0.876 0.254
N 1.0 —0.001 —0.001
N 2.0 —0.001 —0.000
N 3.0 0.003 —0.000
N 4.0 —0.000 0.000
N 5.0 —0.002 —0.000
R 1.0 0.745 0.297
R 2.0 0913 0.460
R 3.0 0.944 0.483
R 4.0 0.959 0.494
R 5.0 0.967 0.497

Phase updates were performed by proposing ¢; — ¢; + J, where § was drawn uni-
formly from the interval [—0.3,0.3]. This fixed step size yielded Metropolis acceptance rates
in the range 40-60% across the parameter values explored. Helicity moduli Y were com-
puted using the finite-difference estimator defined in Equation (13) with twist magnitude
6 = 0.05; spot checks at 6 = 0.03 and 6 = 0.07 produced consistent values within the sampling
variability of the Monte Carlo runs.

The aim of the present numerical study is to identify qualitative organizational
regimes—normal, fragile superconducting, and noise-robust superconducting—rather
than to determine critical exponents or thermodynamic-limit phase boundaries. Within
this scope, the averages over 5 seeds at L = 8 and 3 seeds at L = 12 and L = 16 were found
sufficient to yield stable mean values of the pair density, largest-cluster fraction, correlation
functions, and helicity modulus at the level of precision discussed in Section 5.
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Table 7. Finite-size comparison of key observables for L = 8, L = 12, and L = 16 periodic lattices at
f =1and =3 in the normal (N), fragile superconducting (F), and noise-robust superconducting
(R) regimes. Shown are the pair density pp, the fraction of lattice sites belonging to the largest
connected component of low-cost edges (“Largest cluster fraction”), the intermediate-distance phase
correlation C(2), and the helicity modulus Y. For L = 8, values are averaged over five independent
Monte Carlo seeds per parameter point (500 thermalization sweeps followed by 1000 measurement
steps with 5 sweeps between measurements). For L = 12 and L = 16, values are averaged over three
independent seeds (150 thermalization sweeps followed by 60 measurement steps with 2 sweeps
between measurements). The qualitative hierarchy YR > Yg ~ 0 > Y persists under system-size
enlargement, indicating that the distinction between normal, fragile superconducting, and noise-
robust superconducting regimes reflects structurally different patterns of connectivity and phase
rigidity rather than a finite-size artifact of the smallest lattice.

Regime L B Pp Largest Cluster Fraction C(@2) Y
R 8 1.0 0.857  0.999 0.745 0.297
R 12 1.0 0.781 0.997 0.366  0.055
R 16 1.0 0.781 0.997 0.378 0.056
R 8 3.0 0.998 1.000 0944 0483
R 12 3.0 0.981 1.000 0.802  0.065
R 16 3.0 0.980 1.000 0.795 0.083
F 8 1.0 0.490  0.754 0.076  0.006
F 12 1.0 0.497  0.734 0.106  0.017
F 16 1.0 0.487  0.629 0.055 —0.003
F 8 3.0 0.673  0.988 0.692  0.158
F 12 3.0 0.599 0.949 0.296  0.019
F 16 3.0 0.605  0.947 0.323 0.044
N 8 1.0 0.208  0.096 —0.001 —0.001
N 12 1.0 0.208  0.051 0.003 —0.002
N 16 1.0 0.211 0.033 —0.003 —0.001
N 8 3.0 0.058  0.037 0.003 —0.000
N 12 3.0 0.057  0.018 0.016 —0.001
N 16 3.0 0.059 0.011 —0.001 0.001

5. Emergent Phases and Numerical Results

In this section we present the numerical results of the relational superconducting
model introduced in Sections 2—4. The goal is to identify and characterize three emergent
regimes—normal resistive, low-temperature-like (fragile) superconducting-like, and noise-
robust superconducting-like, using only relational observables. In particular, we focus on
three quantities measured in Monte Carlo simulations on an 8 x 8 periodic lattice:

e the pair density p,, defined as the fraction of edges with active pair occupation
(pe =1);

o the largest low-cost cluster fraction, defined as the fraction of lattice sites belonging to
the largest connected component of low-cost edges;

e the phase correlation function C(r) = (cos(¢; — ¢;) ) where the average is taken over
all unordered pairs of vertices separated by graph-theoretic hop distance r (shortest-
path length in the periodic square lattice), evaluated for r = 1, 2, 3.
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Unless otherwise stated, the numerical values reported below correspond to one
of three representative parameter sets. The noise-robust superconducting regime (R) is
realized by a strong-coupling choice v = 0.9, ] = 2.0, ¢, = 0.0, U = 0.05 (with « =1 and
ke = 1), and is the regime shown in Tables 2 and 3. The normal regime (N) is obtained
by suppressing channel formation and coherence v =0.3,] = 0.3, ¢, = 0.8, U = 0.2, while
the fragile superconducting regime (F) corresponds to intermediate coupling v = 0.7,
J=1.0,€, = 0.2, U = 0.1, where low-cost connectivity can percolate but coherence is highly
sensitive to noise. All three regimes are generated by the same informational action; only
the parameter values differ.

For clarity, the three regimes are defined operationally in terms of the observables
introduced above. A configuration is classified as normal (N) if, across the range of
values examined, the largest low-cost cluster fraction remains subextensive (typically
below ~0.3) and both the intermediate-distance phase correlation and helicity modulus
satisfy 1C(2)1 £ 0.05and Y| < 0.01, indicating fragmented connectivity and the absence
of macroscopic stiffness (Table 4). The fragile superconducting regime (F) corresponds
to parameter choices for which low-cost connectivity already percolates or nearly perco-
lates (largest cluster fraction 2 0.7 at B =~ 1) but intermediate- and long-range correlations
C(2), C(3) and the helicity modulus Y are strongly noise-sensitive: they remain small at
B =1 and increase rapidly only as B is raised (Tables 5 and 6). The noise-robust supercon-
ducting regime (R) is characterized by a system-spanning low-cost cluster (largest cluster
fraction ~ 1) together with large correlations C(2) 2 0.7 and a clearly positive helicity
modulus already at = 1, both of which remain sizable and slowly varying as 3 increases
(Tables 2 and 6). In this way, “normal”, “fragile superconducting”, and “noise-robust
superconducting” are distinguished by the joint behavior of connectivity, coherence, and
phase stiffness rather than by parameter values alone.

5.1. Noise-Robust Superconducting Regime (R): Representative Numerical Values

We begin by summarizing representative numerical values for the strong-coupling
regime at neutral pairing field €, = 0.0. Table 2 lists the pair density, largest cluster fraction,
and phase correlations as functions of the inverse noise parameter j.

Several features are immediately apparent. Even at the lowest value § = 1, correspond-
ing to strong fluctuations, the system already exhibits a nearly system-spanning low-cost
network and substantial phase coherence extending to the largest measured distance. As 8
increases, both the pair density and the phase correlations rapidly saturate, indicating a
robust superconducting phase.

5.2. Dependence on the Pairing Field €

To probe the sensitivity of the superconducting phase to the pairing field, we next fix
B =1and vary €,. The results are summarized in Table 3.

Even when pair formation is penalized (¢, = 0.5), the system remains in a super-
conducting state: the largest cluster continues to span almost the entire lattice, and phase
correlations remain large and slowly decaying with distance. The pairing field primarily
affects the quantitative values of p, and C(r), but does not destroy global coherence in this
strong-coupling regime.

5.3. Normal and Fragile Superconducting Regimes

To demonstrate that the same relational action supports not only a noise-robust super-
conducting regime but also normal and fragile-superconducting behavior, we now compare
the strong-coupling results of Tables 2 and 3 with two additional parameter sets.

Table 4 reports observables for the weak-coupling set N (y =0.3,] = 0.3, ¢, = 0.8,
U = 0.2). Here the pair density p, decreases from ~0.21 at § = 1 to ~0.02 at § = 5, the

https://doi.org/10.3390/axioms15050309


https://doi.org/10.3390/axioms15050309

Axioms 2026, 15, 309

18 of 30

largest low-cost cluster fraction remains in the range 0.03-0.10, and the correlations C(1),
C(2), and C(3) fluctuate around zero. This combination of low channel density, non-
spanning connectivity, and absence of sustained phase correlations is characteristic of a
normal resistive regime, in which low-cost pathways remain fragmented and macroscopic
coherence does not develop.

In contrast, Table 5 shows the intermediate-coupling set F (y = 0.7, ] = 1.0, ¢, = 0.2,
U =0.1). At B =1 the pair density is already moderate (0, ~ 0.49) and the largest low-
cost cluster covers ~0.76 of the lattice, yet C(2) and C(3) remain small (~0.08 and ~0.03,
respectively), indicating limited coherence beyond nearest neighbors. As p increases from
1 to 5, both the cluster fraction and correlations increase monotonically: the largest low-cost
cluster becomes essentially spanning by > 3, and C(2), C(3) rise to ~0.88 and ~0.86 at
B = 5. This regime therefore combines extended low-cost connectivity with coherence that
is highly sensitive to fluctuations, providing a clear example of a fragile superconducting
phase within the same relational model.

The fragile regime therefore makes explicit that percolation is necessary but not
sufficient for superconducting-like behavior in the present framework: extended low-
cost connectivity can be present even when phase coherence remains weak and strongly
noise-sensitive.

5.4. Phase Stiffness Across Regimes on an 8 x 8 Lattice

The pair density, cluster fraction, and correlation functions discussed above capture
connectivity and coherence, but do not directly probe the energetic rigidity of the phase
field. To quantify phase stiffness, we compute the helicity modulus Y as described in
Section 4.6 for all three parameter sets N, F, and R on the 8 x 8 lattice. Table 6 reports Y
as a function of 3, together with the intermediate-distance correlation C(2) for reference.
All values are averaged over five independent Monte Carlo seeds per parameter point (see
Section 4.8).

In the noise-robust regime R, the helicity modulus is clearly positive and increases
from Y = 0.297 at 3 =1to Y ~ 0.497 at 3 = 5, mirroring the already large and saturating
values of C(2) (from C(2) =~ 0.745 at p =1 to C(2) =~ 0.967 at 3 = 5). This behavior indicates
a genuinely phase-stiff state in which macroscopic coherence is energetically protected
against distortions.

In the fragile regime F, ¥ remains very small at low 3 (Y ~ 0.006 at 3 = 1) despite partial
connectivity and only reaches moderate values (Y ~ 0.254 at 3 = 5). Although C(2) becomes
large at high § (=0.876 at 3 = 5), the corresponding stiffness remains substantially lower
than in regime R. Phase coherence in F is therefore much less rigid and significantly more
sensitive to fluctuations, consistent with its interpretation as a fragile or low-temperature-
like superconducting phase.

In the normal regime N, Y fluctuates around zero across the entire 3 range
(e.g., Y =~ —0.001 at B = 1 and effectively zero at higher ), consistent with the near-
vanishing intermediate-distance correlations reported in Table 4. Together, these results
show that the three relational regimes differ not only in connectivity and correlation struc-
ture, but also in their intrinsic phase rigidity.
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5.5. Percolation of Low-Cost Transport Channels

A necessary condition for superconductivity in the relational framework is the exis-
tence of a system-spanning network of low-cost transport channels. Figure 1 shows the

fraction of sites belonging to the largest low-cost cluster as a function of j for e, = —0.5,
0.0,0.5.
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Figure 1. Fraction of lattice sites belonging to the largest connected component of low-cost edges as a
function of the inverse noise parameter {3 for three values of the pairing field €p. For all parameter
values shown, the largest cluster occupies essentially the entire lattice, indicating the formation of
a robust, system-spanning network of low-cost transport channels. This percolation behavior is a
necessary condition for superconductivity in the relational framework.

As seen in Figure 1, the cluster fraction is essentially equal to unity for all values of 3
and ep considered. This indicates that once the strong-coupling regime is entered, the low-
cost edges percolate across the entire lattice and form a robust transport backbone [19,27].
In contrast, in the normal regime N (Table 4), the largest low-cost cluster fraction remains
well below unity and no system-spanning network forms.

Correlations were evaluated up to r = 3, which already spans a significant fraction of
the 8 x 8 lattice extent.

5.6. Spatial Structure of Phase Coherence

Percolation alone is not sufficient for superconductivity: the phases associated with
the transport channels must also be coherent over long distances. To probe this, we examine
the phase correlation function C(r).

Figure 2 shows C(r) at distances 7 = 1, 2, 3 for € = 0 and three representative values of f.

At B =1, the correlation decreases modestly with distance but remains substantial
even at r = 3. As f§ increases, the decay becomes extremely weak: for § = 3, the values
of C(1), C(2), and C(3) differ by less than a few percent. This behavior is characteristic of
long-range phase coherence and clearly distinguishes the superconducting regime from
the normal phase, where correlations decay rapidly with distance.
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Phase correlation C(r) at e, =0
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Figure 2. Phase correlation function C(r) = (cos(di — ¢j)) as a function of lattice distance r for
€p = 0 and three representative values of the inverse noise parameter 3. Even at the highest noise
level considered (3 = 1), phase correlations decay only moderately with distance. At larger 3, the
decay becomes extremely weak, with correlations remaining close to unity over the entire measured
range, demonstrating long-range phase coherence.

5.7. Robustness of Coherence Against Noise

To quantify the robustness of superconductivity against fluctuations, we focus on
the intermediate-distance correlation C(2), which provides a sensitive probe of coherence
beyond nearest neighbors. Figure 3 shows C(2) as a function of j for the three values of €.

Phase coherence C(2) vs B
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Figure 3. Intermediate-distance phase coherence C(r = 2) as a function of the inverse noise param-
eter 3 for three values of the pairing field ep. For all €p, coherence remains substantial even at
B =1 and increases smoothly with {3, saturating near unity. The weak dependence on €}, highlights
the structural robustness of the superconducting phase against both fluctuations and variations in

pairing energetics.

For all €p, C(2) remains large even at § = 1, with values between approximately
0.69 and 0.79. As {3 increases, C(2) rises smoothly and saturates near 0.96. The weak
dependence on €, and the persistence of large correlations at low 3 indicate that coherence
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is structurally stabilized in this regime. In the dimensionless units of the model, this
behavior justifies referring to the strong-coupling case as a structurally noise-robust, high-
temperature-like superconducting regime in the operational sense defined above.

5.8. Finite-Size Robustness: Comparison Between 8 x 8,12 x 12 and 16 x 16 Lattices

To assess whether the observed phase structure is an artifact of the smallest system
size, we performed additional simulations on larger 12 x 12 and 16 x 16 periodic lattices
for representative values 3 =1 and 3 = 3 in all three regimes N, F, and R, using the same
parameter sets as in Tables 2-5. Results are averaged over three independent Monte Carlo
seeds per parameter point for L = 12 and L = 16 (see Section 4.8). Table 7 summarizes the
comparison between L = 8, L. =12, and L = 16 for the pair density pp,, the largest low-cost
cluster fraction, the intermediate-distance correlation C(2), and the helicity modulus Y.

In the noise-robust superconducting regime R, the low-cost cluster remains essentially
spanning at all three sizes. At 3 =1, the largest cluster fraction decreases slightly from
0.999 (L = 8) t0 0.997 (L. = 12 and L = 16), while C(2) decreases from 0.745 (L = 8) to ~0.37
(L = 12-16). The helicity modulus shows a strong reduction between L = 8 and L = 12 (from
0.297 to 0.055) but then stabilizes between L = 12 and L = 16 (0.055 versus 0.056). A similar
pattern is observed at {3 = 3: the largest cluster fraction remains equal to unity for all sizes,
C(2) decreases from 0.944 (L = 8) to ~0.80 (L = 12-16), and Y drops from 0.483 (L = 8) to
0.065 (L = 12) and then remains clearly positive at L = 16 (0.083). These trends indicate that
the strong suppression of Y between L = 8 and L = 12 reflects finite-size renormalization
from very small lattices, while the persistence of a positive helicity modulus at L = 16
supports the interpretation of regime R as a phase-stiff relational regime in finite systems.

In the fragile superconducting regime F, extended low-cost connectivity persists un-
der system-size enlargement, but phase stiffness remains much more weakly developed
and sensitive to lattice size. At 3 =1, the largest cluster fraction decreases from 0.754
(L =8) to 0.734 (L = 12) and 0.629 (L = 16), with C(2) remaining small (0.076, 0.106, and
0.055, respectively), while Y fluctuates around zero (0.006, 0.017, and —0.003). At 3 =3,
connectivity is nearly spanning at all sizes (largest cluster fractions of 0.988, 0.949, and
0.947), and C(2) increases from ~0.30 (L = 12) to ~0.32 (L = 16), but the helicity modu-
lus remains much smaller than in regime R (0.158 at L = 8, 0.019 at L = 12, and 0.044 at
L = 16). This behavior is consistent with a fragile or low-temperature-like superconducting
regime in which coherence can develop but is far less rigid and more strongly size- and
noise-sensitive than in the noise-robust regime.

In the normal regime N, both connectivity and stiffness remain suppressed across all
sizes. At 3 = 1, the largest cluster fraction decreases from 0.096 (L = 8) to 0.051 (L = 12) and
0.033 (L = 16), while C(2) fluctuates near zero and Y remains effectively zero. At 3 = 3, the
largest cluster fraction remains subextensive (0.037, 0.018, and 0.011 for L = 8, 12, and 16,
respectively), and both C(2) and Y stay at noise level. The normal regime therefore exhibits
neither system-spanning connectivity nor macroscopic phase stiffness.

Overall, the qualitative hierarchy

YR>YF%0>YN

persists under system-size enlargement from L = 8 to L = 16. The strong-coupling regime
retains a clearly positive helicity modulus and extended correlations at all sizes studied, the
fragile regime exhibits connectivity without robust stiffness, and the normal regime remains
incoherent. With only three lattice sizes, we do not attempt a thermodynamic extrapolation
of Y(L); instead, the present comparison shows that the three relational regimes correspond
to distinct patterns of connectivity and phase rigidity that are already clearly manifested
in finite systems of moderate size. The apparent partial stabilization of ¥ between L = 12
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and L = 16 should therefore be interpreted only as evidence that the qualitative regime
hierarchy persists across the finite sizes studied, not as proof of asymptotic convergence.

5.9. Summary of Phase Behavior

The numerical results presented in this section reveal a clear and consistent picture
of emergent phases in the relational model. In the normal regime N (Table 4), low-cost
edges fail to percolate and phase correlations remain essentially at noise level, leading to
incoherent transport. In the fragile superconducting regime F (Table 5), low-cost edges
already form an extended, nearly spanning backbone at § ~ 1 but macroscopic coherence is
strongly noise-sensitive, with C(2) and C(3) suppressed at low B and recovering only as fluc-
tuations are reduced. In contrast, the strong-coupling regime R exhibits a system-spanning
network of low-cost channels (Figure 1), large and slowly decaying phase correlations
(Figure 2), and remarkable robustness of coherence against noise (Figure 3). Importantly,
all of these behaviors arise from the same relational action, without introducing distinct
microscopic mechanisms for different superconducting regimes. The distinction between
normal, low-temperature superconducting, and high-temperature-like superconducting
behavior emerges dynamically from the organization of constraints and phase stiffness
within the relational network.

All numerical results presented here are obtained on a finite 8 x 8 periodic lattice.
While the persistence of large cluster fractions and slowly decaying correlations across the
full system indicates extended coherence within this finite realization, we do not claim
to have established true long-range order in the strict thermodynamic sense. The present
results should therefore be understood as demonstrating structural regimes of connectivity
and phase organization within a minimal relational system, rather than as a complete
finite-size scaling analysis.

5.10. Schematic Phase Diagram of Relational Superconducting-like Regimes

The numerical results obtained for the three representative parameter sets N, F, and
R suggest a qualitative phase structure in the space of effective noise (3~!) and coupling
strength (as controlled by 7 and J). Although a full parameter sweep and finite-size scaling
analysis would be required to determine sharp phase boundaries, the present results
allow construction of a schematic phase diagram summarizing the organizational regimes
supported by the relational action.

Figure 4 illustrates this qualitative structure. At weak coupling (low < and J), the
system remains in a normal resistive regime for all values of 8, characterized by fragmented
low-cost connectivity, near-zero phase correlations, and vanishing helicity modulus. At
intermediate coupling, a fragile superconducting regime emerges: low-cost transport
channels can percolate across the system, but long-range coherence and phase stiffness are
strongly suppressed at low § and recover only as fluctuations decrease. At strong coupling,
a noise-robust superconducting regime appears, in which system-spanning connectivity,
large phase correlations, and a clearly positive helicity modulus persist even at substantial
noise levels.

The comparison between 8 x 8,12 x 12 and 16 x 16 lattices shows that this hierarchy—
normal, fragile superconducting, and noise-robust superconducting—is structurally stable
under system-size enlargement, supporting the interpretation of these regimes as intrinsic
features of the relational architecture rather than artifacts of the smallest lattice realization.
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Schematic relational phase diagram
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Figure 4. Schematic phase diagram of the relational superconducting model in the plane of effec-
tive noise (871) and coupling strength (controlled by  and J). Three organizational regimes are
supported by the same informational action: a normal resistive phase at weak coupling, a fragile
superconducting phase at intermediate coupling in which coherence is strongly noise-sensitive, and
a noise-robust superconducting phase at strong coupling where system-spanning connectivity, large
phase correlations, and nonzero helicity modulus persist even at substantial noise. The diagram is
qualitative and summarizes the numerical evidence presented in Tables 2-7.

5.11. Relational Ball Growth and Effective Geometric Dimension

To make explicit the geometric reorganization underlying the three emergent regimes,
we analyze the growth of relational balls within the subgraph formed by low-cost edges
(pe = 1). For each Monte Carlo configuration at 3 = 1 on the L = 8 lattice, we select vertices
belonging to the largest low-cost connected component and define B(r) as the number of
vertices reachable within graph-theoretic hop distance r along low-cost edges only. The
quantity (B(r)) is then averaged over vertices and independent Monte Carlo seeds.

If the low-cost subgraph behaves as an effectively d-dimensional extended geometry,
one expects [28]

B(r) ~ resf

allowing extraction of an effective geometric dimension d_eff from a log-log fit of (B(r))
Versus 7.

The results reveal a clear hierarchy across regimes. In the normal regime (N) at
B =1, ball growth is slow and rapidly saturating, yielding d.g ~ 0.63. This sublinear
scaling reflects fragmented and filamentary connectivity, consistent with the absence of
macroscopic coherence and vanishing helicity modulus.

In the fragile superconducting regime (F), ball growth is more extended but still
significantly subquadratic, with deg ~ 1.09. The low-cost network forms an extended
backbone, but its geometry remains effectively quasi-one-dimensional at this noise level,
mirroring the strong noise sensitivity of phase stiffness observed in Table 6.

In contrast, the noise-robust superconducting regime (R) exhibits substantially faster
growth, with deg ~ 1.48. Although still below the embedding dimension d = 2 due to
finite-size effects and incomplete filling at 3 = 1, this scaling indicates a much denser and
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more homogeneous low-cost geometry. The extended relational accessibility in regime R is
consistent with its large phase correlations and clearly positive helicity modulus.

These results demonstrate that the transition from normal to superconducting behavior
is accompanied not only by percolation and phase alignment, but also by a qualitative
geometric reorganization of the relational network. Superconductivity in this framework
therefore corresponds to an emergent geometric phase in which low-cost accessibility
becomes extended and increasingly space-filling, supporting robust macroscopic coherence.

6. Discussion

The numerical results presented in Section 5 demonstrate that superconducting behav-
ior can emerge generically within a relational-informational framework, without invoking
microscopic particles, lattice vibrations, or material-specific interactions. In this section, we
interpret these results by explicitly linking the observed numerical trends to the defining
physical features of superconductivity, as evidenced in Tables 2 and 3 and Figures 1-3. We
then clarify how both conventional and high-temperature superconductivity arise naturally
as different regimes of the same emergent relational phenomenon.

6.1. Superconductivity as an Emergent Relational Phase

Within the present framework, superconductivity is identified operationally by the
simultaneous emergence of two macroscopic properties: a system-spanning network of
low-cost transport channels and long-range phase coherence across that network. These
properties are not imposed but arise dynamically from the statistical organization of con-
straints encoded in the informational action. The nonzero helicity modulus Y in the
noise-robust regime R, contrasted with Y =~ 0 in the normal regime N, supports the identifi-
cation of a phase-stiff relational regime in the operational sense just defined: a configuration
is “superconducting” when a system-spanning low-cost backbone coexists with extended
phase coherence across that backbone.

This identification is directly supported by the numerical data. As shown in Table 2,
the largest low-cost cluster fraction approaches unity across the entire range of inverse
noise values 3 = 1 to 5, while the phase correlations C(1), C(2), and C(3) remain large and
only weakly dependent on distance. Figure 1 makes this percolation behavior explicit: for
all values of the pairing field €, the low-cost network spans essentially the entire lattice,
indicating global accessibility for transport.

In relational terms, superconductivity corresponds to a regime in which effective
distances across the network remain bounded even over large separations, while phase
coherence suppresses dissipative scrambling. It is important to emphasize that the term
“superconductivity” is used here in a structural and operational sense: namely, the coex-
istence of system-spanning low-cost transport channels and extended phase coherence
within a relational network. The present model does not include electromagnetic gauge
fields, magnetic flux degrees of freedom, or explicit current-voltage response functions, and
therefore does not reproduce hallmark electromagnetic phenomena such as the Meissner
effect or flux quantization. Rather, it isolates the minimal relational conditions under which
resistance-free, phase-coherent transport becomes structurally possible. In this sense, the
model should be understood as identifying a geometric and organizational substrate for
superconductivity, not as a complete microscopic theory of any specific material.

The possibility of low-dissipation, phase-coherent transport thus appears not as a
microscopic assumption but as a macroscopic consequence of relational organization.
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6.2. Low-Temperature Superconductivity as a Fragile Relational Regime

The normal and fragile regimes summarized in Tables 4 and 5 place the strong-
coupling results of Section 5.1 in a broader relational context. In the normal regime N,
low-cost edges form only small, non-spanning clusters and the correlations C(1), C(2), and
C(3) remain close to zero across all §, indicating that coherence never extends beyond
local fluctuations. From a relational standpoint, the network fails to organize a low-cost
backbone or a coherent phase field, and transport remains effectively resistive.

The fragile superconducting regime F exhibits a qualitatively different pattern. As
shown in Table 5, the low-cost cluster already covers a large fraction of the system at
B =1 (cluster fraction ~ 0.76) and becomes essentially spanning by g > 3, while p, in-
creases smoothly from ~0.49 to ~0.77. However, the intermediate- and long-range phase
correlations C(2) and C(3) are strongly suppressed at § =1 (~0.08 and ~0.03, respectively)
and only approach the robust values seen in the strong-coupling regime R for larger .
Small increases in effective noise therefore fragment phase alignment even when low-cost
connectivity remains extended.

This behavior captures the defining feature of low-temperature-like superconductivity
within the relational framework: coherence exists but is fragile. The network can support a
coherent configuration only when fluctuations are strongly suppressed. Modest increases
in noise destroy long-range phase alignment or disrupt its percolation across the low-
cost backbone, leading to a rapid loss of superconducting behavior. This interpretation
mirrors the phenomenology of conventional low-T. superconductors, which require strong
cooling to suppress thermal fluctuations, but here fragility arises purely from the statistical
organization of relational constraints and their sensitivity to noise. The small and strongly
[-dependent values of Y in regime F, together with their sensitivity to system size, make
this fragility quantitatively explicit.

6.3. High-Temperature-like Superconductivity as a Structurally Stabilized Phase (Regime R)

The strong-coupling parameter set R introduced in Section 5 exhibits behavior that
is qualitatively distinct from both the normal regime N (Table 4) and the fragile supercon-
ducting regime F (Table 5). As shown in Tables 2 and 3, the largest low-cost cluster fraction
remains essentially unity across the entire range = 1-5, and the phase correlations C(1),
C(2), and C(3) remain large even at the highest noise level considered (8 = 1). In particular,
C(2) ~ 0.76 already at § = 1 and increases smoothly toward ~0.97 as 8 increases, indicating
that intermediate-range coherence is not strongly suppressed by fluctuations.

This robustness contrasts sharply with regime F, where the largest cluster becomes
nearly spanning already at 3 ~ 1 but C(2) and C(3) are strongly reduced at that noise level
(Table 5), and with regime N, where both the cluster fraction and all correlations remain
small (Table 4). In regime R, connectivity and coherence reinforce one another across the
full B range.

Equally important is the spatial structure of coherence. Figure 2 shows that, for €, = 0
in regime R, the phase correlation function C(r) decays only weakly with distance even at
B = 1. For larger 3, the differences between C(1), C(2), and C(3) become minimal, in-
dicating extended phase alignment across the entire 8 x 8 lattice rather than merely
short-range order.

In the dimensionless units of the model, this behavior corresponds to a structurally sta-
bilized, high-temperature-like superconducting regime: long-range coherence persists even
under substantial fluctuations within the finite systems studied. Coherence is therefore
not a marginal or finely tuned effect in this parameter region but a structurally stabilized
property of the relational architecture. The network self-organizes into a dense and re-
dundant configuration in which a system-spanning low-cost backbone supports robust
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phase alignment. This is reflected in the helicity modulus of regime R, which, although
significantly renormalized between 8 x 8 and 12 x 12 lattices, remains clearly positive and
stabilizes upon further enlargement to 16 x 16. This behavior indicates that the observed
phase stiffness is not confined to the smallest system size but persists across moderate
lattice scales.

6.4. Continuity Between Normal, Fragile, and Noise-Robust Superconductivity

A central implication of these results is that no qualitative change in the underlying
model is required to move between the normal, fragile superconducting, and noise-robust
superconducting regimes. All three arise from the same informational action and differ
only in parameter values controlling cost reduction, channel density, and phase stiffness.
The normal regime N corresponds to weak coupling, where channel activation is strongly
penalized and phase stiffness is small. The fragile regime F corresponds to intermediate
coupling, where low-cost connectivity can percolate but coherence is highly noise-sensitive.
The noise-robust regime R corresponds to strong coupling, where both connectivity and
coherence are structurally stabilized.

Within each of these parameter regions, changes in the effective noise level 8 do not
induce abrupt qualitative changes in the observables; instead, connectivity and coherence
vary smoothly, as illustrated by the gradual evolution of p;, the largest-cluster fraction,
and C(2) in Tables 2-5 and Figures 1-3. The distinction between low-temperature-like and
high-temperature-like superconductivity therefore appears as a difference in structural
stability rather than in microscopic mechanism: fragile superconductors occupy param-
eter regions where coherence is easily disrupted by fluctuations, whereas high-T.-like
behavior corresponds to regions in which the relational architecture strongly favors dense
connectivity and robust phase alignment.

6.5. Relation to Existing Theoretical Approaches

The present framework shares qualitative similarities with several established ap-
proaches while remaining conceptually distinct. The emphasis on phase coherence echoes
the central role of the macroscopic superconducting phase in BCS theory and in XY-type
models. The emergence of superconductivity through percolating structures resembles
network and granular models, in which global coherence arises from connectivity.

However, the relational-informational approach differs fundamentally in that it does
not presuppose electrons, quasiparticles, or even a background spatial geometry. Transport,
coherence, and geometry all emerge from the same underlying organization of constraints.
In this sense, the present work does not compete with microscopic theories but complements
them by addressing superconductivity at a structural and axiomatic level.

More broadly, the present construction may be viewed in the spirit of emergence
frameworks in many-body physics, where effective large-scale organization is not imposed
directly but arises from constrained microscopic or relational degrees of freedom. In this
limited methodological sense, it is conceptually adjacent to approaches such as string-
net condensation, where collective organization gives rise to effective long-wavelength
structures. The analogy should not be overstated: the present model does not generate
topological order, emergent gauge bosons, or a quantum effective field theory. Its relevance
here is instead to illustrate how a simple constrained substrate can support qualitatively
new transport and coherence regimes at larger scales.

6.6. Limitations and Scope

The model studied here is intentionally minimal. It does not include electromagnetic
fields, fermionic statistics, or dynamical gauge degrees of freedom, and therefore cannot
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reproduce material-specific observables such as Meissner expulsion, isotope effects, or
spectroscopic signatures.

The significance of the present results lies instead in demonstrating that coherent,
low-dissipation transport can emerge generically within a relational framework consistent
with an axiomatic approach to physics. The figures and tables in Section 5 show that neither
microscopic pairing mechanisms nor predefined spacetime structures are required at the
fundamental level for superconducting behavior to arise.

The numerical exploration was performed on finite lattices of size 8 x 8,12 x 12, and
16 x 16. While the helicity modulus exhibits strong renormalization between the smallest
and intermediate sizes, its stabilization between 12 x 12 and 16 x 16 in the noise-robust
regime suggests a partial finite-system stabilization over the limited size range examined,
rather than establishing asymptotic convergence. Nevertheless, a systematic finite-size
scaling analysis would be required to determine the precise asymptotic behavior in the
thermodynamic limit [29], and this remains an important direction for future investigation.
The present study establishes the existence of distinct organizational regimes within a
minimal finite relational system; no claim is made here about universality classes, critical
exponents, or sharp thermodynamic phase transitions.

In particular, the model does not currently incorporate coupling to an external gauge
field. As a result, it cannot reproduce hallmark electromagnetic signatures of supercon-
ductivity such as the Meissner effect, London penetration depth, or flux quantization. The
present framework captures structural phase coherence and low-resistance transport within
a relational network, but a full connection to electromagnetic superconductivity would
require extending the informational action to include emergent gauge degrees of freedom
and phase stiffness under external twists.

The inclusion of an explicit helicity modulus in the present analysis should be viewed
as a first step toward connecting relational phase coherence to standard measures of
superfluid and superconducting rigidity; a full treatment of electromagnetic response
would require coupling the relational phases to emergent gauge degrees of freedom.

6.7. Conceptual Implications

Taken together, the numerical results and their interpretation suggest that supercon-
ductivity should be understood as a structural phase of relational systems, on the same
conceptual footing as emergent geometry and effective forces. High-temperature-like su-
perconducting behavior, in particular, appears as a regime in which coherence is not fragile
but structurally stabilized by the organization of constraints.

From this perspective, the challenge posed by high-Tc materials is reframed. Rather
than asking which exotic microscopic interaction is responsible, one may ask how physical
systems realize relational structures that favor dense connectivity and robust phase coher-
ence. The present work provides a proof of principle that such structures are sufficient to
generate superconducting behavior, independent of microscopic details.

7. Conclusions

In this work, we have shown that superconducting behavior can emerge generically
within a relational-informational framework, without assuming microscopic particles,
predefined spacetime geometry, or material-specific pairing mechanisms. By extend-
ing an axiomatic relational model to include dynamically activated low-cost transport
channels and conditional phase coherence, we demonstrated that low-dissipation, phase-
coherent transport arises naturally as a collective organizational phase of constrained
relational systems.
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Using Monte Carlo simulations on a minimal two-dimensional lattice realization,
we identified a robust superconducting regime characterized by jointly emergent system-
spanning low-cost connectivity and long-range phase coherence. These features were
quantified using purely relational observables, including the fraction of sites belong-
ing to the largest connected low-cost cluster, the phase correlation function C(r), and
an operational phase stiffness (helicity modulus). In the strong-coupling regime explored
here, both connectivity and coherence persist across a wide range of fluctuation strengths,
corresponding—in the dimensionless units of the model—to a high-temperature-like super-
conducting regime in the structural sense defined in the main text. Finite-size comparison
between 8 x 8,12 x 12 and 16x 16 lattices confirms that the hierarchy of normal, fragile
superconducting, and noise-robust superconducting regimes is structurally stable under
system-size enlargement. We do not claim to have established a sharp thermodynamic
phase transition or universality class; the present analysis concerns structurally distinct
regimes of connectivity and phase organization in finite relational systems.

A central result of this study is that no qualitative change in the underlying rela-
tional principles is required to move between normal conduction and superconductivity,
or between low-temperature-like and high-temperature-like superconducting behavior.
All regimes arise from the same informational action. Differences in transport prop-
erties reflect quantitative shifts in the balance between transport cost reduction, chan-
nel activation penalties, and phase stiffness, rather than the introduction of distinct
microscopic mechanisms.

Crucially, superconducting behavior in the present framework is accompanied by a
measurable geometric reorganization of the relational network. Analysis of relational ball
growth reveals a monotonic increase in effective geometric dimension from the normal to
the fragile and noise-robust superconducting regimes. This demonstrates that supercon-
ductivity corresponds not only to percolation and phase alignment, but also to an emergent
extension and densification of relational accessibility. In this sense, superconductivity
appears as a geometric phase of constrained relational organization.

From a conceptual standpoint, these results reinforce the view that superconductivity,
like geometry and effective forces, can be understood as an emergent organizational
property of constrained relational systems. Within this framework, high-temperature-like
superconductivity appears not as an exceptional mechanism, but as a regime in which
coherence is structurally stabilized by the global organization of constraints. This does not
replace microscopic theories of specific materials; rather, it suggests that the robustness of
high-Tc behavior may reflect deeper structural features of relational architecture that can,
in principle, be realized by different microscopic substrates.

The model studied here is intentionally minimal and abstract. It does not incorporate
electromagnetic gauge fields, fermionic statistics, or material-specific degrees of freedom,
and it is not intended to reproduce detailed experimental observables such as the Meissner
effect or spectroscopic gaps. Its purpose is foundational: to demonstrate that superconduc-
tivity can arise generically within a relational-informational framework consistent with an
axiomatic approach to physics.

Several natural directions for future work follow. A systematic exploration of param-
eter space would allow explicit mapping of phase boundaries. Extensions to disordered,
weighted, or non-Euclidean graphs would test the generality of the relational mechanism.
Coupling the phase variables to emergent gauge fields and studying the response to im-
posed phase twists may allow investigation of London-type equations within a relational
setting and provide a bridge toward experimentally realizable systems.

In summary, this work establishes that superconductivity—understood here as
resistance-free, phase-coherent transport—can be modeled as a robust emergent phase
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of relational organization. By shifting the focus from microscopic mechanisms to struc-
tural sufficiency and geometric reorganization, it opens a complementary pathway for
understanding superconductivity within a relational foundation for physics.
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