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Abstract

In recent years, the study of generalized fuzzy structures in algebraic systems has attracted
considerable attention due to their ability to represent uncertainty and bipolar information.
In this paper, we introduce the notion of cubic bipolar ideals in the framework of Sheffer
stroke Hilbert algebras. This concept integrates the descriptive capability of cubic sets
with the dual representation of bipolar information, providing a broader perspective for
investigating algebraic structures associated with the Sheffer stroke operation. We establish
the definition of cubic bipolar ideals and investigate several of their fundamental properties.
In particular, the structural behavior of these ideals is examined within Sheffer stroke
Hilbert algebras. Furthermore, the preservation of cubic bipolar ideals under algebraic
homomorphisms is analyzed through the study of images and preimages. The Cartesian
product of cubic bipolar ideals is also discussed, and conditions ensuring the stability
of the resulting structures are obtained. The results presented here contribute to the
development of fuzzy algebraic theory and extend existing approaches to Sheffer stroke-
based algebraic systems.

Keywords: Sheffer stroke Hilbert algebra; fuzzy subalgebra; fuzzy ideal; (cubic bipolar)
ideal

MSC: 06F35; 03G25; 08A72

1. Introduction
The Sheffer stroke operation, also known as the NAND operation, was introduced by

H. M. Sheffer [1] and has since played a significant role in both logic and algebra. Owing
to its functional completeness in Boolean logic, the Sheffer stroke provides a powerful
tool for constructing and analyzing various algebraic systems. In particular, its integra-
tion into Hilbert algebras has led to the development of several generalized structures
that enable a deeper investigation of logical operations from an algebraic perspective.
Within this framework, the study of ideals has become an important topic due to its rele-
vance in describing internal algebraic behavior and its applications in logic, computation,
and information processing.
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Bipolar structures constitute another important direction in the study of generalized
algebraic models. Such structures typically involve the simultaneous consideration of
positive and negative components, reflecting the dual aspects of information and logical
interpretation. From an algebraic viewpoint, the interaction of these dual components
provides a useful mechanism for examining complex relationships between operations.
In particular, the analysis of cubic bipolar configurations offers a richer framework for
investigating how these dual aspects interact within algebraic environments.

The importance of the Sheffer stroke stems from its ability to express all classical logical
operations within a single connective. Because of this property, it serves as a convenient
foundation for constructing diverse algebraic systems. Hilbert algebras, which provide an
algebraic representation of implication-based logical systems, form a suitable setting for
studying such operations. When the Sheffer stroke is incorporated into these structures, new
algebraic behaviors emerge, especially in relation to ideals and their associated properties.

The Sheffer stroke has been investigated in various algebraic and fuzzy environments
(see [2–4]). In particular, Oner et al. [5] introduced the notion of Sheffer stroke Hilbert
algebras and examined several of their fundamental properties. Later, in [6], they studied
deductive systems and filters in these algebras, including their fuzzy extensions, and pro-
vided a detailed analysis of ideals in Sheffer stroke Hilbert algebras.

The motivation for the present study is to further explore the structural aspects of these
algebras and to extend existing results to more generalized frameworks. Although previous
studies have examined several properties of Sheffer stroke algebras (see [7,8]) and their
possible generalizations (see [9]), the investigation of cubic bipolar structures related
to ideals has not yet been sufficiently explored. This observation provides the primary
motivation for the work presented in this paper.

In this study, we introduce the notion of cubic bipolar ideals in Sheffer stroke Hilbert
algebras and investigate several of their fundamental properties. Furthermore, we examine
relationships between cubic bipolar ideals and study the behavior of these structures under
algebraic mappings. In particular, the concepts of the images and preimages of cubic
bipolar ideals are introduced, and conditions ensuring the preservation of these structures
are established. Finally, the Cartesian products of cubic bipolar ideals are considered within
product algebras.

A list of acronyms is given in Table 1.

Table 1. List of acronyms.

Acronyms Representation

SSH-algebra Sheffer stroke Hilbert algebra
BF-subalgebra bipolar fuzzy subalgebra
BIVF-subalgebra bipolar interval-valued fuzzy subalgebra
IVF-set interval-valued fuzzy set
CB-set cubic bipolar set
CB-subalgebra cubic bipolar subalgebra
CB-ideal cubic bipolar ideal

2. Preliminaries
In this section, we review fundamental concepts and results regarding Sheffer stroke

Hilbert algebras that will be used throughout this paper.

Definition 1 ([1]). Let H = (H, |) be a groupoid. The binary operation | is called a Sheffer stroke
operation on H if, for all ν, ϱ, υ ∈ H, the following identities hold:

(S1) ν | ϱ = ϱ | ν.
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(S2) (ν | ν) | (ν | ϱ) = ν.
(S3)

ν |
(
(ϱ | υ) | (ϱ | υ)

)
=
(
(ν | ϱ) | (ν | ϱ)

)
| υ.

(S4) (
ν |
(
(ν | ν) | (ϱ | ϱ)

))
|
(
ν |
(
(ν | ν) | (ϱ | ϱ)

))
= ν.

To simplify notation, we adopt the convention

ν | (ϱ | ϱ) = νϱ.

Definition 2 ([5]). A Sheffer stroke Hilbert algebra (briefly, SSH-algebra) is an algebraic
structure

H = (H, |),

where H is a nonempty set, and | is a Sheffer stroke operation on H such that for all ν, ϱ, υ ∈ H, the
following conditions hold:

1.
(ν | (ϱυ | ϱυ)) |

(
(νϱ)(ν

υ) | (νϱ)(ν
υ)
)
= νν.

2. If νϱ = νν = ϱν, then ν = ϱ.

Proposition 1 ([5]). Let H be an SSH-algebra. Then the relation

ν ≤ ϱ ⇐⇒ νϱ = 1

defines a partial order on H.

Definition 3 ([5]). Let H be an SSH-algebra. A nonempty subset G ⊆ H is called a subalgebra
of H if

νϱ | νϱ ∈ G, for all ν, ϱ ∈ G.

Definition 4 ([5]). Let H be an SSH-algebra. A nonempty subset G ⊆ H is called an ideal of H
if, for all ν, ϱ ∈ H, the following conditions hold:

1. 0 ∈ G.
2. If νϱ | νϱ ∈ G and ϱ ∈ G, then ν ∈ G.

Theorem 1 ([5]). Let (A, |A) and (B, |B) be SSH-algebras. Then the structure

(A × B, |A×B)

defined by
(a1, b1) |A×B (a2, b2) = (a1 |A a2, b1 |B b2)

for all (a1, b1), (a2, b2) ∈ A × B is an SSH-algebra with zero element (0A, 0B).

Definition 5 ([5]). Let (A, |A) and (B, |B) be SSH-algebras. A mapping f : A → B is called a
homomorphism if

f(ν |A ϱ) = f(ν) |B f(ϱ), for all ν, ϱ ∈ A,

and f(0A) = 0B.
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Definition 6 ([10]). Let X be a nonempty set. A function

µ̃F : X → D[0, 1],

which assigns to each x ∈ X an interval

µ̃F (x) = [µ̃−
A(x), µ̃+

A(x)],

is called an interval-valued fuzzy set on X. Here, D[0, 1] denotes the set of all closed subintervals
of [0, 1].

The functions µ̃−
A and µ̃+

A are mappings

µ̃−
A : X → [0, 1], x 7→ µ̃−

A(x),

µ̃+
A : X → [0, 1], x 7→ µ̃+

A(x),

such that µ̃−
A(x) ≤ µ̃+

A(x) for all x ∈ X.

Definition 7 ([11]). Let X be a nonempty set. A cubic set in X is an ordered pair

A = (ϑ+, ψ+),

where ϑ+ is an interval-valued fuzzy set on X, and ψ+ is a fuzzy set on X.

We now introduce the concept of interval-valued fuzzy sets (IVF-sets). Let D[0, 1]
denote the set of all closed subintervals of [0, 1]; that is,

D[0, 1] = {h̃ = [h−, h+] | 0 ≤ h− ≤ h+ ≤ 1}.

Each element of D[0, 1] is called an interval-valued number. For any h̃, k̃ ∈ D[0, 1], we
define the relations ≪,≫,= and the operations ⊼ (minimum) and ⊻ (maximum) as follows:

• h̃ ≪ k̃ if and only if h− ≤ k− and h+ ≤ k+.
• h̃ ≫ k̃ if and only if h− ≥ k− and h+ ≥ k+.
• h̃ = k̃ if and only if h− = k− and h+ = k+.
• h̃ ⊼ k̃ = [h− ∧ k−, h+ ∧ k+].
• h̃ ⊻ k̃ = [h− ∨ k−, h+ ∨ k+].

Let D1 = [D−
1 , D+

1 ] and D2 = [D−
2 , D+

2 ] be elements of D[0, 1]. The refined minimum
and refined maximum are defined, respectively, by

r min{D1, D2} = [min{D−
1 , D−

2 }, min{D+
1 , D+

2 }],

r max{D1, D2} = [max{D−
1 , D−

2 }, max{D+
1 , D+

2 }].

If Di = [hi, ki] ∈ D[0, 1] for i ∈ I, then the refined supremum and infimum are
defined by

r sup
i
(Di) =

[
sup

i
(hi), sup

i
(ki)

]
, r inf

i
(Di) =

[
inf

i
(hi), inf

i
(ki)

]
.

Moreover, for D1 = [h1, k1] and D2 = [h2, k2], we write

D1 ≫ D2 ⇐⇒ h1 ≥ h2 and k1 ≥ k2,

and similarly define D1 ≪ D2 and D1 = D2.
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Definition 8 ([10]). Let X be a nonempty set. A function

ϑ+ : X → D[0, 1], x 7→ [α−A(x), α+A(x)],

is called an interval-valued fuzzy set on X, where D[0, 1] denotes the set of all closed subintervals
of [0, 1].

The functions α−A and α+A are defined by

α−A : X → [0, 1], x 7→ α−A(x),

α+A : X → [0, 1], x 7→ α+A(x),

such that α−A(x) ≤ α+A(x) for all x ∈ X.

3. Cubic Bipolar Subalgebra of SSH-Algebras
Throughout this section, X will denote an SSH-algebra unless explicitly stated other-

wise. SSH-algebras form an important class of algebraic systems exhibiting remarkable
symmetry properties and attracting interest due to their theoretical relevance and possible
applications. In this section, we study cubic bipolar subalgebras in the context of SSH-
algebras and examine their main structural properties. This investigation contributes to
a better understanding of the internal structure of SSH-algebras and may lead to further
developments and applications in related algebraic frameworks.

Definition 9. A CB-set A = (ϑ+, ψ+) of X is called a cubic bipolar subalgebra (CB-subalgebra)
of X if, for all ν, ϱ ∈ X,

ϑ+(νϱ | νϱ) ≫ ϑ+(ν) ⊼ ϑ+(ϱ),

ϑ−(νϱ | νϱ) ≪ ϑ−(ν) ⊻ ϑ−(ϱ),

ψ+(νϱ | νϱ) ≥ ψ+(ν) ∧ ψ+(ϱ),

ψ−(νϱ | νϱ) ≤ ψ−(ν) ∨ ψ−(ϱ).

(1)

Example 1. Consider the set X = {1, 2, 3, 0}, and define a Sheffer stroke operation “|” by Table 2.

Table 2. A Cayley table for the Sheffer stroke “|”.

| 1 2 3 0

1 0 3 2 1
2 3 3 1 1
3 2 1 2 1
0 1 1 1 1

Then X is an SSH-algebra (see [5]).
Define the functions ϑ+, ϑ−, ψ+, and ψ− on X by

ϑ+(ν) = ν, ϑ−(ν) = 4 − ν, ψ+(ν) = ν, ψ−(ν) = 4 − ν,

for all ν ∈ X.
For ν = 1 and ϱ = 2, we have 1 | 2 = 3. Then,

• ϑ+(12|12) = 3 ≫ ϑ+(1) ⊼ ϑ+(2) = 1.
• ϑ−(12|12) = 1 ≪ ϑ−(1) ⊻ ϑ−(2) = 3.
• ψ+(12|12) = 3 ≥ ψ+(1) ∧ ψ+(2) = 1.
• ψ−(12|12) = 1 ≤ ψ−(1) ∨ ψ−(2) = 3.
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Thus, all required conditions are satisfied, and A is a CB-subalgebra of X.

Proposition 2. If A = (ϑ+, ψ+) is a CB-subalgebra of X, then for all ν ∈ X,

ϑ+(0) ≫ ϑ+(ν), ϑ−(0) ≪ ϑ−(ν),

ψ+(0) ≥ ψ+(ν), ψ−(0) ≤ ψ−(ν).
(2)

Proof. For any ν ∈ X, we have

ϑ+(0) = ϑ+(νν | νν) ≫ ϑ+(ν) ⊼ ϑ+(ν) = ϑ+(ν),

ϑ−(0) = ϑ−(νν | νν) ≪ ϑ−(ν) ⊻ ϑ−(ν) = ϑ−(ν),

ψ+(0) = ψ+(νν | νν) ≥ ψ+(ν) ∧ ψ+(ν) = ψ+(ν),

ψ−(0) = ψ−(νν | νν) ≤ ψ−(ν) ∨ ψ−(ν) = ψ−(ν).

Definition 10. Let X be a nonempty set, and let A = (ϑ+, ψ+) be a CB-set of X. Let h̃ be a cubic
bipolar number. Then the subset

[A]
h̃
= {ν ∈ X : ϑ+(ν) ≫ h̃+, ϑ−(ν) ≪ h̃−, ψ+(ν) ≥ h+, ψ−(ν) ≤ h−}

is called the h̃-level set of A, where h̃+ = [h+,−, h+,+] ∈ D[0, 1], and h̃− = [h−,−, h−,+] ∈
D[−1, 0].

Example 2. Consider the SSH-algebra X from Example 1. Let A = (ϑ+, ψ+) be a CB-set of X,
where

ϑ+(ν) = ν, ϑ−(ν) = 4 − ν, ψ+(ν) = ν, ψ−(ν) = 4 − ν,

for all ν ∈ X.

Let h̃
+
= [0.5, 1] ∈ D[0, 1] and h̃

−
= [−0.5, 0] ∈ D[−1, 0]. Then the h̃-level set is

[A]
h̃
= {ν ∈ X : ϑ+(ν) ≫ h̃+, ϑ−(ν) ≪ h̃−, ψ+(ν) ≥ h+, ψ−(ν) ≤ h−}.

For ν = 1, we have

ϑ+(1) = 1, ϑ−(1) = 3, ψ+(1) = 1, ψ−(1) = 3.

Thus, ϑ+(1) ≫ 0.5, ϑ−(1) ≪ −0.5, ψ+(1) ≥ 0.5, and ψ−(1) ≤ 0, so ν = 1 satisfies all
conditions.

For ν = 2, we have

ϑ+(2) = 2, ϑ−(2) = 2, ψ+(2) = 2, ψ−(2) = 2.

Again, all required conditions are satisfied, so ν = 2 belongs to the level set.
Therefore,

[A]
h̃
= {1, 2}.

Theorem 2. Let A = (ϑ+, ψ+) be a CB-set of X, and let h̃ be any cubic bipolar number. Then A is
a CB-subalgebra of X if and only if the level set [A]

h̃
is a subalgebra of X, provided that [A]

h̃
̸= ∅.
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Proof. Suppose that A is a CB-subalgebra of X and that [A]
h̃
̸= ∅. Let h̃+ = [h+,−, h+,+] ∈

D[0, 1] and h̃− = [h−,−, h−,+] ∈ D[−1, 0].
Take any ν, ϱ ∈ [A]

h̃
. Then

ϑ+(ν) ≫ h̃+, ϑ−(ν) ≪ h̃−, ψ+(ν) ≥ h+, ψ−(ν) ≤ h−,

and similarly for ϱ.
Since A is a CB-subalgebra of X, we have

ϑ+(νϱ|νϱ) ≫ ϑ+(ν) ⊼ ϑ+(ϱ) ≫ h̃+ ⊼ h̃+ = h̃+,

ϑ−(νϱ|νϱ) ≪ ϑ−(ν) ⊻ ϑ−(ϱ) ≪ h̃− ⊻ h̃− = h̃−,

ψ+(νϱ|νϱ) ≥ ψ+(ν) ∧ ψ+(ϱ) ≥ h+,

ψ−(νϱ|νϱ) ≤ ψ−(ν) ∨ ψ−(ϱ) ≤ h−.

Thus, νϱ|νϱ ∈ [A]
h̃

, showing that [A]
h̃

is closed under the operation. Hence it is a subalge-
bra of X.

Conversely, assume that [A]
h̃
̸= ∅ is a subalgebra of X. We prove that A is a CB-

subalgebra by contradiction.

Suppose that
ϑ+(νϱ|νϱ) ≫ ϑ+(ν) ⊼ ϑ+(ϱ)

does not hold. Then there exist ν0, ϱ0 ∈ X such that

ϑ+(ν
ϱ0
0 |(νϱ0

0 ) ≪ ϑ+(ν0) ⊼ ϑ+(ϱ0).

Let

ϑ+(ν0) = [k+,−, k+,+], ϑ+(ϱ0) = [l+,−, l+,+], ϑ+(ν
ϱ0
0 |νϱ0

0 ) = [h+,−, h+,+].

Then
[h+,−, h+,+] ≪ [k+,− ∧ l+,−, k+,+ ∧ l+,+].

Choose an interval

[f+,−, f+,+] =
[

1
2 (h

+,− + k+,− ∧ l+,−), 1
2 (h

+,+ + k+,+ ∧ l+,+)
]
.

Then
[k+,− ∧ l+,−, k+,+ ∧ l+,+] ≫ [f+,−, f+,+] ≫ [h+,−, h+,+].

Hence ν0, ϱ0 ∈ [A]
h̃

, but ν
ϱ0
0 |νϱ0

0 /∈ [A]
h̃

, contradicting the assumption that it is a subalgebra.

Similarly, if any of

ϑ−(νϱ|νϱ) ≪ ϑ−(ν)⊻ϑ−(ϱ), ψ+(νϱ|νϱ) ≥ ψ+(ν)∧ψ+(ϱ), ψ−(νϱ|νϱ) ≤ ψ−(ν)∨ψ−(ϱ),

fails, then by constructing appropriate intermediate values (as above), we obtain elements
in [A]

h̃
whose operation does not remain in the set, again leading to a contradiction.

Therefore, all defining conditions hold, and A is a CB-subalgebra of X.

The next result shows that a cubic bipolar set is a subalgebra if and only if its compo-
nents satisfy the corresponding fuzzy subalgebra conditions.
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Theorem 3. Let A = (ϑ+, ψ+) be a CB-set of X. Then A is a CB-subalgebra of X if and only if
ϑ+ is a BIVF-subalgebra and ψ+ is a BF-subalgebra of X.

Proof. Suppose that A is a CB-subalgebra of X. Let ν, ϱ ∈ X. Then

ϑ+(νϱ|νϱ) ≫ ϑ+(ν) ∧ ϑ+(ϱ)

= [ϑ+,−(ν) ∧ ϑ+,−(ϱ), ϑ+,+(ν) ∧ ϑ+,+(ϱ)],

and
ϑ−(νϱ|νϱ) ≪ ϑ−(ν) ∨ ϑ−(ϱ)

= [ϑ−,−(ν) ∨ ϑ−,−(ϱ), ϑ−,+(ν) ∨ ϑ−,+(ϱ)].

Thus, the components satisfy

ϑ+,−(νϱ|νϱ) ≥ ϑ+,−(ν) ∧ ϑ+,−(ϱ),

ϑ+,+(νϱ|νϱ) ≥ ϑ+,+(ν) ∧ ϑ+,+(ϱ),

ϑ−,−(νϱ|νϱ) ≤ ϑ−,−(ν) ∨ ϑ−,−(ϱ),

ϑ−,+(νϱ|νϱ) ≤ ϑ−,+(ν) ∨ ϑ−,+(ϱ).

Similarly, from the definition of CB-subalgebra, we obtain

ψ+(νϱ|νϱ) ≥ ψ+(ν) ∧ ψ+(ϱ),

ψ−(νϱ|νϱ) ≤ ψ−(ν) ∨ ψ−(ϱ).

Hence, ϑ+ is a BIVF-subalgebra and ψ+ is a BF-subalgebra of X.
Conversely, assume that ϑ+ is a BIVF-subalgebra and ψ+ is a BF-subalgebra of X. Let

ν, ϱ ∈ X. Then

ϑ+(νϱ|νϱ) = [ϑ+,−(νϱ|νϱ), ϑ+,+(νϱ|νϱ)]

≫ [ϑ+,−(ν) ∧ ϑ+,−(ϱ), ϑ+,+(ν) ∧ ϑ+,+(ϱ)]

= ϑ+(ν) ∧ ϑ+(ϱ).

Similarly,

ϑ−(νϱ|νϱ) ≪ ϑ−(ν) ∨ ϑ−(ϱ),

ψ+(νϱ|νϱ) ≥ ψ+(ν) ∧ ψ+(ϱ),

ψ−(νϱ|νϱ) ≤ ψ−(ν) ∨ ψ−(ϱ).

Therefore, A is a CB-subalgebra of X.

Definition 11. Let (X, |A, 0X) and (Y, |B, 0Y) be two SSH-algebras, and let A = (ΦA, ΨA) and
B = (ΦB, ΨB) be CB-subsets of X and Y, respectively.

(i) The image of A under f, denoted by f(A), is a CB-set in Y defined as follows: for each ϱ ∈ Y,

f(A)(ϱ) =


∧

ν∈f−1(ϱ)

A(ν), if f−1(ϱ) ̸= ∅,

⟨([0, 0], [0, 0], (0, 0))⟩, otherwise.

Here, ∧
ν∈f−1(ϱ)

A(ν) =

〈 ∧
ν∈f−1(ϱ)

ΦA(ν),
∧

ν∈f−1(ϱ)

ΨA(ν)

〉
,

https://doi.org/10.3390/axioms15050301
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where

∧
ν∈f−1(ϱ)

ΦA(ν) =

 ∨
ν∈f−1(ϱ)

ϑ−,−(ν),
∨

ν∈f−1(ϱ)

ϑ−,+(ν)

,

 ∧
ν∈f−1(ϱ)

ϑ+,−(ν),
∧

ν∈f−1(ϱ)

ϑ+,+(ν)

,

and ∧
ν∈f−1(ϱ)

ΨA(ν) =

 ∨
ν∈f−1(ϱ)

ψ−(ν),
∧

ν∈f−1(ϱ)

ψ+(ν)

.

(ii) The preimage of B under f, denoted by f−1(B), is a CB-set in X defined by

[f−1(B)](ν) = B(f(ν)) = ⟨ΦB(f(ν)), ΨB(f(ν))⟩ = ⟨[f−1(ΦB)](ν), [f−1(ΨB)](ν)⟩,

for all ν ∈ X.

To improve readability in the context of Sheffer stroke Hilbert algebras, we adopt the
following notation:

x|P(y|Py) = ξP(xy),

and
(x|P(y|Py))|P(x|P(y|Py)) = ξPP(xy).

Theorem 4. Let f : X → Y be a homomorphism of SSH-algebras. If B = (ΦB, ΨB) is a CB-ideal
of Y, then the preimage f−1(B) is a CB-ideal of X.

Proof. Suppose that B = (ΦB, ΨB) is a CB-ideal of Y. Then ΦB is a BIVF-ideal and ΨB is a
BF-ideal of Y.

For all ν ∈ X, we have

f−1(ϑ+
B )(ν) = ϑ+

B (f(ν)) ≪ ϑ+
B (0Y) = ϑ+

B (f(0X)) = f−1(ϑ+
B )(0X),

f−1(ϑ−
B )(ν) = ϑ−

B (f(ν)) ≫ ϑ−
B (0Y) = ϑ−

B (f(0X)) = f−1(ϑ−
B )(0X),

f−1(ψ+
B )(ν) = ψ+

B (f(ν)) ≥ ψ+
B (0Y) = ψ+

B (f(0X)) = f−1(ψ+
B )(0X),

f−1(ψ−
B )(ν) = ψ−

B (f(ν)) ≤ ψ−
B (0Y) = ψ−

B (f(0X)) = f−1(ψ−
B )(0X).

Let ν, ϱ ∈ X. Using the fact that f is a homomorphism, we obtain

f(ξAA(ν
ϱ)) = ξBB(f(ν)

f(ϱ)).

Then
f−1(ϑ+

B )(ν) = ϑ+
B (f(ν))

≫ ϑ+
B (ξBB(f(ν)

f(ϱ))) ⊼ ϑ+
B (f(ϱ))

= ϑ+
B (f(ξAA(ν

ϱ))) ⊼ ϑ+
B (f(ϱ))

= f−1(ϑ+
B )(ξAA(ν

ϱ)) ⊼ f−1(ϑ+
B )(ϱ),

f−1(ϑ−
B )(ν) = ϑ−

B (f(ν))

≪ ϑ−
B (ξBB(f(ν)

f(ϱ))) ⊻ ϑ−
B (f(ϱ))

= ϑ−
B (f(ξAA(ν

ϱ))) ⊻ ϑ−
B (f(ϱ))

= f−1(ϑ−
B )(ξAA(ν

ϱ)) ⊻ f−1(ϑ−
B )(ϱ),
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f−1(ψ+
B )(ν) = ψ+

B (f(ν))

≥ ψ+
B (ξBB(f(ν)

f(ϱ))) ∧ ψ+
B (f(ϱ))

= ψ+
B (f(ξAA(ν

ϱ))) ∧ ψ+
B (f(ϱ))

= f−1(ψ+
B )(ξAA(ν

ϱ)) ∧ f−1(ψ+
B )(ϱ),

f−1(ψ−
B )(ν) = ψ−

B (f(ν))

≤ ψ−
B (ξBB(f(ν)

f(ϱ))) ∨ ψ−
B (f(ϱ))

= ψ−
B (f(ξAA(ν

ϱ))) ∨ ψ−
B (f(ϱ))

= f−1(ψ−
B )(ξAA(ν

ϱ)) ∨ f−1(ψ−
B )(ϱ).

Therefore, f−1(B) satisfies all the conditions of a CB-ideal of X.

Theorem 5. Let f : X → Y be a homomorphism of SSH-algebras. If B = (ΦB, ΨB) is a CB-
subalgebra of Y, then the preimage f−1(B) is a CB-subalgebra of X.

Proof. Suppose that B = (ΦB, ΨB) is a CB-subalgebra of Y. Then ΦB is a BIVF-subalgebra
and ΨB is a BF-subalgebra of Y.

Let ν, ϱ ∈ X. Since f is a homomorphism, we have

f(ξAA(ν
ϱ)) = ξBB(f(ν)

f(ϱ)).

Now,
f−1(ϑ+

B )(ξAA(ν
ϱ)) = ϑ+

B (f(ξAA(ν
ϱ)))

= ϑ+
B (ξBB(f(ν)

f(ϱ)))

≫ ϑ+
B (f(ν)) ⊼ ϑ+

B (f(ϱ))

= f−1(ϑ+
B )(ν) ⊼ f−1(ϑ+

B )(ϱ),

f−1(ϑ−
B )(ξAA(ν

ϱ)) = ϑ−
B (f(ξAA(ν

ϱ)))

= ϑ−
B (ξBB(f(ν)

f(ϱ)))

≪ ϑ−
B (f(ν)) ⊻ ϑ−

B (f(ϱ))

= f−1(ϑ−
B )(ν) ⊻ f−1(ϑ−

B )(ϱ),

f−1(ψ+
B )(ξAA(ν

ϱ)) = ψ+
B (f(ξAA(ν

ϱ)))

= ψ+
B (ξBB(f(ν)

f(ϱ)))

≥ ψ+
B (f(ν)) ∧ ψ+

B (f(ϱ))

= f−1(ψ+
B )(ν) ∧ f−1(ψ+

B )(ϱ),

f−1(ψ−
B )(ξAA(ν

ϱ)) = ψ−
B (f(ξAA(ν

ϱ)))

= ψ−
B (ξBB(f(ν)

f(ϱ)))

≤ ψ−
B (f(ν)) ∨ ψ−

B (f(ϱ))

= f−1(ψ−
B )(ν) ∨ f−1(ψ−

B )(ϱ).

Therefore, f−1(B) is a CB-subalgebra of X.

4. Cubic Bipolar Ideals of SSH-Algebra
In this section, we study cubic bipolar ideals in the framework of Sheffer stroke Hilbert

algebras. A cubic bipolar ideal is a special type of CB-set satisfying certain inequalities
related to the operations of a Sheffer stroke algebra. These structures play an important
role in understanding the algebraic properties of SSH-algebras, particularly in connection
with logical operations and their algebraic interpretations.
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Definition 12. A CB-set A = (ϑ+, ψ+) of X is called a cubic bipolar ideal (CB-ideal) of X if it
satisfies the following conditions:

(∀ν ∈ X)

 ϑ+(0) ≫ ϑ+(ν), ϑ−(0) ≪ ϑ−(ν)

ψ+(0) ≥ ψ+(ν), ψ−(0) ≤ ψ−(ν)

, (3)

(∀ν, ϱ ∈ X)


ϑ+(ν) ≫ ϑ+(νϱ|νϱ) ⊼ ϑ+(ϱ)

ϑ−(ν) ≪ ϑ−(νϱ|νϱ) ⊻ ϑ−(ϱ)

ψ+(ν) ≥ ψ+(νϱ|νϱ) ∧ ψ+(ϱ)

ψ−(ν) ≤ ψ−(νϱ|νϱ) ∨ ψ−(ϱ)

. (4)

Example 3. Consider the SSH-algebra X in Example 1. Let A = (ϑ+, ψ+) be a CB-set of X, where
the functions are defined by

ϑ+(ν) = ν, ψ+(ν) = 4 − ν, for all ν ∈ X.

We check whether A satisfies the conditions of a CB-ideal.
Since

ϑ+(0) = 0, ϑ−(0) = 4, ψ+(0) = 4, ψ−(0) = 0,

the inequalities in (3) hold for all ν ∈ X. Moreover, the inequalities in (4) are also satisfied for all
ν, ϱ ∈ X. Hence, A = (ϑ+, ψ+) is a CB-ideal of X.

Lemma 1. If A = (ϑ+, ψ+) is a CB-ideal of X, then for all ν, ϱ ∈ X,

ν ≤ ϱ ⇒

 ϑ+(ϱ) ≪ ϑ+(ν), ϑ−(ϱ) ≫ ϑ−(ν)

ψ+(ϱ) ≥ ψ+(ν), ψ−(ϱ) ≤ ψ−(ν)

Proof. Let ν, ϱ ∈ X such that ν ≤ ϱ. Then νϱ|νϱ = 0, and hence

ϑ+(ν) ≫ ϑ+(νϱ|νϱ) ⊼ ϑ+(ϱ) = ϑ+(0) ⊼ ϑ+(ϱ) = ϑ+(ϱ),

ϑ−(ν) ≪ ϑ−(νϱ|νϱ) ⊻ ϑ−(ϱ) = ϑ−(0) ⊻ ϑ−(ϱ) = ϑ−(ϱ),

ψ+(ν) ≥ ψ+(νϱ|νϱ) ∧ ψ+(ϱ) = ψ+(0) ∧ ψ+(ϱ) = ψ+(ϱ),

ψ−(ν) ≤ ψ−(νϱ|νϱ) ∨ ψ−(ϱ) = ψ−(0) ∨ ψ−(ϱ) = ψ−(ϱ).

The following theorem demonstrates that every cubic bipolar ideal inherently pos-
sesses the structure of a cubic bipolar subalgebra.

Theorem 6. Every CB-ideal of X is a CB-subalgebra of X.
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Proof. Let A = (ϑ+, ψ+) be a CB-ideal of X.

ϑ+(νϱ|νϱ) ≫ ϑ+(((νϱ|νϱ)|(ν|ν))|(((νϱ|νϱ)|(ν|ν))) ⊼ ϑ+(ν)

= ϑ+(((ϱ|ϱ)νν |νν
)|((ϱ|ϱ)νν |νν

))) ⊼ ϑ+(ν)

= ϑ+((ϱ|ϱ)1|(ϱ|ϱ)1) ⊼ ϑ+(ϱ)

= ϑ+(1|1) ⊼ ϑ+(ν)

= ϑ+(0) ⊼ ϑ+(ϱ)

= ϑ+(0)
≫ ϑ+(ν) ⊼ ϑ+(ϱ),

ϑ−(νϱ|νϱ) ≪ ϑ−(((νϱ|νϱ)|(ν|ν))|(((νϱ|νϱ)|(ν|ν))) ⊻ ϑ−(x)
= ϑ−(((ϱ|ϱ)νν |νν

)|((ϱ|ϱ)νν |νν
)))) ⊻ ϑ−(x)

= ϑ−((ϱ|ϱ)1|(ϱ|ϱ)1) ⊻ ϑ−(ν)

= ϑ−(1|1) ⊻ ϑ−(ν)

= ϑ−(0) ⊻ ϑ−(ϱ)

= ϑ−(0)
≪ ϑ−(ν) ⊻ ϑ−(ϱ),

ψ+(νϱ|νϱ) ≥ ψ+(((νϱ|νϱ)|(ν|ν))|(((νϱ|νϱ)|(ν|ν))) ∧ ψ+(ν)

= ψ+(((ϱ|ϱ)νν |νν
)|((ϱ|ϱ)νν |νν

)))) ∧ ψ+(ν)

= ψ+((ϱ|ϱ)1|(ϱ|ϱ)1) ∧ ψ+(ν)

= ψ+(1|1) ∧ ψ+(ν)

= ψ+(0) ∧ ψ+(ϱ)

= ψ+(0)
≥ ψ+(ν) ∧ ψ+(ϱ),

ψ−(νϱ|νϱ) ≤ ψ−(((νϱ|νϱ)|(ν|ν))|(((νϱ|νϱ)|(ν|ν))) ∨ ψ−(ν)

= ψ−(((ϱ|ϱ)νν |νν
)|((ϱ|ϱ)νν |νν

)))) ∨ ψ−(ν)

= ψ−((ϱ|ϱ)1|(ϱ|ϱ)1) ∨ ψ−(ν)

= ψ−(1|1) ∨ ψ−(ν)

= ψ−(0) ∨ ψ−(ϱ)

= ψ−(0)
≤ ψ−(ν) ∨ ψ−(ϱ),

Hence A is a CB-subalgebra of X.

The following example shows that the converse of Theorem 6 does not hold in general.

Example 4. Let X = {0, 1, 2, 3} be the SSH-algebra defined in Example 1 with the operation |
given by Table 2.

Define a cubic bipolar set A = (ϑ+, ψ+) on X as follows:

ϑ+(ν) =

[0.7, 0.9], if ν = 0, 1,

[0.2, 0.4], if ν = 2, 3,
ψ+(ν) =

0.8, if ν = 0, 1,

0.3, if ν = 2, 3.

Then, for all ν, ϱ ∈ X, one can verify that

ϑ+(ν|ϱ) ≫ ϑ+(ν) ∧̃ ϑ+(ϱ), ψ+(ν|ϱ) ≥ ψ+(ν) ∧ ψ+(ϱ),

and hence A is a CB-subalgebra of X.
However, A is not a CB-ideal of X. Indeed, take ν = 2 and ϱ = 1. Then

ϑ+(2) = [0.2, 0.4], ϑ+(2|1) = ϑ+(3) = [0.2, 0.4],
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and
r min{ϑ+(2|1), ϑ+(1)} = r min{[0.2, 0.4], [0.7, 0.9]} = [0.2, 0.4].

Thus, the required dominance condition for CB-ideals is not satisfied.
Hence, A is a CB-subalgebra but not a CB-ideal of X. Therefore, the converse of Theorem 6

does not hold.

Theorem 7. Let ã be any cubic bipolar number and [A]ã be a CB-set of X. Then A is a CB-ideal of
X if and only if [A]ã is an ideal of X, where [A]ã ̸= ∅.

Proof. Suppose A is a CB-ideal of X and [A]
h̃

̸= ∅. Let ν ∈ [A]
h̃

, and let h̃+ =

[h+,−, h+,+] ∈ D[0, 1] and h̃− = [h−,−, h−,+]. Then

ϑ+(ν) ≫ h̃+, ϑ−(ν) ≪ h̃−, ψ+(ν) ≥ h+, ψ+(ν) ≤ h−.

Since A is a cubic bipolar ideal of X,

ϑ+(0) ≫ ϑ+(ν) ≫ h̃+, ϑ+(0) ≪ ϑ−(ν) ≪ h̃−,

ψ+(0) ≥ ψ+(ν) ≥ h̃+, ψ−(0) ≤ ψ−(ν) ≤ h̃−.

Hence 0 ∈ [A]
h̃

. For any (νϱ|νϱ), ϱ ∈ [A]
h̃

. Then

ϑ+(νϱ|νϱ) ≫ h̃+, ϑ−(νϱ|νϱ) ≪ h̃−,

ψ+(νϱ|νϱ) ≥ h+, ψ+(νϱ|νϱ) ≤ h−,

ϑ+(y) ≫ h̃+, ϑ−(ϱ) ≪ h̃−, ψ+(ϱ) ≥ h+, ψ+(ϱ) ≤ h−.

Since A is a CB-ideal of X,

ϑ+(ν) ≫ ϑ+(νϱ|νϱ) ∧ ϑ+(ϱ) ≫ h̃+ ∧ h̃+ = h̃+,

ϑ−(ν) ≪ ϑ−(νϱ|νϱ) ∨ ϑ−(ϱ) ≪ h̃− ∨ h̃− = h̃−,

ψ+(ν) ≥ ψ+(νϱ|νϱ) ∧ ψ+(ϱ) ≥ h̃+ ∧ h̃+ = h̃+,

ψ−(ν) ≤ ψ−(νϱ|νϱ) ∨ ψ−(ϱ) ≤ h̃+ ∨ h̃− = h̃−.

Hence ν ∈ [A]
h̃

. Therefore, A is a CB-ideal of X.

Conversely, suppose [A]
h̃
̸= ∅ is an ideal of X. We prove that A satisfies the con-

ditions of Definition 12. Assume that ϑ+(0) ≫ ϑ+(ν) is not true. Then there exists
ν0 ∈ X such that ϑ+(0) < ϑ+(ν0). Let ϑ+(ν0) = [k+,−, k+,+], ϑ+(0) = [h+,−, h+,+],
where [h+,−, h+,+], [k+,−, k+,+] ∈ D[0, 1]. Then clearly, [h+,−, h+,+] < [k+,−, k+,+]. Let
[l+,−, l+,+] = [ 1

2 (h
+,− + k+,−), 1

2 (h
+,+ + k+,+)]. Then we can easily obtain the following

inequalities:

k+,− > l+,− =
1
2
(h+,− + k+,−) > h+,−,

k+,+ > l+,+ =
1
2
(h+,+ + k+,+) > h+,+.

Thus [k+,−, k+,+] > [l+,−, l+,+] > [h+,−, h+,+] = ϑ+(0). Hence 0 /∈ [A]
h̃

. Assume that

ϑ−(0) ≪ ϑ−(x) is not true. Then there exists ν0 ∈ X such that ϑ−(0) > ϑ−(ν0). Let
ϑ−(ν0) = [k−,−, k−,+], ϑ−(0) = [h−,−, h−,+], where [h−,−, h−,+], [k−,−, k−,+] ∈ D[0, 1]. Then
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clearly, [h−,−, h−,+] < [k−,−, k−,+]. Let [l−,−, l−,+] = [ 1
2 (h

−,− + k−,−), 1
2 (h

−,+ + k−,+)].
Then we can easily obtain the following inequalities:

k−,− < c−,− =
1
2
(h−,− + k−,−) < h−,−,

k−,+ > c−,+ =
1
2
(h−,+ + k−,+) < h−,+.

Thus [k−,−, k−,+] < [l−,−, l−,+] < [h−,−, h−,+] = ϑ−(0). Hence 0 /∈ [A]
h̃

. Assume that

ψ+(0) ≥ ψ+(ν) is not true. Then there exists ν0 ∈ X such that ψ+(0) < ψ+(ν0). Let
ψ+(ν0) = k+, ψ+(0) = h+, where h+, k+ ∈ [0, 1]. Then clearly, h+ < k+. Let l+ =
1
2 (h

+ + k+). Then we can easily obtain the following inequalities:

k+ > l+ =
1
2
(h+ + k+) > h+,

k+ > h+ =
1
2
(h+ + k+) > h+.

Thus k+ > l+ > h+ = ψ+(0). Hence 0 /∈ [A]
h̃

. Assume that ψ−(0) ≤ ψ−(ν) is not true.

Then there exists ν0 ∈ X such that ψ−(0) > ψ−(ν0). Let ψ−(ν0) = b−, ψ−(0) = h−, where
h−, k− ∈ [0, 1]. Then clearly, h− > k−. Let l− = 1

2 (h
− + k−). Then we can easily obtain the

following inequalities:

k− < l− =
1
2
(h− + k−) < h−,

k− < l− =
1
2
(h− + k−) < h−.

Thus k− < l− < h− = ψ−(0). Hence 0 /∈ [A]
h̃

. Assume that ϑ+(ν) ≫ ϑ+(νϱ|νϱ) ∧ ϑ+(ϱ)

is not true. Then there exist ν0, ϱ0 ∈ X such that ϑ+(ν0) < ϑ+(ν0
ϱ0 |ν0

ϱ0) ∧ ϑ+(ϱ0).
Let ϑ+(ν0

ϱ0 |ν0
ϱ0) = [k+,−, k+,+], ϑ+(ϱ0) = [l+,−, l+,+], and ϑ+(ν0) = [h+,−, h+,+],

where [h+,−, h+,+], [k+,−, k+,+], [l+,−, l+,+] ∈ D[0, 1]. Then [h+,−, h+,+] < [k+,−, k+,+] ∧
[l+,−, l+,+] = [k+,− ∧ l+,−, k+,+ ∧ l+,+]. Let [f+,−, f+,+] = [ 1

2 (h
+,− + k+,− ∧ l+,−), 1

2 (h
+,+ +

k+,+ ∧ l+,+)]. Then

k+,− ∧ l+,− > f+,− =
1
2
(h+,− + k+,− ∧ h+,−) > h+,−,

k+,+ ∧ l+,+ > f+,+ =
1
2
(h+,+ + k+,+ ∧ h+,+) > h+,+.

Thus [k+,− ∧ l+,−, k+,+ ∧ l+,+] > [f+,−, f+,+] > [h+,−, h+,+] = ϑ+(ν0). So (ν0
ϱ0 |ν0

ϱ0), ϱ0 ∈
[A]

h̃
, but ν0 /∈ [A]

h̃
. Assume that ϑ−(ν) ≪ ϑ−(νϱ|νϱ) ∨ ϑ−(ϱ) is not true. Then

there exist ν0, ϱ0 ∈ X such that ϑ−(ν0) > ϑ−(ν0
ϱ0 |ν0

ϱ0) ∨ ϑ−(y0). Let ϑ−(ν0
ϱ0 |ν0

ϱ0) =

[k+,−, k+,+], ϑ−(ϱ0) = [l+,−, l+,+], ϑ−(ν0) = [h+,−, h+,+], where [h+,−, h+,+], [k+,−, k+,+],
[l+,−, l+,+] ∈ D[0, 1]. Then clearly, [h+,−, h+,+] < [k+,−, k+,+] ∧ [l+,−, l+,+] = [k+,− ∨
l+,−, k+,+ ∨ l+,+]. Let [f+,−, f+,+] = [ 1

2 (h
+,− + k+,− ∨ l+,−), 1

2 (h
+,+ + k+,+ ∨ l+,+)]. Then

k+,− ∨ l+,− < f+,− =
1
2
(h+,− + k+,− ∨ h+,−) < h+,−,

k+,+ ∨ l+,+ < f+,+ =
1
2
(h+,+ + k+,+ ∨ h+,+) < h+,+.

Thus [k+,− ∨ l+,−, k+,+ ∨ l+,+] < [f+,−, f+,+] < [h+,−, h+,+] = ϑ−(ν0). So (ν0
ϱ0 |ν0

ϱ0), ϱ0 ∈
[A]

h̃
, but ν0 /∈ [A]

h̃
. Assume that ψ+(ν) ≥ ψ+(νϱ|νϱ) ∧ ψ+(ϱ) is not true. Then there exist

ν0, ϱ0 ∈ X such that ψ+(ν0) < ψ+(ν0
ϱ0 |ν0

ϱ0) ∧ ψ+(ϱ0). Let ψ+(ν0
ϱ0 |ν0

ϱ0) = k+, ψ+(ϱ0) =
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l+, ψ+(ν0) = h+, where h+, k+, l+ ∈ [0, 1]. Then clearly, h+ < k+ ∧ l+. Let f+ = 1
2 (h

+ +

k+ ∧ l+). Then

k+ ∧ l+ > f+ =
1
2
(h+ + k+ ∧ h+) > h+,

k+ ∧ l+ > f+ =
1
2
(h+ + k+ ∧ h+) > h+.

Thus k+ ∧ l+ > f+ > h+ = ψ+(ν0). So (ν0
ϱ0 |ν0

ϱ0), ϱ0 ∈ [A]
h̃

, but ν0 /∈ [A]
h̃

. Assume

that ψ−(ν) ≤ ψ−(νϱ|νϱ) ∧ ψ−(ϱ) is not true. Then there exist ν0, ϱ0 ∈ X such that
ψ−(ν0) > ψ−(ν0

ϱ0 |ν0
ϱ0) ∨ ψ−(ϱ0). Let ψ−(ν0

ϱ0 |ν0
ϱ0) = k−, ψ−(ϱ0) = l−, ψ−(ν0) = h−,

where h−, k−, l− ∈ [0, 1]. Then clearly, h− < k− ∨ l−. Let f− = 1
2 (h

− + k− ∨ l−). Then

k− ∨ l− > f− =
1
2
(h− + k− ∨ h−) > h−,

k− ∨ l− > f− =
1
2
(h− + k− ∨ h−) > h−.

Thus k− ∨ l− > f− > h− = ψ−(ν0). So (ν0
ϱ0 |ν0

ϱ0), ϱ0 ∈ [A]
h̃

, but ν0 /∈ [A]
h̃

.

The following theorem provides a characterization of cubic bipolar ideals in terms of
their interval-valued fuzzy and bipolar fuzzy components.

Theorem 8. Let A = (ϑ+, ψ+) be any CB-set of X. Then A is a CB-ideal of X if and only if ϑ+ is
a BIVF-ideal and ψ+ is a BF-ideal of X.

Proof. Suppose that A is a CB-ideal of X. Then, for each ν ∈ X, we have(
ϑ+,−(0) ≫ ϑ+,−(ν), ϑ+,+(0) ≫ ϑ+,+(ν),
ψ−,−(0) ≤ ψ−,−(ν), ψ−,+(0) ≤ ψ−,+(ν)

)
,

and equivalently,

ϑ+(0) ≫ ϑ+(ν), ϑ−(0) ≪ ϑ−(ν).

Let ν, ϱ ∈ X. Then

ϑ+(ν) = [ϑ+,−(ν), ϑ+,+(ν)]

≫ ϑ+(νϱ|νϱ) ∧ ϑ+(ϱ)

= [ϑ+,−(νϱ|νϱ) ∧ ϑ+,−(ϱ), ϑ+,+(νϱ|νϱ) ∧ ϑ+,+(ϱ)],

and
ϑ−(ν) = [ϑ−,−(ν), ϑ−,+(ν)]

≪ ϑ−(νϱ|νϱ) ∨ ϑ−(ϱ)

= [ϑ−,−(νϱ|νϱ) ∨ ϑ−,−(ϱ), ϑ−,+(νϱ|νϱ) ∨ ϑ−,+(ϱ)].

Thus we obtain 
ϑ+,−(ν) ≥ ϑ+,−(νϱ|νϱ) ∧ ϑ+,−(ϱ),
ϑ+,+(ν) ≥ ϑ+,+(νϱ|νϱ) ∧ ϑ+,+(ϱ),
ψ−,−(ν) ≤ ψ−,−(νϱ|νϱ) ∨ ψ−,−(ϱ),
ψ−,+(ν) ≤ ψ−,+(νϱ|νϱ) ∨ ψ−,+(ϱ)

.
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Also, we easily see that(
ϑ+(ν) ≫ ϑ+(νϱ|νϱ) ∧ ϑ+(ϱ),
ϑ−(ν) ≪ ϑ−(νϱ|νϱ) ∨ ϑ−(ϱ)

)
.

Hence, ϑ+ is a BIVF-ideal and ψ+ is a BF-ideal of X.
Conversely, suppose that ϑ+ is a BIVF-ideal and ψ+ is a BF-ideal of X. Then for all

ν ∈ X, (
ϑ+(0) ≫ ϑ+(ν), ϑ−(0) ≪ ϑ−(ν),
ψ+(0) ≥ ψ+(ν), ψ−(0) ≤ ψ−(ν)

)
.

Let ν, ϱ ∈ X. Then

ϑ+(ν) = [ϑ+,−(ν), ϑ+,+(ν)]

≫ [ϑ+,−(νϱ|νϱ) ∧ ϑ+,−(ϱ), ϑ+,+(νϱ|νϱ) ∧ ϑ+,+(ϱ)]

= ϑ+(νϱ|νϱ) ∧ ϑ+(ϱ).

Similarly,

ϑ−(ν) ≪ ϑ−(νϱ|νϱ) ∨ ϑ−(ϱ), ψ+(ν) ≥ ψ+(νϱ|νϱ) ∧ ψ+(ϱ),

ψ−(ν) ≤ ψ−(νϱ|νϱ) ∨ ψ−(ϱ).

Hence, A is a cubic bipolar ideal of X.

Example 5. Let X = {0, 1, 2, 3} and Y = {0, 1} be SSH-algebras. The operation on X is given in
Example 1, and on Y, it is defined by

| 0 1
0 1 1
1 1 0

Define a mapping f : X → Y by

f (0) = 0, f (1) = 1, f (2) = 1, f (3) = 0.

Then f is a homomorphism, since

f (ν|ϱ) = f (ν)| f (ϱ), ∀ν, ϱ ∈ X.

Now define a cubic bipolar set A = (ϑ+, ψ+) on X by

ϑ+(ν) =

[0.6, 0.9], if ν = 0, 1,

[0.2, 0.5], if ν = 2, 3,
ψ+(ν) =

0.7, if ν = 0, 1,

0.3, if ν = 2, 3.

Define the image f (A) = ( f (ϑ+), f (ψ+)) on Y by

f (ϑ+)(y) = sup{ϑ+(ν) : f (ν) = y}, f (ψ+)(y) = sup{ψ+(ν) : f (ν) = y}.

Then,
f−1(0) = {0, 3}, f−1(1) = {1, 2}.

Hence,
f (ϑ+)(0) = sup{[0.6, 0.9], [0.2, 0.5]} = [0.6, 0.9],
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f (ϑ+)(1) = sup{[0.6, 0.9], [0.2, 0.5]} = [0.6, 0.9],

and
f (ψ+)(0) = 0.7, f (ψ+)(1) = 0.7.

One can verify that f (A) satisfies the defining conditions of a CB-ideal in Y.
Thus, this example illustrates the behavior of images of CB-ideals under homomorphisms.

Proposition 3. Let f : X → Y be a homomorphism of SSH-algebras. If A = (ϑ+, ψ+) is a
CB-ideal of Y, then the preimage f−1(A) of A under f is a CB-ideal of X.

Proof. Let A = (ϑ+, ψ+) be a CB-ideal of Y. For all ν ∈ X, we have

f−1(ϑ+)(ν) = ϑ+(f(ν)) ≫ ϑ+(0Y) = ϑ+(f(0X)) = f−1(ϑ+)(0X),

f−1(ϑ−)(ν) = ϑ−(f(ν)) ≪ ϑ−(0Y) = ϑ−(f(0X)) = f−1(ϑ−)(0X),

f−1(ψ+)(ν) = ψ+(f(ν)) ≥ ψ+(0Y) = ψ+(f(0X)) = f−1(ψ+)(0X),

f−1(ψ−)(ν) = ψ−(f(ν)) ≤ ψ−(0Y) = ψ−(f(0X)) = f−1(ψ−)(0X).

Now let ν, ϱ ∈ X. Since f is a homomorphism, we have

f(ξAA(ν
ϱ)) = ξBB(f(ν)

f(ϱ)).

Then,

f−1(ϑ+)(ν) = ϑ+(f(ν))

≫ r min{ϑ+(ξBB(f(ν)
f(ϱ))), ϑ+(f(ϱ))}

= r min{ϑ+(f(ξAA(ν
ϱ))), ϑ+(f(ϱ))}

= r min{f−1(ϑ+)(ξAA(ν
ϱ)), f−1(ϑ+)(ϱ)},

f−1(ϑ−)(ν) = ϑ−(f(ν))

≪ r max{ϑ−(ξBB(f(ν)
f(ϱ))), ϑ−(f(ϱ))}

= r max{ϑ−(f(ξAA(ν
ϱ))), ϑ−(f(ϱ))}

= r max{f−1(ϑ−)(ξAA(ν
ϱ)), f−1(ϑ−)(ϱ)},

f−1(ψ+)(ν) = ψ+(f(ν))

≥ max{ψ+(ξBB(f(ν)
f(ϱ))), ψ+(f(ϱ))}

= max{ψ+(f(ξAA(ν
ϱ))), ψ+(f(ϱ))}

= max{f−1(ψ+)(ξAA(ν
ϱ)), f−1(ψ+)(ϱ)},

f−1(ψ−)(ν) = ψ−(f(ν))

≤ min{ψ−(ξBB(f(ν)
f(ϱ))), ψ−(f(ϱ))}

= min{ψ−(f(ξAA(ν
ϱ))), ψ−(f(ϱ))}

= min{f−1(ψ−)(ξAA(ν
ϱ)), f−1(ψ−)(ϱ)}.

Hence f−1(A) is a CB-ideal of X.

5. Cartesian Product of CB-Structures in SSH-Algebras
In this section, we introduce the Cartesian product of CB-sets, CB-subalgebras, and CB-

ideals in SSH-algebras.
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Definition 13. Let A = (ΦA, ΨA) and B = (ΦB, ΨB) be cubic sets of X and Y, respectively.
Then the Cartesian product A×B is defined as the cubic set of X × Y given by

A×B =
{〈

(x, y), Φ+
A×B(x, y), Ψ+

A×B(x, y)
〉

: x ∈ X, y ∈ Y
}

,

where

Φ+
A×B(x, y) = r min{ϑ+

A (x), αB(y)}, Ψ+
A×B(x, y) = max{ψ+

A (x), µB(y)},

and
Φ+

A×B : X × Y → D[0, 1], Ψ+
A×B : X × Y → [0, 1].

For clarity of notation in SSH-algebras, we write

ξA×B
(
(x1, y1)

(x2,y2)
)

:= (x1 |A (x2 |A x2), y1 |B (y2 |B y2)).

Definition 14. A cubic set
A×B = (ΦA×B, ΨA×B)

of X × Y is called a CB-subalgebra of X × Y if for all (x1, y1), (x2, y2) ∈ X × Y, the following
conditions hold:

ϑ+
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

≫ ϑ+
A×B(x1, y1) ⊼ ϑ+

A×B(x2, y2),

ϑ−
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

≪ ϑ−
A×B(x1, y1) ⊻ ϑ−

A×B(x2, y2),

ψ+
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

≥ ψ+
A×B(x1, y1) ∧ ψ+

A×B(x2, y2),

ψ−
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

≤ ψ−
A×B(x1, y1) ∨ ψ−

A×B(x2, y2).

Definition 15. A cubic set A = (ϑA×B, ψA×B) of X × Y is called a CB-ideal of X × Y if the
following conditions hold:

For all (x, y), (x1, y1), (x2, y2) ∈ X × Y, we have

ϑ+
A×B(0, 0) ≫ ϑ+

A×B(x, y),

ϑ−
A×B(0, 0) ≪ ϑ−

A×B(x, y),

ψ+
A×B(0, 0) ≥ ψ+

A×B(x, y),

ψ−
A×B(0, 0) ≤ ψ−

A×B(x, y),

and

ϑ+
A×B(x1, y1) ≫ ϑ+

A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

⊼ ϑ+
A×B(x2, y2),

ϑ−
A×B(x1, y1) ≪ ϑ−

A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

⊻ ϑ−
A×B(x2, y2),

ψ+
A×B(x1, y1) ≥ ψ+

A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

∧ ψ+
A×B(x2, y2),

ψ−
A×B(x1, y1) ≤ ψ−

A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

∨ ψ−
A×B(x2, y2).

Proposition 4. Let A = (ΦA, ΨA) and B = (ΦB, ΨB) be CB-subalgebras of X and Y, respectively.
Then the Cartesian product A×B is a CB-subalgebra of X × Y.

Proof. Let (x1, y1), (x2, y2) ∈ X × Y. Then, by the definition of the product structure,
we obtain
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ϑ+
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

= ϑ+
A
(
ξAA(xx2

1 )
)
⊼ ϑ+

B

(
ξBB(y

y2
1 )
)

≫
(
ϑ+

A (x1) ⊼ ϑ+
A (x2)

)
⊼
(
ϑ+

B (y1) ⊼ ϑ+
B (y2)

)
=

(
ϑ+

A (x1) ⊼ ϑ+
B (y1)

)
⊼
(
ϑ+

A (x2) ⊼ ϑ+
B (y2)

)
= ϑ+

A×B(x1, y1) ⊼ ϑ+
A×B(x2, y2),

ϑ−
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

= ϑ−
A
(
ξAA(xx2

1 )
)
⊻ ϑ−

B

(
ξBB(y

y2
1 )
)

≪
(
ϑ−

A (x1) ⊻ ϑ−
A (x2)

)
⊻
(
ϑ−

B (y1) ⊻ ϑ−
B (y2)

)
=

(
ϑ−

A (x1) ⊻ ϑ−
B (y1)

)
⊻
(
ϑ−

A (x2) ⊻ ϑ−
B (y2)

)
= ϑ−

A×B(x1, y1) ⊻ ϑ−
A×B(x2, y2),

ψ+
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

= ψ+
A
(
ξAA(xx2

1 )
)
∧ ψ+

B

(
ξBB(y

y2
1 )
)

≥
(
ψ+

A (x1) ∧ ψ+
A (x2)

)
∧
(
ψ+

B (y1) ∧ ψ+
B (y2)

)
=

(
ψ+

A (x1) ∧ ψ+
B (y1)

)
∧
(
ψ+

A (x2) ∧ ψ+
B (y2)

)
= ψ+

A×B(x1, y1) ∧ ψ+
A×B(x2, y2),

ψ−
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

= ψ−
A
(
ξAA(xx2

1 )
)
∨ ψ−

B

(
ξBB(y

y2
1 )
)

≤
(
ψ−

A (x1) ∨ ψ−
A (x2)

)
∨
(
ψ−

B (y1) ∨ ψ−
B (y2)

)
=

(
ψ−

A (x1) ∨ ψ−
B (y1)

)
∨
(
ψ−

A (x2) ∨ ψ−
B (y2)

)
= ψ−

A×B(x1, y1) ∨ ψ−
A×B(x2, y2).

Hence, A×B is a CB-subalgebra of X × Y.

Proposition 5. If A = (ΦA, ΨA) and B = (ΦB, ΨB) are CB-ideals of X, then the Cartesian
product A×B is a CB-ideal of X × Y.

Proof. Let (x, y) ∈ X × Y. Then we have

ϑ+
A×B(0, 0) = ϑ+

A (0) ⊼ ϑ+
B (0) ≫ ϑ+

A (x) ⊼ ϑ+
B (y) = ϑ+

A×B(x, y),

ϑ−
A×B(0, 0) = ϑ−

A (0) ⊻ ϑ−
B (0) ≪ ϑ−

A (x) ⊻ ϑ−
B (y) = ϑ−

A×B(x, y),

ψ+
A×B(0, 0) = ψ+

A (0) ∧ ψ+
B (0) ≥ ψ+

A (x) ∧ ψ+
B (y) = ψ+

A×B(x, y),

ψ−
A×B(0, 0) = ψ−

A (0) ∨ ψ−
B (0) ≤ ψ−

A (x) ∨ ψ−
B (y) = ψ−

A×B(x, y).

Now let (x1, y1), (x2, y2) ∈ X × Y. Then

ϑ+
A×B(x1, y1) = ϑ+

A (x1) ⊼ ϑ+
B (y1)

≫
(
ϑ+

A (ξAA(xx2
1 )) ⊼ ϑ+

A (x2)
)
⊼
(
ϑ+

B (ξBB(y
y2
1 )) ⊼ ϑ+

B (y2)
)

= ϑ+
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

⊼ ϑ+
A×B(x2, y2),

ϑ−
A×B(x1, y1) = ϑ−

A (x1) ⊻ ϑ−
B (y1)

≪
(
ϑ−

A (ξAA(xx2
1 )) ⊻ ϑ−

A (x2)
)
⊻
(
ϑ−

B (ξBB(y
y2
1 )) ⊻ ϑ−

B (y2)
)

= ϑ−
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

⊻ ϑ−
A×B(x2, y2),
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ψ+
A×B(x1, y1) = ψ+

A (x1) ∧ ψ+
B (y1)

≥
(
ψ+

A (ξAA(xx2
1 )) ∧ ψ+

A (x2)
)
∧
(
ψ+

B (ξBB(y
y2
1 )) ∧ ψ+

B (y2)
)

= ψ+
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

∧ ψ+
A×B(x2, y2),

ψ−
A×B(x1, y1) = ψ−

A (x1) ∨ ψ−
B (y1)

≤
(
ψ−

A (ξAA(xx2
1 )) ∨ ψ−

A (x2)
)
∨
(
ψ−

B (ξBB(y
y2
1 )) ∨ ψ−

B (y2)
)

= ψ−
A×B

(
ξA×B

(
(x1, y1)

(x2,y2)
))

∨ ψ−
A×B(x2, y2).

Hence, A×B is a CB-ideal of X × Y.

6. Conclusions
This study introduced the notion of cubic bipolar ideals in Sheffer stroke Hilbert

algebras by combining cubic set theory with bipolar fuzzy information, thereby providing a
richer framework for analyzing algebraic structures. Fundamental properties and structural
characteristics were established to clarify their role within this algebraic setting.

Moreover, the behavior of cubic bipolar ideals under algebraic mappings was exam-
ined through the notions of images and preimages. It was shown that these ideals were
preserved under homomorphic mappings. In addition, the study of Cartesian products
described how such ideals behaved in product algebras and identified conditions under
which their structure was maintained.

Overall, the results enhanced the theory of Sheffer stroke Hilbert algebras and provided
a foundation for further research. Future work may focus on cubic bipolar filters, homomor-
phism theorems, and extensions to other algebraic systems such as BCK- and EQ-algebras,
along with potential applications in uncertainty modeling and decision-making.
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