axioms

Article

An Efficient Time-Space Two-Grid Compact Difference Method
for the Nonlinear Schrodinger Equation: Analysis

and Simulation

Chelimuge Bai !, Siriguleng He 2*

W) Check for updates

Academic Editor: Svetozar Margenov

Received: 14 February 2026

Revised: 4 April 2026

Accepted: 6 April 2026

Published: 9 April 2026

Copyright: © 2026 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons

Attribution (CC BY) license.

and Eerdun Buhe 2

1 School of Computer and Information Technology, Hohhot Minzu College, Huhhot 010051, China;
cImg@imnc.edu.cn

2 School of Mathematics and Big Data, Hohhot Minzu College, Huhhot 010051, China; eerdunbuhe@163.com

Correspondence: hsr@imu.edu.cn

Abstract

This article proposes a novel time-space two-grid high-order compact difference scheme
for the one-dimensional nonlinear Schrodinger equation subject to Dirichlet boundary con-
ditions. In comparison with the fully nonlinear compact difference scheme, the proposed
methodology combines a small-scale nonlinear fourth-order compact difference algorithm
on a time-space coarse grid and a large-scale linearized correction compact difference
algorithm on a fine grid. In contrast to the time two-grid compact difference method,
the proposed scheme applies the two-grid technique in both the spatial and temporal
domains, thereby further improving computational efficiency. Solutions from the coarse
grid are projected onto the fine grid via a temporally linear and spatially cubic Lagrange
interpolation operator. Unconditional stability and optimal convergence rates, which are
fourth-order in space and second-order in time, are proven in both the discrete L? and L®
norms, without any constraints on the grid ratio. In addition to the standard techniques
of the energy method, a discrete Sobolev inequality and an a priori error estimate are
employed to demonstrate stability and high-order convergence. Finally, the theoretical
results are validated through numerical experiments, which confirm the robustness and
reliability of the proposed approach. A single-soliton experiment demonstrates that, com-
pared with the fully nonlinear compact difference scheme, the proposed method achieves a
significant reduction in CPU time while maintaining a comparable level of accuracy. Addi-
tional experiments further illustrate the algorithm’s effectiveness in simulating two-soliton
interactions and soliton birth. These findings establish the proposed scheme as a highly
efficient alternative to conventional nonlinear approaches.

Keywords: time-space two-grid high-order method; compact difference scheme; spatial
cubic lagrange interpolation; nonlinear Schrodinger equation; unconditional stability and
high-order convergence

MSC: 65M06; 656M12; 35Q55

1. Introduction

The idea of the two-grid finite element (FE) method was originally proposed by Xu [1]
for the discretization of nonsymmetric and indefinite partial differential equations. The key
idea is to first solve the nonlinear problem on a coarse grid and then use this solution to
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linearize the problem on a finer grid. As a result, this approach significantly reduces the
computational cost of solving large-scale nonlinear systems without compromising accu-
racy. Two-grid (mixed) finite (volume) element methods have been successfully applied
to the nonlinear Schrodinger (NLS) equation, and its optimal-order error estimates have
been established in a series of works [2-8]. Global H!-norm superconvergence for two-grid
FE approximations of the NLS equation was studied by Wang et al. [9]. However, imple-
menting two-grid FE methods often requires sophisticated mesh generation techniques,
which increases computational complexity and poses practical implementation challenges.
In contrast, the two-grid finite difference (FD) method simplifies both temporal and spatial
discretization, making scheme construction more straightforward and computation more
convenient. A spatial two-grid FD scheme for the NLS equation was proposed by Ignat et
al. [10], in which the fine-grid problem is linearized but remains coupled. Subsequently,
following the idea proposed in [11], a time two-grid (TTG) fourth-order compact difference
scheme for the one-dimensional NLS equation was developed in [12], along with a detailed
L?-norm error analysis. Later, Wang et al. [13] introduced a TTG fitted scheme for the
one-dimensional time-fractional NLS equation with nonsmooth solutions and presented its
L2-norm error estimate. In addition to two-grid methods, several other efficient approaches
have been developed for the NLS equation, including evolutionary optimization-based
Runge-Kutta methods [14] and parametric discretization methods [15]. Moreover, the
study of analytical solutions to the NLS equation remains extensive. For results concerning
the derivation, well-posedness, and dynamical properties of the NLS equation, we refer
to [16-21] and the references therein.

Indeed, applying the two-grid technique simultaneously in both time and space can
further enhance computational efficiency for solving nonlinear problems. Gao et al. [22]
developed a space-time two-grid difference scheme for the symmetric regularized long
wave equation and provided its second-order convergence analysis. Shi et al. [23] proposed
a new time-space two-grid method for the generalized Burgers” equation, establishing its
solvability, energy-preserving property, and convergence in the discrete L2-norm. Com-
pared with the fully nonlinear scheme and the time two-grid method, the numerical results
presented in both [22,23] demonstrate that the time-space two-grid approach achieves
greater computational efficiency. However, both of the aforementioned studies focus on
time-space two-grid schemes based on second-order finite difference methods. To the best
of our knowledge, few studies have investigated time-space two-grid high-order compact
difference methods for solving the NLS equations.

In this article, we develop a novel time-space two-grid compact difference (TSTG-
CD) method by combining the two-grid technique with a high-order compact difference
scheme. This method is applied to solve a model problem of the NLS equation, which arises
in nonlinear optics, plasma physics, and quantum mechanics. The proposed algorithm
consists of the following three steps:

(i) Obtain time-space coarse grid solutions. A fully nonlinear fourth-order com-
pact difference scheme is solved on a time-space coarse grid using a Newton-type
iterative method.

(i) Generate time-space fine grid rough solutions. The coarse-grid solution is interpo-
lated onto the time-space fine grid by means of a spatial cubic Lagrange interpolation
operator and a temporal linear Lagrange interpolation operator.

(iii) Obtain time-space fine grid-corrected solutions. A linearized correction compact
scheme is solved on the time-space fine grid to correct the rough solutions.
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Compared with the existing literature, the main contributions of this work are
as follows:

1. Anovel time-space two-grid high-order compact difference method is proposed for the
NLS equation. This approach combines a compact difference discretization with a two-
grid framework in which a spatial piecewise cubic Lagrange interpolation operator
and a temporal piecewise linear Lagrange interpolation operator are employed to
transfer the coarse-grid solution to the fine grid.

2. Unlike the two-grid difference methods for the NLS equation that apply the technique
in only one direction (temporal or spatial) [2-9,12,13], the proposed method employs
the two-grid technique simultaneously in both time and space to further enhance
computational efficiency.

3. Compared with the existing space-time two-grid methods proposed in [22,23], the
construction of the proposed method is based on a spatial fourth-order compact
difference scheme.

4. Arigorous theoretical analysis of the proposed scheme is presented. By applying a
discrete Sobolev inequality [24,25] together with the standard energy method, the
discrete conservation laws of the nonlinear scheme are established. A priori estimates
are then obtained. Subsequently, the unconditional stability and convergence of the
scheme are proven based on these estimates.

5. Convergence results with an order of O(Té + 72 + H® + 1*) are proven in both the
discrete L?-norm and L*®-norm, which implies that coarse grids can be rougher than
fine grids. Here, T¢c and H denote the step sizes on the coarse grid, while T and h
denote those on the fine grid, respectively.

6.  Numerical experiments are conducted to validate the effectiveness and efficiency of
the proposed method. Computational efficiency is further demonstrated through
comparisons with the nonlinear compact difference method [26] and the time two-grid
method [12]. The results show that our method is computationally more efficient than
those in [12,26].

The remainder of this article is organized as follows: In Section 2, some notations
are introduced and the time-space two-grid compact difference scheme is proposed. In
Section 3, several basic lemmas are introduced or proven. In Section 4, the discrete conser-
vation laws of the nonlinear scheme are discussed, and a priori estimates are obtained; then
the stability and convergence of the proposed scheme are proven based on these estimates.
The numerical results are reported in Section 5, and brief conclusions are given in the final
section. For convenience, some definitions of notations and abbreviations used in this

paper are summarized in Appendix A.

2. Notations and the New Time-Space Two-Grid Scheme

In this section, we use the following simple model problem of the NLS equation to
illustrate our idea.

2
ig—:—l—q%—kmmzu:& x € (a,b), t€(0,T], (1)
u(x,0) =¢(x), x¢€labl, (2)
u(a,t) =u(b,t)=0, te(0,T], 3)

where i = /=1, u(x,t) € C([a,b] x (0,T]) is the complex wave function, and ¢(x) is a
given sufficiently smooth complex-valued initial function. The solution u(x, t) is assumed
to have compact support on a bounded interval [a, b] during the time period [0, T|, and
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the real constant parameters y > 0, g # 0. The parameter g in Equation (1) describes the
strength of the local interactions between particles. Models (1)-(3) conserve the total mass
and energy such that

Qu(- 1)) == /IR lu(x, £)2dx = Q(u(-,0)), t > 0,

and

Bw(,0) = [ (1 %)2—g|u|4)>deE(u(-,0)), £>0,

respectively.

To design a time-space two-grid algorithm, we give the following notations: For two
integers wy and wy, we denote a set Z[wy, wy] = {jlwy < j < wy,j € Z}. For the positive
integers L, M, R > 2,r > 2, we define a spatial coarse grid x; = JH for ] € Z[0, L] on [a, b]
with H = (b —a)/L. We denote £ = LR and define a spatial fine grid x; = jh for j € Z]0, /]
with h = H/R. Similarly, we define a temporal coarse grid t; = Z7. for Z € Z[0, M]
on [0, T] with 7. = T/M. Denote m = Mr and define a temporal fine grid t, = z7
forz € Z[0,m] with T = T/m. Denote @ = Horh,x = 7. or T, Npo = Lor {, My = M or m.
We introduce the mesh Qg = Qp X O, where Qp = {x5]s € Z[0, Np|}, QO = {tu|n €
Z[0, My]}. Define grid function spaces Jo = {v|v = (vg,v1,...,vn,)} and J3 = {v|v €
Jo,v0 = vN, = 0} with v5 = v(xs). Given a spatial grid function v € J,, denote

Usy1 — 0 Vg1 — 205 + Ug_
aa)vs: s+1 s, (%vs: s+1 wzs s—1

@? 1
A(Dvs - (1 + ﬁéczo)vs - E (05,] + 10?)5 + Uerl).

Given a temporal grid function w = (v, w!, ..., wMx) with w" = w(t,), denote

1 n n+1 n

w'tl —w 1wt 4w

' = —— p'tr=—
K 2

Letov,w € j(g, and define the discrete inner products and norms via

No—1

(v, w)o =@ UsWs, HUH@: (0,0), Hv‘
s=1
Neo—1

(e =a ) v, [vlog=1/(@0)_, loll5 =015+ 1800051,
=0

S

@00 = max |vsl,
s€Z[0,No]

where W; denotes the complex conjugate of w;. We also define the discrete LV (2 < p < o)

1/p
o) .

For simplicity, we denote u? and U/ as the exact value and the approximation of u(x, t) at
the point (xs, t,,), respectively. We also denote (Uc)s", (Uth)", and (UFr)! as the coarse-grid
approximate solution, the fine-grid rough solution, and the fine-grid corrected solution,

norm as
Np—1

lollap = (@ Y

s=1

respectively. Furthermore, note that C is a generic positive constant independent of the
time and space steps, and it may take different values in different contexts.

To construct the proposed TSTG-CD algorithm, we introduce the following lemma
and definitions.

https:/ /doi.org/10.3390/axioms15040275
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Definition 1. For v € [y, the spatial cubic Lagrange interpolation operator Iy, is defined as

i ps(x)vs, ] =3k, keZ[l, gﬂ

IT,0(x) =
rsx] s S53

Furthermore, if L # 0(mod 3), then

L

= Z Ps(x)vs,

B 7

IT,0(x)

where {%J is the floor of %, and s (x) is the cubic Lagrange interpolation basis function defined as

s(x) = I1 M'

J-3<p<], prs (Xs = Xp)

Definition 2. For w € [, the temporal linear Lagrange interpolation operator 11 is defined as

t—t t—ty_
= — L @ty 21 y7 7eZ[1,M).

IT;w(t =
o (t) ltz-1tz]  tz-1— 1tz tz —tz 1

Lemma 1. (Ref. [27]) Let function g(x) € C®[0,1] and {(A) = 5(1 — A)3 —3(1 — A)°. Then it
holds, fors € Z[1,Np — 1],

4

Aag (xs) = 02g(xs) + o

1
2 ) 18— 2A@) +59(xs + Aa) [£(A)dA.

Considering Equation (1) at the point (xs, f,,11,/2) with f,,11/2 = (t,41 + t4)/2, we obtain

82u)”+%

=), TauP)ru 4 =0, @

i0ul + 17(

S

where

‘au . 821/[ azu 1’1+%
1{5 - lg(xS't”'H/z) - laxu? +77ﬁ(xs/tn+l/2) - U(ﬁ)

S

+1 gl
1t b 2) Pt g 2) — ()220 2]

Applying the operator A to both sides of Equation (4) and using Lemma 1, we have
1 1 1
iApdeu! +no2ut 2 + g A [(|u|2):+zu?+2] +1 =0, (5)

4 .1 a6 6 .
where 1! = Aot + % [ [%(xs —A@, tyy12) + STg(XS + A®@, ty1/2)]L(A)dA. Using
Taylor expansion and assuming the solution is smooth, there exists a positive constant C
such that

|rfs| < Cx?, [rH < C(K2 —|—a)4). (6)

Omitting the small term 7} in (5), we obtain a fully nonlinear compact difference
(FN-CD) scheme:

1 1 1
iAo U + 02U T2 + g Aw [(|u|2)j+2uf+2} —0, @)
s€ Z[1,Np —1], n € Z[0, M, — 1],
Ul = ¢(x), s € Z[I,No — 1], U =0, Uy =0, n€ Z[0,M] (8)

https:/ /doi.org/10.3390/axioms15040275


https://doi.org/10.3390/axioms15040275

Axioms 2026, 15, 275

6 of 30

Remark 1. Generally, Newton’s iteration method is used to solve nonlinear systems (7) and (8).
Nevertheless, an excessively large number of grid subdivisions m,?¢ can severely degrade
computational efficiency.

Based on (7) and (8), we construct a novel time-space two-grid compact difference
(TSTG-CD) algorithm for (1)—(3), which consists of the following three steps:

Step 1. On the coarse grid (7, we construct the following scheme for the numerical
solutions (LIC)]Z = (VC)]Z +i(WC)]Z:

Andr (UOF + 1% (UTF + g4n (D)7 U7 ] =0, ©)
JeZ[,L-1], Z€ Z[0o,M—1],
(U)] =¢(xp), J € ZILL-1], (UJF=0, (U)f=0,Z€Z[o,M], (10)

where (V)% 7 and (W, )Z denote the real part and the imaginary part of the complex value
(U.)f-

Step 2. On the time-space fine grid ()}, the interpolation operators Il and I1; are used
to compute auxiliary variables (U, )7 := [TT(I1,U,.)] EIZ:;))I:ii on O, with a € Z[0,3R]

and B € Z]0,r]. To this end, in spatial direction for Z € Z[0, M],

(Hhuc)(zj_mﬂ: i P (UL T=3k ke 2[L|5]], an

and if L # 0(mod 3), then for « € Z[R, 3R],

L
()| = 2 ) (U0

(L=3)R+a T
Furthermore, the auxiliary variables (Urh)]? are computed by

(Unh)? = (HT(HhuC))](Z - ByugE s é(uc)jz, ZezZnM. (12)

Step 3. On the time-space fine grid (),;, according to the solutions (Urh)]z, (z €

Z[0,m],j € Z[0,¢]) obtained in Step 2, we construct the following scheme to solve the numeri-
cal solutions (UF)]? (z € Z[0,m],j € Z[0,4]).

(i) For the case of z = 0, an iterative algorithm was implemented to compute (Up)]l.,
such that

] ]
— oA [ () W)} + (U D) W), e 20—, (13)
(U =(x), j€ 21,01, (U)5=0, (U);=0,z¢ Z[om], (14)

A (Up)] S 4 LR )] = i) - et

where s denotes the sth iteration, and set (UF)}(O) (UF)?. If || (U )Y EHY) — (U) )]0 <

e (e.g., e = 107%), we stop the iteration and set (LIF)]1 = (LIF)]l-(SH), je Z[1,¢-1].

(i) For the case of z € Z[1,m — 1], solve (UF)]‘?, such that

i A (U, )7 + oy (U )”2+qA E' P, jezne-1), (15)

https:/ /doi.org/10.3390/axioms15040275


https://doi.org/10.3390/axioms15040275

Axioms 2026, 15, 275

7 of 30

1 1 1
where F;Hz = IA-";-”JFZ + iF;1Jr2 with

+

N—

= 585, BV = (V) F 5, {E(WL)7) — (W ),

~n
j

1 1 1
F]TH_Z = g? +gfv : {E((VF>]Z) - (Vrh>;+2} +g5w : {E((WF)}Z) - (WT )]Z'+2 }/

and (VTh);f and (Wyy,) ]Z are the real part and the imaginary part of the complex value (Urh)]'?,

respectively. (V. )}" and (W,) ; are the real part and the imaginary part of u,) 7, respectively.

Here, the extrapolation operator E(v7) is defined by

30% — v? 1
= % ze Z[1,m—1].

And the symbols are defined as follows:

z+%

+3 +3 +1
8 = g (V)] 2, (We)T'2), 86 = g, (Ven)T 72, (Wi)T'),
+3 9 41 41
S, = 80 (V) V72, (W) ™2) = 85 ()74, (Wi 0),
Z-‘r% 1 1

SR 1 1
glg,w :gR,w((VTh)j I(WTh)]+2) = %((Vf )j+2’(WT )].+2),

with g, (v, w) = (v* + w?)v and g, (v, w) = (v* + w?)w. The definitions of the symbols g?v
and g?w are similar to those of ggv and glgw.

3. Some Basic Lemmas

In this section, we will give some auxiliary lemmas which will be used later.
Lemma 2. (Ref. [26]) For any grid functions v,w € J9, there is
(620, )0 = — (000, 00 W) .
Lemma 3. (Ref. [26]) For any grid function v € [J9, there are

Vi—a

a
@00 < T|awv|w,1'

4
e L ]

Lemma 4. (Ref. [24]) For any function v € J3, we have

1— d d
[ollop < Cyloaolly - Ilolle ) v =75 — .
' p
In general, for any function v € Jp, we have
1— d d
||U||(D,p S C'y(|a@U|w,1 + ||’U||w)7 . HUHCD ’Yl ¥ = E _ ;,

where p € [2,6] ford =3 and p € [2,00) ford =1,2.

Proof. For the proof of Lemma 4, we refer to [25] for the case of d = 1, refs. [28,29]
ford =2,and [30] ford = 3. [

In order to prove the convergence of the proposed scheme, some matrices and their
related properties are provided below.

https:/ /doi.org/10.3390/axioms15040275
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Let Ap be a symmetric matrix defined by A, = f—ztrid 1, 10’1]Nm where

—1’
trid[ay, a2, a3] N, —1 denotes the (Np — 1) x (Np — 1) tridiagonal matrix whose each row con-
tains the values a1, a4 and a3 on its subdiagonal, diagonal and superdiagonal, respectively.
The eigenvalues of A are in the form of
5 1 km
Ai==-+-cos—, k=1,2,...,No—1, 16

which implies % <A <L This indicates that the matrix A, is positive definite and
invertible. Furthermore, we denote M, = A;l. Based on our knowledge of matrices, we
know that M, is also real, positive definite and symmetric. Then, for any grid function
v=(v1,v2,..., va_l)T, a discrete norm is introduced as follows:

1
ollle = (Mev,0)5. (17)

Lemma 5. (Ref. [28]) For any grid function v = (v1,vy, ..., va,l)T, there is

V6
lole < llollle < Z-lvllo-
Lemma 6. For any grid function v = (v1,vy,...,0N, 1), there are
Mwawv = aa) (va), M(D(SLZOU = (53«0 (va)

Proof. LetM, = [mk]-] . For the kth entry of the vector M0, there is

(No—1)x(Np—1)

No—1
(Mov), = Y Mj0js
i=1

and
No—1

j=1

On the other hand,
Np—1
j=1
Then Mp0,0 = 9o (M) is obtained from (18) and (19). Similarly, Mpd2v = 62 (Mpv)
can be proven as well. [

Lemma 7. For the grid functions U" € JY, n € Z[0, My — 1], there are

Im (Mo 82U 2, U s) =0,

1 1
Re(Mod3U"™,0,U"),, =~ (I00t™ 12 ~ |20l 13)

where “Im(s)” and “Re(s)” refer to taking the imaginary part and the real part of a complex
number s, respectively.

https:/ /doi.org/10.3390/axioms15040275


https://doi.org/10.3390/axioms15040275

Axioms 2026, 15, 275

9 of 30

Proof. From Lemma 2, Lemma 6 and (17), we have

Im(M‘Dé(%Dun+%/ un‘f‘%)w = Im((%MwU”"’%, U’“'%)

@

= —Im(3oMoU" 3,3,U"2)
= —Im(Modo U2, 3,U" 2

= —Im|||o,U"*2[|% = 0.
Using Lemma 2, Lemma 6 and (17), we also get

Re(ModZU™1/2,0,U") = —Re(doMoU" /2,000, U")
= —Re(MndoU"1/2,000,U")

1
= — 5 Re(Mo[0oU" " +9oU"], [9oU" ! —9oU"]),
1
= —o- (2™ 113 = llloaU" |3 ).
This completes the proof. [J

4. Numerical Analysis of the TSTG-CD Scheme

7
S

For simplicity, in numerical analysis, the subindex
be rewritten as

D+ A 4 q[ ()R] + A =0,
and Equation (7) can also be written as
DU + g AZI U 4 g [(|u|2)n+%un+%} —o.
Then, the matrix form of Equation (20) can be written as
i1 + pModiu"2 +q {(|u|2)n+%u”+%} +Mer" =0,
and the matrix form of Equation (21) is
19, U" + gMps2 U I + g [(|u|2)”+%u”+%} —0.
Similarly, the matrix form of Equation (15) is

1
iU + pMod3U; 2 +qFT1 =0, z € Z[0,m—1].

is omitted and Equation (5) will

(20)

(21)

(22)

(23)

(24)

Remark 2. Equation (7) is suitable for computing in implementation. Howeuver, since the nonlinear

terms in Equation (7) are distributed in different grids via a certain portion, it is not suitable for

theoretical analysis. Thus, in numerical analysis, we will use the equivalent form (23).

4.1. Conservation

Theorem 1. The schemes (7) and (8) are conservative in the sense that

Q"= Ul = Q" ne Zlo,M,
&= nloU" I} — Tty =€ n e 2o, M.

(25)
(26)

https:/ /doi.org/10.3390/axioms15040275
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Proof. Doing the inner product of (23) with 2U"*1, and taking the imaginary part, we get
U5 =0, ne Z[0,M], 27)

where Lemma 7 was used. This gives (25).
Doing the inner product of (23) with 9,U", and taking the real part, we have

1
2K

[ (nlllaau 113 — djur+| L)]=0 @

ba) = (nlloat"]3 — Ljum)
where Lemma 7 was used. This gives (26) and completes the proof. [

4.2. A Priori Estimate

Theorem 2. Let U" be the solution obtained from schemes (7) and (8). Assume that one of the
following two conditions is satisfied:

(@) ¢ € H{(Q), q<0,

2
(b) ¢ € HAQ), ¢l <=L, >0,

qC,’
then there exits a constant C such that
U o0 <C, ne Z[0,M], (29)
Uzl < C, z € Z[0,m]. (30)

Proof. Under the condition (a), applying Lemma 5 and (25), we get

110aU" 51 < llldat"|I5 < nll00¢ll% — g\lqbl o4 (31)
Then, (31), together with Lemma 3, gives (29).
Under condition (b), applying Lemma 4 and (25), we have
|u”| ?0,4 < CylouU" 3@,1 Ul <, lgl3loou” 30,1- (32)
This, together with (26) and Lemma 5, gives
Cyq 3
(1= =LLlgl2 ) 10" 31 < nlldagllZ = 2iglds < Sl2aglln  (33)

Then, (33), together with Lemma 3, also gives (29).
Next, we prove (30). For any z € Z[1,m], Definitions 1 and 2, combined with (11)
and (12), imply that there exists a Z € Z[1, M| such that z € Z[(Z — 1)r, Zr], and we have

() = ()]s = (O] P = 1 By 7t B 9

Furthermore, for any j € Z[1,/], there exists a k € Z [1, {%H and | = 3k such that
j € Z[(] —3)R,JR], and we get

z z J 7
(Hhuc>j - (Hhuc) (J—3)R+a B s=§l—3 (PS(X(]—?’)RM) (uc)s : (35)

https:/ /doi.org/10.3390/axioms15040275
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Therefore, through (34) and (35) together with (29), we have

’(urh); <(1- g)‘ (Hhuc)jl‘ + g‘ (HhUc)].Z‘
<( —§> i ¢s( (J- 3R+a) (Uc)fil‘Jrg i ¢S(x(I—3)R+a) (UC)SZ 36
s=)—3 s=J]-3

<

o < 2C.

This gives (30) and completes the proof. [

4.3. Stability

Theorem 3. Suppose that U7,z € Z[0,m] is the solution of the fine grid scheme (13)~(15), and T
is sufficiently small. Then, there exists a positive constant C independent of h, T such that

Uz, < Cllglln + O(T%), z€ Z[1,m]. (37)

Proof. When z = 1, estimate ||U} || < C|¢];, + O(?) can be derived from (13) by follow-
ing an argument analogous to that used in the proof of (25).

When z € Z[1,m — 1], doing the inner product of (15) with 2U; 72, and taking the
imaginary part, we get

1
— (U1 = Uz )7) + 2nim (M 87U UFT2UETE), + 2gIm(FE, U 2 =0, (39)

By Lemma 7, we can see that

2yIm (M, U2, UEH Y, = 0. (39)
1 1 g 1 1
From the expressions FJTZJFZ = ﬁf Ty iF]- and UZ+2 = V;;rz + iWFZJjr2 , we have

1
Im(FZ+%,u§+ ) (Fz+2 WZ+2) +(Fz+2 VZ+2)

Furthermore, from the definitions of symbols gR gR , gR and the extrapolation opera-
tor E(v ) we obtain

(65 W2 O] =] (P AvaE WEE) | < Vi i,
(85, - {E(V) - vty W‘”Z) [ <c|(w (VA2 1 o(2), w”Z) |+c|(va VI W )h’

< C(IVE 2+ 1V 2+ O ) W52 s, (40)
(S, - {BOWD) — w32 WiT)

+3 +5 +3
< (I 1+ W52+ O(2) ) W2,

< cf (oWt el (wi wi) |

where the boundedness condition (30) was used. Then, from (40), we have

z+1 z+ z+l z+1 z+3
(B2, Wi )] < L2V 2+ W5 2 I+ Ve 2 I+ 705 2 4+ O (e
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By similar derivations, the term |( FZ+2 V 2)p| can also be bounded. And then, combining
(38)—(40), we get
z+3 z+}
U = NUEIR < 2Tlqle{3liug, 2115 + 8llu: > 17 + O ()} (41)

In addition, according to (25), there is || UCZ 1% = | Ug |3, Z € Z[1, M]. Furthermore, an
argument analogous to (34)—(36) is used to get

Uzl < 20 UZIIE = 2| Ui, z € Z[1,m].

Then, summing up the inequality (41), and together with the above inequality, we have
2 02 T 2 012 2 4
Il = U < 2lglc{i6T ) Uz + 6 TIULE + 8TlUE(; + O () }-
s=0

Then, taking sufficiently small T and applying the discrete Gronwall’s inequality, we have
IUZIIR < CIURIE + IURll; + O(*) < Cligll; + +O(t%),  z € Z[1,m].
This completes the proof. [

4.4. Convergence

On the coarse grid, denoting eg = ut — UCZ, Z € Z]0,M], and subtracting
Equation (23) from Equation (22) yields the following error equation:

id_e” + gMpo%el 3 +9G% +Myr” =0, Ze Z[0,M], (42)
where
G% = (juP)” u?+E — (U )" rul
%(W £ R~ U — (U2
(|UZ|2+|LIZ“| Jec 2+ _ — 9Z+5 4 glty,

In the following convergence analysis, we also suppose that the exact solution u(x, t) to the
problem (1) is sufficiently smooth, and there exist positive constants C;, Ct, Cy such that

ou?( ou’(x,t)
max |u(x,t)] < Cy, max)7‘<C,max‘7"<C. 43
max lu(x, t)] < Cy X | = pomax |55 | <G (43)
0<t<T 0<t<T 0<t<T

4.4.1. Error Estimate for Step 1

Theorem 4. Suppose that assumptions (a) and (b) are valid, and T is sufficiently small. Then, for
schemes (9) and (10), there exists a positive constant C independent of H, 7. such that

Ju? — UZ||y < C(12+HY), Ze€ 2[o,M], (44)
[u? — UZ || < C(r2+ H*), Z € Z[0,M]. (45)
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1
Proof. Computing the inner product of (42) with 26?Jr *, we have
. Z+3 Z+31 741
07 [leZ |1 +2nlllone: |17 +29(G% ec ) +2(Mur”,ec *)y =0, (46)
where Lemma 6 was used.
Taking the imaginary part of (46), we obtain
Z+1 Z+}3
O He?H%{ +2gIm(G?, el " )y + 2Im(Myr?, el 2 )y = 0. (47)
To obtain the bound for the second term of (47), using (29) and (43), we get
1 1
26743 ] < { (1u?] + [UZ[) ] + (| + (U2 2| }u? 3|
< 2C,(Cu+ C){leZ| + [eZ T}
Furthermore, we obtain
Z+1 1
[241m(G7,ec 2 )| = [24Im (6772, eZH1/2) |
L-1 1
Z+%
<209|Cu(Cu+ CJH ) {|(ec)F| + [(ec)f T [}H(ec); 2] (48)
J=1
<2|q|Cu(Cu + C){||e§\|12q + H%HH%I}/
and ) 9 )
Z+5 Z+=
2im(Mpr”,ec )l < Ll IE + lle ™ |- (49)
Then, from (47), together with (48) and (49), we have
1 9
—{leZ M1 = NleZlE} < 1”15 + CLlledl1F + lled 17} (50)
C

Summing up the inequality (50), and noting that eg =0, we get

Z+1)12 97, z n)|2 Z |2
ollec™ IE < - Yol s+ Cre Y et g
n=0 n=0

where ¢ = 1 — Ct.. Then, taking sufficiently small 7. and applying the discrete Gronwall’s

inequality, we have
|u” — U%||y < C(t2+H*), Ze€ Z[0,M]
For estimate (45), taking the real part of (46), we get

z+%)

741 741
25l19mes 2|13 + 2qRe(G", 622 )y + 2Re(MrZ, = )y = 0.

Analogously to the proof of (48) and (49), applying (29) and (43), we have
1 741
2qRe(672,ec " )| < 20|Cu(Cu + C) {[leZ 117 + €2t 17},

1 Z+1 +1
|2qRe(E72,¢l 72 ) | < [qIClled T2,

zZ+1 9 Z+1
|2Re(Mpr? e * )| < ZlIr?IE + llec* 15

(51)

(52)

(53)
(54)
(55)
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Then, from (52) together with (51) and (53)—(55), we obtain
Z+3 Z+1
2yll0mec 21 < 2nll0mec 2| I1%
1 1
< ‘ZqRe(g”,e?rz)H‘ + ’2Re(MHrZ,eCZ+2)H‘ (56)
< C{lleZlh + lleZ M E )+ Cllr I < C(gd + ),
where Lemma 5 was used. Then, (56), together with Lemma 3, gives
Z+3 2 4
Ilec |H,oo§C(TC+H ), Ze€Z[0,M-1]. (57)

u=

]

And then applying (57) and noting that eg = 0, we obtain

1
19e 00 = 201912 | 00 < C(T2 + HY).
Furthermore, we assume that

[one? e < C(T2+ HY), Ze€ Z[0,M—-1],

and then applying (57) and the triangle inequality, we have

Z+1| §|

Z+
10mel ™ e < 2[|0meg

Hyeo + [0H€E | 00 < C(T2 + HY).

Therefore, according to mathematical induction, the error estimation (45) holds true. This
completes the proof. [

4.4.2. Error Estimate for the Step 2

Theorem 5. Suppose that assumptions (a) and (b) are valid, and 7. is sufficiently small. Then
there exists a positive constant C independent of H, T such that

Ju* — UZ, ||y < C(x2 + HY), z € Z[0,m], (58)
[0 — UZyllne0 < C(2+ HY), z€ Z[0,m]. (59)
where (Uqy)7 = T, (HThUC)];.

Proof. Forany z € Z[1,m], we have, cf. (34),

() = (1) = ()

(60)
B z-1 B z
=1-5 (Hhuc)j +£ (Hhuc)j .
Additionally, based on the Lagrange’s interpolation formula, we get
_ _ 10%u({z, x;
f P () 2T G, e ). (61)

J 2 ot?
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Then, from (60) and (61) together with (43), we obtain
2 v 2
— HYnlln = i Th
lw* = WZylly = 1 ) 15 — (Unn);
j=1

—hi‘(l-f)( — (IT,U, )Z ' 1w(f—f21)(t—fz))
=

*3 or2 (62)
B/ 4 z  10%u(lz, %)) 2
+?(uj—(thlC)j+§76t2 (t—tz1 t—tz)‘
_ zZ-1
<20l — (UL) 7R + 2)u? — (UL 7)2 + CA(b — a) e
Analogously, for any j € Z[1, /], we have, cf. (35),
z
(Hhuc) (Hhu ) (J-3) R+a Z 4’5 (J-3 R+tx)(u )5/ (63)

and there exists a ¢; € (xj_3, x7) such that

1 °u(ty,
] (Hhu)(] 3)R+a+m%(x—x]_g)(x—x]_z)(x—x],l)(x—x]). (64)

Then, from (63) and (64) together with (43) and (44), we get

[u? — (T, uh—h2| — (,U) )P

‘2 Pultz,q)) ’2) (65)

+‘(e ) ’2+‘(6C1‘ 72000 o0

c/j-1

<6Rh2(‘ ‘+‘

cz(b —a)
712 8 4 8
Combining (62) and (65), we obtain the estimate (58). Using a similar argument together
with (43) and (45), we can also prove the estimate (59), whose proof is omitted. [

4.4.3. Error Estimate for the Step 3

On the fine mesh, denoting

Z z Z Z _ yA Z

eF—u -uz, &, =u"-Uz, z€Z[0,m],

Z Z Y4 + Z

e =e, .+ 1eIF, ey =e,, tie ., z€ Z[0,m],

and subtracting Equation (24) from Equation (22) yields the following error equation:

1
i9-0% + pMySier 2 4 qS7 + My =0, (66)

where

.

8 = (802w 2) ~F72) (g, (72,0708 - B2,
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Additionally, applying the second-order Taylor expansion of functions g, (v, w) and g, (v, w)

at a point (V, 2+ W ) respectively, we have

8o (02, W 2) — F2 = g€ . [o742 — E(V)] +5C, - [w™*2 — E(W?)]

2 1
T e L B

Th
1 1
G (772 = VT @2 =],
&@“%w”%—?“%zﬁykﬁé—awm+g&-w“f—ﬂwm
1 z+3 1 1 2
T 581w [0z =V, 2] 581w [ 2 =W, 2]
1 1
+&m¢@”%—ﬁﬁﬂwH%—Wﬁﬂk
S T+l Pntl
where the definitions of the symbols g,,g,, F" "2, F""2 glg glc ggv,gR o’ glv,gl and E(v™")
have already been given in Step 3 of the TSTG-CD algorithm, respectively. The second-order
derivative terms are gR,vv - 6€1’ gR,ww = 2€1’ gR,vw - 2171 and gl,vv = 2172’ gl,ww = 6712’ gl,vw =
2(>, in which the point (7;,{;) lies on the line segment between the points (v”%, w”%)

and (V_ z+2 Wz+2).

Theorem 6. Suppose that assumptions (a) and (b) are valid, and T is sufficiently small. Then there
exists a positive constant C independent of h, H, 7., T such that

Ju* — UZ||, < C(* + T2+ h*+ HP), ze€ Z[0,m], (67)
[uF = UZ [0 < C(T*+ T2+ H*+ H®), z€ Z[0,m]. (68)

1
Proof. Forz € Z[1,m — 1], computing the inner product of (66) with 2elz,-Jr2 and taking the
imaginary part, we obtain

~ 1
acllez 12 +2nll1ane |17 + { (8 (0747, 0™+ 2), — FF2,26172)
(69)
1

~, 1 1
+ (g (0wt ) — F32007) L Im(My, 2612 = 0,

1 1 1
where ef{; Z and ei;r ? represent the real part and the imaginary part of e? ?, respectively.
According to the smoothness assumption of the exact solution (43) and the a priori
estimate (30), we have

‘(glf [0 — E(V?)], 26} 12 ) ’ < C{H?,eif — e

2613} + o),
C 2+l o zt] 3er, —e7;1
‘(g&w' w2 —E(Wp)],Ze,’FZ)h’ < C{Hf“ + ||2€z Hh} +0(t),
1 2432 1 z+142 z+1 241 241
’( ngv [eR-rh:I +§gR,ww' [el'rh } +ngw [eRTh el_[h ],261,1: )h‘

1 z+1.2 z+1 ptl 4 -
= C{EH(BR,TIIZ) ||%l+ lle Rrhze”thh—l— H(el,ﬂzz) ||h_|_ ”2 2||h}
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It follows

‘(gR( z+3 Wt ) Pz+2 26 ) ’
h

. . . (70)

z zZ
< c{H*f H 3265 2 + ek 21wl 2 I 4+ O(e?).

‘(gl(vz+%/wz+§) Fz+2 2€Z+2> ‘

" (71)

3¢z —e + + +
—C{HFiH 32652 1 + 655 2R llln 1) + O(e?).

Substituting (70) and (71) into (69), then summing up z from 1 to n and replacing n by z,
we get

z
(L=40) [l 7 < llefllf +Cry L lleg Il +O(x* + 78 +1° + H'®) ;. (72)
F F F c
5=0

Additionally, for the case of z =0, U} = UE(SH). Then from (13) and (22), we have

idel T + M, (Shep( oy gG'®) 4+ M0 =0, (73)

in which

el(s+1) _ 0
drelt) = L _F = E, el =yl —lst),
1(s+1) 0
O I S (O AT (I Ur ; + UF,

G') = (Juf?)Fut — (Ju )

I\JM—\/—\

— (|0 + | P = U2 — UM 2w

1
5 (U2 + U OR)eE ™ = 630) 4 g0,

N\H

%(erl)

Computing the inner product of (73) with 2e? and taking the imaginary part, we obtain

1
IR — 1] + 2q1m (61, e ), 4 2im (M0, ), =0 7

Note that |U} (S)\ < se 4 |UY| < C, where s denotes the sth iteration and se is typically
bounded (for example, in the numerical examples in this article, s < 3 and e = 10-° ). Then,
similarly to (48) and (49), we get

s+1
o

1 1
2qIm(62 () + g3, ¢7' | < Clal{lleX 17 + €217 + ller V7 }

Furthermore, noting that eg = 0 and combining (74) with the above estimate, we have
(1= Co)llefH V|G < Ccr{llefF + O(*)}.
Then, taking T = % and iterating over s, we get

lefIF = lley®*VII; < 40(). (75)
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Finally, taking a sufficiently small T and applying the discrete Gronwall inequality, we
obtain (67) from (72) and (75). By a similar argument as in the proof of Theorem 4, we
obtain (68) and complete the proof. [

5. Numerical Examples

In this section, we evaluate the numerical accuracy and efficiency of the proposed
TSTG-CD scheme through four numerical examples. The construction of the TSTG-CD
method is based on the fully nonlinear compact (FN-CD) scheme proposed in [26], and
it can also be viewed as an extension of the time two-grid compact difference (TTG-CD)
method [12]. Therefore, we compare the performance of the TSTG-CD method with both
the FN-CD method [26] and the TTG-CD method [12]. All experiments were performed
using MATLAB R2019b on a computer equipped with an Intel Core i7 processor and 8 GB
of RAM.

Leter,(h, 7) and er (h, T) denote errors |e*|h and |e?|h, 0o, respectively, with the time
step T and the space step h. The spatial and temporal convergence orders in the discrete
L?-norm and L®-norm are computed by

log(eL2 (hl, T)/E'Lz(hz, T)) s IOg(ELoo (h1, T)/ELw(hz, T))

Ord; = , Ord} = ,
" log (1 /1) e log (i1 /1)
OrdT _ IOg(ELZ (h, Tl)/€L2 (h, Tz)) OrdT _ log(eLw (h, Tl)/eLoo (h, Tz))
2 log(71/72) Co log(71/72) ’

respectively. Furthermore, the numerical mass Q* and energy £ are computed by

(-1 ) -1 , 1 .
Q* = X |ujPh & = (nlonti P — Saluz|* ).
]:

j=0

The flowcharts of the scheme of Equations (9) and (10) and the scheme of Equations (11)—(15)
are shown in Figure 1 and Figure 2, respectively. In Figure 1, the matrices are
d;eﬁged as Ay = i5trid[1,10,1], By = #trid‘[l, —2,1].L_1 and cH(Ug). =
s trid[(|Ug[*);-1,10(|Ug|?)s, (IUg|*)j41], - The Jacobian matrix J(Uy) and the right-
hand side term R(Ug, U.(Z, )) are obtained from Equation (9). In Figure 2, the matri-
ces Ay and By, are analogous to Ay and By. The right-hand-side term F (UF (z—-1,),
U.(Z,: ), U (Z,:)) is derived from Equation (15).

5.1. Propagation of a Soliton

As the first test problem, we consider the cubic NLS Equation (1) withy = 1and g = 2,
which admits the exact single-soliton solution [12,26,31,32]

u(x,t) = sech(x — 4t) exp(2ix — 3it), (t,x) € [0,1] x [-20,20].

The initial condition is u(x,0) = sech(x) exp(2ix), and the Dirichlet boundary conditions
are u(—20,t) = u(20,t) = 0.
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| Initialize parameters: L,M.n,q,T,a,b,1t,, & I

| Caleulate 7. =T/M;H=(b-a)/L; t=0:7c:T;x=a:H :b; |

| Set U = zeros(M +1,L+1); U(1,) = ¢(x); I

Generate 4, By; Set Z=1;

Newton iteration

inner loop

converge.

Assemble Cy(U,),J(U,),R(U,,Uc(Z,)) ‘

y

SolveJ(Ug)Ar:R(Ug,UC(Z,:)); ‘

U, =U;™;

it=it+1;

Figure 1. Flowchart of the scheme on the time-space coarse grid.

Initialize parameters: /,m,R,r,1,q,T,a,b I

Caleulate 7=T/m;h=(b-a)/l;t=0:7:T;x=a:h:b; |

y

Set U, =zeros(m+1,0+1); U, =T1.I1,U;

J

Set Uy =zeros(m+1,0+1); U (1,:) = $(x); ‘

y

| Calculate U (2,:) by Newton iteration method

J

| Generate 4,, B,; Set z=2; |

Calculate F(U(z—1,;),Up(2,),U,(257)

y

(iAh +%Bh)y = (iAh —";—’B;.)Up(z,t)
+ 2, F(Up(z=1,),U5 (2,0 (2,);

y

z=z+1 Up(z)=y;

Solve

Figure 2. Flowchart of the scheme on the time-space fine grid.

To investigate the spatial convergence, we first set T = h? for all three methods. The
TTG-CD method employs the time-step relation 7 = /7, while the TSTG-CD method
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further uses a spatial step-size ratio of R = 4. The resulting errors, spatial convergence
rates, and CPU times are listed in Table 1. For the temporal convergence tests, we fix
H = 4h = 0.025 and adopt the same time-step ratio 7c = /7. The corresponding
results are summarized in Table 2. Figure 3 shows the CPU time of the proposed method
compared with the FN-CD method (left) and the TTG-CD method (right), respectively.
For a time step T = 1/625 and a space step h = 1/160, Table 3 presents a comparison of
the efficiency of the three numerical schemes. From these numerical results, we make the
following observations.

(i)  All three methods exhibit OrdL,® ~ 4, OrdLe° ~ 4, OrdL,” ~ 2, and OrdLe ! = 2,
which verifies our estimates in Theorems 4 and 6.

(ii) The proposed method significantly improves computational efficiency. For example,
the FN-CD method requires more than 422.9 s when the time step is T = 1/625
and the spatial fine grid has ¢ = 6400 points, while the TSTG-CD scheme, with a
coarse time step 7c = 1/25 and a spatial coarse grid of L = 1600 points, consumes
only about 62.9 s, reducing the CPU time by 85.1%. As the grid number £ increases,
computational efficiency can be further improved, albeit with a corresponding increase
in numerical error. Compared with the TTG-CD method, both the speedup ratio and
the time reduction achieved by the TSTG-CD method are also improved. These gains
are attributed to the application of the two-grid technique in both the temporal and
spatial domains, which substantially reduces both the number of nonlinear iterations
and the computational scale on the coarse mesh.

Table 1. Spatial errors and convergence rates for single-soliton at time T = 1.0 with T = h?, 7. = /T and space
step-size ratio R = 4.

Method h er,(h,T) Ordi2 er, (h,T) Ordj CPU(s)
1/16 37873 x 10~* * 2.2865 x 1074 * 35.6128
FN-CD [26] 1/25 63464 x 1075  4.0027  3.8355 x 10~° 4.0003 177.7757
1/36 14754x 1075  4.0010 89178 x 10~ 4.0007 709.0766
1/64 14853 x1076  3.9904 89248 x 107 4.0006 6677.2448
1/16  3.8143 x 1073 * 2.6953 x 1073 * 6.1359
TTG-CD [12] 1/25 64379 x107% 39866  4.6038 x 1074 3.9598 29.5855
1/36 14983 x10~4  3.9980  1.0790 x 104 3.9788 122.1262
1/64 14999 x 1075  4.0001 1.0874 x 107> 3.9884 1091.9605
1/16  3.9071 x 1073 * 2.7524 x 1073 * 4.0277
TSTG-CD 1/25 65075 x 1074  4.0163  4.6470 x 10~4 3.9859 23.0436
1/36 15069 x 1074  4.0118  1.0840 x 104 3.9917 97.2565
1/64 15033 x 1075  4.0062  1.0892 x 10~° 3.9937 983.8858

The symbol “ * ” indicates that the convergence order is not available at this position.

Table 2. Temporal errors and convergence rates for single-soliton at time T = 1.0 with the fixed space step H =
4h = 0.025 and time step-size ratior = 1/7. =1/ VT.

Method T er,(h, ) Ordj, er,(h,T) Ord] CPU(s)
1/144  1.0719 x 1073 * 6.5085 x 10~ * 95.5828
FN-CD [26] 1/256 33934 x10~% 19991 20620 x 10~%  1.9978 170.5751
1/400 13950 x 10~%  1.9918 84787 x10~3  1.9913 266.5152
1/625 57722 %1075 19773 35072 x10°3  1.9780 422.9237
1/144  1.1593 x 102 * 7.8318 x 1073 * 20.6427
TTG-CD [12] 1/256 38193 x 103 19298 26929 x 10-3  1.8555 32.4334
1/400 15708 x 103 1.9908  1.1134 x10~3  1.9790 45.6373
1/625  6.4424 x10~% 19971 45954 x 10~%  1.9829 67.2817
1/144  1.1597 x 102 * 7.8341 x 1073 * 12.0784
TSTG-CD 1/256  3.8214 x 103 19294 26943 x 103  1.8551 20.7736
1/400 15722 %103 19901 1.1143 x10°3  1.9783 36.143
1/625 64520 x 104 19958  4.6017 x 10~4  1.9817 62.875

The symbol “ * ” indicates that the convergence order is not available at this position.
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Table 3. Comparison of efficiency of different numerical schemes.

L* Error . . . . o
Method (t = 1/625, h = 1/160) CPU Time (s) Speedup Ratio Time Reduction (%)
FN-CD [26] 3.5072 x 1072 422.9237 1.00x (Reference)
TTG-CD [12] 45954 x 1074 67.2817 6.29x 84.1%
TSTG-CD 4.6017 x 107+ 62.875 6.73 % 85.1%
7000 \ 1200 \
| |—8=TSTG-CD ~8-TSTG-CD
6000 1000 |
5000
— _. 8001
2 2
o 4000 [ o
E E 600 f
2 3000 2
3] 3]
400
2000
1000 | / 1 200 +
0 ‘ : : 0 : ‘ : :
10 20 30 40 50 60 70 10 20 30 40 50 60 70
1/h 1/h

Figure 3. CPU time of the single-soliton at time T = 1.0 with T = k2, 7. = /T and space step-size ratio R = 4:
FN-CD vs. TSTG-CD (left) and TTG-CD vs. TSTG-CD (right), respectively.

To test the conservation laws, we present the numerical total mass and energy com-
puted by the TSTG-CD scheme in Figure 4. It shows that the proposed TSTG-CD method
preserves the two conservation laws in the discrete sense, which is consistent with the
theoretical analysis. The corresponding absolute errors in mass and energy are presented
in Figure 5, which are approximately O(10~#) and O(1073), respectively. Consequently,
the proposed method does not preserve these quantities to machine precision. This may
be attributed to the inability of the TSTG-CD method on a time-space coarse uniform grid
to adequately resolve rapid and sharp waveform variations, leading to increased local
numerical errors. Finally, the properties of the three numerical schemes are summarized in

Table 4.
2.005 T T mass . 7.38 ; energy ! ;
2.004 - : 7371
2.003 - 1 7361
2,002
735+
2,001
734+
@ 2 wW
733+
1.999 F
732
1.998 -
1.997 (S
1.996 735
1.995 I | | | | 729 | | | | |
0 1 2 3 4 5 6 0 1 2 3 4 5 6
time time

Figure 4. Total mass (left) and energy (right) of the single-soliton under & = 0.05,7 = 0.005,
r=2,R=2.
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Figure 5. Absolute errors of total mass (left) and energy (right) of the single-soliton under & = 0.05,
T=0.005r=2,R=2.

Table 4. Comparison of properties of different numerical schemes.

Property/Method FN-CD [26] TTG-CD [12] TSTG-CD
Mass conservation Yes Yes Yes
Energy conservation Yes Yes Yes
Fully implicit Yes No No
Linearly implicit No Yes Yes
Temporal accuracy 2nd 2nd 2nd
Spatial accuracy 4th 4th 4th

5.2. Interaction of Two Solitons

This example aims to simulate the evolution of two solitons propagating in opposite
directions using the TSTG-CD method. Therefore, we further consider the NLS Equation (1)
with the initial condition

u(x,0) = sech(x 4 15)exp(2ix) + 1.5sech(1.5x — 7.5)exp(—2ix),

and boundary conditions u(—30,t) = u(30,¢) = 0. This initial condition yields a two-
soliton solution [12,33]. The first soliton with amplitude 1 is placed at x = —15 and moves
to the right with speed 4, while the second soliton with amplitude 1.5 is placed on the other
side at x = 5 and travels to the left with speed 4.

The evolution of the numerical solutions and their trajectories from t = 0to T = 6 are
presented in Figure 6 with 1 = 0.025, T = 0.0025, r = 2, and R = 2. As time progresses,
the two solitons travel in opposite directions, collide at approximately t = 2.5, and then
separate, recovering their shapes afterward despite a strongly nonlinear interaction. These
results are in qualitative agreement with the behavior predicted by soliton theory [34].
Furthermore, the evolution of the two invariants and their absolute errors are shown in
Figures 7 and 8. From Figure 7, we observe that the total mass Q* and energy £* remain
constant except for a slight change between 2 < t < 3, which occurs during the interaction
of the two solitons. This fact can also be observed in Figure 8. Moreover, the proposed
method does not preserve these quantities to machine precision. A possible reason for this
phenomenon is the increase in local gradients caused by wave-packet collisions, which leads
to insufficient spatial or temporal resolution in the numerical method, thereby inducing
numerical errors and sudden changes in the conserved quantities. To address this issue, we
will consider employing numerical methods with adaptive mesh refinement for solving the
Schrodinger equation in future work.
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Figure 6. Collision of double solitons (left) and its trajectory (right) computed under & = 0.025,
T =0.0025r=2,and R = 2.
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Figure 7. Total mass (left) and energy (right) of the two-soliton solution under i = 0.025,
7 =0.0025,r = 2,and R = 2.
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Figure 8. Absolute errors of total mass (left) and energy (right) of the two-soliton solution under
h =0.025, 7 = 0.0025,r = 2,and R = 2.

5.3. Birth of Soliton
With an initial condition u(x,0), the theory predicts that if

/ u(x,0)dx > m,
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a soliton will appear over time; otherwise, the soliton decays away [12,35,36]. We inves-
tigate the birth of solitons computed by the TSTG-CD method using the following two
initial conditions:

1. Casel. A birth of a standing solition with the Maxwellian initial condition
u(x,0) = Aexp(—x?), —45<x <45.
2. Case II. A birth of a mobile soliton with the Maxwellian initial condition
u(x,0) = Aexp(—x% 4 2ix), —45< x <45.

Both cases produce a soliton when A > /7, whereas the initial condition fades out when
A< m.

Therefore, we select the parameters A = 1 and A = 1.78 to investigate the birth of
solitons. The numerical simulations were performed with i = 0.04, T = 0.00125, r = 2,
R =2, and g = 2. For Case I, the formation and trajectories of standing solitons from t = 0
to t = 6 are illustrated in Figure 9 (A = 1) and Figure 10 (A = 1.78). Figure 11 shows
the discrete conservation laws and the corresponding absolute conservation errors. For
Case I, Figures 12 and 13 depict the behaviors and trajectories of mobile solitons for A =1
and A = 1.78, respectively, over t € [0, 6]. The associated conservation laws and absolute
errors are presented in Figure 14. These figures reveal the following phenomena: (i) The
approximate solution |u| decays as time increases when the parameter A = 1 is taken in
both cases. However, when A = 1.78 is taken, the soliton’s amplitude, shape, and speed
are preserved in both cases. (ii) The discrete total mass Q and energy £ remain almost
constant, which is consistent with the theoretical analysis. However, as in the simulations
of single-soliton and two-soliton solutions, the corresponding absolute errors in mass and
energy do not reach machine precision. Therefore, it is necessary to introduce adaptive
mesh refinement techniques into the scheme to further enhance computational efficiency.

6 1
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X
Figure 9. Formation of standing solitons (left) and its trajectory (right) computed for Case I (A = 1).
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Figure 10. Formation of standing solitons (left) and its trajectory (right) computed for Case I (A = 1.78).
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Figure 11. The discrete total mass (left), energy (right) and their absolute errors for Case 1. (a) Total mass
for A = 1. (b) Absolute error of mass A = 1. (c) Total mass for A = 1.78. (d) Absolute error of mass A = 1.78.
(e) Total energy for A = 1. (f) Absolute error of energy A = 1. (g) Total energy for A = 1.78. (h) Absolute error of

energy A = 1.78.
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Figure 12. Formation of mobile solitons (left) and its trajectory (right) computed for Case II (A = 1).
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Figure 13. Formation of mobile solitons (left) and its trajectory (right) computed for Case II (A = 1.78).
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Figure 14. The discrete total mass (left), energy (right) and their absolute errors for Case II. (a) Total mass
for A = 1. (b) Absolute error of mass A = 1. (c) Total mass for A = 1.78. (d) Absolute error of mass A = 1.78.
(e) Total energy for A = 1. (f) Absolute error of energy A = 1. (g) Total energy for A = 1.78. (h) Absolute error of
energy A = 1.78.

6. Conclusions

In this article, a novel time-space two-grid high-order compact difference scheme
was proposed for the one-dimensional nonlinear Schrodinger equation. The core idea
of the method is to combine a nonlinear compact scheme on a time-space coarse grid
with a linearized correction compact scheme on a fine grid, thereby significantly reducing
computational cost while preserving high-order accuracy. Unlike conventional time two-
grid methods, the proposed approach applies the two-grid strategy simultaneously in both
the spatial and temporal directions. The coarse-grid solutions are transferred to the fine
grid via a temporally linear and spatially cubic Lagrange interpolation operator, ensuring
accuracy and efficiency in the correction step.

Rigorous theoretical analysis demonstrates that the scheme is unconditionally stable
and achieves optimal convergence rates of fourth-order in space and second-order in
time in both the discrete L2 and L® norms, without any restriction on the grid ratio. The
proof combines the energy method, a discrete Sobolev inequality, and an a priori error
estimate. Numerical experiments validate the theoretical results. A single-soliton test
shows that the proposed method significantly reduces CPU time compared with the fully
nonlinear compact scheme while maintaining comparable accuracy. Additional simulations
of two-soliton interactions and soliton birth phenomena further illustrate the algorithm’s
effectiveness in capturing complex nonlinear wave dynamics. These findings confirm the
proposed scheme as a highly efficient and reliable alternative to conventional nonlinear
approaches for solving the nonlinear Schrédinger equation. Future work may extend this
methodology to higher-dimensional problems, variable-coefficient equations, or systems
with more complex nonlinearities, as well as explore adaptive strategies to further enhance
computational performance in regions with sharp gradients.
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Appendix A

A list of symbols is given in Tables A1-A3, and a list of abbreviations is provided in
Table A4.

Table A1l. List of symbols I.

Symbol  Description Symbol  Description
L Coarse grid number of in space 14 Fine grid number of in space
M Coarse grid number of in time m Fine grid number of in time

R Ratio of coarse and fine grids in space r Ratio of coarse and fine grids in time
H Space coarse grid step-size h Space fine grid step-size
T Time coarse grid step-size T Time fine grid step-size
@ Representative of space step-size H or h K Representative of time step-size 7. or T
Neo Representative of L or ¢ M Representative of M or m
Qeox Time-space mesh Jo grid function space
IT, Spatial cubic interpolation operator I, Temporal linear interpolation operator
Table A2. List of symbols IL
Symbol Description Symbol Description
U Coarse grid solution u, Fine grid corrected solution
Ve Real part of U, W, Imaginary part of U,
Ve Real part of U, W. Imaginary part of U,
Uz Fine grid rough solution E(v*) extrapolation operator (307 — v* 1) /2
Vrhl Real part of Uy, Wy Imaginary part of Uy,
2 Linearized complex terms ec Coarse grid error term
j
1 1
1’:‘7’*% Real part of sz+ 2 s Imaginary part of sz+ 2
] ]
Ao Compact difference operator Awp Corresponding matrix of Ag
M, Inverse matrix of Ap eg Coarse grid error
e Fine grid error ez, Auxiliary error
Cr Real part of e ey Imaginary part of e}
e Real part of ¢Z, € Imaginary part of e,
gr (v, w) Function (v + w?)v g, (v,w) Function (v + w?)w
glf Value of g, at (Vy, W) gIC Value of g, at (Vyy,, Wyy,)
Table A3. List of symbols III.
Symbol Description
ggv Partial derivative of function g, with respect to variable v at (Vzj,, Wy,)
g[fw Partial derivative of function g, with respect to variable w at (Vy;, Wyy,)
g?v Partial derivative of function g, with respect to variable v at (Vy;,, Wxy,)
glcw Partial derivative of function g, with respect to variable w at (Vyy,, Wxy,)
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Table A4. List of abbreviations.

Abbreviation Meaning

FE Finite element
FD Finite difference
NLS Nonlinear Schrodinger
FN-CD Fully nonlinear compact difference
TTG-CD Time two-grid compact difference
TSTG-CD Temporal-spatial two-grid compact difference
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