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Abstract

We develop the Sawyer duality principle for non-increasing functions where, in the denom-
inator, the function g is replaced by

∫ ∞
x

g(t)
t dt. This result complements Stepanov’s result

in which g was replaced by 1
x
∫ x

0 g(t)dt. We use our result and obtain Stepanov’s result
for non-decreasing functions and similarly use Stepanov’s result in proving our result for
non-decreasing functions. These results have also been obtained in Rn.

Keywords: sawyer duality principle; hardy averaging operator; adjoint operator; monotone
functions; radially monotone functions
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1. Introduction
Characterizing the boundedness of integral operators between various function spaces

is an old problem. To this end, let us mention the following celebrity theorem, which
gives the boundedness of the Hardy operator and its adjoint between weighted Lebesgue
spaces [1]:

Theorem 1. Let 1 < p ⩽ q < ∞ and u, v be weight functions on (0, ∞), i.e., the functions which
are measurable, positive and finite almost everywhere on (0, ∞).

(a) The inequality

(∫ ∞

0
u(x)

(∫ x

0
f (t)dt

)q
dx
)1/q

⩽ c
(∫ ∞

0
v(x) f p(x)dx

)1/p

holds for all f ⩾ 0 if and only if

sup
x>0

(∫ ∞

x
u(t)dt

)1/q(∫ x

0
v1−p′(t)dt

)1/p′

< ∞.

(b) The inequality

(∫ ∞

0
u(x)

(∫ ∞

x
f (t)dt

)p
dx
)1/q

⩽ c
(∫ ∞

0
v(x) f p(x)dx

)1/p

holds for all f ⩾ 0 if and only if
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sup
x>0

(∫ x

0
u(t)dt

)1/q(∫ ∞

x
v1−p′(t)dt

)1/p′

< ∞.

From the application point of view, many times it is required to consider Theorem 1
for functions that are non-negative and non-increasing (↓), see [2–5]. In order to address
this problem, among other possible strategies, a much-used one is via the duality principle
of Sawyer [3] (see also [1]), which concerns the duality in the weighted Lebesgue spaces for
↓ functions: Let 1 < p < ∞, f ⩾ 0, and v be a positive, measurable, and locally integrable
function on (0, ∞). Then

I( f ) := sup
0⩽g↓

∫ ∞
0 f (x)g(x)dx(∫ ∞

0 gp(x)v(x)dx
)1/p

≃
(∫ ∞

0
f
)(∫ ∞

0
v
)−1/p

+

(∫ ∞

0

(∫ x

0
f (t)dt

)p′(∫ x

0
v(t)dt

)−p′

v(x)dx

)1/p′

. (1)

Let us point out that in [1], the equivalence (1) has also been studied for the case when
g is non-decreasing (↑) and also when 0 < p ⩽ 1. In fact, it was proved that when g is ↓
and 0 < p ⩽ 1,

I( f ) = sup
r⩾0

(∫ r

0
f
)(∫ r

0
v
)−1/p

.

Recently, in [6], the duality principle (1) has been used to find necessary and sufficient
conditions for the boundedness of the Hausdorff operator between weighted Lebesgue
spaces for non-increasing functions. The duality principle in the framework of Orlicz spaces
has been developed in [7].

In [4], Stepanov considered the LHS of (1), where in the denominator, g is replaced by
1
x

∫ x

0
g, and obtained the lower as well as upper estimates of the corresponding expression

for the case 1 < p < ∞. Precisely, the following was proved in [4]:

Theorem 2. Let 1 < p < ∞, f and v be measurable non-negative functions on [0, ∞) with v
locally integrable. Consider the expression

J↓( f ) := sup
0⩽g↓

∫ ∞
0 f g(∫ ∞

0

(
1
x
∫ x

0 g(t)dt
)p

v(x)dx
)1/p .

Then

J↓L( f ) ≪ J↓( f ) ≪ J↓R( f ),

where

J↓L( f ) =

∫ ∞
0 f(∫ ∞

0 v
)1/p +

(∫ ∞

0

(∫ x

0
f
)p′(∫ x

0
v + xp

∫ ∞

x
t−pv(t)dt

)−p′

v(x)dx

)1/p′

and

J↓R( f ) =

∫ ∞
0 f(∫ ∞

0 v
)1/p

+

(∫ ∞

0

(∫ x

0
f
)p′(∫ x

0
v + xp

∫ ∞

x
t−pv(t)dt

)−p′

xp−1
∫ ∞

x
t−pv(t)dtdx

)1/p′

.
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The first goal of this paper is to complement Stepanov’s result by considering the

LHS of (1), where in the denominator, g is replaced by
∫ ∞

x

g(t)
t

dt, i.e., we consider

the expression

I↓( f ) := sup
0⩽g↓

∫ ∞
0 f g(∫ ∞

0

(∫ ∞
x

g(t)
t dt

)p
v(x)dx

)1/p (2)

and obtain its lower and upper estimates. As an application of our result, we prove
Theorem 2 for non-decreasing functions. Moreover, we apply Theorem 2 to prove our result
for non-decreasing functions. By convention, we assign the value zero to products and
quotients of the types 0 × ∞, ∞

∞ , and 0
0 .

Finally, we also consider the n-dimensional analogue of the expression (2). A function
G : Rn → R is said to be radially decreasing, written G ↓ r, if G(x) = G(y) for |x| = |y| and
G(x) ⩾ G(y) for |x| < |y|. The radially increasing functions are defined similarly. By B(x),
we shall denote the ball in Rn centered at the origin and with radius |x|. We consider

I↓(F ) := sup
0⩽G↓r

∫
Rn F (x)G(x)dx(∫

Rn

(∫
Rn\B(x)

G(t)
|B(t)|dt

)p
V(x)dx

)1/p

and obtain its two-sided estimate for radially decreasing function G. The equivalence (1)
for radially monotone functions has been developed by Barza, Johansson, and Persson [8].
In [9], another n-dimensional analogue of (1) has been studied where the functions have
been considered coordinate-wise. Also, in [9], the discrete version of (1) has been investi-
gated. Some related multidimensional imbeddings in the setting of monotone functions
have been studied in [10].

If there is no confusion, we have used the symbols x, y, and t to be the members of R
as well as Rn, as it will be clear from the usage. The symbol A ≪ B will mean A ⩽ cB for
some constant c > 0. The symbol p′ will denote the conjugate index to p, i.e., 1

p + 1
p′ = 1.

2. Sawyer Type Duality Result Involving Adjoint Operator
In this section, we shall obtain the upper and lower estimates of the expression (2). We

shall be using the following notations:

V(x) =
∫ x

0
v(t)dt, w(x) = x−pVp(x)v1−p(x),

W(x) =
∫ x

0
w(t)dt, γ(x) =

∫ ∞

x
t−pw(t)dt, W0(x) = W(x) + xpγ(x).

Our first main theorem is the following:

Theorem 3. Let 1 < p < ∞, f ⩾ 0 and v be a function such that v(t) =
∫ t

0 ξ(τ) dτ, where ξ is
positive, measurable and locally integrable function on [0, ∞). Let I↓( f ) be as defined by (2). Then

I↓L( f ) ≪ I↓( f ) ≪ I↓R( f ),

where

I↓L( f ) =

(∫ ∞

0

(∫ x

0
f (t)dt

)p′

W−p′(x)w(x)dx

)1/p′

(3)

and
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I↓R( f ) = p

(∫ ∞

0
x−pVp(x)

(∫ ∞

x
f (t)W−1

0 (t)dt
)p′

v1−p(x)dx

)1/p′

+

(∫ ∞

0

(
xpγ(x)V−1(x)

)p′
(∫ ∞

x
f (t)W−1

0 (t)dt
)p′

v(x)dx

)1/p′

+ p

(∫ ∞

0
xpγp′(x)

(∫ ∞

x
f (t)W−1

0 (t)dt
)p′

v(x)dx

)1/p′

. (4)

Proof. Let us obtain the lower bound first. We consider the function g(x) =
∫ ∞

x h with
h ⩾ 0. We find that g is ↓ and

I↓( f ) ⩾ sup
g=
∫ ∞

x h,h⩾0

∫ ∞
0 f g(∫ ∞

0

(∫ ∞
x

g(t)
t dt

)p
v(x)dx

)1/p . (5)

It can be checked that(∫ x

0
v(t)dt

)1/p(∫ ∞

x
V−p′(t)v(t)dt

)1/p′

≪ 1

so that in view of Theorem 1(b), the inequality

(∫ ∞

0

(∫ ∞

x

g(t)
t

dt
)p

v(x)dx
)1/p

≪
(∫ ∞

0
gp(x)w(x)dx

)1/p
(6)

holds. It can also be checked that(∫ x

0
w(t)dt

)1/p(∫ ∞

x
W−p′(t)w(t)dt

)1/p′

≪ 1

so that, again, in view of Theorem 1(b), the inequality

(∫ ∞

0

(∫ ∞

x
h(t)dt

)p
w(x)dx

)1/p

≪
(∫ ∞

0
hp(x)Wp(x)w−p/p′(x)dx

)1/p
(7)

holds. Consequently, by (6) and (7) and using the well known dual characterization of the
norm of weighted Lebesgue spaces (see, e.g., [11] proc. 4.1, p. 225), we obtain

I↓( f ) ⩾ sup
g=
∫ ∞

x h,h⩾0

∫ ∞
0 f g(∫ ∞

0

(∫ ∞
x

g(t)
t dt

)p
v(x)dx

)1/p

= sup
h⩾0

(∫ ∞

0

(∫ x

0
f
)

h(x)dx
)(∫ ∞

0

(∫ ∞

x

g(t)
t

dt
)p

v(x)dx
)−1/p

≈
(∫ ∞

0

(∫ x

0
f (t)dt

)p′

W−p′(x)w(x)dx

)1/p′

,

which combined with (5) gives the lower bound (3) for I↓( f ).
We now proceed to prove the upper bound. Let g ⩾ 0 be a non-increasing function.

We write ∫ ∞

0
f g =

∫ ∞

0
f gW0W−1

0 =
∫ ∞

0
f gW−1

0 (W + xpγ(x)) =: I1 + I2.
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First we estimate I1. Let us write G(t) :=
∫ ∞

t
f (x)W−1

0 (x)dx and σ(t) = tw(t)V−1(t)G(t).

Then by Fubini’s theorem, we get

I1 =
∫ ∞

0
f (x)g(x)W−1

0 (x)W(x)dx

=
∫ ∞

0
f (x)g(x)W−1

0 (x)
(∫ x

0
w(t)dt

)
dx

=
∫ ∞

0
w(t)

(∫ ∞

t
f (x)g(x)W−1

0 (x)dx
)

dt

≤
∫ ∞

0
w(t)g(t)

(∫ ∞

t
f (x)W−1

0 (x)dx
)

dt

=
∫ ∞

0
w(t)g(t)G(t)dt

=
∫ ∞

0
w(t)g(t)G(t)V−1(t)

(∫ t

0
v(x)dx

)
dt

=
∫ ∞

0
v(x)

(∫ ∞

x
w(t)g(t)G(t)V−1(t)dt

)
dx

=
∫ ∞

0
v(x)

(∫ ∞

x
σ(t)

g(t)
t

dt
)

dx. (8)

Without loss of generality, we may assume that g(y)/y is integrable so that integration
by parts gives

∫ ∞

x
σ(t)

g(t)
t

dt = −
∫ ∞

x
σ(t)

d
dt

(∫ ∞

t

g(y)
y

dy
)

dt

= σ(x)
∫ ∞

x

g(y)
y

dy +
∫ ∞

x
σ′(t)

(∫ ∞

t

g(y)
y

dy
)

dt. (9)

Note that σ(t) =
(

V(t)
tv(t)

)p−1 ∫ ∞

t
f W−1

0 . Without loss of generality, we may assume

that f W−1
0 is integrable, otherwise the upper estimate is trivial. Further, the assumption

on v makes it uniformly continuous and non-decreasing so that V(t)
tv(t) exists and moreover

bounded as well. These arguments give that

σ′(t) =
(∫ ∞

t
f W−1

0

)
d
dt

(
V(t)
tv(t)

)p−1

−
(

V(t)
tv(t)

)p−1

f W−1
0

≤
(∫ ∞

t
f W−1

0

)
d
dt

(
V(t)
tv(t)

)p−1

≤ (p − 1)G(t)
(

V(t)
tv(t)

)p−2(1
t

)
using which in (9) gives

∫ ∞

x
σ(t)

g(t)
t

dt ≤ σ(x)
∫ ∞

x

g(y)
y

dy + (p − 1)
∫ ∞

x
G(t)

(
V(t)
tv(t)

)p−2(1
t

)(∫ ∞

t

g(y)
y

dy
)

dt

which together with (8) and Fubini’s theorem gives
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I1 ≤
∫ ∞

0
v(x)σ(x)

(∫ ∞

x

g(y)
y

dy
)

dx

+ (p − 1)
∫ ∞

0
v(x)

{∫ ∞

x
G(t)

(
V(t)
tv(t)

)p−2(1
t

)(∫ ∞

t

g(y)
y

dy
)

dt

}
dx

=
∫ ∞

0
v(x)σ(x)

∫ ∞

x

g(y)
y

dy

+ (p − 1)
∫ ∞

0
G(t)

(
V(t)
tv(t)

)p−2(1
t

)(∫ ∞

t

g(y)
y

dy
)(∫ t

0
v(x)dx

)
dt

=
∫ ∞

0
v(x)σ(x)

∫ ∞

x

g(y)
y

dy

+ (p − 1)
∫ ∞

0
v(t)σ(t)

(∫ ∞

t

g(y)
y

dy
)

dt

= p
∫ ∞

0
v(x)σ(x)

(∫ ∞

x

g(y)
y

dy
)

dx

= p
∫ ∞

0
v(x)x1−pVp−1(x)v1−p(x)G(x)

(∫ ∞

x

g(t)
t

dt
)

dx.

An application of Hölder’s inequality now gives

I1 ≤ p
(∫ ∞

0

(∫ ∞

x

g(t)
t

dt
)p

v(x)dx
)1/p(∫ ∞

0
x−pVp(x)v1−p(x)Gp′(x)dx

)1/p′

. (10)

Now, we proceed to estimate I2. By Fubini’s theorem and Hölder’s inequality,
we obtain

I2 =
∫ ∞

0
f (x)g(x)W−1

0 (x)xpγ(x)dx

= p
∫ ∞

0
g(x) f (x)W−1

0 (x)γ(x)
(∫ x

0
tp−1dt

)
dx

= p
∫ ∞

0
tp−1

(∫ ∞

t
g(x) f (x)W−1

0 (x)γ(x)dx
)

dt

⩽ p
∫ ∞

0
tp−1g(t)γ(t)

(∫ ∞

t
f (x)W−1

0 (x)dx
)

dt

= p
∫ ∞

0
tp−1g(t)G(t)γ(t)dt

= p
∫ ∞

0
tp−1g(t)G(t)γ(t)V−1(t)

∫ t

0
v(x)dxdt

= p
∫ ∞

0
v(x)

(∫ ∞

x
tp−1g(t)G(t)γ(t)V−1(t)dt

)
dx

= p
∫ ∞

0
v(x)

(∫ ∞

x

g(t)
t

H(t)dt
)

dx. (11)

Note that H(t) = tpG(t)γ(t)
V(t) which is the ratio of products of absolutely continuous

functions so that integration by parts gives that

∫ ∞

x
H(t)

g(t)
t

dt = −
∫ ∞

x
H(t)

d
dt

(∫ ∞

t

g(y)
y

dy
)

dt

= H(x)
∫ ∞

x

g(y)
y

dy +
∫ ∞

x
H′(t)

(∫ ∞

t

g(y)
y

dy
)

dt. (12)

https://doi.org/10.3390/axioms15040266

https://doi.org/10.3390/axioms15040266


Axioms 2026, 15, 266 7 of 14

Further, G(t)γ(t) is decreasing being the product of two positive decreasing functions
so that

H′(t) ⩽
ptp−1G(t)γ(t)

V(t)

using which in (12) gives

∫ ∞

x

g(t)
t

H(t)dt ⩽ H(x)
∫ ∞

x

g(t)
t

dt + p
∫ ∞

x

tp−1G(t)γ(t)
V(t)

(∫ ∞

t

g(y)
y

dy
)

dt

which together with (11) and Fubini’s theorem gives

I2 ⩽ p
∫ ∞

0
v(x)H(x)

(∫ ∞

x

g(t)
t

dt
)

dx + p2
∫ ∞

0
v(x)

∫ ∞

x

tp−1G(t)γ(t)
V(t)

(∫ ∞

t

g(y)
y

dy
)

dt

⩽ p
∫ ∞

0
v(x)H(x)

(∫ ∞

x

g(t)
t

dt
)

dx + p2
∫ ∞

0
tp−1G(t)γ(t)

(∫ ∞

t

g(y)
y

dy
)

dt

=: I3 + I4.

Now applying Hölder’s inequality we get

I3 = p
∫ ∞

0
v(x)H(x)

(∫ ∞

x

g(t)
t

dt
)

dx

⩽ p
(∫ ∞

0

(∫ ∞

x

g(t)
t

dt
)p

v(x)dx
)1/p(∫ ∞

0
Hp′(x)v(x)dx

)1/p′

(13)

Again, applying hölder’s inequality to calculate I4, we get

I4 ⩽ p2
(∫ ∞

0

(∫ ∞

x

g(t)
t

dt
)p

v(x)dx
)1/p(∫ ∞

0

(
tp−1G(t)γ(t)

)p′
(x)v(x)dx

)1/p′

. (14)

Now, combining the estimates (13) and (14), we get

I2 ⩽ p
(∫ ∞

0

(∫ ∞

x

g(t)
t

dt
)p

v(x)dx
)1/p[(∫ ∞

0
Hp′(x)v(x)dx

)1/p′

+ p
(∫ ∞

0

(
tp−1G(t)γ(t)

)p′
(x)v(x)dx

)1/p′]
. (15)

Finally, combining the estimates (10) and (15), we get the required upper bound (4).

As a corollary, we deduce the power weight case of Theorem 3:

Corollary 1. Let 1 < p < ∞, f ⩾ 0, α ∈ R and I↓α ( f ) be as defined by

I↓α ( f ) := sup
0⩽g↓

∫ ∞
0 f g(∫ ∞

0

(∫ ∞
x

g(t)
t dt

)p
xαdx

)1/p .

Then

I↓α,L( f ) ≪ I↓α ( f ) ≪ I↓α,R( f ),

where
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I↓α,L( f ) =

(∫ ∞

0

(∫ x

0
f (t)dt

)p′

xp′(1+α)+αdx

)1/p′

and

I↓α,R( f ) = p ×
[(∫ ∞

0

(∫ ∞

x
f (t)t−1−α(t)dt

)p′

xαdx

)1/p′

+ p

(∫ ∞

0

(∫ ∞

x
f (t)t−1−α(t)dt

)p′

x(1+p′)αdx

)1/p′]
.

3. The Case of Non-Decreasing Functions
We begin this section by proving Theorem 2 for g ↑, as an application of Theorem 3.

Theorem 4. Let 1 < p < ∞, f ⩾ 0 and v be a function such that v(t) =
∫ t

0 ξ(τ) dτ, where ξ is
positive, measurable and locally integrable function on [0, ∞). Consider the expression

J↑( f ) := sup
0⩽g↑

∫ ∞
0 f g(∫ ∞

0

(
1
x
∫ x

0 g(t)dt
)p

v(x)dx
)1/p .

Then

J↑L( f ) ≪ J↑( f ) ≪ J↑R( f ),

where

J↑L( f ) =
( ∫ ∞

0

(∫ ∞

x
t f (t)dt

)p′(∫ ∞

x

(∫ ∞

t
y−pv(y)dy

)p
tp(p−2)v1−p(t)dt

)−p′

×
(∫ ∞

x
t−pv(t)dt

)p
xp(p−2)v1−p(x)dx

)1/p′

and

J↑R( f ) = p
[( ∫ ∞

0
xp2−2p+4

(∫ ∞

x
y−pv(y)dy

)p

×
( ∫ x

0
t f (t)

( ∫ ∞

t
yp2−2p+4

(∫ ∞

y
z−pv(z)dz

)p
v1−p(t)dt

+ t−p
∫ t

0
yp2−2p+4

(∫ ∞

y
z−pv(z)dz

)p
v1−p(y)dy

)−1

dt
)p

v1−p(x)dx
)1/p′

+

( ∫ ∞

0

(
x−p

∫ x

0
tp
(∫ ∞

t
y−pv(y)dy

)p
v(t)dt

(∫ ∞

x
t−pv(t)dt

)−1
)p′

×
( ∫ x

0
t f (t)

( ∫ ∞

t
yp2−2p+4

(∫ ∞

y
z−pv(z)dz

)p
v1−p(y)dy

+ t−p
( ∫ t

0
yp2−2p+4

(∫ ∞

y
z−pv(z)dz

)p
v1−p(y)dy

)−1

dt
)p

x−pv(x)dx
)1/p′

+ p
( ∫ ∞

0
x−2p

(∫ x

0
tp
(∫ ∞

t
y−pv(y)dy

)p
v(t)dt

)p′

×
( ∫ x

0
t f (t)

( ∫ ∞

t
yp2−2p+4

(∫ ∞

y
z−pv(z)dz

)p
v1−p(y)dy

+ t−p
∫ t

0
yp2−2p+4

(∫ ∞

y
z−pv(z)dz

)p
v1−p(y)dy

)−1

dt
)p′

v(x)dx
)1/p′]

.
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Proof. A change of variable shows that

J↑( f ) := sup
0⩽g↑

∫ ∞
0 f g(∫ ∞

0

(
1
x
∫ x

0 g(t)dt
)p

v(x)dx
)1/p = sup

0⩽g↑

∫ ∞
0 f ( 1

x )g( 1
x )

dx
x2(∫ ∞

0

(
1
x
∫ ∞

1/x g( 1
t )

dt
t2

)p
v(x)dx

)1/p

= sup
0⩽g↑

∫ ∞
0 f ( 1

x )g( 1
x )

dx
x2(∫ ∞

0

(
x
∫ ∞

x g( 1
t )

dt
t2

)p
v( 1

x )
dx
x2

)1/p

= sup
0⩽ĝ↓

∫ ∞
0 f̂ (x)ĝ(x)dx(∫ ∞

0

(∫ ∞
x

ĝ(t)
t dt

)p
v̂(x)dx

)1/p ,

where f̂ (t) = f ( 1
t )

t , ĝ(t) = g( 1
t )

t and v̂(t) = v( 1
t )t

p−2. Then ĝ ↓ and the assertion follows by
applying Theorem 3.

Remark 1. A corollary to Theorem 4 for power weight similar to Corollary 1 can be formulated.

In turn, we can apply Theorem 2 to prove the version of Theorem 3 for g ↑. Precisely,
we prove the following

Theorem 5. Let 1 < p < ∞, f ≥ 0 and v be a positive, measurable and locally integrable function
on [0, ∞). Further, let I↑( f ) be defined by

I↑( f ) = sup
0⩽g↑

∫ ∞
0 f g(∫ ∞

0

(∫ ∞
x

g(t)
t dt

)p
v(x)dx

)1/p .

Then

I↑L( f ) ≪ I↑( f ) ≪ I↑R( f ),

where

I↑L( f ) =
(∫ ∞

0
x f (x)dx

)(∫ ∞

0
x−pv(x)dx

)−1/p

+

(∫ ∞

0

(∫ ∞

x
t f (t)dt

)p(∫ ∞

x
t−pv(t)dt + x−p

∫ x

0
t−pv(t)dt

)−p′

x−pv(x)dx

)1/p′

and

I↑R( f )

=

(∫ ∞

0

(∫ ∞

x
t f (t)dt

)p(∫ ∞

x
t−pv(t)dt + x−p

∫ x

0
t−pv(t)dt

)−p′

x3−p
∫ x

0
t−pv(t)dtdx

)1/p′

+

(∫ ∞

o
x f (x)dx

)(∫ ∞

o
x−pv(x)dx

)−1/p
.
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Proof. As in the proof of Theorem 4, a change of variable gives that

J↓( f ) := sup
0⩽g↑

∫ ∞
0 f g(∫ ∞

0

(∫ ∞
x

g(t)
t dt

)p
v(x)dx

)1/p

= sup
0⩽g↑

∫ ∞
0 f ( 1

x )g( 1
x )

dx
x2(∫ ∞

0

(∫ 1/x
0 g( 1

t )
dt
t

)p
v(x)dx

)1/p

= sup
0⩽g↑

∫ ∞
0 f ( 1

x )g( 1
x )

dx
x2(∫ ∞

0

(∫ x
0 g( 1

t )
dt
t

)p
v( 1

x )
dx
x2

)1/p

= sup
0⩽ĝ↓

∫ ∞
0 f̂ (x)ĝ(x)dx(∫ ∞

0

(
1
x
∫ x

0
ĝ(t)

t dt
)p

v̂(x)dx
)1/p ,

where f̂ (t) = f ( 1
t )

t , ĝ(t) = g( 1
t )

t and v̂(t) = v( 1
t )t

p−2. Then ĝ ↓ and the assertion follows by
applying Theorem 2.

Finally, in this section, we prove Theorem 2 for the case 0 < p ⩽ 1.

Theorem 6. Let 0 < p ⩽ 1, f and v be non-negative measurable functions on [0, ∞) with v locally
integrable. Then

J↓L( f ) ≪ J↓( f ) ≪ J↓R( f ),

where

J↓L( f ) = sup
r⩾0

(∫ r

0
g(x)dx

)(∫ r

0
x−pv(x)dx

)−1/p

and

J↓R( f ) = sup
r⩾0

(∫ r

0
f (x)dx

)(∫ r

0
v(x)dx

)−1/p
.

Proof. The lower bound is obtained by using the test function

χ(0,r) f (x) =

0 if x > r

1 if x ⩽ r.

Next, note that for f ↓

f (x) ⩽
1
x

∫ x

0
f (t)dt

and the upper bound follows by using [1] (Theorem 6.5).

Remark 2. It is of interest if Theorems 3–5 can be proved for 0 < p ⩽ 1 and also if Theorem 5 can
be proved for g ↑.
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4. Radially Monotone Functions
Recall that by B(x), we shall denote the ball in Rn centered at the origin and with

radius |x|. We shall denote by ∑n−1 the surface of the unit ball in Rn and by |∑n−1| its area.
By using the polar coordinates, we shall be writing∫

Rn
F (x)dx =

∫ ∞

0

∫
∑n−1

tn−1F (tτ)dtdτ

and similarly other integrals in Rn.
We mention below the n-dimensional version of Theorem 1 proved by Drábek, Heinig

and Kufner [12]:

Theorem 7. Let 1 < p ⩽ q < ∞ and W , U be weight functions on Rn, i.e., the functions which
are measurable, positive and finite almost everywhere on Rn.

(a) The inequality

(∫
Rn

W(x)
(∫

B(x)
F (y)dy

)q
dx
)1/q

⩽ c
{∫

Rn
U (x)F p(x)dx

}1/p

holds for F ⩾ 0 if and only if

sup
α>0

(∫
|x|⩾α

W(x)dx
)1/q(∫

|x|⩽α
U 1−p′(x)dx

)1/p′

< ∞.

(b) The inequality

(∫
Rn

W(x)
(∫

Rn\B(x)
F (y)dy

)q
dx
)1/q

⩽ c
(∫

Rn
U (x)F p(x)dx

)1/p

holds for F ⩾ 0 if and only if

sup
α>0

(∫
|x|⩽α

W(x)dx
)1/q(∫

|x|⩾α
U 1−p′(x)dx

)1/p′

< ∞.

Below we prove the n-dimensional version of Theorem 4.

Theorem 8. Let 1 < p < ∞, f ⩾ 0 and v be a function such that v(t) =
∫
B(t) ξ(τ) dτ, where ξ

is positive, measurable and locally integrable function on Rn. Let I↓(F ) be defined by

I↓(F ) = sup
0⩽G↓r

∫
Rn F (x)G(x)dx(∫

Rn

(∫
Rn\B(x)

G(t)
|B(t)|dt

)p
V(x)dx

)1/p .

Then

I↓L(F ) ≪ I↓(F ) ≪ I↓R(F ),

where

I↓L(F ) =

(∫
Rn

(∫
B(x)

F (t)dt
)p

W̃−p′(x)W(x)dx
)1/p′

(16)
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and

I↓R(F ) = p
[(∫

Rn
x−pṼ p(x)V1−p(x)

(∫
Rn\B(x)

FW̃−1
0

)p′

(x)dx

)1/p′

+

(∫
Rn

(
xpγ̃(x)Ṽ−1(x)

)p′
(∫

Rn\B(x)
FW̃−1

0

)p′

V(x)dx

)1/p′

+ p

(∫
Rn

xp
(∫

Rn\B(x)
FW̃−1

0

)p′

γ̃p′(x)V(x)dx

)1/p′]
, (17)

where W(x) = |B(x)|−pṼ p(x)V1−p(x) and W̃(x) =
∫
B(x)

W(t)dt.

Proof. Make the following changes of variables.
Let t = sσ and x = yτ, where s, y ∈ (0, ∞) and σ, τ ∈ Sn−1. By using the fact that

g(sσ) = g(s) since g is radial, we get:

(∫
Rn

F (x)G(x)dx
)(∫

Rn

(∫
Rn\B(x)

G(t)
|B(t)|dt

)p
V(x)dx

)−1/p

=
1
n

(∫ ∞

0
F̂ (y)G(y)dy

)(∫ ∞

0

(∫ ∞

x

G(t)
t

dt
)p

Ṽ(x)dx
)−1/p

,

where F̂ (y) = yn−1
∫

∑n−1
F̂ (yσ)dσ and v̂(y) = yn−1

∫
∑n−1

v̂(yσ)dσ.

and hence, by using the one-dimensional result (3) and using the fact |B(x)| = |x|n|∑n−1 |
n ,

we find that

I↓L(F̂ ) =
1
n

(∫ ∞

0

(∫ x

0
F̂ (t)dt

)p′

Ŵ−p′(x)W1(x)dx

)1/p′

=
1
n

( ∫ ∞

0

(∫ x

0
yn−1

∫
∑n−1

F̂ (yσ)dσdt
)p′

×
( ∫ x

0
t−p
(∫ t

0
yn−1

∫
∑n−1

V̂(yσ)dσdy
)p(

tn−1
∫

∑n−1

V̂(tσ)dσ

)1−p
dt
)−p′

× x−p
(∫ x

0
yn−1

∫
∑n−1

V̂(yσ)dσdy
)p(

xn−1
∫

∑n−1

V̂(xσ)dσ

)1−p
dx
)1/p′

=

( ∫ ∞

0
xn−1

∫
∑n−1

(∫ x

0
yn−1

∫
∑n−1

F̂ (yσ)dσdt
)p′

×
(∫ x

0
tn−1

∫
∑n−1

(∫ t

0
yn−1

∫
∑n−1

V̂(yσ)dσdy
)p

|B(t)|−pV̂1−p(tσ)dσdt
)−p′

×
(∫ x

0
yn−1

∫
∑n−1

V̂(yσ)dσdy
)p

|B(x)|−pV̂1−p(xτ)dτdx
)1/p′

=

(∫
Rn

(∫
B(x)

F (t)dt
)p

W−p′(x)W̃(x)dx
)1/p′

(18)

and
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I↓R(F̂ ) = p
[(∫

Rn
x−pṼ p(x)V1−p(x)

(∫
Rn\B(x)

FW̃−1
0

)p′

(x)dx

)1/p′

+

(∫
Rn

(
xpγ̃(x)Ṽ−1(x)

)p′
(∫

Rn\B(x)
FW̃−1

0

)p′

V(x)dx

)1/p′

+ p

(∫
Rn

xp
(∫

Rn\B(x)
FW̃−1

0

)p′

γ̃p′(x)V(x)dx

)1/p′]
. (19)

Now combining (18) and (19) we will have the upper and lower bound.

Using the similar arguments as in the previous theorem, the following theorem can be
proved which is the n-dimensional analogue of Theorem 2.

Theorem 9. Let 1 < p < ∞, F ⩾ 0 and V be a positive, measurable and locally integrable
function on Rn and let I↓(F ) be defined by

I↓(F ) = sup
0⩽G↓r

∫
Rn F (x)G(x)dx(∫

Rn(
1

|B(x)|
∫
B(x) G(t)dt)p(x)V(x)dx

)1/p .

Then

I↓L(F ) ≪ I↓(F ) ≪ I↓R(F ),

where

I↓(F ) ≈ ∥v∥−1/p
1 ∥F∥1

+

(∫
Rn

(∫
B(x)

F (t)dt
)p′(∫

B(x)
V(t)dt + |B(x)|p

∫
Rn\B(x)

|B(t)|−pV(t)dt
)−p′

V(x)dx

)1/p′

and

I↓(F ) ≈ ∥v∥−1/p
1 ∥F∥1

+

(∫
Rn

(∫
B(x)

F (t)dt
)p′(∫

B(x)
V(t)dt + |B(x)|p

∫
Rn\B(x)

|B(t)|−pV(t)dt
)−p′

× |B(x)|p−1
∫
Rn\B(x)

|B(t)|−pV(t)dtdx
)1/p′

.

Remark 3. Writing x = tσ and making change of variable t = 1/s, we get that∫
Rn

F (x)G(x)dx =
∫ ∞

0

∫
∑n−1

tn−1F (tσ)g(tσ)dtdσ

=
∫ ∞

0

∫
∑n−1

sn−1F̃ (sσ)G̃(sσ)dsdσ

=
∫
Rn

F̃ (y)G̃(y)dy,

where F̃ (sσ) = 1
s2n−1 F ( σ

s ) and G̃(sσ) = 1
s2n−1 G( σ

s ). Clearly, if F ↑ r then F̃ ↓ r and similarly,
G and G̃ are related.

Remark 4. In view of Remark 3, the n-dimensional analogue of Theorem 2 can be formulated and
proved. We skip the details for conciseness.
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