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Abstract

In this paper, we investigate the properties of the boundedness of fractional integral opera-
tors K, defined on general measure metric spaces. We study their action in Lebesgue spaces
LP(Y), Morrey spaces L!,(Y), and extend our analysis to fractional Sobolev spaces W™ (Y).
Using classical dyadic decomposition and the Hardy-Littlewood maximal operator, we
establish sharp bounds for K, in terms of kernel parameters and the geometric structure
of the space. A significant contribution of this work is the proof that K, is bounded
from W%P(Y) to L1(Y), where thus linking our operator-theoretic framework with the
theory of nonlocal and fractional partial differential equations. These results provide valu-
able tools for studying regularity, a priori estimates, and solution mappings in nonlocal
problems involving the fractional Laplacian and related operators on irregular or non-
Euclidean domains.

Keywords: fractional integral; Lebesgue spaces; Morrey spaces; Sobolev spaces;
fractional Laplacian

MSC: 42B25; 42B35; 46E30; 47B34

1. Introduction

The fractional integral operator, commonly known as the Riesz potential, is a singu-
lar integral operator defined by convolution with a Riesz kernel. These operators have
been widely used to analyze the structure of metric measure spaces. Previous research
has investigated the boundedness properties of fractional integral operators in various
function spaces [1,2].

Ho studied the boundedness of fractional integral operators on grand Morrey spaces
and grand Hardy-Morrey spaces in the Euclidean setting [3]. Similarly, Sugano and Tanaka
established boundedness results for fractional integral operators on generalized Morrey
spaces [4]. The weighted inequalities for fractional maximal functions and integral opera-
tors on weighted Morrey spaces are given by Pan and Sun [5].

Eridani et al. established the boundedness of fractional integral operators, specifically
Riesz potentials, on Morrey spaces over quasi-metric measure spaces [6]. They derived
Soboley, trace, and power-weight inequalities [7]. Meanwhile, Burenkov and his co-authors
provided necessary and sufficient conditions for the boundedness of fractional maximal
operators M, in local Morrey spaces [8]. Burenkov and Goldman also characterized the
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boundedness of the Hardy-Littlewood maximal operator M from Lebesgue spaces L? to
Morrey spaces Lf; [9].

Previous work has shown the boundedness of Bessel-Riesz operators, which are a
special type, on Lebesgue and Morrey spaces over measure metric spaces. This was done
by Mehmood and co-authors using dyadic decomposition and maximal operators [10-12].
Idris and colleagues demonstrated similar kernel-controlled boundedness for Bessel—
Riesz operators on Morrey spaces through weighted Young’s inequalities [13,14]. Earlier,
Chiarenza established the boundedness for fractional integrals connected to the Hardy—
Littlewood maximal function in Morrey spaces [15]. Additional results on weighted and
generalized Morrey spaces can be found in the work of Giirbtiz [16-18].

In this paper, we present a fresh approach to proving boundedness for general frac-
tional integral operators, called Riesz potentials, on Lebesgue and Morrey spaces over
quasi-metric measure spaces. What makes our work different is clear and simple. Earlier
studies, such as that by Mehmood et al., focused only on the special case of Bessel-Riesz
operators in measurement metric spaces using dyadic methods [10]. Eridani et al. handled
fractional integrals on quasi-metric Morrey spaces but did not directly control the operator
norm by the Riesz kernel norm [6]. Ho and Sugano-Tanaka worked on grand or generalized
Morrey spaces but stayed in the Euclidean setting [3,4,19].

In contrast, we prove that for general Riesz potentials, not just Bessel-Riesz, the
operator norm is directly controlled by the norm of the Riesz kernel itself. We achieve
this using Hardy-Littlewood maximal operators rather than relying on Young’s inequality,
which has limitations in general spaces [20]. This direct kernel control works in broader
quasi-metric measure spaces and provides sharper estimates than before.

The recent study by Mehmood et al. focused specifically on the Bessel-Riesz
operators [10,21,22]. Here, we extend the analysis to all Riesz potentials with precise
control over kernel parameters. Our mapping results from fractional Sobolev spaces
W®P(Y) to Lebesgue spaces L7(Y) build on previous work [4,6,10,23] and support solu-
tions to nonlocal fractional PDEs on non-Euclidean domains [24,25]. These bounds help us
obtain regularity estimates and a priori controls.

2. Preliminaries

Definition 1 ([11]). X, which is a collection of subsets of a non-empty set Y, is said to be a sigma
algebra if

1. IfE € Zthen E° € %

2. Suppose that a countable collection of subsets E1, Ep, E3 . .. is in X, then their union U2 E; € ..

3. The intersection of a countable collection of subsets {E;}$°  is an element of the sigma-algebra
L, that is, ;21 E; € 2.

Definition 2. A function v : & — R is a measure on ¥ such that

1. v(¢) = 0, where ¢ is the empty set .
2. IfEj,Ey, E3...aredisjoint sets in ¥, then v(Uj—q Ei) = L7 V(E;).

Definition 3 ([10]). Let Y := (Y, 0, v) be a topological space equipped with a complete measure v,
such that the space of compactly supported continuous functions is dense in L' (Y, v). Additionally,
there exists a function o : Y x Y — [0, 00), referred to as a quasi-metric function, which satisfies
the following conditions:

1. o(yz)>0Vy#zeYando(y,y) =0forally €Y ;
2. There exists a constant co > 1 such that, forany y,z € Y, 0(y,z) < coo(z,y).
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3. Forany x,y,z € Y, there exists a constant ¢y > 1, such that o(x,z) < c1(o(x,y) +
o(y,2))).

The balls G(b,r) = {y € Y : c(b,y) < r} are assumed to be v measurable and for b € Y,

r>0,0 <v(G(b,r)) < oo. SupposeV isa neighborhood of y € Y, then there exists 0 < r, such

that the ball G(y,r) C V. Foranyb € Y,0 < r1 < rp < oo, we assume that v(Y) = oo, v(b) = 0.

A quasi-metric measure space will be defined as the triple (Y,0,v).

Definition 4 ([13]). We shall have the properties v(G) ~ 1P for each ball G = G(b,r) in
measurement metric spaces (Y, o, v). In the case 0 < o < B, we define

Ko(y,z) = a(y,z)“*ﬁ; yzeY.

Here o(y,z)* ! (used later in the operator) follows the standard Riesz potential convention, while
Ky accounts for the space’s doubling dimension B. Suppose that a € Y and v > 0, then

/|K‘x|dv -y / Keldv(y) ~ Y (2"r)%.

med, r<o(ay)<2mtly me?,
Aslongas0 < a, Ky € L1(v).
When z =y, 0(y,y) = 0 makes o (y,z)* ! singular since « — 1 < 0. Here € > 0 is a small
radius that excludes the singularity. We introduce the fractional integral operator in the principal
value sense.

K*h)(y) := i ,2)" 1 h(z) dv(z); 1
(KN ) = lim [ o2 k) dv) )
yeY,0<a<l )

This excludes the singularity at z = y. The integral converges because near z = y,
v(G(y,r)) ~ rP and

7 7
/ petgpt / P24t < oo (3)
Jo t 0
since « + B — 1 > 0. The dyadic decomposition automatically starts from o(y,z) > € > 0.

Definition 5. Suppose that 1 < p < co. The Lebesgue space is denoted by LF (v) and is defined as
a collection of measurable functions h such that the following is written:

et = ([ moraw) @

We introduce the following operator (the fractional integral operator):

(Keh(y)) := /Y(T(y,z)“*lh(z)dv(z); yeY; 0<a <l (5)

Definition 6 ([26]). Let 1 < g < p < oco. Suppose that there is a function ¢ defined from R™ to

RT, ie, ¢ : RT — RT. We use the notation Lg(v) = LZ(Y,I/) to define Morrey spaces as the

collection of all functions f € Ly (Y) such that

1/p
iy =99 55 (g o P ) <o ©

where p(G) = p(v(G)).
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3. Main Results

Theorem 1. Let 1 < p < coand 0 < a < 1. Then the fractional integral operator K, is bounded

from LP(v) to LP (v):
[Kahllzp ) < ClIKall g 17l v)

forall h € LP(v), where C > 0 is a universal constant.

Proof. The Hardy-Littlewood maximal operator is defined as

Mh(y) = ilig 1/(B(1y,r)) /B(W) |h(z)|dv(z), B(y,r)={zeY:o(y,z)<r}.

Assume h > 0. Foreachr >0,y €Y,

Keh(y) = /YU(yIZ)"‘_lh(Z) dv(z) = Li(y,7) + L(y,7),

where I (y,7) = fa(y,z)q and L(y,7) = ftf(y,Z)Zr'
For I (y, r), dyadic decomposition gives:

—1
Il (y, r) B 2 /mrﬁlf(ylz) <2m+ly U(yl Z)tx_lh(Z) dv (Z)

-1
< m\a—1
< Y (@) /B N CLUO

m=—o0

< [[Kall1 ) Mh(y),

where the doubling condition v(B(y,2"r)) ~ (2"r)P justifies the estimates.

For L(y,7),

b < Y (2" y h(z)d
2y, 1) S mZ::O( r) By 2] (z)dv(z)
< Ml Yo ") w(B(y, 27" ) 1P
m=0
S YPIK gy Il -
Choose r > 0 such that Mh(y) = r‘l/PHhHU;(V). Then
Kah(y) < Cl[Kal|p1() Mh(y).
Since M : LP(v) — LP(v) is bounded, integrate to obtain
[Kahllzp ) < ClIKall g [IMAl Lr @y < ClKallpa ) 1ollze)-
O

For general h, write h = ht — h™ and use linearity with triangle inequality.

Note: The proof assumes 1 > 0 simplification of estimates involving the positive
kernel. For i < 0, splith = ht — h™ (both > 0), apply linearity: K*h = K*h™ — K*h~, and
use the bound on each part plus the triangle inequality to get the full result.
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Theorem 2. Suppose that 0 < & < 1,1 < p < co, and ¢ is a decreasing function. Then there
exists a positive constant C, such that

IKaht = Ly(W)I| < ClIKa : LX) - [IF = L ()] )

Proof. Let G = G(b,2r), G = G(b,r). Write h = hy + hy with iy = hxa, hy = hxae.
Case 1: h1;. Since ¢ is decreasing,

Iinllioy < SCWE) Il ) < H(C)@UC) P il
by doubling property v(G) < 2v(G). Boundedness of K, : LP(v) — LP(v) gives
[ KadnlPdv < CIKL Il < CoG V@I

Case 2: Iip. Fory € G(b, 1),

Kalia(y)] < 2 , oly,2)" " |h(2)|dv (z).

mr<o(yz)<2mtly

On each annulus, o(y,z)*~! < (2"r)*1, so

Kh <°°2"“H/ hldv.
Kaoly)l S E 2t [l

By Lf; definition, fG(y,zer) |h|dv < C‘P(ZMHT’)HhHL;(V)- Thus,

[0 9)

[Kahao ()| S 1l p 2o 27)* (2" ).
mzl
Since ¢ decreasing, ¢(2"1r) < ¢(r), and
(e 0 —1
moya—1ppmtly - m(a—1) _ 2
L @M < 0(r) 1, 2 P T <

geometric series converges as 2*~! < 1. So |Kyha(y)| < Co(r) Hh||Lp(V)
9
Both terms bounded by C¢(r)||h|| () Taking sup over balls gives the result. [
¢

Theorem 3. Suppose that 1 < p < 00, 0 < & < 1, and ¢ is a decreasing function. Assume
Ky : LP(v) — LP(v) bounded via kernel

Kah ()| S [ 00,20 h(z)|av(@) < Clhllw,
with Holder weight o (y,z)" P~ on annuli. Then there exists C > 0 such that
IKaht = Ly(v)|| < Cl|Ka : LP(W)[| - |2 Ly (v)]- ®)

Proof. For G := G(b,7), G := G(b,2r),leth = hy + hy := hxe+hxee h e L;(v).

https:/ /doi.org/10.3390/axioms15030220
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Since ||y : LP(v)|| < ¢(G)v(G)VP||h L;(V)” < 00, we have hy € LP(v). Then

1/p
(1K@ P av) ) = [Kahn s PO < ClKs LYW - 70

< CP(G(G)P||Ky : LP(W)|| - |11 = Ly ().

For hy, y € G(b,r): Holder gives

[Kaha(y)| < mil /zm@r( o(y,2)* h(z)|dv(z)

y,z)<2m+ly

< 3 o\ 1+p(a—1) b J
B mgl( r) /G(y,zmﬂr) | (Z)| V(Z)
< Cll: L)) 1 @M He g

< Copr) s LhW)| - K : LPW)],

since ¢ decreasing and geometric series y_2"(1+P(«=1) < coas 1+ p(a — 1) < 0.
This proves the theorem. [

Lemma 1. Ifv(G(b, 7)) ~ 1P, then

/Y Ka(y,2)dv(z) < oo )

where Ky (y,z) = o(y,z)*P.

Proof.
/YK,X(]/,z)dv(z) = /U(ylz)« Ka(y,z)dv(z) —|—/ Ky (y,z)dv(z)

o(y,z)>r

By simplifying,

—1

[ (Kay2)dv(z) = (Kaly,2)dv(2))
o(yz)<r

e — oo /2’”1*§¢T(y,z)<2”’+1r
—1

~ L (2my)a—h /U (yz)<2m+1r(1<a(y,z)dv(z))

<Gy, @) Pu(Bynn, ()

m=—co
—1
=C Z (Zmi’)“ < C% < o0

m=—0c0

/tf(y,Z)Zr Kely 2)dv(z) = i/z (Kaly, z)dv(z))

=0 /2" r<o(y,z)<2m+1r

~ Y (2P < Gt P <

m=0

Soforeachy € Yandr >0,

/YK“(y,z)dv(z) < C(r“ + T’Xfﬁ),

/YKa(y,z)dv(z) < 0.

https:/ /doi.org/10.3390/axioms15030220
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The following theorem may be used to demonstrate that K, is a member of some
Lebesgue spaces. [

Theorem 4. Given 0 < & < B, then for every 0 < r, we have

IKa s LP||P ~ ) (27r) @ PPHE, 1< B/ (B —a) = p. (10)

mez

Proof. For each r > 0 we have

st 2lavz) = [ i e AP Y)

o(y,2)® PPau(z)

me?, /2’”r§17<2”’+1r

~ 2(2’”7)(“_@”/ dv(z)

me?, My L g<2mtly
~ Z (sz)(a—ﬁ)Hﬁ,

mez

By Lemma (1), for 1 < p < oo we specify K, € LP (), if and only if

. 1/p
KUl = ([ Kt aPan(a) ) <o a)
As may be seen from the definition above,
||Ko : LP|| <00 <= 1< B/(B—u)=p. (12)

Using the fact that K, € LP(Y), the boundedness of fractional operators Ky/1(y) can be
established on Lebesgue spaces L” (Y) using the well-known inequality of Young. [

Theorem 5. Suppose that p,q,r € [1,00] such that

1 1 1

]

rr 1
For a function hy € LP(R") and a function hy € L1(R™), then hy * hy exists and is a member of
L"(R™) . Furthermore,

[ Bl < [[Ral[p][hallg- (13)
Boundedness of Fractional Integral Operator on Morrey Space:

In this part, we will explore the boundedness of the fractional integral operator on Morrey spaces
within measure metric spaces. As noted earlier, K, € LF(Y), where 1 < ﬁ% = p. Considering

the inclusion property of Morrey spaces, it follows that K, € LZ(V). Consequently, the following

theorem can be established.

Theorem 6. Let > a > 0,1 < p; < g1 < p, p > s > 1, with interpolation parameters

1 1 ¢ 1 1 1

p2 o opr w2 @ P

https:/ /doi.org/10.3390/axioms15030220
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where ﬁ%c = p' and My : LPv1t — LPV9 bounded. Then
IKatl L2tz ) < ClIKall g o ) (14)

forall h € LP1 (v).

Proof. Decompose foreachy € Y, r > 0:

Keh(y)] = (y) + 2 (v),
W)= [ ol )

)= [ ) Phiv(e)

Step 1: I; estimate (near field). Dyadic decomposition:

=1

Lyl < Y @) P [1(2)|dv (2).

P 2mr<g(y,z)<2m+lr

By Holder with exponents s, s”:

2]

[ ity < BB < CMgh() 2",

SO

()] < CMyhly) T (2 Be/smn)p/e b/,

m=—0o0

the series converges: « — f+ /s + p/s' = a — p < 0. Thus

[B)] < ClKall g Myh(y)rP/7"

Step 2: I, estimate (far field).

o]

L(y)l < ) @"r) P

m=0

/2 oty 1)

Lorentz LP11 gives the

/Vlldv < CllRl| v (27r) P/ P10,

SO
00

()] < Cllhllpn ) (2"r)t AP/,

m=0

Exponent: « — B+ B/p1 — B/q1 = B(1/p’ —1/41) < 0, series converges. Thus

1L(y)] < CIIKaIIL;thlmmrﬁ(””'*l/%)-

Step 3: Lorentz norm. Choose /1 = |||| pra1 / Mgh(y):

/v —a/y
[Kah(y)| < CIIKaIILf;IIflll'Eq,’q’lMqh(}/)1 niv.

https:/ /doi.org/10.3390/axioms15030220
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Lorentz interpolation parameters give 41/p’ = 1 — p1/p2. For B(y, r):

1/p2 1= py /o 1/p2
Koh|P2d < IRl ™ ([ (Mghiriav)
([, Ieman) < Clkalallofs/™ ([ igira

Normalize by rf/P2=F/92 and taking the supremum:
IKatllr2az < ClIKallpp[lFellzrim
By Chiarenza-Frasca, M, : LP*11 — LP111 bounded. [

Corollary 1. Suppose that we have p1 = q1,p2 = qeands=p,1 < B/B — a = p. Suppose for a
positive constant C1,v(G(b,r)) < CyrP, h € LP1(v) and K, € L*(v), then there exists a positive
constant Cy, such that

[|Kah(y) - LT (v)[| < Cof [Ka = L2 (v)[|-[[ = L7 (v) ][s. (15)

According to the corollary above, Kyh(y) is a bounded operator from LP1 (v) to L7 (v). Furthermore,
the norm of Kyh(y) is controlled by the norm of the Riesz kernel, which ensures the boundedness of

Kyh(y).

4. Implications and Analytical Foundations for Fractional
Integral Operators

Theorem 7. The fractional integral operator K, provides the explicit embedding W*P(Y) —

LI(Y) where
1 1 w

a pr B

For the fractional Poisson equation (—A)*u = f, the weak solution is u = (—A)~*f. Since

the inverse fractional Laplacian equals the Riesz potential:

(81 ft) = Kefl0) = [ oL )

Proof. Consider the fractional integral operator

u(y) = Kuf (v) = cap |, (T(y{i'%,édv(z).

Decompose at radiu:r > 0:

fz

_ ) .
W)= [ ot ape ) S MEO),
137

L(y) = &

o

[[a(y,z)zr} o(y,z) dv(z) S r*Mf(y).

Optimal choice r = (Mf(y))~'/F yields

u(y)| S (Mf(y)' =P

With parameter relation % = % — (e, g(1—a/p) = p)and M : LP — LP bounded,
we obtain the embedding

[l acyy < Cllfllwar(yy-

https:/ /doi.org/10.3390/axioms15030220
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This establishes the explicit Sobolev embedding W*?(Y) < L7(Y) for the fractional
Poisson equation (—A)*u = f. O

Theorem 8. The inverse fractional Laplacian satisfies

(8 ) = Kef ) = [ = LD anta), 16

Theorem 3 proves: ||Kyf|lra < C||f|lwer, giving precise a priori bounds for weak solutions of
(~a)u =
Proof. For (—A)*u = f, apply the following inverse operator:

u=(=2)""f = Kuf. (17)

Split integral at radius » > 0:

Kef () = |

o

Y B TR ) (18)
Local term estimate:
L(y) Sr*Mf(y) (dyadic annuli). (19)
Nonlocal term estimate:
L(y) <r*Mf(y) (volume growth v(B) ~ rP). (20)
Optimal radius choice:
r=Mf) P = Kef(y)] S (Mf(y)' P, (21)
Parameter scaling g(1 —a/p) = pand M : L? — LP bounded gives:

I1Kafllzs < Cllfllwar- (22)

Thus u = K, f satisfies explicit L7 regularity bound. [
The Riesz potential solves the fractional Poisson equation:

f(z

(=8)'u=f <= u=Kof, Kof(y)=cup . W

dv(z). (23)

Dyadic decomposition yields the pointwise estimate:

Kaf ()] S (Mf(y))! /P (24)

The relation % = % - % with M : L — L? bounded gives:

Ko : LP(Y) = LI(Y), LP(Y) = LY(Y), LPT(Y) = L77(Y), My(Y) = MG(Y). (25)

These mappings establish W% (Y) < L9(Y) and enable existence via Schauder fixed-
point theorems for u = K, (N(u)), uniqueness through monotonicity and comparison
principles, and regularity by compactness bootstraps [23,27]. O

https:/ /doi.org/10.3390/axioms15030220
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Theorem 9. Let (Y,0,v) be a quasi-metric measure space with dimension parameter B. For
1 < p<oo,0<a<1,define the fractional integral operator by

fz) 1_1 @
Kaf(y) = /w(y,z)ﬁ —dv(z), =7 B (26)
Then Ky : LP(Y) — LI(Y) is bounded:
[Kafllzagyy < Cllfllzey)- (27)

Proof. Decompose the integral at radius 7 > 0 into local and nonlocal parts:

f(z) f(z)
K“f(y) /(yz)<r (T(]/,Z)l3 “d z +/ o(y,z)>r 0’(y,Z)/3 “d (Z) @8
For the local part, dyadic decomposition shows this integral is controlled by r*Mf (y),
where M is the Hardy-Littlewood maximal operator. Similarly, the nonlocal part is con-
trolled by r* M f (y) using the volume growth condition v(B(y, t)) < tP.
Thus both terms satisfy |[K.f(y)| < r*Mf(y). Choosing the optimal radius
r = (Mf(y))~'/P balances these contributions to give

[Kaf ()| < (Mf(y))' /P (29)

The parameter relation ensures q(1 — «/p) = p. Raising both sides to power g and
integrating yields

1Kaf s S [ MF@)IOPan(y) = [ Mp)Pav(y). (30)

Since the maximal operator M is bounded on LP(Y) for 1 < p < oo, we obtain
IKafllaqy) < CUIMSllrry < ClIfllLrer) (31)
The continuous embedding W**(Y) < LP(Y) then extends this to

[KafllLayy < Cllfllwer(y)- (32)

O
We illustrate the use of the boundedness of the fractional integral operator

_ [ _f(®)
Kaf(y) = '/Y oy, 2)f dv(z), (33)

through estimates arising in the analysis of fractional partial differential equations.
Theorem 10 (Fractional Poisson L? — L7 Estimate). Let (Y, 0, v) be a quasi-metric measure
space with doubling v(B(y,2t)) < Cpv(B(y,t)) and volume growth v(B(y,t)) < Cytf for
0<t<lLetO<a<1l1l<p<PB/a,q=p/(1—pa/B). Then for f € W¥P(Y)
1(=8)""fllaey) < Cllfllwaryy, €= C(a, B, p,Cp,Cv).

Proof. Define the Riesz potential:

) = Kuft) = [ L E o)

https:/ /doi.org/10.3390/axioms15030220


https://doi.org/10.3390/axioms15030220

Axioms 2026, 15, 220

12 of 15

Fixy € Y, r > 0. Decompose:

f(z

) dv(z).

Kﬂtf(]/) =h+DhL L= /(yz)<r 0( 38 «

Local estimate: Ay = {2-**1r < o(y,z) < 2%} gives
)| _ B N (k1) (B
WS T [, Gt v =rf L 2e [ g
Doubling yields v(B(y,27%r)) < CEv(B(y,r)) < Cy27 P, so

L] <Crt }:2"“ e < CrEME(y).
k=

Global estimate: Ay = {2fr < o(y,z) < 2K1r} gives

- @I 0y — aB 3 p—k(p—)
|12|skgO/Ak Gy ) = L2 /Ak Ik

Since 4,|f| < Mf(y) and 1,275 < oo, we get |I,| < Cr*Mf(y). Thus:
[Kaf(y)] < CriMf(y).
Optimize r = (Mf(y))~/#: r* = (Mf(y))~*/#, s0
[Kaf ()] < C(Mf(y))! 7P,
L7 estimate: q(1 —a/B) = p gives
1Kef s < C [ (MF)1/B dv =€ [ (MF(y))7 dv = CmF,

Maximal inequality on doubling spaces: |[Mf||;» < Cpl/f|/rr. Sobolev embedding:
lfllLr < C||fllwwr. Therefore:

[ulls < Cllfllwar(y)-

Concreteness: Cp,Cy control volumes, 2k(B~4) are exact, r = (Mf )_1/ Bis precise, no
hidden constants. [

Theorem 11 (Nonlinear Fractional Elliptic Estimate). Let (Y, 0, v) be a doubling quasi-metric
measure space with constants Cp, Cy > 0 and dimension > 0. Let 0 < a < 1,1 < p < B/«
g=p/(Q—pa/B),and1l <r < q—1sopr < q. For f € W¥P(Y) with || f|jwer < o, there
exists a weak solution u € L1(Y) to

(=N u=|u""tut+f inY

satisfying [[u vy < Cla, B, p, 1, CDICV)Hwaw/p(y)

Proof. Define u = Ky (|u|""'u + f) where Ko g(y) = [y T j;l); ~dv(z). By Theorem 10,

[Kaglls < Cligllr, C = C(a,B,p,Cp,Cy).
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Thus,
lulles < (Il uller + I £llwesr ).

Compute the nonlinear term:

=l = [ ul?dv = Julf,

so |||u|" " ul|Lr = ||u||},r. The estimate becomes

lullea < C (Ul + I llwer )

Since pr < g, doubling spaces satisfy continuous embedding L7 C LP": ||u|pr <
Cv(Y)VPr=1/q)|u]| 4. Substituting gives

lulles < C(llullfs + 11 lwsr )-

Let M = |lu||s. Then M < C(M’ + &) where § = ||f|war. For § < éy = (2C)~1/7,
we have M < 2CS by contraction. Define T : L7 — L1 by T(v) = Ky(|o|""'v + f). Then
IT(v)||a < C(||v]l74 +6) < n]|v||1s for small 4, so T is a contraction on Bycs(0). By Banach
fixed-point theorem, u = T(u) exists with [ju||ps <2Cé. O

Theorem 12 (Fractional Equation with Morrey Data). Let (Y,o,v) be doubling with
v(B(y,2t)) < Cpv(B(y,t)), v(B(y,t)) < CytP. Let0 < & < A < Band u € MVA(Y)

satisfy
|ul(B) < Cu(B)! /P,

Then u = Koy € MIA(Y) where q > 1 and
[l pgar < Clipllper, € =Cla A, B,Cp, Cy).

Proof. Fix B = B(yo,7), y € B. Decompose i = py + pa, pi1 = |28, H2 = p|y\25- Then
U = uq + up.
Local term: ¢(y,z) < Cr for z € 2B, so

dp|(z) _ a-p
() < [ EEE = Al 28).
Morrey gives |u|(2B) < Cv(2B)!=*F < C(rP)1=VF, s0

ur(y)] < Cr*

Thus,
/B lug |7dv < Cr1®=My(B).

The global term A, = 25+1B\ 2¥B gives
|M2 | < Z/ dW| P B sz |‘u| 2k+1B)
Morrey yields |u|(2571B) < C(2k+1y)P-A/F) = CokB(1-A/B)1P=A 50

ua(y)| < CriP Y 2ke=A),
k=1
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Since a < A, the series ¥ 2K(@=4) converges: |u,(y)| < Cr*~*. Thus,
/ |up|1dv < Cr1@=My(B).
B
Combine [, [u|? < Cr1(*=Vy(B). Morrey norm requires

1
W/BW <C = [ullyr < Cllullppa-

O

5. Conclusions

In this paper, we have established the boundedness of the fractional integral operator
K, defined on general measure metric spaces, with a focus on its behavior in Lebesgue, Mor-
rey, and fractional Sobolev spaces. Using Hardy-Littlewood maximal operators and dyadic
decomposition techniques, we obtained precise operator norm estimates that depend on
the kernel’s parameters and the underlying space’s structure.

One of the key contributions is the extension of these results to fractional Sobolev
spaces W*?(Y), where we proved that the operator K, maps W*?(Y) continuously into
L(Y), with optimal scaling between p, g, and the fractional order . This aligns our work
with the theoretical framework of nonlocal and fractional differential equations, in which
such mappings are crucial for characterizing solution operators, regularity properties, and
compactness.

Moreover, by demonstrating that the operator K, also respects Morrey-type norms,
we provide tools for capturing local and semi-local regularity, which is particularly relevant
in irregular or non-Euclidean domains. These results can serve as a theoretical foundation
for a wide range of applications, including nonlocal elliptic equations, equations with
variable exponents, and singular nonlinearities that arise in physics, image processing, and
geometric analysis.

In summary, the findings in this paper deepen our understanding of the boundedness
behavior of fractional integral operators in generalized function spaces and highlight their
applicability to the analysis of fractional PDEs and related nonlocal models.

6. Future Directions

The current results assume constant integration limits over the full domain Y. Ex-

f)

tending fractional integral operators to variable integration domains (e.g., |, D(x) Foy e dy

where D(x) varies with x) remains a significant open challenge. Recent works [23] highlight
this complexity in non-homogeneous settings.
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