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Abstract

The (3+1)-dimensional B-type Kadomtsev–Petviashvili (BKP) problem was examined in
this paper using the developed Exp-function method (DEFM) and Lie symmetry analysis.
The objective of this research is studying the BKP equation to get novel exact solutions.
Symmetry analysis has been used to determine similarity variables and vector fields. The
governing equation was reduced to five variant ordinary differential equations (ODEs). The
DEFM was employed for four of them to obtain several novel exact solutions that contain
arbitrary constants. The most appropriate choice of values for these optional constants
contributed to the emergence of solutions, such as double waves, multisolitons, kink waves,
anti-kink waves, and solitary waves. The obtained exact solutions are presented in a 3D
graph. The behavior of the solutions can be utilized to explore the application of the
governing equation in fluid dynamics, plasma physics, nonlinear optics, and ocean physics.

Keywords: B-type Kadomtsev–Petviashvili in (3+1) dimensions; Lie-symmetry analysis;
differential equations; exact solutions.

MSC: 34A05; 52B15; 58D19; 35E05; 58J70

1. Introduction
Numerous scientific phenomena have led to debates that have arisen in the realms

of engineering and physics over the past century. This has led many scientists to focus
on studying and understanding these phenomena. During this time, partial differential
equations (PDEs) emerged to contribute to the interpretations of these phenomena, in-
cluding fluid physics, movement in optical fibers, ocean engineering, optics, and other
sciences. Therefore, many researchers have developed methods, such as wave and nu-
merical approaches, to solve these equations [1–8]. Symmetry approaches are considered
the most important strategies for analyzing PDEs [9–12]. These methods convert PDEs
into variant ODEs, which helps to solve them and then obtain various solutions. Lie is
considered to have laid the foundation for methods for reducing PDEs. He introduced
the Lie-Group method for transforming PDEs into numerous ordinary equations, and
subsequently, an extensive literature emerged from Vseyannikov, Olver, Ibrahimov, and
others. The Exp-function method [1] is widely recognized as one of the most significant
techniques for solving ODEs and has been the focus of extensive research over the past two
decades. Ebaid [10] developed this method using an arbitrary function that satisfies the
Recati equation to derive multiple solutions. In this research, the DEFM [8] method is used
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to find various solutions to ODEs. This method is a modification of Ebaid and has proven
effective in the previous literature [7,9].

In this research, the DEFM method is used to find various solutions to ODEs. This method
is a modification of the Obeid method and has proven effective in the previous literature.

The primary goals of this study are to examine the symmetries and acquire a variety
of exact solutions for the generalized BKP equation in (3+1)dimensions [13,14], which can
be expressed as

Wy,t + 3Wx,x + 3Wz,z − 3Wx Wx,y − 3Wy Wx,x − Wx,x,x,y = 0, (1)

where W = W(x, y, z, t). This equation has attracted the attention of many researchers:
Li et al. [13] used the Hirota bilinear method for obtaining soliton solutions for governing
equations. Ghayad et al. [14] utilized the extended tanh function to obtain many solutions
for our equation. Huizhang et al. [15] used Lie symmetry and conservation laws for the
governing equation.

2. Symmetry Analysis
In this section, symmetries, vector fields, and similarity reduction for Equation (1) are

derived using the symmetry approach [11,12]. The Lie group assumes that infinitesimal
transformations with a single parameter are provided as

t∗ = t + εA(t, x, y, z, W) + o(ε2), x∗ = x + εB(t, x, y, z, W) + o(ε2),

y∗ = y + εC(t, x, y, z, W) + o(ε2), z∗ = z + εE(t, x, y, z, W) + o(ε2). (2)

W∗ = W + εϕ(t, x, y, z, W) + o(ε2)

The group of transformations (1) stated above has an infinitesimal generator V that
may be expressed as

V = A
∂

∂t
+ B

∂

∂x
+ C

∂

∂y
+ E

∂

∂z
+ ϕ

∂

∂W
, (3)

The condition of invariance [16–18] is given as

Γ(4)(∆) = 0, (4)

∆ = Wy,t + 3Wx,x + 3Wz,z − 3Wx Wx,y − 3Wy Wx,x − Wx,x,x,y = 0, (5)

where the independent variables for the function U are z, x, y and t. The operator V’s
fifth-order prolongation is represented by Γ(4)

Γ(4) = V + ϕ[x]
∂

∂Wx
+ ϕ[y]

∂

∂Wy
+ ϕ[xx]

∂

∂Wxx
+ ϕ[yt]

∂

∂Wyt
+ ϕ[zz]

∂

∂Wzz

+ ϕ[xy]
∂

∂Wxy
+ ϕ[xx]

∂

∂Wxx
+ ϕ[xxxy]

∂

∂Wxxxy
,

(6)

where elements ϕ[x], ϕ[y], ϕ[xy], ϕ[xx].... may be ascertained using the following phrases:

ϕ[x] = Dxϕ − WtDx A − WxDxB − WyDxC − WzDxE,

ϕ[y] = Dyϕ − WtDy A − WxDyB − WyDyC − WzDyE

ϕ[yt] = Dtϕ[x] − WtyDt A − WxyDtB − WyyDtC − WzyDtE

ϕ[xx] = Dtϕ[x] − WtxDx A − WxxDxB − WyxDxC − WzDxE (7)

ϕ[xy] = Dyϕ[x] − WtxDy A − WxxDyB − WyxDyC − WzxDyE

ϕ[zz] = Dzϕ[x] − WtzDz A − WxzDzB − WyzDzC − WzzDzE

ϕ[xxxy] = Dyϕ[xxx] − WtxxxDy A − WxxxxDyB − WyxxxDyC − WzxxxDyE
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Substituting (6) into invariance condition (4) provides the following formula

ϕ[yt] + 3ϕ[xx] + 3ϕ[zz] − 3(Wx,x ϕ[y] + ϕ[xx] Wy

+ Wx,y ϕ[x] + ϕ[xy] Wx)− ϕ[xxxy] = 0
(8)

Solving the differential equations resulting from gathering the W coefficients, we get

A = c4t + c5, B =
1
3

c4x + γ1(t), C =
−1
6

c3z + (2c1 − c4)y + c6,

E = c1z + c3t + c2, ϕ = 2c1y − 1
3
(W + 2y)c4 −

γ′
1(t)
3

x + γ2(t)z + γ3(t)
(9)

The vector field operator ψ from (9) is readily expressed as

χ = X1(c1) + X2(c2) + X3(c3) + X4(c4) + X5(c5) + X6(c6) + X7(γ1) + X8(γ2) + X9(γ2), (10)

where
X1 = 2y

∂

∂y
+ z

∂

∂z
+ 2y

∂

∂W
, X2 =

∂

∂z
, X5 =

∂

∂t

X3 =
−1
6

z
∂

∂y
+ t

∂

∂z
, X6 =

∂

∂y
, X9 = γ3(t)

∂

∂W

X4 = t
∂

∂t
+

1
3

x
∂

∂x
− y

∂

∂y
− 1

3
(W + 2y)

∂

∂W
,

X7 = γ1(t)
∂

∂x
− γ′

1(t)
x
3

∂

∂W
, X8 = γ2(t)z

∂

∂W
,

(11)

This study used the following Lie algebraic non-equivalent possibilities derived from
the commutator relations in Table 1.

(I) X1 +X4.
(II) X2 + X7.
(III) X2 + X5 + X6 +X7.
(IV) X5 + mX6 + nX7 + X8.
(V) X2 + mX5 + nX6 + X9.

Table 1. The commutator table.

X1 X2 X3 X4 X5

X1 0 −X2 −X3 +
1

3γ2
X8 0 0

X2 X2 0 −1
6 X2 0 0

X3 X3 − 1
3 z ∂

∂W
1
6 X2 0 −X3 +

1
3γ2

X8 −X2

X4 0 0 X3 − 1
3γ2

X8 0 −X5

X5 0 0 X2 X5 0

X6 2X6 0 0 −X6 − 2
3γ3 X9 0

X7 0 0 0 −t ∂X7
∂t +

γ′
1(t)x
9γ3 X9 X5

X8 0 −γ2
γ3

X9 0 −t ∂X8
∂t

−γ′
2

γ2
X8

X9 0 0 0 −t ∂X9
∂t

−γ′
3

γ3
X9
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Table 1. Cont.

X6 X7 X8 X9

X1 −2X6 0 0 0

X2 0 0 γ2
γ3

X9 0
X3 0 0 0 0

X4 X6 +
2

3γ3 X9 t ∂X7
∂t − γ′

1(t)x
9γ3 X9 t ∂X8

∂t t ∂X9
∂t

X5 0 ∂X7
∂t

γ′
2

γ2
X8

γ′
3

γ3
X9

X6 0 0 0 0
X7 0 0 0 0
X8 0 0 0 0
X9 0 0 0 0

3. Symmetries and Exact Solution
The characteristic equation can be expressed as follows to get the invariant transformation:

dt
A(t, x, y, z, W)

=
dx

B(t, x, y, z, W)
=

dy
C(t, x, y, z, W)

=
dz

E(t, x, y, z, W)
=

dw
ϕ(t, x, y, z, W)

. (12)

Case I: The invariant variables are obtained by substituting ψ1 + ψ4 in Equation (12).

X =
x
3
√

t
, Y =

y
t

, Z =
z
t

, W =
G(X, Y, Z)

3
√

t
+ y. (13)

where γ2 = t.
The following partial differential equation (PDE) results from substituting Equation (13)

into Equation (1).

4
3

GY +
1
3

XGX,Y + XGX,Y ++ZGZ,Z − 3GZ,Z + 3GX,XGY + 3GX,YGX + GX,X,X,Y = 0. (14)

The infinitesimal variables of Equation (14) can be expressed as

ξX = β3, ξY = 2Yβ1 −
1
6

Zβ2 ξZ = β1Z + β2,

ξF =
1
9

β3X + β4Z + β5,
(15)

where βi, i = 1. . .5 are arbitrary constants; we take β2 = β3 = β5 = 0, β1, β4 ̸= 0. The
characteristic equation is as follows

dξX
0

=
dξY
2Y

=
dξZ
Z

=
d f
Z

. (16)

The similarity variables of Equation (14) are η1 = X, η2 = Z√
Y

and G(X, Y, Z) =

f (η1, η2) + Z. Equation (14) is simplified to the two-dimensional PDE shown below

5
12

fη2 −
1
6

η1 fη1η2 +
1
4

η2 fη2η2 +
3
η2

fη2η2 +
3
2

fη2 fη1η1 +
1
2

fη2η1η1η1

− a fη1 fη1η2 − b fη2 fη1η1 + c fη1 fη1η2 + d fη2η2 fη1 = 0.
(17)

The similarity variables of Equation (14) can be expressed as

λη1 = α1, λη2 = 0, λ f =
1
9

α1η1 + α2. (18)
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The characteristic equation can be expressed as follows:

dη1

1
=

dη2

0
=

d f
1
9 η1

. (19)

The symmetries of Equation (17) are θ = η2 and f (θ) = w(θ)− 1
18 η2

1 . Equation (17) is
converted to the ordinary differential equation (ODE) that follows

w(θ) = c1 arcsin h(
1
6

√
3θ) + c2. (20)

Thus, the expression is used in the final solution of Equation (1).

W1(x, y, z, t) =
1
3
√

t
(c1 arcsin h(

1
6

√
3

z√
ty
)− 1

18
x2

3√t2
+

z
t
+ c2) + y (21)

Case II:
Substituting ψ2 + ψ7 in Equation (12) results in invariant variables.

X = x − 1
2

t2, Y = y, Z = z, W = F(X, Y, Z)− 1
3

xt +
1
9

t9. (22)

where γ1 = t.
We infer the following three-dimensional PDE:

3FXX + 3FZZ − 3FY FXX + 3FX FXY − FXXXY = 0. (23)

For obtaining the ODE of Equation (23), take θ = k1X + k2Y + k3Z, which in turn gives

(k2
1 + k2

3)F′′ − 6k2
1k2F′F′′ − k3

1k2F′′′′ = 0. (24)

To find the precise solutions to Equation (24), utilize the DEFM [8] as follows

F(θ) =
m

∑
i=1

a0 + aiΨ(θ)

r0 + riΨ(θ)
, (25)

where the following Riccati equation can be solved using Ψ(θ).

Ψ‵(θ) = A + BΨ(θ) + CΨ2(θ). (26)

Utilizing (25) in (24) and balancing between the nonlinear term F‵‵F‵ and the highly
linear F‵‵‵‵ term, the solution may be expressed as

F(θ) =
a0 + a1Ψ(θ)

r0 + r1Ψ(θ)
, (27)

Substitute (27) into (24), and then gather the coefficients of all powers of Ψ(θ) and
solve the algebraic equations for A0, A1, B0, B1, r0, r1, m1, m2, k1, k2 and k3 by using Maple
to obtain the following sets:

Set 1:

r0 =
2A
B2 (4k3r1CA + a1B − k3B2r1), r0 =

2AA1

B
, k1 =

−3(k2
3 + k2

2)

k2
3(4AC − B2)

,

r1, m1, m2, m3, k2 and k3 are arbitrary constants.

(28)
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Set 2:

a1 =
−1
r0

(2k3r2
1 A − a0 A − 2k3Br0r1 + 2k3Cr2

0), k1 =
3(k2

3 + k2
2)

k2
3(4AC − B2)

,

a0, r0, m1, m2, m3, k2 and k3 are arbitrary constants.

(29)

The following is an expression for the precise travelling wave solutions of (1):
Case 1: A, B and C ̸= 0.

W(t, x, y, z) =
a0 + a1[

−B
2C +

√
4AC−B2

2C tan ( 1
2 (
√

4AC − B2(θ)))]

r0 + r1[
−B
2C +

√
4AC−B2

2C tan ( 1
2 (
√

4AC − B2(θ)))]
. (30)

where a1 = −1
r0
(2k3r2

1 A − a0 A − 2k3Br0r1 + 2k3Cr2
0).

Case 2: A = 0, B and C ̸= 0.

W(t, x, y, z) =
a0 + a1

[
−B exp(B(θ)+Bd0)
C exp(θ)+Bd0−1

]
r0 + r1

[
−B exp(B(θ)+Bd0)
C exp(θ)+Bd0−1

] . (31)

where a1 = −1
r0
(−2k3Br0r1 + 2k3Cr2

0).
Case 3: A and B ̸= 0, C = 0.

W(t, x, y, z) =
a0 + a1

[
−A

B + 1
B exp(θ)

]
r0 + r1

[
−A

B + 1
B exp(θ)

] . (32)

where A1 = −1
r0
(2k3r2

1 A − a0 A − 2k3Br0r1).
Case III: Substituting vectors ψ2 + ψ5 + ψ6 +ψ7 into Equation (1) gives the invariant

variables as

X = x − m1t, Y = y − m2t, Z = z − m3t, u = F(X, Y, Z) (33)

where γ1 = 1.
The governing equation can be reduced using the invariant variables from Equation (23)

in Equation (1).

−m1FXY − m2FYY − m3FYZ + 3FXX + 3FZZ − 3FX FXY − 3FY FXY + FXXXY = 0. (34)

Taking θ = k1X + k2Y + k3Z, Equation (34) can be written in the form

−k2(m1k1 + m2k2 + m3k3 + 3k2
1 + 3k2

3)F′′ + 6k2
1k2F′F′′ + k3

1k2F′′′′ = 0 (35)

Substitute (27) into (35), and then solve the algebraic equations to get the coefficient of
all powers of Ψ(θ). Obtain the following sets using Maple:

Set 1:

a1 =
−1
r0

(2k3r2
1 A − a0 A − 2k3Br0r1 + 2k3Cr2

0),

k2 =
1

m3
(4k3

1 AC + 3k2
3 − k1m1 − k3

1B2 + 3k2
1 − k3m3), (36)

a0, r0, m1, m2, m3, k1 and k3 are arbitrary constants.

Set 2:

a0 = 2k1r1 A, k2 =
1

m3
(4k3

1 AC + 3k2
3 − k1m1 − k3

1B2 + 3k2
1 − k3m3),

r0 = 0, m1, m2, m3, k1 and k3 are arbitrary constants.
(37)
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The following is an expression for the exact travelling wave solutions of (1)
Case 1: A, B and C ̸= 0.

W(t, x, y, z) =
a0 + a1[

−B
2C +

√
4AC−B2

2C tan ( 1
2 (
√

4AC − B2(θ))) + ]

r0 + r1[
−B
2C +

√
4AC−B2

2C tan ( 1
2 (
√

4AC − B2(θ))) + ]
. (38)

where a1 = −1
r0
(2k3r2

1A − a0A − 2k3Br0r1 + 2k3Cr2
0), k2 = 1

m3
(4k3

1AC + 3k2
3 − k1m1 − k3

1B2 +

3k2
1 − k3m3).

Case 2: A = 0, B and C ̸= 0.

W(t, x, y, z) =
a0 + a1

[
−B exp(B(θ)+Bd0)
C exp(θ)+Bd0−1

]
r0 + r1

[
−B exp(B(θ)+Bd0)
C exp(θ)+Bd0−1

] . (39)

where a1 = −1
r0
(−2k3Br0r1 + 2k3Cr2

0), k2 = 1
m3

(3k2
3 − k1m1 − k3

1B2 + 3k2
1 − k3m3).

Case 3: A, B and C = 0.

W(t, x, y, z) =
a0 + a1

[
−A

B + 1
B exp(θ)

]
r0 + r1

[
−A

B + 1
B exp(θ)

] . (40)

where a1 = −1
r0
(2k3r2

1 A − a0 A − 2k3Br0r1), k2 = 1
m3

(3k2
3 − k1m1 − k3

1B2 + 3k2
1 − k3m3).

Case IV: Substituting vectors ψ5 +mψ6 + nψ7 +ψ8 into Equation (1) gives the invariant
variables as

X = x − mt, Y = y − nt, Z = z, u = F(X, Y, Z) + z
∫

γ2(t)dt (41)

where γ1 = 1.
The governing equation can therefore be simplified to use the invariant variables from

Equation (41) in Equation (1).

−mFXY − mFYY + 3FXX + 3FZZ − 3FX FXY − 3FY FXY + FXXXY = 0. (42)

Taking θ = k1X + k2Y + k3Z, Equation (42) can be written in the form

−k2(mk1 + nk2 + 3k2
1 + 3k2

3)F′′ + 6k2
1k2F′F′′ + k3

1k2F′′′′ = 0 (43)

Substitute (27) into (43), and then solve the algebraic equations to get the coefficient of
all powers of Ψ(θ). Obtain the following sets using Maple:

Set 1:

a1 =
−1
r0

(2k1r2
1 A − a0 A − 2k1Br0r1 + 2k1Cr2

0),

k2 =
1
n
(4k3

1 AC + 3k2
1 − k1m1 − k3

1B2 + 3k2
3), (44)

a0, r0, m, n, k1 and k3 are arbitrary constants.

Set 2:

a0 = 2k1r1 A, k2 =
1

m3
(4k3

1 AC + 3k2
3 − k1m1 − k3

1B2 + 3k2
1 − k3m3),

r0 = 0, m1, m2, m3, k1 and k3 are arbitrary constants.
(45)

Case 1: A = −1, B = 2, and C = −2.
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W(t, x, y, z) =
a0(1 − coth (θ)) + a1 coth (θ)
r0(1 − coth (θ)) + r1 coth (θ)

. (46)

where a1 = −1
r0
(2k1r2

1 − a0 − 4k1r0r1 − 4k1r2
0), k2 = 1

n (−8k3
1 + 3k2

1 − k1m1 − 4k3
1 + 3k2

3).
Case 2: A = 1

2 , B = 0, and C = 1
2 .

W(t, x, y, z) =
a0 + a1[ sec (θ) + tan (θ)]
r0 + r1[ sec (θ) + tan (θ)]

. (47)

where a1 = −1
r0
(k1r2

1 −
1
2 a0 + k1r2

0), k2 = 1
n (3k2

1 − k1m1 + 3k2
3).

Case 3: A ̸= 0, B ̸= 0, and C = 0.

W(t, x, y, z) =
a0 + a1

[
−A

B + 1
B exp(θ)

]
r0 + r1

[
−A

B + 1
B exp(θ)

] . (48)

where a1 = −1
r0
(2k1r2

1 A − a0 A − 2k1Br0r1), k2 = 1
n (3k2

1 − k1m1 − k3
1B2 + 3k2

3).
Case V: Substituting vectors ψ2 + mψ5 + nψ6 + ψ9 into Equation (1) gives the invariant

variables as

X = x, Y = y − mt, Z = z − nt, u = F(X, Y, Z) +
∫

γ3(t)dt (49)

Therefore, the governing equation can be simplified to Equation (1) using the invariant
variables in Equation (49).

−mFYY − mFYZ + 3FXX + 3FZZ − 3FX FXY − 3FY FXY + FXXXY = 0. (50)

Taking θ = k1X + k2Y + k3Z, Equation (50) can be written in the form

−k2(mk2 + nk3 + 3k2
1 + 3k2

3)F′′ + 6k2
1k2F′F′′ + k3

1k2F′′′′ = 0 (51)

Substitute (27) into (50), and then gather the coefficient of all powers of Ψ(θ) to solve
the algebraic equations. using Maple to obtain the following sets:

Set 1:

a1 =
−1
r0

(2k1r2
1 A − a0 A − 2k1Br0r1 + 2k1Cr2

0),

k2 =
1
n
(4k3

1 AC + 3k2
1 − k1m − k3

1B2 + 3k2
3), (52)

a0, r0, n, k1 and k3 are arbitrary constants.

Set 2:
a0 =

2A
B

(4k1r1CA − k1B2r1 + a1B),

k2 =
1

m3
(4k3

1 AC + 3k2
3 − k1m1 − k3

1B2 + 3k2
1 − k3m3),

r0 =
2Ar1

B
, n, r1, k1 and k3 are arbitrary constants.

(53)

The following is an expression for the exact travelling wave solutions of (1).
Case 1: A = −1, B = 2, and C = −2.

W(t, x, y, z) =
a0(1 − coth (θ)) + a1 coth (θ)
r0(1 − coth (θ)) + r1 coth (θ)

. (54)

where a1 = −1
r0
(−2k1r2

1 + a0 A − 4k1r0r1 − 4k1r2
0), k2 = 1

n (8k3
1 + 3k2

1 − k1m − 4k3
1 + 3k2

3).
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Case 2: A, B ̸= 0, and C = 0.

W(t, x, y, z) =
a0 + a1

[
−A

B + 1
B exp(θ)

]
r0 + r1

[
−A

B + 1
B exp(θ)

] . (55)

where a1 = 2A
B (−k1B2r1 + a1B) , k2 = 1

m3
(3k2

3 − k1m1 − k3
1B2 + 3k2

1 − k3m3).

4. Discussion
This section shows a graphical representation of the solutions discovered, triggering a

discussion of their physical implications. From the perspective of applications, travelling
waves are highly intriguing, regardless of whether their solution formulations are explicit
or implicit. Most solutions rely on the expression value 4AC − B2 with a suitable test for
optional constants.

Figure 1: This graph shows the double-wave behavior of solution (21) with a singu-
larity at t = 0 through the values of the arbitrary constants c1 = 1, c2 = −1 and y = 1,
x = 0.

Figure 1. Shows 3D graph of double-wave solution (21).

Figure 2: The multisoliton behavior in this form is solution (30), where 4AC − B2 > 0
with the arbitrary constants chosen as k2 = −1, k3 = 1, a1 = 2, r1 = 3 at y = z = 1.
These solutions are also multisolitons because their vertices do not lie on the same
horizontal plane.

Figure 2. Shows 3D graph of multisoliton solution (30).
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Figure 3 describes solution (31) considering the behavior of a kink wave, where
4AC − B2 < 0, with an appropriate selection of optional values: k2 = 1, k3 = −1, r0 = r1 = 1,
a0 = 1 at y = z = 1.

Figure 3. Shows 3D graph of kink-wave solution (32).

Figure 4: Solution (38) is illustrated by the behavior of a soliton wave when the value
of 4AC − B2 > 0, with perfect choice of arbitrary constants: k1 = 1, k3 = −1, m1 = −1,
m2 = −1, m3 = 4, a1 = −3, r1 = 4 at x = z = 1.

Figure 4. Shows 3D graph of soliton-wave solution (38).

Figure 5 shows the 3D shape of solution (39) considering single-wave behavior when
4AC − B2 > 0, with constant values of k1 = 1, k3 = 2, m1 = −1, m2 = −1, m3 = 1,
a1 = 2, r1 = −3 at y = z = 1.

Figure 5. Shows 3D graph of anti-kink wave solution (39).

https://doi.org/10.3390/axioms15020156

https://doi.org/10.3390/axioms15020156


Axioms 2026, 15, 156 11 of 13

Figure 6 shows the W-solution in (46) for specific parameter selections when a single
wave is produced in a 3D shape. The values of A, B, and C were chosen so that 4AC − B2 >

0, with the best choice of the optional values as k1 = 1, k3 = 2, m = −1, n = −1, a1 = 2,
r1 = −3 at y = z = 1.

Figure 6. Shows 3D graph of single wave for solution (46).

Figure 7 presents the 3D shape of a solitary wave for solution (48), with a singularity
at t = 1.5 and 4.5. The optional values were chosen appropriately to obtain 4AC − B2 > 0,
with k1 = 3, k2 = 1, k3 = −1, m = −2, n = −1, a0 = 1, r1 = −3 at y = z = 1.

Figure 7. Shows 3D graph of solitary-wave for solution (48).

Figure 8 the exact solution (55) is presented in the 3D graph of a double wave, with
4AC − B2 > 0, k1 = 1, k2 = 2, k3 = −1, m = 2, n = −1, a0 = 1, r1 = −3 at y = z = 1.

Figure 8. Shows 3D graph of double-wave for solution (55).
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5. Conclusions
In this study, the (3+1)-dimensional BKP Eq. was reduced to a number of ODEs

via symmetry analysis and similarity transformations. The infinitesimal generators and
nine vector generators were obtained. The infinitesimal generators contained arbitrary
functions, which made it difficult to use the Lie group to obtain suitable reductions for the
governing equation. Linear relationships between vector generators were used to reduce
the governing equation to five different PDEs. In case I, symmetry analysis was used
twice to obtain an ODE; for the remaining cases, similarity transformations were used to
obtain ODEs for each of them. In cases II–V, the DEFM is used to obtain variant exact
solutions which have not been obtained in the previous literature. The physical behavior of
the solutions was analyzed through 3D shapes. Numerous physical feature solutions are
among these, such as double wave, multisoliton, kink wave, anti-kink wave, solitary wave
and single wave solutions. In order to illustrate the physical structures of the acquired
solutions, the structures of solutions are visually represented in three dimensions.

Comparing these results with those found in [13–15], we deduce that:
* Each of Refs. [13,14] obtained closed solutions using the Hirota bilinear and tanh

method, and each represents a special case from what we have obtained.
* Yan et al. [15] deduced vectors X1, X2, X3, X5, X6, X7, X8, X9 using the Lie symmetry

method, including vectors that we have not obtained, such as vectors X1, and X10. On the
other hand, we obtained the vector X4. Yan also deduced exact solutions using the tanh
method for only one case, which is equivalent to our case II.
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