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Abstract

The present article is mainly concerned with radius problems for a newly defined subclass
of meromorphic starlike functions having the punctured open unit disk as its domain. This
subclass is introduced by using differential subordination with the generalized tangent
function go(z) = 1 + tan(pz) as the superordinate function. Sharp radius constants are
established for starlikeness and convexity of order p, and the M&y,), ,-radii are determined
for several notable subclasses, including Janowski-type classes and classes represented
through quotients of meromorphic functions. We further introduce a tangent-order sub-
class MS,, 1 0s
and convexity radius estimates. Finally, the superordinate tangent function is studied from

obtain its representation formula, and derive corresponding starlikeness

the viewpoint of conformal mapping theory: its conformality, inverse mapping, bound-
ary parametrization, disk inclusions, and conformal range criterion are established and
illustrated graphically.

Keywords: meromorphic starlike functions; quotients of meromorphic functions; confor-
mal mapping; subordination; Janowski functions; tangent-order class; radius problems;
mathematical operators

MSC: 30C50; 30C45; 30C80

1. Introduction

Complex analysis is an essential branch of mathematics that has wide-ranging applica-
tions in many branches of mathematics. The study of the geometry of analytic functions
forms one of the essential divisions of complex analysis known as Geometric Function
Theory (G.E.T.). Over the years, considerable attention has been paid to the subclasses of
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analytic and meromorphic functions whose image domains have geometric representations.
Subordination plays an essential role in such investigations, as it provides an effective way
to define function classes and analyze their geometric features.

We start with reviewing basic concepts and results of geometric function theory which
will be needed in this paper. Suppose 2l is the family of analytic and normalized functions
in the unit disk D = {z € C : |z| < 1} which can be represented as follows:

o0
f(z) =z + ZIZHZ” =z 4+ a,72% + a;2% + -

n=2

For n € N, let 2, be the subfamily comprising of functions of the form:
§(2) = 24+ 412" + 8,72+ e

In particular, 2, = 2. Suppose that f and g are analytic in the open unit disk D. Then §
is said to be subordinate to g, written as f < g, when there is a map w that is analytic in D
and w(0) = 0 such that
f(z) = g(w(2))

for each z € . Further, the concept of univalent functions is at the core and a cornerstone
due to its extensive applicability in function theory. If g is univalent in D, then f < g if
and only if f(0) = g(0) and f(D) C g(I). Next, let Mt represent the family of meromorphic
functions defined on the unit disc I such that they have a simple pole at z = 0 and admit

o0
+ Z a,z",
n=0

for all z € D*, where D* = D \ {0}. Now for all n € N, we will consider the subclasses 9,
of functions f belonging to M such that

the Laurent series expansion

N | =

fz) =

Zf(z) = 1+ a, 2" + 4,122 + .

Different subclasses of meromorphic functions have been widely studied in geometric
function theory. A function § € 9t satisfies the inequality

zf'(z) 1+z
o “1-7

z € D*,

then it is said to be meromorphically starlike, and the class of all such functions is represented
by MG&*. Clunie [1] proved that if f € MES* then |a,| < n%l More results have been
found for other meromorphic functions by Libera and Robertson [2] and Pommerenke [3].
For further fundamental work in this direction, see [4-8]. Let ¢ be a given analytic function,

and let M S (@) denote the set of meromorphic starlike functions which satisfy

4@
f(2)

In this case, the symbol used in brackets refers to the choice of ¢ made to construct the

< ¢(2).

appropriate subclass.

me; = me*(Vi+z),
. . 1-

MSH, = MG [\/5—(\/5—1) MJ
. . 4z 27?

ME: = MG (1+?+?>.
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Similarly, selecting

1+ (1-2p0)z
b = ——F=, 0<p<l,
as the function in the classes MG&* (¢) and ME(¢p), we get the class of meromorphic functions

of order p and they are
MS*(p) = MS*(¢,), ME(p) = ME(¢p,,).

In particular, MS*(0) = MES* and ME(0) = MCE, where MC represents the family
enclosing meromorphic convex functions. Furthermore, the subclasses 9M&*[L, M] and
ME[L, M] respectively, denote meromorphic, Janowski starlike, and Janowski convex func-
tions and are deduced from the above-mentioned classes by choosing ¢(z) = 11:1\6122 with
—1 < M < L < 1. These notions were expanded and thoroughly investigated in [9-12]. The
class MH, (¢), (0 < a < 1) of a-convex univalent meromorphic functions encompasses both
these classes and was introduced by Ali and Ravichandran [13]. In fact the class 215, (¢)

generalizes M G* (¢) and IME(¢). That is

MS*(P) = MHy(¢p) and ME(P) = MH(¢).

A similar attempt is taken in [14] by introducing a unified class M®,, , (¢), where
b € C\{0} and n € N, of meromorphic functions, connected with MM&*(¢) and ME(¢) as:

MBy(p) =MS"(¢) and MG, ;(¢) = ME(¢).

However, the function 1 + tan z is not positive in the real part in the unit disk. In order
to solve this problem, we use the parameter y such that 0 < y < /4, and we define the
generalized tangent function as follows:

go(z) = 1 + tan(puz).

This function plays the role of the superordinate function for our newly defined mero-
morphic starlike function class.
Now, we introduce the class of meromorphic starlike functions as:

zf'(2)
f(z)
The behavior of the generalized tangent function gy(z) = 1 + tan(uz) for several values

of y is illustrated in Figure 1.
One can observe that a function f € MGy, , has a representation

S)ﬁeiamy = {f EM: —

< 1+tan(pz) :=qy(z), for0 < pu < %, z E D*},

_ 1 z1—q(t)
f(z) = p exp jo

if g(z) < qo(z) =1 + tan(pz) for z € D and vice versa. Observe that

dt,

4+(2u+1 5+(1+3
0z =1+ %z, 0r(2) = +(4z;r )Z, and gs(z) = +(5:Zﬂ)z

along with the univalent function qy(z) = 1 + tan(yz) in D are such that 4;(0) = g,(0) =1,
q:(D) C go(D); therefore, q; < qq for i = 1,2,3. Hence, their respective functions f;s for
i=1,2,3, given by

f1(z) = ; exp(—%z),

1/ 4 \*
fr(z) = E(z+4> p

1/ 5 \*
(2 = E(z+5>
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The central aim and focus of this study is to identify the radius r regarding starlikeness and

convexity of MES Additionally, we extend our study to calculate the M&;,, ,-radius

* *
tan p* tan pu

for several intriguing classes, including that of Janowski starlike functions. Furthermore,
we discuss the MS

phic functions.

-radius about classes whose functions are the ratio of two meromor-

*
tan u

Im

0.6
0.4

0.2

Figure 1. Plots of the function g,(z) = 1 + tan(uz) for several values of y in the interval 0 < y < 7.
The curves correspond to y = 0.05 (red), u = 0.2 (blue), u = § (green), p = % (purple), and
u =7 (black).

The corresponding mappings for several values of y are displayed in Figure 2.

(a) u =0.05 (b) p=0.1 (c)up=02

(d)p=m/8 (e)u=m/6 (f) p=rm/4
Figure 2. Representative images of the mappings of the unit disk under the functions f[1](z) (black), g, (z)

(green), q,(z) (blue), and g;(z) (red) for various values of the parameter y. Each subfigure illustrates
the behavior for a specific y, showing the deformation of the unit disk under these transformations.
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iv\|? _
fan (e )P = N

Problems related to the radius have been extensively studied in geometric function
theory. Kwon et al. [15] addressed several radius problems concerning a certain fam-
ily of holomorphic functions. In the context of meromorphic functions, Cho et al. [16]
obtained criteria for meromorphic strongly starlike functions. Further research has
also been conducted by Ali et al. [17], Tayyah and Atshan [18], Sharma et al. [19],
Choetal. [20] and Tayyah et al. [21]. Their notable contributions inspired and influenced our
current investigation.

2. Radius of Starlikeness and Convexity

Here, we explore the highlighted radii in the class IM& The M&* (p)-radius (or
IMRKR*(p)-radius) for MSy,,, , to obtain the largest ry with the property that every function

in MBS, , is also in MES* (p) (or MRKR*(p)) on each open disc |z| < r for all r < 7.

*
tan p-

Theorem 1. Let u € (0,7r/4] and 1 — tan(u) < p < 1. Then, the MS* (p)-radius for the class
MGy, i5 19 = %tan‘l(l —-p).

Proof. If f € MSy,, , then a Schwarz function w(z) exists, implying
zf'(2)
- =1+ tan(pw(z)).
f(z) (peo@)

Taking w(z) = Re’®, R < |zl = r, —7t < ¢ < 71, we consider

Dy = cos? (iR cos ¢) + sinh’(uR sin 8),

sin(puR cos ¢) cos(uR cos &) 2 sinh(uRsin @) cosh(uR sin ¢) 2
+ D = h(9).
8

Since h(—19) = h(9), so we take 0 < ¢ < 7 instead of —7t1 < & < 7. The equation

W' (8) = 0 has the roots ¢ = 0, 7, 1. Moreover, h(0) = tan? uR = h(7m), h(%) = tanh? uR

and since tan® uR — tanh? #uR >0, s0

max{h(0), h(7/2), h(r)} = tan® uR < tan® ur. (1)

Therefore,

W(_Zf%)> >1 - ftan(uw(z))| 2 1 - tanpr = p,

subject to 1 — tan yr — p > 0. The required radius for MS;,, , is then the root rq € (0,1],

*
tan u

ofl —tanur—p=0. O

Theorem 2. For the class MSy,,, ., the MR (p)-radius is min{ry, r,}, where ry > 0 is the smallest
root of
(1 —tanpr)(1 — tan pr — p) (1 — %) — prsec® ur = 0

andr, = y~' tan~' (1 — p).

Proof. For f € MS;,, s as before, we have a Schwarz function w(z), for which

_ '@
f(2)

Logarithmic differentiation gives

=1+ tan(pw(z)).

za' (z) psec? (uw(z))

1 B qu(z)
1+ tan(pw(z))

' (z)

=1+ tan(pw(z)) —

(2)

https://doi.org/10.3390/axioms15110821
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From (2)/
2f"(2) Hlze (2)|[sec? (new (2)))|
9%(—1 - f’(—z)> 21— ftan(pw(z))| - 1 — tan(pw(z))] )
Now consider
a2 1
sec(uRe?) = ————
[cos (uRei®))*
~ 1
cos?(uR cos ) coshz(yR sind) + sinz(yR cos ¥) sinhz(yR sin ¢)

1
- =)
cos?(iR cos ¥) + sinh” (4R sin 9)

Since b, (—9) = h(9), we take 0 < ¢ < mrinstead of —7 < ¢ < 7. Then h;(9) =0
has the roots # = 0, 77/2, 7. Moreover, we observe that h;(0) = sec? uR = bhy(m), and
hi(7T/2) = sechzyR with sec? uR — sech® R > 0, thus

max{h;(0), hy(7t/2), hy(7r)} = sec® uR < sec? ur. (4)
It follows from (1) and (4) that
[tan(puw(z))| < tanur and |[sec(puw(z))| < secpur. (5)
Now, using the famous Schwarz inequality

1 — |w(z)]? - 1-R? - 1

w'(z)| < < < ,
| | 1—zP 1—1z2 ~ 1-JzP

while (5) in (3) yields

L Hq'@) 3 3 ur sec? ur
zm( R )Zl RO A A = tanpn) =

provided that
pr sec? ur
—0>0. 6
Q- (1—tanur) = (6)
For0 < y < m/4and 0 < r < 1, we have 1 — tanpur > 0. Therefore, from (6),
we obtain

1—tanpur —

(1 —tanpur) (1 —tanpur — p)(1 — r?) — ursec® ur > 0,

subject to the condition that 1 — tanur — p > 0, that is tan yr < 1 — p. Hence the proof
is accomplished. [

As for p = 0 the inequality tan ur < 1 — p is true for all ¥ € (0, 1); thus we observe
the following corollary:

Corollary 1. The 9 R-radius r, for MS;,, ,, is the smallest positive number satisfying

tan

(1 —tan pr)*(1 — 1) — prsec® ur = 0.

3. Radius Problems

Here in this section, we establish the third Lemma and then extensively use it in the
subsequent discussion about MESE,, ,-radii for different eminent subfamilies of meromor-
phic starlike functions. Here, we need to examine few outcomes associated with the class
B, (L, M) defined by:

1+ Lz
— — n n+1 — 1< < .
B, (L, M) {p(z) 14+p,2" +p,2" + p(z) < YR 1_M<L_1}

https://doi.org/10.3390/axioms15110821
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To be more specific, we get

r‘Bn(;o) = Y4311[1 - 2101 _1] and fpn = mn(o)

Lemma 1 ([22], Lemma 2). Forp € B, (p), and |z| = r:

2(1 — p)nr"
T A-rmQAQ+1-20)rm)

zp’(z)
p(z)

Lemma 2 ([23], Lemma 2.1). Ifp € B, (L, M), and |z| = r, then

1— LM
1— MZan

(L—M)r"
- 1— M2y2n :

‘MZ) -

Especially, if p € B,,(p), then

(14 (1—2p)r*)
1—r2n

< 2(1 - p)r".
1—r2n

‘p(Z) -

For each f € M, if p(z) = — fo(g) , then B, (L, M) turns into MS} (L, M) and it further

implies MS;,(p) = MS;,[1 — 2p, —1]. Moreover,
MS, s = M, NMSL,,, ME(p) = M, NMS* (p), M}, = M, NMES;.
Ali et al. [17] defined the class &,, = {f eA: f(z—z> € &Bn} and

ey T@ *
€5, = {fEQl. 0@ w1thg€6n(p)}

Now, we define analogous classes for meromorphic functions as:
MG, = {f € M :zf(2) € B,}

and

m i@ *
€S, (p) =1feM: o) € B, for some g € MS,;(p) ¢

We now establish the following lemma and will extensively use it in the subsequent
radii results.

Lemma3. If 1 —tanp <a <1+tany,andr, = tanp + |a — 1|, then
{weC:lw—-1<tanhp} C wyp, C{w EC:|lw—al<r,},

where,
Wnpy ={w€e€C:w=1+tan(pz), 0 < p < 7/4and z € D},

Proof. Let w € Wy, ,- Then
w =1+ tan(uz), z=Re?, 0<R<1.
For 0 < yu < 7/4, the estimate for the tangent function used in (1) gives
ltan(uz)|* = |tar1(;lRe“9)|2 < tan?(uR) < tan? p.

Thus |tan(uz)| < tan . Hence, for every real number a with 1 —tany <a <1+ tany,
we have

lw—al =1 —a+tan(uz)| < la — 1| + [tan(pz)| < la — 1| + tanpu = 7,.

https://doi.org/10.3390/axioms15110821
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Therefore,
Wiany C{w € C:lw —al <71,}.

Next, for a boundary point 1 + tan(pe’®) of wi,y, u» the distance from the point 1 is
| tan( ‘ue“9 )|. The minimum of this boundary distance is attained at ¢ = 77/2 and is equal to
tanh . Therefore,

{weC: lw—1l < tanhp} C Wi -
O

Theorem 3. The best MSy,,, ,-radius for MS,, is

1/n
<sm6n>=( fanh ) @)

V12 + tanh® p + 1

Proof. Letf € MG, and h(z) = zf(z). As aresulth € B, and

F@ @
f(2) h(z)

Utilizing Lemma 1 with o = 0, we obtain

REDTG

*
tan,n

zf'(z) 1 = zh'(z) < 2nr"
f(2) b | T 1
By Lemma 3, the inclusion — % in wy,,, holds whenever
2nr"

m < tanh H,

equivalently
r?" tanh p + 2nr" — tanh u < 0.

Hence, the M&;,, ,-radius to MEG,, is the smallest positive solution of r?"tanh y +

2nr"* —tanh u = 0, given in (7). For the function fy(z) = %, it is straightforward to have
Re(zf(z)) = 0in D, so, fy(z) € MEG,,, and —Zf’;"}(zz)) =1- 1211; Thus, at a boundary point
satisfying z" = _Rimﬁftm } (MG,,)", we obtain
Zf(’) (Z) 2nR9ﬁ6:an,n (WGH )n t h
— —_ = = tan .
() 1— Ry, (MG, :
O

Theorem 4. The MSy,,, ,-radius to MES,,(p) is
1/
tanh u ) !
\/(1 +n— p)2 + [2(1 = p) + tanh(p) ] tanh(p) + (1 +n —p)

and is the best one.

RS)JTG

*
tan,n

(MES,,(p)) = (

Proof. Let f € MES,,(p), and h(z) = % with g € ME&; (p). Then, we have

_Z(z) _ zg'(z)  zb'(2)
fz) — e@ @

Practicing Lemmas 1 and 2, we have

zf'(z) 1+ (1=2p)r*" - 2(1+n—p)r"
i) 1—r2n - 1—r2n

https://doi.org/10.3390/axioms15110821
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As [1+ (1—=2p)r*"]/(1 —r*") > 1due to Lemmas 2 and 3. We reach the conclusion
that f € MES;,, , if the below condition holds

tan,n

1+ (1—2p)r?" N 2(1+n—p)r"

T n T <1+ tanhpu.

This further implies that

( tanh p )"

r< =1y,
\/(1+n—p)2+tanh2y+2(1—p)tanhy+ (n+1-p)

Hence Rypg:  (MES,, (p)) = r1. Now consider the functions

1 - Zn)(”+2—210)/“ (1-— Zn)2(1—/0)/n

Z(1+ 27 , 00(2) = - (8)

fo(z) =

Then,
fo(2) _ 1-2z"
go(z) (A +z")

and
_zg[’)(z) 14+ (1-2p)z"
g  1-z"
It's easy to observe that PRe(fy(z)/gq(z)) > 0 and %e(—zg?é?) > p. Hence

fo € MES,,(p) then the function f; defined in (8) at z = Rype;  (IMES,,(p)) satisfies

CzZfo@) 1+ (1-20)2" +2(1+n—p)z"
fo(z) 1— 221

=1+tanhyp,
and so is maximal. O

Theorem 5. The MS},,, ,,-radius in favor of the class MS;;[L, M] equals

min{l,7}:-1<M<0<L<1;

Rops (MG [L,M]) =
S)netan,n( n[ ]) { min{].,rz} :0 < M < L < 1

where

1/n
. _( 2tanh y )
=
(L — M) + (L — M)* + 4[M2(1 + tanh 1) — LM] tanh p

and

1/n
( 2tanh p )
7’2 = .
V(L — M)? + 4(M2 tanh  + LM — M) tanh i + (L — M)

Proof. Letf € MS)[L, M]. Thus, due to Lemma 2

zf'(z) (L —M)r"
— < =7
f(z) b‘ - 1 - M2y2n ©)
where at |z| = r, the disk’s center is
1 — LMyr*
b= T

For M < 0, we have b > 1. Thus by Lemma 3, f € M&S;,, , if

(L — M)r" 1— LM
T <A

https://doi.org/10.3390/axioms15110821
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further simplification gives

ah 1/n
2t
r< ( a K ) =1
(L = M) + /(L — M) + 4[M?(1 + tanh y1) — LM tanh

Moreover, if M = 0 then b = 1 and hence from inequality (9)

zf'(z)

- —1| < L.
o s

Again by Lemma 3, f € MEY,,, ,, if Lr" < tanh , that is if » < (tanh p/ L)l/ " but this is
the same as r; for M = 0.
Now for 0 < M < L <1, itis simple to prove b < 1 due to Lemma 3.3 and inequality

(9); we have
(L —M)r" < 1— LMr?

— (1 —tanhp),
T = Toapen 7t
or,
L—M)r" — 1+ LMr?"
( il L <tanhyu —1.
1 — Mz2r2n
A manageable calculation yields
h 1/n
2t
r< ( Skl ) =1,
(L = M) + /(L — M) + 4[M?(tanh st — 1) + LM tanh
O

Theorem 6. Let f € MG [L, M], where —1 < M < L < 1, subject to the conditions

(L-M)A+M)<(1-M*)tanhpand1—LM <1—-M?, (10)

(L=M)(1-M) < (1-M?)tanhpand1 —M* <1 - LM. (11)
Then § € MGy, ,,, that is MS; [L, M] C MSy,, ,,.

Proof. Let f € MG}, [L, M]. From Lemma 2, we have
zf'(z) 1—-LM L-M
f(z) 1-M2|~ 1-M?%

Also, because of Lemma 3, we observe that f € M&;,, ,, if

L-M 1-LM 1-LM

T < T2 — (1 —tanhu) and—l_]w2 <1
or,

L-M 1-LM 1-LM

Yz <1l+tanhpu — T andls—l_Mz,

which, after some simple calculations, yields conditions (10) and (11) respectively. [

Theorem 7. The MSy,, ,,-radii for the classes MST, MSy; and MSE are, respectively:

*
tan pu

ngfm(imeiZ) = tanhp(2 — tanh ),
tanhy(z(\/z — 1) + tanhy)
Roney,,, (MShy) = . .
(V2-1) +2(2-1)(V2 -1+ tanhp)
and
Rane;any(WGE) _ v2(2 + 3tanh u) — 2'

2
All these radii cannot be improved.

https://doi.org/10.3390/axioms15110821
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Proof. If f € MS] then _#@ < V1 + z. Therefore, if |z| = 7,

f(z)
_zf’(z) - 1‘ <1-+1-7r
f(z)

and because of Lemma 3, f € MEY,, ,, if

1—\/l—r§tanhy,

that is,

r <tanhu(2 — tanh ) = Rypg:  (IMST).

*
tan

For the sharpness, we have

(1+v1+z)
4Zexp{2(\/1_+z— l)}

Clearly ~22 = T4 72,50 | € MS;. Letting z = —Ropg, , (MS]) implies — 1 —

1 = —tanh p. Hence, the radius is sharp. Next, on behalf of f € MSx;

_H @ _(J2_ 1-z
f2) <V2-(2-1) 1+2(\/§—1)z.

fo(z) =

Now, if |z| = 7, then

zf’(z)_l‘sl_ﬁ_i_(\/i_l) 1+7r

f(z) 1—2(\/5—1)r
and again by employing Lemma 3, { € M&;,, , if
1+7r
1ot (2=1) | — 2
( ) 1-2(V2-1)r

Further simplification gives

r< fanhﬂ(2<\/§_1> +ta“hﬂ> = Ryey,, , (MBS ).

(2-1) +2(y2-1)(Y2-1+tanhp)

where

ri(z) = V2 - (\/§—1> szTz—l)z

Sharpness follows for

1 21 —qg (1)
f1(z) = Eexp(jo Tdt),

where the integral is taken along any path in D from 0 to z. It is easy to see that

! 1_
Zfl(Z) :qRL(Z) _ \/E— (\/E—l) z

f1(2) 1+2(\/§—1)z'
Hence, by taking z = —Ryey,,., (IMG&S%; ), we obtain
711 (@)
— —1=—tanhp,
@ e

https://doi.org/10.3390/axioms15110821


https://doi.org/10.3390/axioms15110821

Axioms 2026, 15, 821 12 of 21

which shows the sharpness of the result. Finally, let f € IMGSE and |z| = r. Then

zf'(z) , 4z 272
_f(—Z)< +§+T.

Therefore

zf'(z) 4r 272
- - 1 S - + 7

f(2) 3 3
from Lemma 3, we conclude that f € MSy,, , if

4r 2r2<t b
5 + 5 Stanhy,

which further gives

y2(2 + 3tanh ) —

r< > = Rm@tanﬂ(m6é).

We consider the function below to prove the sharpness

f2(z) = ze)q)(—42+22)

Since

z§5(2) 4z 272
— =1+ =+
f2(2) 3 3
Therefore f, € MS¢, and at z = Ryg: L(MBE), we get —zf5(2) /f,(z) — 1 = tanh p,
which proves that the result is sharp. [J

4. Classes of Functions Associated with the Ratio Functions

In this section, for a fixed n € N, we introduce the classes associated with ratios of
meromorphic functions as follows.

51 = {f em, : %e(%) > 0 and Re(zg(z)) > 0,9(z) € smn},
)

(
(z

T, = {femn:%e<g(—z)) > 0 and Re(zg(z)) > 1,g(z) eamn},
_ i@

S3 = fem,: ;E_l <1 and Re(zg(z)) > 0,9(z) €M, 1,
Sq = {f em (z) 1‘ <1land ge M, is convex}.

Theorem 8. The MSy,, ,~radii for the class §y,§,, T3, and §y respectively are

1/n
e, (§1) = (\/4112 coth®(y1) +1 — 2n Coth(y)) ,
1/n
\/9112 +4tanh p(n + tanh ) — 3n
mein, (52) 2(n + tanh 1) '
1/n
\/9112 +4tanh p(n + tanh ) — 3n
tan/A(gf}) - 2(n+tanhy) ,
tanh p g
t““"(&) B (n +1 +tanhy)
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Proof. Let f € §;, then some g € M with Re(f(z)/g(z)) > 0 and Re(zg(z)) > 0 exists.
Now, if p and h are defined as p(z) = zg(z) and h(z) = f(z)/g(z), then p,) € B,,. Thus,
f(z) = p(z)h(z)/z. Hence, by Lemma 1
_zf’(z) 4l < dnr" .
f(z) T 1—r
Due to Lemma 3, f € M&;,, , if

4nr"
m < tanh H,

which on further calculation gives

1/n
r< <\/4n2 coth®() +1—2n coth(y)) = Rype: (F1)-

tan p

For the sharpness, consider

C1(1-2"\ 11—z
To(z) = z(m) ¢ 9= 2(1 +zn)-
Obviously Re(fy(z)/go(z)) > 0 and Re(zgy(z)) > 0; hence f, € §.
(1)", we obtain

Now, by taking a boundary point satisfying z"" = Rype:

fan
zf4(2) B 4nz"
@ T 1-2

which implies that the radius is sharp.

If f € §, then by definition we have g € 9 with Re(f(z)/g(z)) being positive and
MRe(zg(z)) > 1/2. Now, let h(z) and p(z) be as p(z) = zg(z), h(z) = §(z)/g(z). Then,
it is straightforward that h € 3, while p € P,(1/2). As before, §(z) = p(z)h(z)/z.
From Lemma 1

— = tanh(),

zf'(z) 3nr™ 4+ nr?t
f(z) 1—r2n
and in view of Lemma 3, f € M&y,, ,,, if
3nr" + nr"
Ty <ftanhy
that is,
1/n
- \/9n2+4tanh‘u(n+tanh;4)—3n R
rs 2(n + tanh p) - me?anﬂ(&)'
For the sharpness, consider
1+2z"
=—7, gz = ——.
fo(2) 20— 90(2) A= 21

Since Re(fy(z)/go(z)) > 0 with Re(zgy(z)) > 1/2, thus §, € §,. By taking a boundary

point satisfying z" = Rype: (F,)", we obtain

tan

2§ (2) _ 3nR" + nR*
fo(2) B 1—R2n

= —tanhyp,

which implies the sharpness.

Let f € §3. Then there must exist some g € Mt with the properties that |f(z) /g(z) — 1| <
1 with Re(zg(z)) being positive. Therefore, if p(z) = zg(z) and h(z) = g(z)/f(z) then
p € P, and [1/h(z) — 1| < 1iff Re(h(z)) > 1, i, h € B, (1/2). Further as
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so logarithmic differentiation and the use of triangle inequality yields
_Zf'(2) 1‘ < @] | @
f(z) 1 b@ p@) |
and the application of Lemma 1 for o = 0 and then for p = 1/2, respectively, produces
the result
U n n
_zf (2) B < nr N 2nr .
f(z) - 1—-rm  1—y2n
Thus, because of Lemma 3 f € MSY,, ,, if
nr' 2nr’
<
T—m T < tanhy,
that is y
\/9n2+4tanhy(n+tanhy) —3n R
< = . .
rs 2(n + tanh p) MShan (83)

For the functions fy(z) = (1 + z”)2/[z(1 —z"J]and gy(z) = 1 +z2")/[z(1 —z")], itis
easy to have

(z) 1
ERQ(;Z(Z)) = me(l + Z”) > E, %e(zgo(z)> > 0.

This implies that §, € §5. Now, at a boundary point satisfying z" = —Ryye:  (F3)",

fan
_zf(’)(z) - 3nR" + nR*"
fo(2) 1-R*
This explains the sharpness.
Let f be in §,. Then there is a g € 9 being convex satisfying If(z)/g(z) — 1| < 1. Now,

if the function h(z) is defined as h(z) = g(z)/f(z), then as before h is in B, (1/2). Therefore,
we have

=tanhy, (z"=—-R")

2@ zg'(2)  zh'(2)

= + . 12
f(z) 9(2) h(z) (12)
Also g € M is convex and is starlike of order 1/2 due to Lemma 2, and we have
zg' (z) 1 rh
- — . 13
g(z)  1—r| 71— (13)
Thus from (12) and (13) along with Lemma 2, we have
zf'(z) 1 r" N nr’
f(z) 1—r2n| = 1—y2n 1 —pn’
Since 1/(1 — r**) > 1, we use Lemma 3 with centera = 1/(1 — r**). Thus § € MSin
provided
r2n 7" nr'
<
1= T T T S tanha
equivalently
1
tanh p 7
<|—m——mm = Roypes
"= (n+1 +tanhy) e, (54)
Here the functions
3 (1 _ Zn)1+1/7’l 3 (1 _ Zn)l/l’l
fo(z) = — go(2) = EE—
are such that, g, is convex and
o@) _ 1‘ =<1,
90(2)
thus f, € §,. By taking z = RWG&,M (F4), we have —Zfzé((j = 1 + tanh p. Hence the result

is sharp. [
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5. A Tangent-Order Subclass

We now introduce a two-parameter refinement of the main class. The parameter y
continues to control the tangent image domain, while a new parameter ¢ contracts the
tangent perturbation about the point 1.

Definition 1. Let 0 < ¢ < 1and 0 < pu < /4. A function § € 9 is said to belong to the
tangent-order class MSi,y, , o if

zf'(z)

_f(—z) <14+ (1 —-o0)tan(puz), z € D*.

For o = 0, this definition gives the original class M&Sy,;, ,. The geometric behavior of
the function q,, ,, for selected values of y and ¢ is illustrated in Figure 3.

u=nm/8, c=0 u=nmn/8, c=0.4 u=nmn/8, c=0.7

0.4

0.3

0.2

0.1

0.0

Imw

-0.1

-0.2

-0.3

-0.4

0.50
0.25

2

£ 0.00

-0.25

-0.50

00 05 10 15 20 04 06 08 10 12 14 16 07 0B 0 T0 11 12 13
Rew Rew Rew

Figure 3. Images of the unit disk D under the function Qo (2) = 1+ (1 —0) tan(puz) for selected values
of u and o. The black curves represent the boundary image qm(am, while the blue and red curves
show images of concentric circles and radial segments, respectively.

Theorem 9. If f € M&,, - and |z| = r <1, then

_zf’(Z) — 1‘ < (1—o)tan(ur)
f(z) -
and ,
me(—zf (Z)) >1—(1—0) tan(ur).
f(z) )~

Moreover, f has the representation

B 1 z tan(puw(t))
i@ =2 exp(—(l —0) fo —— dt),

where w is a Schwarz function.

Proof. By the definition of M&Sy,,, , -, there exists a Schwarz function w such that

4@

SN =1+ (1-0)tan(uw(z)).
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The estimate obtained in the proof of Theorem 1 gives | tan(uw(z))| < tan(ur). This
immediately yields the modulus estimate and the real-part estimate. Finally,

d _ tan(pw(z))
= log(zf(z)) = —(1 — U)T,

and integration from 0 to z gives the stated representation. [

Theorem 10. Let 0 < p < 1. The M&S* (p)-radius for MSi,y, - is

1 1-—
Rone- (o) (93?6;;“”,0) = min{L ﬁ tan_l( d )}

1—-0
Proof. Theorem 9 shows that

S)‘ie(—zf/ﬁ) >1-(1-o)tan(ur).
f(z) )~

Thus | € MES*(p) whenever
1—-(1—-o0)tan(ur) = p,

which is equivalent to

1 1-—
r< —tan_1<—‘0>.
u l1-0

The radius cannot exceed 1, so the asserted expression follows. Sharpness for the
nontrivial case when this number is less than 1 is obtained from

_ 1 z tan(ut)
fo,u(2) = EeXp(—(l -0) fo ; dt),

for which )
va,y (z)

for,u(2)
At the boundary point z = —Rype- () (Dﬁ6§‘an W,), the real part equals p. O

=1+ (1 -0)tan(uz).

Theorem 11. Let A =1 — 0 and 0 < p < 1. Every function in MS
convex of order p in |z| < R,, where

. . .
fan u,0 1S meromorphically

. 1 (1-p
R, = min{l,r, 1}, Ty = ; tan )

and ry is the first positive root of

(1—Atanpur)(1 — Atanpur — p)(1 — r?) — Aursec? ur = 0.

Proof. For f € MSy,, ,, ,, write

@
f(z)

where w is a Schwarz function. Logarithmic differentiation gives

=1+ Atan(pw(z)),

zf"(z) Apzw' (z) sec? (pw(z))
_ —f’(z) =1+ Atan(pw(z)) — T+ Atan(ico(2)

Using |tan(pw(z))| < tan pr, | sec(uw(z))| < sec ur, and

_ 2
1— |w(z)] < 1

! <
W @ s —— 2 ST
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we obtain

2" (2) Aprsec pr
W( ! f’(—2)>21 AR G A At

The right-hand side is at least p precisely when
(1—Atanpur)(1 — Atanur — p) (1 — r?) — Aursec? ur > 0.

Together with r < r,, this proves the asserted convexity radius. O

Corollary 2. Taking o = 0 in Theorems 10 and 11 recovers the corresponding radius statements
for the original class MS,, .

6. Conformal Mapping Theory
In this section, we record the conformal mapping interpretation of the superordinate function
qo(z) =1+ tan(uz), O<uc< %

This point of view explains the geometric nature of the domain wy,, , and gives an
equivalent range criterion for functions in MSE,, ,. The conformal images of the unit disk
under g for selected values of y are shown in Figure 4.

u=m/12 u=nmn/8

T T T T T T T T T
0.00 025 050 0.75 1.00 125 150 175 2.00
Rew

Figure 4. Conformal images of the unit disk under g,(z) = 1 + tan(pz) for selected values of j.
The black curves represent the boundary image ¢,(dD), while the blue and red curves represent
images of concentric circles and radial segments, respectively.

Theorem 12. The function q,(z) = 1+ tan(pz) is a conformal mapping of D onto wy,y, ,. Moreover,
the inverse function on Wean i 18

“(w) = * tan~ (w -1
fo (W) = o tan— (@ = 1),

where tan™" denotes the analytic branch determined by tan~'(0) = 0.
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Proof. Since 0 < y < 71/4, the disk pD is contained in the vertical strip {z : [Pez| < 77/2}.
The tangent function is one-to-one in this strip, because tan z; = tanz, implies z; — z, = k7
for some integer k, and the strip condition forces k = 0. Hence g is univalent in D. Also,

q0(z) = usec®(uz) # 0,

because the zeros of cos z do not meet uD. Thus g is conformal. Solving w = 1 + tan(uz)
gives the asserted inverse. []

Theorem 13. For0 <r <1, let
Wian (1) = qo({z * |21 < 1}).
Then Wiy, (1) is a simply connected Jordan domain whose boundary is parametrized by
,,(0)=1+tan(ure®), 0<0<2m.
Equivalently, z'fl"w(e) = UW(G) + iVW(G), then

sin(2ur cos 6)
cos(2pur cos 0) + cosh(2ur sin )

u,, =1+

and
sinh(2ur sin 6)

V. (0) = cos(2ur cos 0) + cosh(2ursin )’

Furthermore,

{fweC:jw-1] < tanh(ur)} C Wian 1 (1) C {weC:jw-1| < tan(ur)}.

Proof. By Theorem 12, g, is conformal in a neighborhood of the closed disk |z| < r and has
no self-intersection on |z| = r. Hence I'; , is the boundary of the simply connected image
domain Wy, , (). The stated parametric form follows from

sin(2x) + isinh(2y)

tan(x + iy) = cos(2x) + cosh(2y) ’

with x = urcos 6 and y = pr sin 6. Finally, the extremal boundary distances from the point
1 are

in |t 9)| = tanh t 0y =t
oin_ | an(pre'”)| = tanh(ur), omax | an(pre'”)| = tan(pur),

as obtained by the same calculation used in Theorem 1 and Lemma 3. The two disk inclusions
follow at once. O

The disk inclusions used in the radius estimates are illustrated in Figure 5.

Theorem 14. Let f € 9 be such that

zf'(2)
Z) = ———-
PE =50
is analytic in D and satisfies p;(0) = 1. Then
f € MSny
if and only if
ps(D) C Wran -
Equivalently,

1
0(2) = p tan™" (p;(2) — 1)

is a Schwarz function.

https://doi.org/10.3390/axioms15110821


https://doi.org/10.3390/axioms15110821

Axioms 2026, 15, 821

19 of 21

Disk inclusions for wiany when p=n/4

1004 _mme=——— — dWtany
~

s== |w-1|=tanhpu

== |lw—-1|=tanu
0.75 A :

0.50 A

0.25 A

0.00 A

Imw

—0.25 A

—0.50 A

—0.75 A

—1.00 -

T T T T T T
0.00 025 050  0.75 1.00 1.25 1.50 1.75 2.00
Rew

Figure 5. The conformal image domain wy,, , for p = 71/4 together with the inner disk [w —1| < tanh
and the outer disk |[w — 1| < tan p. This illustrates the disk inclusions used in the radius estimates.

Proof. Since g, is univalent by Theorem 12 and 4,(0) = 1, the standard subordination
principle for univalent functions gives

py<qo <= p;(0) =¢p(0) and p;(D) C go(ID).
The equivalence follows because gy (D) = w,y, ,- Applying the inverse map from Theorem 12
gives the Schwarz function O; = qg' o p;. O
Remark 1. If f(z) = h(z)/z, where h(0) = 1 and h is analytic and nonzero in D, then

zh' (2)
h(z) ’

ps(z) = 1-

which shows that the analyticity assumption in Theorem 14 is automatic for this nonvanishing
normalized factor.

Corollary 3. Let f € I and suppose that, for |z| < r,
‘pf(z) - 1‘ < tanh p.
Then § belongs to MSg,,, , in the disk |z| < r. More generally, if
‘pf(z) - 1‘ < tanh(us), 0<s<l1,

for |z] < 1, then p;(12] < 1) C Wian 1, (8)-

Proof. The result follows immediately from the disk inclusion in Theorem 13 and the
conformal range criterion of Theorem 14. [

7. Conclusions

In the present paper, we have defined and studied the new class M&Sy,, , of meromor-
phic starlike functions in terms of subordination to the generalized tangent function. Radii
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of starlikeness and convexity were determined. Also, some radius results have been proved
for various well-known subclasses, such as Janowski-type classes and quotient classes of

meromorphic functions. A new subclass & of tangent order has been defined, whose

tan 1,0
representation formula has been derived, and raydius estimates of starlikeness and convexity
have been obtained.

Moreover, we have studied the mapping properties of the superordinate function
qo(z) = 1+ tan(yz). In particular, we have analyzed its inverse function, parametrization of
its boundary, image-domain inclusions, and conformal range criterion.

This paper opens up different areas of future research on this new subclass, such
as coefficient inequalities, distortion theorems, Hankel determinants, extremal problems,

inclusion relations, and differential subordinations problems.
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