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Abstract

The article examines alpha-rhythm spindles. The importance of studying alpha rhythm
spindles for improving the reliability of nervous system diagnostics is substantiated. The 
analysis employs a mathematical framework based on the Hilbert transform as well as 
spectral analysis based on the classical Fourier transform. Using the Hilbert transform, the 
instantaneous frequency of the spindles is determined. It is shown that a spindle is not an 
amplitude-modulated oscillation and a spindle can be described using the beating method. 
Two frequencies are obtained that determine the frequency composition of the spindles. It 
is shown that the beating method is more accurate compared to the Fourier transform.
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1. Introduction
Alpha activity in the electroencephalogram (EEG) is one of the key forms of rhythmic 

neural activity in the brain. It is characterized by oscillations in the 8–13 Hz range and 
is most pronounced in the occipital–parietal regions of the cortex in a resting state (see 
Figure 1). In modern neuroscience, the alpha rhythm is no longer regarded as a marker of a 
passive state but is interpreted as an active mechanism for regulating cognitive processes. 
Recent studies show that alpha activity plays an important role in selective attention, sensory 
inhibition, and the control of information flow in the cerebral cortex [1,2].

In this context, important microstructural elements of the alpha rhythm that reflect the 
dynamic organization of neural activity are alpha spindles. In contrast to earlier views of the 
alpha rhythm as a stationary process, modern evidence indicates its pronounced episodic 
structure, manifested in the form of short bursts—alpha spindles (see Figure 2). These 
events typically last from 0.5 to 2 s and are characterized by a gradual increase and decrease 
in amplitude, indicating the temporal synchronization of large neuronal populations [3–5].

The mechanisms underlying the generation of alpha spindles are primarily associated 
with the interaction between the thalamus and the cerebral cortex. According to modern 
models, a key role is played by thalamocortical loops, in which rhythmic activity is formed 
through the interaction of excitatory thalamocortical neurons and inhibitory neurons of the 
thalamic reticular nucleus [6,7].
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Figure 1. Alpha rhythmof the awake adult.

These structures create conditions for the emergence of oscillations in the alpha range 
through feedback mechanisms and rhythmic membrane hyperpolarization.

Figure 2. Alpha rhythm spindle.

Thus, alpha spindles may arise as a result of a transient increase in synchronization 
within these networks, when a large number of neurons simultaneously enter an oscillatory 
mode [8–10].

At the same time, in addition to the thalamic contribution, local cortical networks 
also play a significant role in the generation of alpha spindles. Studies show that alpha 
activity can arise from intracortical processes, in particular, from interactions between 

https://doi.org/10.3390/axioms15110820

https://doi.org/10.3390/axioms15110820


Axioms 2026, 15, 820 3 of 17

excitatory pyramidal neurons and inhibitory interneurons. In this context, alpha spindles 
are considered an indicator of the balance between excitation and inhibition in the cortex, 
allowing the brain to rapidly switch between active information processing and its temporary 
suppression [2].

From the perspective of their functional nature, alpha spindles are closely associated 
with mechanisms of inhibition and selective attention. Their occurrence is often interpreted 
as a marker of the temporary suppression of information processing in specific sensory 
or associative regions of the cortex. For example, during cognitive task performance, 
an increased probability of alpha spindle occurrence in the visual cortex may indicate 
suppression of visual information when attention is focused on other modalities. Thus, 
alpha spindles act as a kind of “filter” that regulates the access of information to further 
processing [6,9].

From the standpoint of quantitative analysis, alpha spindles are characterized by several 
parameters, among which the key ones are amplitude, frequency, duration, and periodicity 
of occurrence. An important feature is their variability—both between different individuals 
and within the same subject depending on the functional state. In particular, under increased 
cognitive load or fatigue, both the frequency of spindle occurrence and their duration may 
change, reflecting adaptive mechanisms of the brain [11].

In this regard, an important aspect of studying alpha activity is its rhythmic organi-
zation, in particular the stability of frequency, the regularity of alpha spindle occurrence, 
and the coherence of oscillations over time. In the clinical context, disturbances in the 
rhythmicity of alpha activity—manifested as disorganization, fragmentation, or reduced 
rhythm stability—are considered indicators of dysfunction in neural networks, primarily 
the thalamocortical system. Such changes may reflect impairments in neural synchroniza-
tion mechanisms underlying cognitive processes and the regulation of states of conscious-
ness [11,12].

A reduction in the rhythmicity of alpha activity is often observed in various neuro-
logical and psychiatric conditions. In particular, in cognitive impairments and neurode-
generative diseases such as Alzheimer’s disease, a slowing of the alpha rhythm, a decrease 
in its regularity, and reduced spatial organization are observed. This is associated with 
the degradation of thalamocortical connections and impaired synchronization of neural 
activity [9,13–15].

Similar changes can also be observed in attention disorders, depression, and anxi-
ety states, where the disorganization of alpha activity reflects impairments in inhibitory 
mechanisms and the regulation of cognitive processes [2].

Particular importance is attributed to disruptions in the microstructure of alpha activity, 
specifically changes in the characteristics of alpha spindles. A decrease in their regularity, 
the appearance of chaotic or atypical spindles, as well as a reduction in their occurrence 
frequency may indicate instability of neural networks and reduced efficiency of information 
processing. Such changes are often associated with states of decreased alertness, cognitive 
fatigue, or disorders of consciousness [11].

In addition, disturbances in the rhythmicity of alpha activity may manifest as increased 
variability in frequency and amplitude, indicating a reduced ability of the brain to maintain 
stable functional states. Modern studies emphasize that such variability is not random but 
reflects an imbalance between excitatory and inhibitory processes in the cerebral cortex 
(see [16]). In this context, the analysis of the rhythmicity and stability of alpha activity is 
considered a promising approach for assessing the functional state of the brain.

From a clinical perspective, the assessment of alpha activity rhythmicity has diagnostic 
and prognostic significance. It can be used for the early detection of cognitive impairments, 
monitoring disease progression, and evaluating the effectiveness of therapeutic interven-
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tions. In particular, the normalization of alpha rhythm rhythmicity is considered a positive 
marker of the restoration of brain functional state and is used in neurorehabilitation and 
neurofeedback therapy [17].

Therefore, disturbances in the rhythmicity of alpha activity represent an important 
neurophysiological indicator reflecting dysfunction of neural networks and have significant 
clinical relevance. In this context, the analysis of both macro- and microstructural charac-
teristics of the alpha rhythm (including alpha spindles) opens up opportunities for more 
accurate diagnosis and a deeper understanding of the pathophysiological mechanisms of 
various central nervous system disorders.

Further development of this field is associated with the improvement of methods 
for analyzing alpha spindles, which have undergone significant evolution in recent years. 
Previously, alpha activity was assessed mainly by the average power of the signal, whereas 
nowadays event-based analysis methods are becoming increasingly widespread, allowing 
the identification of individual spindles in the time signal. Such methods include threshold 
algorithms, time–frequency analysis (in particular, wavelet transform), as well as modern 
approaches based on machine learning, which provide more accurate and automated 
detection. Of particular importance is single-trial analysis, which makes it possible to 
account for the instability of neural rhythms and to obtain more detailed information about 
their dynamics [3].

In addition, the individual alpha frequency (IAF), which determines the specific 
features of alpha spindle generation in a particular individual, is being actively studied. It 
has been established that this characteristic is associated with cognitive abilities, information 
processing speed, and attention levels, highlighting the functional significance of alpha 
spindles as a neurophysiological marker [18].

The significance of alpha spindles extends beyond fundamental research and has 
practical applications. They are used as indicators of the functional state of the brain in 
studies of attention, fatigue, drowsiness, and cognitive load. In particular, an increase 
in their occurrence frequency is associated with reduced alertness, which has practical 
importance for monitoring the condition of operators, drivers, and other professionals 
whose work requires prolonged concentration. Moreover, alpha spindles are considered a 
promising tool in neurofeedback technologies, where their parameters can be used to train 
self-regulation of brain activity [17].

An additional important aspect of alpha spindle analysis is the examination of their 
internal dynamics, in particular the relationship between amplitude and frequency charac-
teristics within a single episode. Traditionally, most studies have focused on the amplitude 
or overall power of alpha activity; however, modern approaches indicate that the frequency 
component is a more sensitive and dynamic indicator of the brain’s functional state. In partic-
ular, it has been established that the instantaneous frequency of alpha oscillations can change 
within a single spindle much faster than its amplitude, reflecting rapid reconfigurations of 
neural synchronization [16,18].

Such rapid frequency changes are associated with the variability of thalamocortical 
interactions and the dynamic balance between excitatory and inhibitory processes. Unlike 
amplitude, which reflects the degree of involvement of neuronal populations, the oscillation 
frequency is more directly related to the temporal characteristics of neural communication 
and the speed of information processing [8,13].

In this context, the analysis of the frequency structure of alpha spindles makes it possi-
ble to detect subtle changes in the functional state of the brain that may remain unnoticed 
when using only amplitude-based measures. From a clinical perspective, increased variabil-
ity of frequency or disruption of its stability may serve as earlier markers of neural network 
dysfunction than amplitude changes. Studies show that in cognitive impairments, neurode-
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generative processes, and states of reduced alertness, it is primarily the destabilization of 
the frequency characteristics of alpha activity that is observed, whereas amplitude changes 
may appear later or be less specifi [9,11].

In modern neurophysiology, the alpha rhythm spindle is traditionally interpreted as 
a type of amplitude-modulated (AM) oscillation. This view is supported by a number of 
publications in which changes in the amplitude of the alpha rhythm are considered a form 
of modulation capable of generating slow evoked responses or reflecting neuromodulatory 
mechanisms in the brain. In particular, such an interpretation is found in the work of 
Mazaheri & Jensen (see [19]), where the contribution of symmetric amplitude modulation 
of the alpha rhythm to the formation of slow evoked potentials is discussed, and in the 
study by Zarubin et al. (see [20]), where amplitude variations in alpha oscillations are 
treated as the central mechanism of their modulation.

Taken together, these studies have led to the widespread assumption that variation in 
amplitude within an alpha rhythm spindle constitutes amplitude modulation. However, 
a change in amplitude by itself does not necessarily constitute amplitude modulation in the 
strict sense used in radio engineering.

Therefore, before classifying alpha spindles as amplitude-modulated processes, it is 
necessary to rigorously define which features truly characterize a signal as an AM oscil-
lation and which do not. To investigate this issue, let us consider the formal definition 
of modulation and the specific features of amplitude modulation from the perspective of 
classical radio engineering and signal theory [21–23].

2. Materials and Methods
2.1. The Concept of Modulation—Amplitude Modulation

To transmit information over radio channels, a high-frequency oscillation called a car-
rier wave is used. One of the parameters of this oscillation changes over time in accordance 
with the message being transmitted. The carrier wave typically has the following form 
(see [24]):

𝑠(𝑡) = 𝐴 𝑐𝑜𝑠(2𝜋 𝑓 𝑡 + 𝜃) . (1)

Any oscillation parameter can be modulated, that is, the amplitude, frequency, or initial 
phase. Regarding this, a distinction is made between amplitude modulation (AM) and 
angle modulation (AM). Angular modulation, in turn, can be frequency modulation (FM) 
or phase modulation (PM).

As the name suggests, with AM, the amplitude of the carrier oscillation changes 
according to the law (see [25]):

𝐴(𝑡) = 𝐴0 + 𝑘𝐴𝑒(𝑡) . (2)

The simplest case of tonal AM is when

𝑒(𝑡) = 𝐸 𝑐𝑜𝑠(2𝜋 𝐹𝑡 + 𝛾) . (3)

From here we get

𝑠(𝑡) = 𝐴0[1 +
𝑘𝐴𝐸
𝐴0

𝑐𝑜𝑠(2𝜋 𝐹𝑡 + 𝛾)]𝑐𝑜𝑠(2𝜋 𝑓0𝑡 + 𝜃0) . (4)

The parameter

𝑀 =
𝑘𝐴𝐸
𝐴0

=
Δ𝐴
𝐴0

(5)

is called the amplitude modulation coefficient. Taking this into account, a tone-modulated 
signal can be written as follows:

𝑠(𝑡) = 𝐴0[1 + 𝑀𝑐𝑜𝑠(2𝜋 𝐹𝑡 + 𝛾)]𝑐𝑜𝑠(2𝜋 𝑓0𝑡 + 𝜃0) . (6)
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Here 𝐴(𝑡) = 𝐴0[1 + 𝑀 𝑐𝑜𝑠(2𝜋 𝐹𝑡 + 𝛾)] is the physical envelope of a signal with tonal 
AM. Only when 𝑀 ≤ 1, does the physical envelope of an AM signal contain undistorted 
information of the modulated signal. If 𝑀 ≥ 1, the condition of linear dependence on the 
envelope is not met. This leads to the appearance of linear distortion (overmodulation). In 
amplitude modulation, information is conveyed by varying the signal’s amplitude, while 
the carrier frequency remains constant. Consequently, if any variability in the instanta-
neous frequency is detected, this contradicts the model of pure amplitude modulation and 
indicates the presence of a frequency or phase modulation component [21–23].

2.2. Determination of the Instantaneous Frequency of the Alpha Rhythm
Signal processing apparatus is well developed in radio engineering. Of great impor-

tance is the Fourier Transform (FT).
The FT is a fundamental mathematical tool that decomposes a time domain signal. 

Classical Fourier analysis implicitly assumes that the signal under study is stationary, mean-
ing its statistical properties do not vary significantly over time. Because the FT produces 
a global frequency representation—integrating information over the entire time axis—it 
provides an averaged description of the spectral content rather than a time localized one.

Traditional Fourier analysis presumes signals to be infinite in time or periodic, and thus 
performs poorly when analyzing signals whose frequency characteristics evolve over time. 
This limitation motivates the development of time–frequency methods [22,26].

Moreover, the uncertainty principle of Fourier analysis highlights a fundamental 
limitation: the FT cannot simultaneously provide high resolution in both time and frequency. 
It smears together contributions from all time instants, making it insufficient for signals 
with rapid or localized temporal changes.

A fundamental limitation of the classical Fourier Transform is that it does not provide 
instantaneous frequency information. The FT reveals what frequencies are present, but not 
when they occur. Its output reflects a time averaged spectrum and cannot capture temporal 
variations. In non-stationary contexts, the FT therefore fails to display frequency evolution 
over time, which is why specialized methods are necessary for adequate analysis.

There are few methods for determining instantaneous frequency [22]. One method is 
the Hilbert transform (HT). It is highly accurate, but its use requires a narrowband. In our 
case, we are using a narrow frequency band—the alpha rhythm. Therefore, we can use 
this method.

The HT is a fundamental mathematical operation used in modern signal processing 
to extract phase related information from real valued signals. Formally, it is defined as a 
singular integral that produces a new function by convolving the original signal with the 
Cauchy kernel 1/(𝜋 𝑡), evaluated in the sense of the Cauchy principal value.

In practical terms, the Hilbert transform separates the original real signal into two 
orthogonal components, enabling a quadrature representation.

A narrowband signal possesses a notable property: it can be represented with high 
precision in the following form [21,22,27]:

𝑠(𝑡) = 𝐴(𝑡)𝑐𝑜𝑠(𝜙(𝑡)) = 𝐴(𝑡)𝑐𝑜𝑠(2𝜋 𝑓0𝑡 + 𝜃(𝑡)) (7)

where
• 𝐴(𝑡) and 𝜃(𝑡) are slowly varying low-frequency functions of time;
• 𝜙(𝑡) is full phase;
• 𝐴(𝑡) is physical envelope of narrowband signal.
The instantaneous frequency 𝑓0(𝑡) of a narrowband signal 𝑠(𝑡) is defined as follows

𝑓0(𝑡) =
𝑑𝜙(𝑡)

𝑑𝑡
1

2𝜋 . (8)
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The envelope of a narrowband signal, along with its complete phase, can be obtained 
through the application of the Hilbert transform [21–23]:

𝐴(𝑡) = √𝑠2(𝑡) + ˆ𝑠2(𝑡) , (9)

𝜙(𝑡) = arctan( ˆ𝑠(𝑡)/𝑠(𝑡)) . (10)

Here ˆ𝑠(𝑡) is a new function that is related to the function 𝑠(𝑡) by the relations

𝑠(𝑡) =
1
𝜋

∞

∫
−∞

ˆ𝑠(𝑡)
𝑡 − 𝜏 𝑑𝜏 , (11)

ˆ𝑠(𝑡) = −
1
𝜋

∞

∫
−∞

𝑠(𝑡)
𝑡 − 𝜏 𝑑𝜏 . (12)

Relations (11) and (12) are referred to as the Hilbert transform. The function ˆ𝑠(𝑡)
is known as the Hilbert conjugate of 𝑠(𝑡). The Hilbert transform plays a crucial role in 
the theory of narrowband signals as well as in the design of radio engineering devices 
and systems [21–23]. It is a linear operator. The analysis of electrical circuits subjected to 
electrical oscillations becomes substantially simpler when the oscillation is represented in 
the form of a complex signal [22]:

𝑎(𝑡) = 𝐴0𝑐𝑜𝑠(2𝜋 𝑓0𝑡 + 𝜃0) = 𝐴0𝑅𝑒[𝑒𝑗𝜃0𝑒𝑗2𝜋 𝑓0𝑡] = 𝐴𝑄𝑅𝑒[𝑒𝑗𝜃0] , (13)

where 𝐴𝑄 = 𝐴0𝑒𝑗2𝜋 𝑓0𝑡 is the complex amplitude.
The analytic signal has the form

𝑧(𝑡) = 𝑠(𝑡) + 𝑗 ˆ𝑠(𝑡) . (14)

It follows that
𝑠(𝑡) = 𝑅𝑒[𝑧(𝑡)] , (15)

ˆ𝑠(𝑡) = 𝐼𝑚[𝑧(𝑡)] . (16)

An analytic signal 𝑧(𝑡) is defined as the complex-valued representation associated with 
a real-valued signal 𝑠(𝑡).

By examining the analytic signal expression together with (9) and (10), it follows that 
the envelope of the analytic signal is given by

𝐴(𝑡) = √𝑠2(𝑡) + ˆ𝑠2(𝑡) , (17)

and the overall phase is expressed as

𝜙(𝑡) = arctan
ˆ𝑠(𝑡)

𝑠(𝑡) = arctan 𝑧(𝑡) . (18)

Thus, the analytic signal takes the form

𝑧(𝑡) = |𝑧(𝑡)|𝑒𝑗𝑎𝑟𝑔𝑧(𝑡) = 𝐴(𝑡)𝑒𝑗𝜙(𝑡) . (19)

By extending the phase relation of a harmonic signal, the phase of a narrowband signal 
takes the form

𝜙(𝑡) = 2𝜋 𝑓0(𝑡) + 𝜃(𝑡) , (20)

where 𝑓0 is the reference frequency of the narrowband signal; 𝜃(𝑡) is a low-frequency function 
of time that excludes any linearly time-dependent components.

The low frequency, slowly varying time function is given by

˜𝑠(𝑡) = 𝐴(𝑡)𝑒𝑗𝜃(𝑡) , (21)

and is known as the signal’s complex envelope.
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2.3. Beating Method
In [28], the beating method is examined and the alpha spindle pattern is shown to be 

consistent with this method.
The beating method represents a fundamental analytical approach for studying har-

monic and quasi-harmonic signals based on the interference of two oscillations with closely 
spaced frequencies. Consider two harmonic components:

𝑠1(𝑡) = 𝐴1𝑐𝑜𝑠(2𝜋 𝑓1𝑡 + 𝜙1) , (22)

𝑠2(𝑡) = 𝐴2𝑐𝑜𝑠(2𝜋 𝑓2𝑡 + 𝜙2) . (23)

where 𝑓1 and 𝑓2 denote nearly identical frequencies. Their linear superposition produces a 
resulting signal whose amplitude is modulated at the beating frequency 𝑓𝑏 = |𝑓1 − 𝑓2|. This 
interference phenomenon, known as beating, manifests as periodic amplitude fluctuations 
and provides a sensitive indicator of small frequency deviations.

From a spectral perspective, beats can be interpreted as the interaction between two 
narrowband spectral components that lie in close proximity to one another. This prop-
erty makes the beating method highly suitable for precise frequency comparison and the 
quantification of small frequency offsets.

In the analysis of non-stationary processes, the beating method serves as an efficient tool 
for localizing instantaneous frequency variations. When the frequency of a signal changes 
over time, the beat envelope reflects the relative spacing of local spectral components.

The average frequency 𝑓𝑐 = (𝑓1 + 𝑓2)/2 acts as an effective carrier, while the difference 
frequency plays the role of a modulation component.

Overall, the beating method constitutes a robust and computationally efficient frame-
work for analyzing signals containing closely spaced frequency components or narrowband 
structures. Its high sensitivity to minute frequency changes, combined with conceptual 
simplicity, ensures continued relevance in radio engineering. The method offers a rigorous 
yet practical means for identifying subtle frequency variations and elucidating the structure 
of complex oscillatory processes.

Accordingly, the signal in this case is defined as

𝑠(𝑡) = 𝐴1𝑐𝑜𝑠(2𝜋 𝑓1𝑡 + 𝜙1) + 𝐴2𝑐𝑜𝑠(2𝜋 𝑓2𝑡 + 𝜙2) . (24)

In the case when the amplitudes are equal, i.e., 𝐴1 = 𝐴2 = 𝐴, we obtain

𝑠(𝑡) = 2𝐴𝑐𝑜𝑠(𝜋(𝑓1 + 𝑓2)𝑡)𝑐𝑜𝑠(𝜋(𝑓1 − 𝑓2)𝑡) . (25)

The resulting expression shows that the resulting signal is a high-frequency oscillation 
with a frequency (𝑓1 + 𝑓2)/2, the amplitude of which is modulated by a low-frequency 
envelope with a frequency |𝑓1 − 𝑓2|/2.

However, the frequency of the maximum/minimum amplitude, i.e., the “beat fre-
quency”, is equal to

𝑓𝑏 = |𝑓1 − 𝑓2| . (26)

Since the envelope varies as 𝑐𝑜𝑠(𝜋(𝑓1 − 𝑓2)𝑡), the maximum amplitude is reached twice 
during the envelope period.

If the amplitudes are not equal, then the instantaneous frequency is determined as [22]

𝑓 (𝑡) =
𝑓1𝐴2

1 + 𝑓2𝐴2
2 + 𝐴1𝐴2𝑐𝑜𝑠(2𝜋(𝑓1 − 𝑓2)𝑡)

𝐴2
1 + 𝐴2

2 + 2𝐴1𝐴2𝑐𝑜𝑠(2𝜋(𝑓1 − 𝑓2)𝑡)
. (27)

It is important to note that, as follows from the expression for instantaneous frequency, 
its value depends not only on the frequencies of the interfering oscillations but also on 
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their amplitudes. This reflects a fundamental difference between an amplitude-modulated 
oscillation and a signal formed as a result of beating.

Applying this approach to the analysis of electroencephalographic signals makes it 
possible to interpret alpha spindles not as homogeneous oscillations, but as the result of 
the superposition of several generators of alpha activity with slightly different frequency 
characteristics. In the neurophysiological context, the beating phenomenon may reflect 
the interaction of different sources of the alpha rhythm, in particular thalamic and cortical 
generators, as well as spatially separated cortical networks. The presence of several oscilla-
tors with close frequencies leads to the formation of a complex temporal signal structure, 
in which amplitude fluctuations arise as a result of frequency inhomogeneity. Thus, the char-
acteristic shape of an alpha spindle—with gradual increase and decrease in amplitude—can 
be partially explained by the beating effect between synchronized but not fully identical 
neural rhythms.

An important implication of this approach is a reconsideration of the role of amplitude: 
it is viewed not only as an indicator of the strength of neural activity, but also as a derivative 
of the interaction between frequency components. This is consistent with modern views that 
the instantaneous frequency of neural oscillations is a more labile characteristic, capable of 
changing faster than amplitude, which is formed as an integral result of synchronization [16]. 
Accordingly, beating analysis makes it possible to indirectly investigate the microdynamics 
of frequency changes within a single alpha spindle.

From a clinical perspective, the analysis of alpha spindle beating may be of particular 
value, as it allows the detection of disrupted coordination between different generators of 
alpha activity. Imbalance or desynchronization between such generators may manifest as 
changes in the beating structure, in particular in the form of irregular amplitude fluctuations 
or instability of frequency components. This, in turn, may serve as an early indicator of 
impaired thalamocortical interaction observed in cognitive disorders, fatigue states, or other 
functional brain disturbances [9,11].

3. Results and Discussion
We calculate the instantaneous frequency of several spindles using the Hilbert trans-

form (see [29]). The result is shown in Figure 3.
Comparison of changes in instantaneous frequency and amplitude shows that these 

parameters change in antiphase. As a result, the greatest amplitude is observed when 
the instantaneous frequency reaches its minimum. Thus, the minima and maxima of the 
instantaneous frequency can be determined by analyzing the signal amplitude.

It can be seen that the instantaneous frequency is not constant in each case. As shown 
in the figure, the instantaneous frequency exhibits a local minimum at 1.33 Hz and reaches 
a maximum of 1.42 Hz. However, with amplitude modulation, the frequency must remain 
constant, so spindles are not amplitude-modulated oscillations.

Let us consider a signal that is the sum of two monochromatic oscillations with close 
frequencies and arbitrary amplitudes—that is, a beat. Figure 4 illustrates the timing diagram 
of such a signal. Using (27), we determine the instantaneous frequency of this signal. 
Figure 5 shows the calculation results.

Let us compare Figures 3 and 5. We can conclude that the spindles are beats, not am-
plitude modulation. From the spindle graph, we determine the frequencies that determine 
the harmonic sum of the beating method. Model parameters were selected algorithmically 
in the MATLAB R2022a environment using an exhaustive search (brute-force) method. 
The frequency values 𝑓1 and 𝑓2, as well as the amplitude values 𝐴1 and 𝐴2 were varied 
systematically within specified ranges. For each set of parameters, a simulated signal was 
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generated, after which the variance of the difference between the experimental EEG and 
the model output was calculated:

𝐷 =
1
𝑁

𝑁
∑
𝑖=1

(𝑠𝑒𝑒𝑔(𝑡𝑖) − 𝑠𝑠𝑖𝑚(𝑡𝑖))2 . (28)

The root-mean-square approximation error averaged 12.3 ± 4.1% of the root-mean-square 
value of the original signal. In total, approximately 100 alpha rhythm spindles, extracted 
from 13 healthy adult subjects, were analyzed.

Figure 3.  Instantaneous frequencies of several spindles calculated using the Hilbert transform. 
Different colours correspond to different spindles and are used for visual clarity only.

Figure 4. Time dependence of the signal 𝑠(𝑡) = 5𝑐𝑜𝑠(2𝜋 1.35𝑡) + 3𝑐𝑜𝑠(2𝜋 𝑓 1.3𝑡).

https://doi.org/10.3390/axioms15110820
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Figure 5. Instantaneous frequency of the signal 𝑠(𝑡) = 5𝑐𝑜𝑠(2𝜋 1.35𝑡) + 3𝑐𝑜𝑠(2𝜋 𝑓 1.3𝑡).

Figures 6–8 show an approximation of the spindles as the sum of two harmonic signals 
and the spindle’s FT. The calculated frequency results are presented in Table 1.

Comparing the frequencies obtained by these two methods and based on Figures 6–8, 
we can draw the following conclusions:
• The spindle is described by the beating method and is not amplitude modulation, as is 

commonly believed;
• Applying the FTto the spindle is inappropriate. This is explained by the fact that in 

the case of a short signal, the resolution is low [22]. The graphs also show that the PF 
selects one frequency, not two.

Figure 6. Cont.
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Figure 6. Approximation of spindle 1: (a) by the beating method (spindle signal—solid line, and its 
approximation—dashed line), and (b) by FT.

Table 1. Shows the spindle frequencies obtained by the beating method (𝑓1, 𝑓2) and the frequency 
obtained by 𝐹𝑇 (𝑓3).

N 𝒇1, 𝒇2 𝒇3

1 9.04; 10.6 11.75
2 8.3;  10.2 9.8
3 8.7; 10.2 10.3

Figure 7. Cont.
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Figure 7. Approximation of spindle 2: (a) by the beating method (spindle signal—solid line, and its 
approximation—dashed line), and (b) by FT.

Figure 8. Cont.
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Figure 8. Approximation of spindle 3: (a) by the beating method (spindle signal—solid line, and its 
approximation—dashed line), and (b) by FT.

4. Conclusions
In the present study, alpha rhythm spindles were investigated using two complemen-

tary approaches: the Hilbert transform and the classical Fourier transform. The use of the 
Hilbert transform is motivated by the fact that this method allows one to obtain instanta-
neous characteristics of narrowband signals, including instantaneous frequency and phase, 
provided that the narrowband condition is satisfied—a fundamental limitation described 
in the theory of analytic signals and the Hilbert transform.

The analysis showed that the instantaneous frequency of alpha spindles is not constant 
but exhibits pronounced fluctuations within a single spindle. This behavior contradicts 
the model of an amplitude-modulated signal, in which the carrier frequency remains fixed 
while only the amplitude envelope changes. Therefore, alpha spindles cannot be adequately 
described by the classical amplitude modulation model.

The obtained time–frequency dependencies indicate that the structure of spindles 
corresponds to a beating mechanism of formation. This mechanism suggests interference 
of two harmonic components with close frequencies, leading to periodic increases and 
decreases in amplitude due to beating. The application of the beating method made it 
possible to approximate the spindle waveform, identify pairs of close frequencies forming 
the observed envelope, and thus propose a more accurate model of the origin of spindles in 
the alpha range.

To verify the reliability of the obtained results, an analysis based on the Fourier trans-
form was also applied. However, the classical Fourier transform, as is well known, provides 
a global spectral distribution averaged over the entire duration of the signal and is therefore 
optimal for stationary processes, but not for structures with rapidly changing temporal 
characteristics. As follows from the theory of time–frequency analysis, the Fourier transform 
does not allow one to capture local frequency changes, including instantaneous frequency 
and its dynamics within a single spindle. In accordance with this limitation, it was estab-
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lished that the resolution of the Fourier transform is insufficient to reveal the time–frequency 
structures detected using the beating method and the Hilbert transform.

Thus, the analysis demonstrates that
• Alpha spindles are not amplitude-modulated oscillations, since their instantaneous 

frequency is not constant.
• The Hilbert transform is an adequate tool for studying these signals, allowing their 

true dynamics to be revealed.
• The beating model provides a correct interpretation of the nature of alpha spindles 

and makes it possible to recover the frequencies forming the observed structure.
In this case, the Fourier transform has limited applicability and does not reproduce 

the spectral features identified using beating analysis.
These results collectively confirm that alpha spindles are complex nonstationary struc-

tures requiring analysis methods focused on instantaneous characteristics of narrowband 
signals. The application of the beating method to EEG spindle signal processing has promis-
ing prospects for future research.

A comprehensive analysis of alpha activity, including its macro- and microstructure, 
parameters of alpha spindles, and their frequency dynamics, represents a promising direc-
tion in modern neurophysiology. It opens new opportunities for a deeper understanding of 
brain function mechanisms and for improving diagnostic approaches.

The beating model provides a signal-level interpretation of alpha rhythm spindles 
as the superposition of two harmonic components with close frequencies. Their interfer-
ence produces periodic amplitude fluctuations, which may account for the spindle-like 
waveform without requiring amplitude modulation of a single carrier frequency. From a 
neurophysiological perspective, this description may be relevant to the study of interactions 
between oscillatory processes within thalamocortical loops and local cortical networks, both 
of which have been implicated in the generation and regulation of alpha activity. However, 
the presence of two frequency components in an EEG signal does not necessarily imply 
the existence of two anatomically distinct neural generators. The components may reflect 
interacting neuronal populations, different dynamical modes of a distributed network, 
or other processes contributing to the recorded signal. Consequently, the beating model, 
in its current form, should be considered a phenomenological description of alpha spindle-
dynamics rather than a definitive mechanistic explanation of their generation. Establishing 
a direct relationship between the identified frequency components and specific thalamic or 
cortical sources requires further investigation using spatially resolved EEG analysis and 
appropriate physiological or computational models.

The proposed interpretation may also have implications for the quantitative assess-
ment of alpha activity. In addition to conventional measures such as amplitude, spectral 
power, and dominant frequency, the beating approach makes it possible to characterize 
the frequency components contributing to individual spindles and their relationship to the 
observed temporal envelope. Combined with instantaneous-frequency analysis based on 
the Hilbert transform, these measures may provide complementary information about the 
temporal organization and variability of alpha activity. Such parameters could potentially 
be investigated as additional markers of changes in neural synchronization associated with 
vigilance, cognitive load, fatigue, and neurological dysfunction.

Nevertheless, the potential clinical value of these measures should be interpreted cau-
tiously. The present signal analysis does not establish their sensitivity, specificity, or prognos-
tic value for any particular neurological or psychiatric condition. Further studies involving 
larger and clinically characterized cohorts are needed to determine whether beating-related 
parameters provide reproducible information beyond conventional EEG measures. In par-
ticular, future research should examine their test–retest reliability, association with clinical 
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and behavioral measures, and ability to distinguish physiological variability from patholog-
ical alterations.

Thus, the principal contribution of the beating model is its alternative mathematical 
description of alpha spindlewaveform structure and frequency composition. Its potential to 
improve neurophysiological interpretation and clinical assessment represents a promising 
research direction that requires independent experimental validation.
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