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Abstract

In this paper, a second-order implicit difference scheme for the time-fractional subdiffusion
equation is constructed using a corrected L1 approximation of the fractional derivative.
Estimates for the generating functions and resolvent coefficients are derived and used to
establish the stability and convergence of the scheme. Numerical results are consistent with
the theoretical error estimates and confirm the second-order accuracy of the scheme.

Keywords: fractional derivative; approximation; numerical solution; convergence

MSC: 26A33; 34K28; 41A25

1. Introduction
Fractional differential equations (FDEs) have become an important tool for describing

dynamical processes with memory and hereditary effects. In contrast to classical differential
operators, fractional derivatives are nonlocal and therefore account for the entire history
of the underlying process. Fractional models are particularly well suited to describing
anomalous diffusion [1], heat conduction in heterogeneous media [2], viscoelastic behav-
ior [3], transport in porous materials [4], fractional-order control systems [5], biological
processes [6], and financial dynamics [7].

Among the commonly used fractional derivatives, the Caputo derivative is particularly
well suited to initial-value problems because it allows initial conditions to be formulated
in terms of integer-order derivatives. For 0 ă α ă 1, the Caputo fractional derivative is
defined by

Dα
t f ptq “ f pαqptq “

1
Γp1 ´ αq

ż t

l

f 1pτq

pt ´ τqα
dτ,

where l is the lower terminal of fractional differentiation and Γp¨q denotes the Gamma
function. The weakly singular kernel in the definition of the Caputo fractional derivative
accounts for the memory effect of the model and poses significant challenges for its numer-
ical treatment. In particular, standard approximations of the fractional derivative involve
the values of the function at all preceding time levels. Consequently, direct implementa-
tions of time-stepping schemes generally incur greater computational cost and storage
requirements than classical schemes for partial differential equations with integer-order
derivatives. Moreover, the kernel singularity and the limited temporal regularity of the
solution can reduce the accuracy of standard time discretizations.
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One of the most widely used approximations of the Caputo derivative is the L1
formula. Without loss of generality, we take the lower terminal of the fractional derivative
to be zero. Let tn “ nτ, where τ ą 0 is a uniform time step, and let fn “ f ptnq. The L1
approximation can be written as [8] (p. 140).

1
Γp2 ´ αqτα

n
ÿ

k“0

σ
pαq

k fn´k “ f pαq
n ` Opτ2´αq, (1)

σ
pαq

0 “ 1, σ
pαq

k “ pk ´ 1q1´α ´ 2k1´α ` pk ` 1q1´α, 1 ď k ă n,

and has a terminal weight σ
pαq
n “ pn ´ 1q1´α ´ n1´α. When f P C2r0, tns, the L1 approxi-

mation has an accuracy of order Opτ2´αq and a generating function

Spzq “

8
ÿ

k“0

σ
pαq

k zk “ p1 ´ zq2 Liα´1pzq

z
,

where Lispzq denotes the polylogarithm. The simple convolution structure of the L1 for-
mula, its robustness, and the favorable monotonicity properties of its coefficients have
made it a standard choice for constructing finite difference schemes for time-fractional
problems. A substantial body of literature addresses the development of L1-based schemes
for fractional differential equations and the analysis of their stability and convergence on
uniform and graded meshes [9–12]. A comprehensive recent survey of the L1 method
and its variants, including weighted, averaged, and fast versions, is provided in [13],
where the flexibility and limitations of classical L1-based discretizations are discussed
in detail. The development of higher-order approximations remains an active area of
research. Notable examples include Lubich’s convolution quadrature [14,15], the L1-2
formula of Gao, Sun, and Zhang [16], and the L2-1σ formula introduced by Alikhanov [17].
A new L2-type difference scheme (NL2) was recently proposed in [18], where a piece-
wise quadratic polynomial interpolation is used to approximate the Caputo derivative,
achieving p3 ´ αq-th order accuracy and H1-norm stability on uniform meshes. Starting
corrections have also been developed to restore higher-order convergence in the pres-
ence of initial singularities [19,20]. More recently, convolution quadrature based on block
generalized Adams methods has been developed for subdiffusion equations, achieving
high-order convergence on uniform grids through the inclusion of correction terms [21].
Although these methods offer improved accuracy, their analysis can be more involved,
and certain formulations require shifted evaluation points, additional starting procedures,
or stronger regularity assumptions. These considerations motivate the development of
modifications of the L1 formula that retain its simple convolution structure while achieving
higher-order accuracy. A second-order corrected L1 approximation whose weights retain
the monotonicity properties of the original L1 formula was constructed in [22] and used
to develop a finite difference scheme for the time-fractional subdiffusion equation (TFSE).
These properties facilitate the analysis of the unconditional stability and convergence of
the scheme. Various modifications of the L1 formula have been proposed to improve its
accuracy, stability properties, and computational efficiency. Examples include the corrected
L1 method [23], the fitted L1 method [24], and the weighted L1 method [13]. Alternative
correction strategies for the L1 weights have also been explored in [23], where a corrected
L1 method achieving second-order accuracy for subdiffusion problems was developed
and analyzed. The averaged L1 scheme, which combines adjacent L1 weights to improve
accuracy while maintaining simplicity, has been rigorously analyzed for subdiffusion
problems in [25], where second-order convergence was established under appropriate reg-
ularity assumptions. Higher-order methods on fitted meshes have also been developed for
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time-fractional diffusion problems with nonsmooth solutions, where the singularity of the
solution at the initial time is treated by a suitable mesh grading [26]. Error analysis of the L1
method on graded and uniform meshes has been extended to two- and three-dimensional
fractional-derivative problems in [27], providing sharp convergence estimates in higher
spatial dimensions. The corrected L1 approximation of the fractional derivative constructed
in [22] has an accuracy Opτ2´α{nαq, and uses a correction strategy that differs from that
of the corrected L1 method in [23]. The proposed approximation has several distinctive
features. Its weights retain the monotonicity properties of the classical L1 approximation,
facilitating the stability analysis of numerical schemes for fractional differential equations.
Moreover, although the approximation has an order of accuracy below two, the resulting
numerical solutions achieve second-order accuracy [22].

In a recent study [28], the following corrected L1 approximation was derived and used
to develop numerical schemes for fractional ordinary differential equations.

1
Γp2 ´ αq τα

n
ÿ

k“0

γ
pαq

k fn´k “ f pαq
n ` O

ˆ

τ2´α

nα

˙

, (2)

γ
pαq

0 “ 1 ´ ζpα ´ 1q, γ
pαq

1 “ 21´α´2 ` 2ζpα ´ 1q, γ
pαq

2 “ 31´α ´ 22´α ` 1 ´ ζpα ´ 1q,

γ
pαq

k “ σ
pαq

k “ pk ´ 1q1´α ´ 2k1´α`pk ` 1q1´α, γ
pαq
n “ σ

pαq
n “ pn ´ 1q1´α ´ n1´α,

where 2 ă k ă n. Corrected L1 approximation (2) has a generating function

Gpzq “

8
ÿ

k“0

γ
pαq

k zk “ p1 ´ zq2
ˆ

Liα´1pzq

z
´ ζpα ´ 1q

˙

.

Approximation (2) is obtained from the L1 formula by applying a correction to its first
three weights based on the central difference formula and the value ζpα ´ 1q of the Riemann
zeta function. This correction cancels the leading term in the asymptotic expansion of
the L1 error, yielding an error of order O

`

τ2´αn´α
˘

. The corrected approximation (2)
also extends to fractional derivatives of order α, with 1 ă α ă 2, by incorporating a
correction term involving the first derivative of the function at the lower terminal. In [28],
we proved that numerical schemes for fractional ordinary differential equations based on
this approximation achieve second-order accuracy. In the present paper, we extend this
approach to the TFSE by constructing a second-order implicit finite difference scheme. We
establish the stability and convergence of the scheme using properties of its generating
function and the associated resolvent coefficients.

The numerical solution of fractional diffusion equations has received considerable
attention because these equations provide effective mathematical models for transport
processes with memory and temporal nonlocality. Anomalous diffusion occurs in many
natural and engineering systems, including contaminant transport through porous media,
drug dispersion in biological tissues, and asset-price dynamics in financial models. Classical
diffusion models are based on Brownian motion, in which the mean-square displacement is
proportional to time. However, numerous experimental studies have shown that many real-
world transport processes deviate from this behavior and instead display subdiffusive or
superdiffusive dynamics. FDEs provide an effective mathematical framework for modeling
such phenomena, since their nonlocal structure, memory effects, and hereditary properties
naturally capture the long-range correlations present in complex systems. The nonlocality
of fractional derivatives poses computational challenges, as numerical approximations
typically require information from the entire preceding evolution of the solution. These
challenges motivate the development of accurate and stable numerical methods that account
for memory effects while maintaining a manageable computational cost.
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Finite difference schemes are widely used for time-fractional differential equations
because they provide simple and efficient discretizations of the nonlocal fractional deriva-
tive while retaining a familiar structure for the spatial operators. The theoretical analysis
of these schemes typically focuses on consistency, stability, solvability, and convergence.
Common tools for stability and convergence analysis include discrete energy estimates,
eigenfunction expansions and matrix analysis, generating-function techniques, discrete
fractional Grönwall inequalities, and estimates for discrete convolution kernels. Generating-
function methods are particularly useful for schemes with corrected convolution weights,
as they allow one to investigate the positivity of the real part on the unit circle and its
asymptotic behavior near z “ 1. These properties provide a basis for estimating the
associated resolvent coefficients and establishing stability and convergence. Many numeri-
cal methods originally developed for classical differential equations have been adapted
and extended to the solution of fractional differential equations. Fractional linear mul-
tistep methods provide a systematic framework for the numerical solution of TFSE by
approximating the fractional derivative through discrete convolution operators generated
from classical linear multistep methods [14,15]. Weighted and shifted Grünwald–Letnikov
formulas offer another effective approach, allowing the construction of higher-order time-
stepping schemes and, with suitable starting corrections, retaining high accuracy even
for solutions with limited regularity near the initial time [29]. Fast schemes based on
sum-of-exponentials approximations of the weakly singular kernel have been developed to
reduce the computational cost and memory requirements associated with the history term
in fractional diffusion problems [30,31]. All-at-once implementations on time nonuniform
meshes have also been developed for subdiffusion equations, where the entire space–time
system is solved simultaneously and geometric time-step grading is employed to handle
the initial singularity efficiently [32]. Hybrid numerical approaches combining the L1
scheme with multi-dimensional Hermite wavelets have been developed for time-fractional
sub-diffusion equations with multi-singularities on newly designed time-graded meshes,
achieving robust accuracy with reduced computational cost [33]. Spectral-in-time meth-
ods approximate the temporal solution by global polynomial basis functions and can
achieve very high-order or spectral convergence when the solution possesses sufficient
temporal regularity [34]. Space–time spectral and finite difference–spectral methods have
also been developed for fractional diffusion equations, providing accurate alternatives to
conventional finite-difference discretizations, particularly for smooth solutions [9,34].

A central goal in the design of numerical methods for fractional diffusion equations
is to achieve high-order accuracy and unconditional stability while maintaining a simple
structure and moderate computational cost. Corrected L1 schemes offer a promising ap-
proach, as they retain the convolution structure of the classical L1 method while improving
its temporal accuracy. In this paper, we construct and analyze an implicit finite difference
scheme based on approximation (2) for the time-fractional subdiffusion problem. A key
difficulty is that the correction modifies the first three weights of the L1 formula, preventing
a direct application of the standard stability arguments based on the signs and monotonic-
ity of the classical L1 weights. We overcome this difficulty by analyzing the generating
function of the corrected L1 approximation (2) and the associated resolvent coefficients.

The paper is organized as follows. Section 2 studies the generating function of the
corrected L1 formula, including its integral representation, positivity, and the estimates
required for the resolvent analysis. Section 3 introduces the corrected L1 finite difference
scheme for the time-fractional subdiffusion equation, derives bounds for the discrete resol-
vent coefficients, and establishes the stability and second-order convergence of the implicit
difference scheme. The numerical experiments confirm the theoretical error estimates and
convergence order of the implicit difference scheme for the TFSE.
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2. Properties of the Generating Functions

Let β
pαq

k be the first-order difference sequence of the L1 approximation

β
pαq

k “ pk ` 1q1´α ´ k1´α,

for k ě 0. The L1 coefficients satisfy

σ
pαq

0 “ β
pαq

0 “ 1, σ
pαq

k “ β
pαq

k ´ β
pαq

k´1, k ě 1,

and the sequence β
pαq

k has a generating function

Bpzq “

8
ÿ

k“0

β
pαq

k zk “
Spzq

1 ´ z
“

p1 ´ zq Liα´1pzq

z
.

Next, we derive an integral representation for the function Bpxq.

Lemma 1. For |z| ă 1,

Bpzq “
1 ´ α

Γpαq

ż 8

0
tα´2 1 ´ e´t

1 ´ e´tz
dt.

Proof. The numbers β
pαq

k satisfy

β
pαq

k “ pk ` 1q1´α ´ k1´α “ p1 ´ αq

ż 1

0
pk ` sq´α ds.

For x ą 0 and u “ xt,
ż 8

0
tα´1e´xtdt “

ż 8

0

´ u
x

¯α´1
e´u du

x
“

1
xα

ż 8

0
uα´1e´u du “

Γpαq

xα
.

Hence,

x´α “
1

Γpαq

ż 8

0
tα´1e´xt dt,

and

β
pαq

k “
1 ´ α

Γpαq

ż 8

0
tα´1e´kt

˜

ż 1

0
e´st ds

¸

dt “
1 ´ α

Γpαq

ż 8

0
tα´2`

1 ´ e´t˘e´kt dt.

For |z| ă 1,

Bpzq “

8
ÿ

k“0

β
pαq

k zk “
1 ´ α

Γpαq

ż 8

0
tα´2p1 ´ e´tq

8
ÿ

k“0

pe´tzqk dt.

Summing the geometric series gives

Bpzq “
1 ´ α

Γpαq

ż 8

0

tα´2p1 ´ e´tq

1 ´ e´tz
dt.

2.1. Real Part of the Generating Function

By Lemma 1 the generating function of the L1 approximation (1) has an inte-
gral representation
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Spzq “ p1 ´ zqBpzq “
1 ´ α

Γpαq

ż 8

0
tα´2 p1 ´ e´tqp1 ´ zq

1 ´ e´tz
dt (3)

and
Gpzq “ Spzq ´ p1 ´ zq2ζpα ´ 1q

is the generating function of the corrected L1 formula. Let

z “ eiθ , x “ Repzq “ cos θ, r “ e´t.

Lemma 2.
Re

`

Gpeiθq
˘

“ p1 ´ xqpJαpxq ` 2ζpα ´ 1qxq. (4)

where

Jαpxq “
1 ´ α

Γpαq

ż 8

0
tα´2 1 ´ e´2t

1 ´ 2e´tx ` e´2t dt. (5)

Proof. Let r be a real number. Then

Re
ˆ

1 ´ z
1 ´ rz

˙

“ Re
ˆ

p1 ´ zqp1 ´ rzq

p1 ´ rzqp1 ´ rzq

˙

“ Re
ˆ

1 ´ z ´ rz ` r|z|2

1 ´ rz ´ rz ` r2|z|2

˙

.

The denominator is real. Therefore

Re
ˆ

1 ´ z
1 ´ rz

˙

“
1 ´ x ´ rx ` r
1 ´ 2rx ` r2 “

p1 ` rqp1 ´ xq

1 ´ 2rx ` r2 . (6)

By (3), (6), and r “ e´t,

Re
`

Speiθq
˘

“
1 ´ α

Γpαq
p1 ´ xq

ż 8

0
tα´2 1 ´ e´2t

1 ´ 2e´tx ` e´2t dt.

Also,

Re
`

p1 ´ zq2˘

“ Re
`

p1 ´ eiθq2˘

“ 1 ´ 2 cos θ ` cos 2θ

“ 2 cos2 θ ´ 2 cos θ “ ´2xp1 ´ xq.

Therefore,

Re
`

Gpeiθq
˘

“ Re
`

Speiθq
˘

´ ζpα ´ 1q Re
`

p1 ´ eiθq2˘

“ p1 ´ xqpJαpxq ` 2ζpα ´ 1qxq.

We next prove that the right-hand side of (4) is nonnegative. The proof relies on the
following Mellin transform identity for the hyperbolic secant function.

Lemma 3. For every α with Repαq ą 0,

ż 8

0
tα´1 sech2 t dt “ 22´α

`

1 ´ 22´α
˘

Γpαqζpα ´ 1q. (7)

Proof. For t ą 0, the hyperbolic tangent has the exponential series expansion

tanh t “
et ´ e´t

et ` e´t “ 1 ´
2e´2t

1 ` e´2t “ 1 ` 2
8
ÿ

m“1

p´1qme´2mt.
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For every δ ą 0 and t P rδ, 8q,

ˇ

ˇ

ˇ
2p´1qme´2mt

ˇ

ˇ

ˇ
ď 2e´2mδ,

ˇ

ˇ

ˇ

ˇ

d
dt

´

2p´1qme´2mt
¯

ˇ

ˇ

ˇ

ˇ

ď 4me´2mδ.

Since
8
ÿ

m“1

e´2mδ ă 8,
8
ÿ

m“1

me´2mδ ă 8,

the Weierstrass M-test shows that both the original series and the series of derivatives
converge uniformly on rδ, 8q. The theorem on termwise differentiation of uniformly
convergent series [35] therefore gives

sech2 t “
d
dt

tanh t “ 4
8
ÿ

m“1

p´1qm´1me´2mt. (8)

Substituting the series representation (8) into the left-hand side of (7) gives

ż 8

0
tα´1 sech2 t dt “ 4

ż 8

0

˜

8
ÿ

m“1

p´1qm´1mtα´1e´2mt

¸

dt.

Let ω “ Repαq. We first evaluate the integral in the half-plane ω ą 2. In this region,
absolute integrability follows from

8
ÿ

m“1

ż 8

0

ˇ

ˇ

ˇ
4p´1qm´1mtα´1e´2mt

ˇ

ˇ

ˇ
dt

“ 4
8
ÿ

m“1

m
ż 8

0
tω´1e´2mt dt “ 22´ωΓpωq

8
ÿ

m“1

1
mω´1 ă 8.

Consequently, interchanging the sum and the integral is justified by Fubini’s theo-
rem [36]. Therefore for Repαq ą 2

ż 8

0
tα´1 sech2 t dt “ 4

8
ÿ

m“1

p´1qm´1m
ż 8

0
tα´1e´2mt dt

“ 4Γpαq

8
ÿ

m“1

p´1qm´1 m
p2mqα

“ 22´αΓpαq

8
ÿ

m“1

p´1qm´1 1
mα´1 ,

and
ż 8

0
tα´1 sech2 t dt “ 22´αΓpαqηpα ´ 1q. (9)

In the half-plane Repαq ą 2, the Dirichlet eta function satisfies

ηpα ´ 1q “

8
ÿ

m“1

p´1qm´1

mα´1 .

The above series is absolutely convergent. Thus

ηpα ´ 1q “

8
ÿ

m“1

1
mα´1 ´ 2

8
ÿ

m“1

1
p2mqα´1 “

`

1 ´ 22´α
˘

ζpα ´ 1q,

which proves (7) in half-plane Repαq ą 2. We now extend (7) to the half-plane

P “ tα P C : Repαq ą 0u.

https://doi.org/10.3390/axioms15110813
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Define

Fpαq “

ż 8

0
tα´1 sech2 t dt, α P P .

For each fixed t ą 0, the integrand is an entire function of α, because

tα´1 “ expppα ´ 1q log tq

and log t is real. Let K Ă P be compact, and set

ω0 “ min
αPK

Repαq ą 0, ω1 “ max
αPK

Repαq.

For 0 ă t ď 1 and α P K the inequality

sech2 t “
4e´2t

p1 ` e´2tq2 ď 1

gives
ˇ

ˇ

ˇ
tα´1 sech2 t

ˇ

ˇ

ˇ
ď tω0´1.

For t ě 1, we have

sech2 t “
4e´2t

p1 ` e´2tq2 ď 4e´2t,

ˇ

ˇ

ˇ
tα´1 sech2 t

ˇ

ˇ

ˇ
ď 4tω1´1e´2t.

Both functions tω0´1 and 4tω1´1e´2t are integrable on their respective intervals. Hence
the integral defining F converges absolutely in the half-plane α P P . By the theorem on
holomorphic parameter integrals (see [35]), the function F is holomorphic on P .

The zeta function ζpα ´ 1q has a simple pole at α “ 2, while the function 1 ´ 22´α has
a simple zero. Writing α “ 2 ` ε, we have

1 ´ 22´α “ ε log 2 ` Opε2q, ζpα ´ 1q “
1
ε

` Op1q.

Therefore,
lim
αÑ2

`

1 ´ 22´α
˘

ζpα ´ 1q “ log 2.

The singularity of
`

1 ´ 22´α
˘

ζpα ´ 1q is removable, and at α “ 2 the value of the
right-hand side of (7) is 20Γp2q log 2 “ log 2. Next, define

Hpαq “ 22´αΓpαqηpα ´ 1q.

The relation
ηpα ´ 1q “

`

1 ´ 22´α
˘

ζpα ´ 1q,

initially obtained for Repαq ą 2, provides the entire continuation of η to the half-plane P .
Since 22´α is entire and Γpαq has no poles in P , the function H is holomorphic in P .

From (9), the holomorphic functions F and H agree on the nonempty open subset

tα P C : Repαq ą 2u Ă P .

Since P is connected and F “ H on the open subset tα P C : Repαq ą 2u Ă P , the
identity theorem for holomorphic functions [35] implies that F “ H throughout P .
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Lemma 4. For 0 ă α ă 1 and ´π ď θ ď π,

Re
`

Gpeiθq
˘

ě 0. (10)

The inequality is strict for θ ‰ 0.

Proof. When ´1 ď x ď 0, the integrand in (5) is positive. Hence

Jαpxq ą 0.

Since ζpα ´ 1q ă 0 and x ă 0, we have 2ζpα ´ 1qx ě 0. Therefore,

Jαpxq ` 2ζpα ´ 1qx ą 0.

Because 1 ´ x ą 0, Equation (4) gives Re
`

Gpeiθq
˘

ą 0.

Let 0 ă x ă 1. For every fixed t ą 0, the denominator 1 ´ 2e´tx ` e´2t decreases as x
increases. Consequently,

Jαpxq ě Jαp0q.

At x “ 0,

Jαp0q “
1 ´ α

Γpαq

ż 8

0
tα´2 1 ´ e´2t

1 ` e´2t dt “
1 ´ α

Γpαq

ż 8

0
tα´2 tanh t dt.

Integrating by parts, using d
dt tanh t “ sech2 t, and the facts

lim
tÑ0`

tα´1 tanh t “ 0, lim
tÑ8

tα´1 tanh t “ 0

gives

Jαp0q “
1 ´ α

Γpαq

˜

„

tα´1

α ´ 1
tanh t

ȷ8

0
´

1
α ´ 1

ż 8

0
tα´1 sech2 t dt

¸

,

Jαp0q “
1

Γpαq

ż 8

0
tα´1 sech2 t dt.

By Lemma 3
Jαp0q “ ´22´α

´

22´α ´ 1
¯

ζpα ´ 1q.

When 0 ă α ă 1, we have 22´α ě 2, and therefore

Jαp0q ě ´2ζpα ´ 1q.

Consequently,

Jαpxq ě Jαp0q ą ´2ζpα ´ 1q ą ´2ζpα ´ 1qx.

By Lemma 2
Re

`

Gpeiθq
˘

“ p1 ´ xqpJαpxq ` 2ζpα ´ 1qxq ą 0.

Finally, at θ “ 0, we have x “ 1, and the factor 1 ´ x vanishes. Hence RepGp1qq “ 0.
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2.2. Estimates for the Generating Function

For |µ| ă 2π, the polylogarithm has an expansion:

Lispeµq “ Γp1 ´ sqp´µqs´1 `

8
ÿ

k“0

ζps ´ kq
µk

k!
. (11)

Lemma 5. There exist positive constants C1, C2, independent of θ, such that⃓⃓⃓
Gpeiθq

⃓⃓⃓
ě C1|θ|α, ´π ď θ ď π, (12)

and ⃓⃓⃓⃓
d
dθ

Gpeiθq

⃓⃓⃓⃓
ď C2|θ|α´1, 0 ă |θ| ď π. (13)

Proof. We first study the behavior of the generating function near θ “ 0. From (11) with
s “ α ´ 1 and µ “ iθ, we obtain

Liα´1peiθq “ Γp2 ´ αqp´iθqα´2 ` ζpα ´ 1q ` iζpα ´ 2qθ ` Opθ2q.

Also e´iθ “ 1 ` Opθq and 1 ´ eiθ “ ´iθ ` Opθ2q. Therefore

e´iθ Liα´1peiθq ´ ζpα ´ 1q “ Γp2 ´ αqp´iθqα´2p1 ` op1qq.

Hence
Gpeiθq “ p1 ´ eiθq2

´

e´iθ Liα´1peiθq ´ ζpα ´ 1q

¯

“ Γp2 ´ αqp´iθqαp1 ` op1qq.

Taking absolute values,

lim
θÑ0

⃓⃓
Gpeiθq

⃓⃓
|θ|α

“ Γp2 ´ αq.

Since Γp2 ´ αq ą 0, there exists δ1 ą 0 such that when 0 ă |θ| ď δ1,⃓⃓⃓
Gpeiθq

⃓⃓⃓
ě

1
2

Γp2 ´ αq|θ|α. (14)

The lower bound is now extended away from zero. By Lemma 4

Re
`

Gpeiθq
˘

ą 0, pθ ‰ 0q.

Therefore Gpeiθq ‰ 0 for 0 ă |θ| ď π. Denote by Kδ1 the set

Kδ1 “ tθ : δ1 ď |θ| ď πu,

The function
⃓⃓
Gpeiθq

⃓⃓
is continuous and strictly positive on the compact set Kδ1 . There-

fore, it attains a strictly positive minimum on Kδ1

M1 “ min
θPKδ1

⃓⃓⃓
Gpeiθq

⃓⃓⃓
ą 0.

Therefore, ⃓⃓⃓
Gpeiθq

⃓⃓⃓
ě

M1

πα |θ|α, δ1 ď |θ| ď π, (15)

because |θ|α ď πα. Let

C1 “ min
"

1
2

Γp2 ´ αq,
M1

πα

*

.
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From (14) and (15) we obtain⃓⃓⃓
Gpeiθq

⃓⃓⃓
ě C1|θ|α, ´π ď θ ď π.

Now we estimate the derivative of Gpeiθq near zero. For 0 ă α ă 1, the expansion (11)
of the polylogarithm with s “ α ´ 2 and s “ α ´ 1 gives

Liα´2peiθq “ Γp3 ´ αqp´iθqα´3 ` ζpα ´ 2q ` Opθq,

and
Liα´1peiθq “ Γp2 ´ αqp´iθqα´2 ` ζpα ´ 1q ` Opθq.

Consequently, there exist positive constants K1, K2 and a sufficiently small δ2 such that
0 ă δ2 ă 1 and

ˇ

ˇ

ˇ
Liα´2peiθq

ˇ

ˇ

ˇ
ď K1|θ|α´3,

ˇ

ˇ

ˇ
Liα´1peiθq

ˇ

ˇ

ˇ
ď K2|θ|α´2, 0 ă |θ| ď δ2. (16)

The constants K1 and K2 are defined by

K1 “ sup
0ă|θ|ďδ2

|θ|3´α
ˇ

ˇ

ˇ
Liα´2peiθq

ˇ

ˇ

ˇ
, K2 “ sup

0ă|θ|ďδ2

|θ|2´α
ˇ

ˇ

ˇ
Liα´1peiθq

ˇ

ˇ

ˇ
.

These suprema are finite because

lim
θÑ0

|θ|3´α
ˇ

ˇ

ˇ
Liα´2peiθq

ˇ

ˇ

ˇ
“ Γp3 ´ αq, lim

θÑ0
|θ|2´α

ˇ

ˇ

ˇ
Liα´1peiθq

ˇ

ˇ

ˇ
“ Γp2 ´ αq,

and the constant δ2 ą 0 can be chosen such that K1 ă Γp3 ´ αq ` 1 and K2 ă Γp2 ´ αq ` 1.
Define

Φpθq “ e´iθ Liα´1peiθq ´ ζpα ´ 1q.

Then
Gpeiθq “ p1 ´ eiθq2Φpθq. (17)

By the triangle inequality

|Φpθq| ď
ˇ

ˇe´iθˇ

ˇ

ˇ

ˇLiα´1peiθq
ˇ

ˇ `
ˇ

ˇζpα ´ 1q
ˇ

ˇ ď pK2 ` 1q|θ|α´2.

The polylogarithm satisfies the identity

z
d
dz

Liα´1pzq “ Liα´2pzq.

Applying the chain rule with z “ eiθ yields

d
dθ

Liα´1
`

eiθ˘

“ i Liα´2
`

eiθ˘

.

Thus

Φ1pθq “ ´ie´iθ Liα´1peiθq ` ie´iθ Liα´2peiθq “ ie´iθ
´

Liα´2peiθq ´ Liα´1peiθq

¯

.

and
|Φ1pθq| ď | Liα´2peiθq| ` | Liα´1peiθq|.
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From (16) it follows that

|Φ1pθq| ď K1|θ|α´3 ` K2|θ|α´2 ă pK1 ` K2q|θ|α´3.

Differentiating (17), we obtain

d
dθ

G
`

eiθ˘

“ ´ 2ieiθ
´

1 ´ eiθ
¯

Φpθq `

´

1 ´ eiθ
¯2

Φ1pθq.

Since |Φpθq| ď p1 ` K2q|θ|α´2 and

ˇ

ˇ1 ´ eiθˇ

ˇ “
ˇ

ˇ1 ´ cos θ ´ i sin θ
ˇ

ˇ “
?

2 ´ 2 cos θ “ 2
ˇ

ˇsin
θ

2

ˇ

ˇ ď
ˇ

ˇθ
ˇ

ˇ.

It follows that, for 0 ă |θ| ă δ2

ˇ

ˇ

ˇ

ˇ

d
dθ

G
`

eiθ˘

ˇ

ˇ

ˇ

ˇ

ď 2|θ| |Φpθq| ` |θ|2|Φ1pθq| ď p2 ` K1 ` 3K2q|θ|α´1. (18)

The derivative estimate is extended to the region away from zero. On the compact set

Kδ2 “ tθ : δ2 ď |θ| ď πu,

the function G1peiθq is continuous. Therefore, it attains its maximum on Kδ2 .

M2 “ max
δ2ď|θ|ďπ

⃓⃓⃓⃓
d
dθ

Gpeiθq

⃓⃓⃓⃓
ă 8.

Since α ´ 1 ă 0 and |θ| ď π,
|θ|α´1

ě πα´1.

Therefore 1 ď π1´α|θ|α´1. Hence⃓⃓⃓⃓
d
dθ

Gpeiθq

⃓⃓⃓⃓
ď M2π1´α|θ|α´1.

Combining this with the estimate (18) gives⃓⃓⃓⃓
d
dθ

Gpeiθq

⃓⃓⃓⃓
ď C2|θ|α´1, 0 ă |θ| ď π.

where C2 “ maxtM2π1´α, 2 ` K1 ` 3K2u.

2.3. Bounds for the Resolvent Coefficients

For ρ ě 0, define the resolvent coefficients rℓpρq by [37–40]

1
Gpzq ` ρ

“

8
ÿ

ℓ“0

rℓpρqzℓ.

Since Re
`

Gpeiθq
˘

ě 0, we have⃓⃓⃓
Gpeiθq ` ρ

⃓⃓⃓2
“ |Gpeiθq|2 ` 2ρ Re

´

Gpeiθq

¯

` ρ2 ě |Gpeiθq|2 ` ρ2.

Hence, ⃓⃓⃓
Gpeiθq ` ρ

⃓⃓⃓
ě

b

ρ2 ` C2
1 |θ|2α ě

1
?

2
pρ ` C1|θ|αq. (19)
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Set
Qρpθq “

1
Gpeiθq ` ρ

. (20)

Proposition 1. Let 0 ă θ ă π. Then

|Qρpθq| ď C3|θ|´α

and
|Q1

ρpθq| ď C4|θ|´α´1,

where C3 “
?

2{C1 and C4 “ 2C2{C2
1 .

Proof. From the representation (20) of the function Qρ, we have

|Qρpθq| “
1

|Gpeiθq ` ρ|
.

Consequently, estimate (19) gives

|Qρpθq| ď

?
2

ρ ` C1|θ|α
ď

?
2

C1
|θ|´α.

Differentiate (20)

Q1
ρpθq “ ´

d
dθ

Gpeiθq

pGpeiθq ` ρq2 .

Therefore

|Q1
ρpθq| “

ˇ

ˇ

ˇ

ˇ

d
dθ

Gpeiθq

ˇ

ˇ

ˇ

ˇ

|Gpeiθq ` ρ|2
.

Using (12) and (13),

|Q1
ρpθq| ď

2C2|θ|α´1

pρ ` C1|θ|αq2 ď
2C2|θ|α´1

C2
1 |θ|2α

“
2C2

C2
1

|θ|´α´1.

The constants C3 and C4 are independent of the parameter ρ ě 0. The function Qρ

admits the Fourier-series expansion

Qρpθq “

8
ÿ

ℓ“0

rℓpρqeiℓθ ,

where the resolvent coefficients are given by

rℓpρq “
1

2π

ż π

´π
Qρpθqe´iℓθ dθ.

Lemma 6. Let ℓ ě 0. Then
|rℓpρq| ď C5pℓ ` 1qα´1,

where

C5 “ max
"

1,
p3 ´ 2αqαC3 ` 2p1 ´ αqC4

αp1 ´ αq2α´2

*

.
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Proof. Let ℓ ě 1. Split the integral at |θ| “ 1{ℓ. For the central part,

ˇ

ˇ

ˇ

ˇ

ˇ

ż

|θ|ď1{ℓ
Qρpθqe´iℓθ dθ

ˇ

ˇ

ˇ

ˇ

ˇ

ď 2C3

ż 1{ℓ

0
θ´α dθ “

2C3ℓ
α´1

1 ´ α
. (21)

On the interval r1{ℓ, πs, integrate by parts:

ż π

1{ℓ
Qρpθqe´iℓθ dθ “ ´

1
iℓ

”

Qρpθqe´iℓθ
ıπ

1{ℓ
`

1
iℓ

ż π

1{ℓ
Q1

ρpθqe´iℓθ dθ. (22)

For ℓ ě 1, the boundary term satisfies

ˇ

ˇ

ˇ

ˇ

”

Qρpθqe´iℓθ
ıπ

1{ℓ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ
Qρpπqe´iℓπ ´ Qρp1{ℓqe´i

ˇ

ˇ

ˇ

ď |Qρpπq| ` |Qρp1{ℓq| ď C3 π´α ` C3 ℓ
α ă 2C3 ℓ

α.

Consequently,
1
ℓ

ˇ

ˇ

ˇ

ˇ

”

Qρpθqe´iℓθ
ıπ

1{ℓ

ˇ

ˇ

ˇ

ˇ

ď 2C3ℓ
α´1. (23)

Also,

1
ℓ

ż π

1{ℓ
|Q1

ρpθq| dθ ď
C4

ℓ

ż π

1{ℓ
θ´α´1 dθ ď

C4

α
ℓα´1. (24)

Combining (23) and (24), we obtain

ˇ

ˇ

ˇ

ˇ

ˇ

ż π

1{ℓ
Qρpθqe´iℓθ dθ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˆ

2C3 `
C4

α

˙

ℓα´1.

The negative interval is identical. Thus

|rℓpρq| ď

ˆ

2C3

1 ´ α
` 4C3 `

2C4

α

˙

ℓα´1 “
2pp3 ´ 2αqαC3 ` 2p1 ´ αqC4q

αp1 ´ αq
ℓα´1.

The value of r0pρq is

r0pρq “
1

Gp0q ` ρ
“

1

γ
pαq

0 ` ρ
“

1
1 ´ ζpα ´ 1q ` ρ

.

Therefore
|r0pρq| ď

1
1 ´ ζpα ´ 1q

ă 1.

Hence, for ℓ ě 0

|rℓpρq| ď
2pp3 ´ 2αqαC3 ` 2p1 ´ αqC4q

αp1 ´ αq
ℓα´1 ď

p3 ´ 2αqαC3 ` 2p1 ´ αqC4

αp1 ´ αq2α´2 pℓ ` 1qα´1,

where C5 “ max
"

1,
p3 ´ 2αqαC3 ` 2p1 ´ αqC4

αp1 ´ αq2α´2

*

.

3. Difference Scheme for the Time-Fractional Subdiffusion Equation
Finite difference schemes for time-fractional problems have been extensively inves-

tigated, with particular attention to their accuracy, stability, and convergence proper-
ties [9,10,16,17,23,41–43]. In this section, we construct a second-order implicit difference
scheme for the time-fractional subdiffusion equation based on the corrected L1 approxima-
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tion (2) of the Caputo fractional derivative. We analyze the stability and convergence of the
scheme and illustrate the theoretical results through numerical experiments.

Let 0 ă α ă 1. Consider the time-fractional subdiffusion equation

$

’

’

&

’

’

%

Dα
t upx, tq “ d uxxpx, tq ` Fpx, tq, px, tq P p0, Xq ˆ p0, Tq,

upx, 0q “ φpxq, 0 ď x ď X,

up0, tq “ upX, tq “ 0, 0 ď t ď T.

(25)

where d ą 0 is the diffusion coefficient and Dα
t upx, tq is the partial Caputo derivative

Dpαq

t upx, tq “
1

Γp1 ´ αq

ż t

0

uτpx, τq

pt ´ τqα
dτ, 0 ă α ă 1.

Without loss of generality, we may assume that subdiffusion Equation (25) is sub-
ject to homogeneous Dirichlet boundary conditions. This reduction is achieved by the
transformation pupx, tq “ upx, tq ´ p1 ´ x{Xqup0, tq ´ px{XqupX, tq.

3.1. Implicit Difference Scheme

Let h “ X{M, τ “ T{N and J be a rectangular grid inside the rectangle p0, Xq ˆ p0, Ts

J “ tpxj, tnq “ pjh, nτq | j “ 1, . . . , M ´ 1, n “ 1, . . . , Nu,

where M and N are positive integers. Define un
j “ upxj, tnq and φj “ φpxjq. The numerical

solution for the first time level is obtained using shifted approximations

f pαq

1´α{2 “
p2 ´ αq1´α

21´αΓp2 ´ αqτα

`

f1 ´ f0
˘

` O
`

τ3´α
˘

, (26)

f1´α{2 “
2 ´ α

2
f1 ´

α

2
f0 ` O

`

τ2˘

. (27)

Applying the shifted formulas (26) and (27), together with the central-difference
approximation in space, gives the following relation at the point pxj, t1´α{2q:

p2 ´ αq1´α

21´αΓp2 ´ αqτα

´

u1
j ´ u0

j

¯

“
dp2 ´ αq

2h2

´

u1
j`1 ´ 2u1

j ` u1
j´1

¯

`
dα

2
φ2

j ` F1´α{2
j ` O

`

h2 ` τ2˘

.

Multiply by 21´αΓp2 ´ αqταp2 ´ αqα´1,

u1
j ´ φj “

dp2 ´ αqαΓp2 ´ αqτα

2αh2

´

u1
j`1 ´ 2u1

j ` u1
j´1

¯

`
21´αΓp2 ´ αqτα

p2 ´ αq1´α

ˆ

dα

2
φ2

j ` F1´α{2
j

˙

` O
´

τα
´

h2 ` τ2
¯¯

. (28)

Define
ν “ dp2 ´ αqαΓp2 ´ αqτα2´α.

Let A be a tridiagonal square matrix of size M ´ 1 generated by p´1, 2, ´1q{h2,
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A “
1
h2

¨

˚

˚

˚

˚

˚

˚

˚

˚

˝

2 ´1 0 ¨ ¨ ¨ 0

´1 2 ´1
. . .

...

0 ´1 2
. . . 0

...
. . . . . . . . . ´1

0 ¨ ¨ ¨ 0 ´1 2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‚

.

The numerical solution U1 “ pU1
1 , . . . , U1

M´1qT at the first time level satisfies

pI ` νAqU1 “ Φ,

with the homogeneous boundary values U1
0 “ U1

M “ 0. The vector Φ has components

Φj “ φj `
21´αΓp2 ´ αqτα

p2 ´ αq1´α

ˆ

dα

2
φ2

j ` F1´α{2
j

˙

, j “ 1, . . . , M ´ 1.

At the time levels n ą 1 of the grid J , the Caputo fractional derivative at pxj, tnq is
approximated by (2), while the second-order spatial derivative is approximated using the
central difference formula. This yields

τ´α

Γp2 ´ αq

n
ÿ

k“0

γ
pαq

k un´k
j “

d
h2

`

un
j´1 ´ 2un

j ` un
j`1

˘

` Fn
j ` O

`

τ2´αn´α ` h2˘

, (29)

Equation (29) can be written in matrix form as

τ´α

Γp2 ´ αq

n
ÿ

k“0

γ
pαq

k u n´k ` dAun “ Fn ` Rn, (30)

for n “ 2, . . . , N. The implicit difference scheme takes the following matrix form:

τ´α

Γp2 ´ αq

n
ÿ

k“0

γ
pαq

k U n´k ` dAUn “ Fn, (31)

and U0 “ φ. Let µ “ dΓp2 ´ αqτα. Equivalently,

n
ÿ

k“0

γ
pαq

k Un´k ` µAUn “ Γp2 ´ αqταFn, n “ 2, . . . , N,

`

γ
pαq

0 I ` µA
˘

Un “ Γp2 ´ αqταFn ´

n
ÿ

k“1

γ
pαq

k Un´k. (32)

3.2. Error Equation

Let
En “ un ´ Un

denote the error vector at the n-th time level on the grid J . Subtracting the numerical
scheme (31) from the corresponding consistency relation (30), we obtain the following
error equation:

τ´α

Γp2 ´ αq

n
ÿ

k“0

γ
pαq

k E n´k ` dAEn “ Rn, n “ 2, . . . , N,
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where Rn “ O
`

h2 ` τ2´αn´α
˘

denotes the local truncation error. Since the exact and
numerical solutions satisfy the same initial condition, E0 “ 0. Multiplying the error equation
by Γp2 ´ αqτα and setting

µ “ dΓp2 ´ αqτα,

we obtain the equivalent form

pγ
pαq

0 I ` µAqEn “ Γp2 ´ αqταRn ´

n
ÿ

k“1

γ
pαq

k E n´k. (33)

The matrix A is a symmetric and positive definite and has positive eigenvalues

λm “
4
h2 sin2

´ mπ

2M

¯

, m “ 1, ¨ ¨ ¨ , M ´ 1.

Therefore, there exists an orthogonal matrix Q such that

A “ QDQT ,

where D is a diagonal matrix

D “ diagtλ1, λ2, . . . , λM´1u.

Define
Wn “ QTEn, Vn “ QT Rn.

Multiplying both sides of (33) from the left by QT yields

QTpγ
pαq

0 I ` µAqEn “ Γp2 ´ αqταQT Rn ´

n
ÿ

k“1

γ
pαq

k QTE n´k.

and therefore

pγ
pαq

0 I ` µDqWn “ Γp2 ´ αqταVn ´

n
ÿ

k“1

γ
pαq

k W n´k. (34)

3.3. Discrete Resolvent Representation of Wn

Lemma 7. For each j and n ą 1, we have

Wn
j “

n
ÿ

m“1

rn´mpρjq Hm
j .

where Hn
j “ Γp2 ´ αqταVn

j and ρj “ µλj ě 0.

Proof. Fix a spatial mode j, where j “ 1, ¨ ¨ ¨ , M ´ 1. Equation (34) becomes

n
ÿ

k“0

γ
pαq

k W n´k
j ` ρjWn

j “ Hn
j , (35)

for n “ 1, 2, . . . , N. Since the initial error vanishes, E0 “ 0, and hence

W0 “ QTE0 “ 0.
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Define the generating functions associated with the sequences tWn
j uně1 and tHn

j uně1

by

Wjpzq “

8
ÿ

n“1

Wn
j zn, Hjpzq “

8
ÿ

n“1

Hn
j zn.

Multiply the modal Equation (35) by zn and sum over n ě 1:

8
ÿ

n“1

˜

n
ÿ

k“0

γ
pαq

k Wn´k
j

¸

zn ` ρj

8
ÿ

n“1

Wn
j zn “

8
ÿ

n“1

Hn
j zn.

By the Cauchy product,

GpzqWjpzq “

8
ÿ

n“0

˜

n
ÿ

k“0

γ
pαq

k Wn´k
j

¸

zn.

The coefficient corresponding to n “ 0 is γ
pαq

0 W0 “ 0. Hence

GpzqWjpzq ` ρjWjpzq “ Hjpzq,

so
pGpzq ` ρjqWjpzq “ Hjpzq.

Using the definition of the resolvent,

Wjpzq “
Hjpzq

Gpzq ` ρj
“

˜

8
ÿ

ℓ“0

rℓpρjqzℓ
¸˜

8
ÿ

m“1

Hm
j zm

¸

.

Applying the Cauchy product again,

Wjpzq “

8
ÿ

ℓ“0

8
ÿ

m“1

rℓpρjqHm
j zℓ`m.

The coefficient of zn is obtained from all pairs satisfying ℓ ` m “ n. Thus

Wn
j “

n
ÿ

m“1

rn´mpρjqHm
j .

3.4. Estimate for the Error

Let U, V P RM´1. The inner product and discrete l2 norm are

pU, Vqx “ h
M´1
ÿ

j“1

UjVj, }V}2
x “ pV, Vqx.

For the matrix V associated with the sequence tVnuN
n“1, define the discrete space–time

ℓ2-norm by

}V}2
2,τ,x “ τ

N
ÿ

n“1

}Vn}2
x.

Set

sn “

n
ÿ

m“1

pn ´ m ` 1qα´1m´α.
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Proposition 2. Let 0 ă α ă 1. Then the sequence tsnuně1 is bounded.

sn ď
π

sin πα
.

Proof. Consider the function

fnpxq “ pn ´ xqα´1x´α, 0 ă x ă n.

For x P rm ´ 1, ms, we have

x ď m, n ´ x ď n ´ m ` 1.

Since α ´ 1 ă 0, it follows that

x´α ě m´α, pn ´ xqα´1 ě pn ´ m ` 1qα´1.

Therefore,
pn ´ xqα´1x´α ě pn ´ m ` 1qα´1m´α.

Integrating over the interval rm ´ 1, ms gives

pn ´ m ` 1qα´1m´α ď

ż m

m´1
pn ´ xqα´1x´α dx.

Summing for m “ 1, . . . , n, we obtain

sn ď

n
ÿ

m“1

ż m

m´1
pn ´ xqα´1x´α dx “

ż n

0
pn ´ xqα´1x´α dx.

Using the substitution x “ nt, we find

ż n

0
pn ´ xqα´1x´α dx “

ż 1

0

`

np1 ´ tq
˘α´1

pntq´αn dt

“

ż 1

0
p1 ´ tqα´1t´α dt “ Bp1 ´ α, αq.

Since
Bp1 ´ α, αq “ Γp1 ´ αqΓpαq “

π

sin πα
.

Hence sn ď π{ sinpπαq, which proves that tsnu is uniformly bounded.

The starting error vector E1 “ u1 ´ U1 satisfies the error equation

pI ` νAqE1 “ Γp2 ´ αqταR1,

where }R1}8 ď C6
`

τ2 ` h2˘

. The coefficient matrix I ` νA is strictly diagonally dominant
and is an M-matrix. Moreover, its inverse satisfies [43,44]

›

›

›
pI ` νAq´1

›

›

›

8
ď 1.

It follows that

}E1}8 ď Γp2 ´ αqτα
›

›

›
pI ` νAq´1

›

›

›

8
}R1}8 ď C6Γp2 ´ αqτα

´

τ2 ` h2
¯

.
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Since 0 ă Γp2 ´ αq ă 1,

}u1 ´ U1}8 ă C6τα
´

τ2 ` h2
¯

.

Consequently,

}u1 ´ U1}x ď
?

X}u1 ´ U1}8 ď
?

XC6

´

τ2 ` h2
¯

,

where C6 is independent of h and τ.

Theorem 1. Let 0 ă α ă 1, and assume that the exact solution of the time-fractional subdiffusion
Equation (25) satisfies u P C4,3`

r0, Xs ˆ r0, Ts
˘

. Then the solution Un of the implicit difference
scheme (32) satisfies

max
0ďnďN

}un ´ Un}x ď C
`

τ2 ` h2˘

,

Proof. By Lemmas 6 and 7, the numbers Wn
j satisfy the following estimate:

|Wn
j | ď C5

n
ÿ

m“1

pn ´ m ` 1qα´1|Hm
j |.

Squaring both sides and summing with respect to j from 1 to M ´ 1, we obtain

h
M´1
ÿ

j“1

|Wn
j |2 ď c2

5h
M´1
ÿ

j“1

˜

n
ÿ

m“1

pn ´ m ` 1qα´1|Hm
j |

¸2

.

Hence

}Wn}x ď c5

¨

˝h
M´1
ÿ

j“1

˜

n
ÿ

m“1

pn ´ m ` 1qα´1|Hm
j |

¸2
˛

‚

1{2

.

Applying Minkowski’s inequality [45], we obtain

}Wn}x ď c5

n
ÿ

m“1

pn ´ m ` 1qα´1

¨

˝h
M´1
ÿ

j“1

|Hm
j |2

˛

‚

1{2

,

}Wn}x ď C5

n
ÿ

m“1

pn ´ m ` 1qα´1}Hm}x. (36)

By the definition of Wn,
Wn “ QTEn.

Since Q is orthogonal, QTQ “ QQT “ I. Consequently, the transformation preserves
the discrete spatial norm:

}Wn}2
x “ hpWnqTWn “ hpQTEnqTpQTEnq

“ hpEnqTQQTEn “ hpEnqTEn “ }En}2
x.

Thus,
}En}x “ }Wn}x. (37)

Similarly
}Vn}x “ }Rn}x.
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Since 0 ă α ă 1, the function xα´1 is strictly decreasing on p0, ns. Therefore, the right-
endpoint Riemann sum associated with the unit partition of r0, ns underestimates the
corresponding integral. Hence,

n
ÿ

ℓ“1

ℓα´1 ă

ż n

0
xα´1 dx “

nα

α
. (38)

Using (36) and (37) we obtain the stability estimate

}En}x “ }Wn}x ď C5τα
n

ÿ

m“1

pn ´ m ` 1qα´1}Rm}x. (39)

Making the change in index ℓ “ n ´ m ` 1 in (39) and applying (38), we obtain

}En}x ď C5τα
n

ÿ

ℓ“1

ℓα´1 max
1ďmďn

}Rm}x ă
C5pnτqα

α
max

1ďmďN
}Rm}x.

Since nτ ď T, it follows that

max
1ďnďN

}En}x ď
C5Tα

α
max

1ďmďN
}Rm}x.

Therefore the corrected L1 scheme (32) for the TFSE (25) is stable in the discrete spatial
l2-norm. The truncation error vector Rm satisfies

}Rm}x ď
?

X}Rm}8 ď C7
?

X
´

τ2´αm´α ` h2
¯

.

Therefore

}Hm}x “ Γp2 ´ αqτα}Rm}x ď Γp2 ´ αqC7
?

Xταpτ2´αm´α ` h2q

and

}Wn}x ď C5C7
?

X

˜

τ2
n

ÿ

m“1

pn ´ m ` 1qα´1m´α ` ταh2
n

ÿ

m“1

pn ´ m ` 1qα´1

¸

. (40)

For the second sum in (40), the change in index ℓ “ n ´ m ` 1 gives

ταh2
n

ÿ

m“1

pn ´ m ` 1qα´1 “ ταh2
n

ÿ

ℓ“1

ℓα´1

ď
ταnα

α
h2 “

pnτqα

α
h2 ď

Tα

α
h2.

Since the sequence tsnu is uniformly bounded, the preceding estimates imply

}Wn}x ď C5C7
?

X
ˆ

τ2sn `
Tα

α
h2

˙

ď C5C7
?

X
ˆ

πτ2

sinpπαq
`

Tα

α
h2

˙

,

}Wn}x ď C5C7C8
?

X
´

τ2 ` h2
¯

,

where C8 “ max
!

π
sinpπαq

, Tα

α

)

. Since En “ un ´ Un, the estimate for Wn yields

}un ´ Un}x “ }Wn}x ď C
`

τ2 ` h2˘

, n “ 2, . . . , N,

where C “ maxtC6, C5C7C8u
?

X.
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Throughout the paper, all constants are independent of the discretization parameters
h, τ, and the time level n. Theorem 1 establishes second-order convergence in both space
and time. Since neither the stability estimate nor the error estimate requires any coupling
condition between h and τ, the scheme is unconditionally stable and convergent.

3.5. Numerical Experiments

Example 1. Consider the time-fractional subdiffusion Equation (25) with X “ T “ 1 and exact
solution upx, tq “ cospx ´ 2tq sin πx. The corresponding source term and initial condition are
given by:

Fpx, tq “

´

2 sin x t1´αE2, 2´αp´4t2q ´ 4 cos x t2´αE2, 3´αp´4t2q

¯

sin π x

` d
´

p1 ` π2q cospx ´ 2tq sin πx ` 2π sinpx ´ 2tq cos πx
¯

and
φpxq “ cos x sin πx,

where Ea,bpzq is the two-parameter Mittag–Leffler function

Ea,bpzq “

8
ÿ

n“0

zn

Γpan ` bq
, a ą 0.

Figure 1a shows the discrete solution of the TFSE in Example 1, computed using the
corrected L1 scheme (32) with α “ 0.75, d “ 1, and h “ τ “ 0.01. The errors of classical
L1 scheme and the corrected L1 scheme at the final time level pn “ Nq are compared on
Figure 1b. The first rows of Tables 1 and 2 report the errors corresponding to the parameter
values specified above. The error distributions corresponding to the L1 scheme and the
corrected L1 scheme are shown in Figure 2. The performance of the classical L1 scheme
and the corrected L1 scheme (32) is compared in Tables 1 and 2 using four error measures:
the global maximum error, the error at the first time level, the error at the final time level,
and the maximum-in-time discrete spatial l2-error. The comparison is performed under the
simultaneous mesh refinement h “ τ. For the corrected L1 scheme, the numerical solution
at the first time level n “ 1 is computed using (28), whereas for the classical L1 scheme, it is
computed using the standard L1 approximation of the fractional derivative.

f pαq

1 “
τ´α

21´αΓp2 ´ αq

`

f1 ´ f0
˘

` O
`

τ2´α
˘

.

At the first time level, the numerical error is Opτ2 ` h2q for the classical L1 scheme,
whereas for the corrected L1 scheme it is O

`

ταpτ2 ` h2q
˘

. The improvement in the accu-
racy of the numerical error relative to the underlying approximation error results from
the factor τα appearing in the discrete error equation. Consequently, under the simulta-
neous refinement h “ τ, the expected convergence orders are 2 and 2 ` α, respectively.
The corresponding observed orders are computed from

Orderph, τq “ log2
Ep2h, 2τq

Eph, τq

where Eph, τq denotes the error obtained with the spatial and temporal step sizes h and
τ, respectively.
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(a)

0.5 1

-0.000047

0.000047

0.000073

(b)

Figure 1. Numerical solution obtained with the corrected L1 scheme (32) for the TFSE in Example 1
with α “ 0.75, d “ 1, and h “ τ “ 0.01 (a), and the error distributions at the final time level for the L1
scheme (blue) and the corrected L1 scheme (red) (b).

(a) (b)

Figure 2. Absolute error distributions obtained with the L1 scheme (a) and the corrected L1 scheme
(b) for the TFSE in Example 1, with α “ 0.75, d “ 1, and h “ τ “ 0.01.

Table 1. Numerical results for L1 scheme (32) for the TFSE in Example 1 with α “ 0.75.

h = τ Global Error Order First-Row Error Order Last-Row Error Order Max Spatial l2 Error Order

0.01 2.9819 ˆ 10´4 0.8440 5.8108 ˆ 10´5 1.3875 7.2793 ˆ 10´5 1.2814 2.1218 ˆ 10´4 0.8574
0.005 1.4384 ˆ 10´4 1.0518 1.8500 ˆ 10´5 1.6511 3.3216 ˆ 10´5 1.1319 1.0193 ˆ 10´4 1.0576
0.0025 6.5104 ˆ 10´5 1.1437 5.3438 ˆ 10´6 1.7916 1.5043 ˆ 10´5 1.1427 4.6046 ˆ 10´5 1.1465
0.00125 2.8529 ˆ 10´5 1.1903 1.4584 ˆ 10´6 1.8734 6.6376 ˆ 10´6 1.1804 2.0156 ˆ 10´5 1.1918
0.000625 1.2284 ˆ 10´5 1.2157 3.8461 ˆ 10´7 1.9229 2.8738 ˆ 10´6 1.2077 8.6739 ˆ 10´6 1.2165

Table 2. Numerical results for corrected L1 scheme (32) for the TFSE in Example 1 with α “ 0.75.

h = τ Global Error Order First-Row Error Order Last-Row Error Order Max Spatial l2 Error Order

0.01 1.0816 ˆ 10´4 2.0294 3.1958 ˆ 10´5 2.5614 4.6344 ˆ 10´5 2.0294 7.4437 ˆ 10´5 1.9961
0.005 2.7065 ˆ 10´5 1.9987 5.2147 ˆ 10´6 2.6155 1.1381 ˆ 10´5 2.0256 1.8627 ˆ 10´5 1.9986
0.0025 6.7674 ˆ 10´6 1.9997 8.2587 ˆ 10´7 2.6586 2.8024 ˆ 10´6 2.0220 4.6583 ˆ 10´6 1.9996
0.00125 1.6917 ˆ 10´6 2.0001 1.2790 ˆ 10´7 2.6909 6.9153 ˆ 10´7 2.0188 1.1646 ˆ 10´6 2.0000
0.000625 4.2283 ˆ 10´7 2.0003 1.9503 ˆ 10´8 2.7132 1.7096 ˆ 10´7 2.0161 2.9110 ˆ 10´7 2.0002

The temporal and spatial convergence orders of the corrected L1 scheme (32) for
α “ 0.2, 0.5, and 0.8 are given in Tables 3 and 4, respectively. In the temporal convergence
test, the spatial step is fixed at h “ 0.0005, whereas in the spatial convergence test, the time
step is fixed at τ “ 0.001. The observed orders, computed using the global discrete l2-error,
are given by

Orderτpτq “ log2
Ep2τq

Epτq
, Orderhphq “ log2

Ep2hq

Ephq
.
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Table 3. Global l2 error and order in time of corrected L1 scheme (32) for the TFSE in Example 1.

h = 0.0005 α = 0.2 α = 0.5 α = 0.8
CPU (s)

τ Error Order (τ) Error Order (τ) Error Order (τ)

1{8 6.82 ˆ 10´4 2.5085 1.41 ˆ 10´3 2.6281 1.89 ˆ 10´3 2.7287 2.3168
1{16 1.26 ˆ 10´4 2.4337 2.32 ˆ 10´4 2.6064 2.93 ˆ 10´4 2.6965 4.7262
1{32 2.53 ˆ 10´5 2.3197 4.01 ˆ 10´5 2.5360 4.82 ˆ 10´5 2.6012 9.7639
1{64 5.56 ˆ 10´6 2.1854 7.63 ˆ 10´6 2.3926 8.83 ˆ 10´6 2.4503 20.672
1{128 1.38 ˆ 10´6 2.0086 1.70 ˆ 10´6 2.1597 1.86 ˆ 10´6 2.2459 48.065

Table 4. Global l2 error and order in space of corrected L1 scheme (32) for the TFSE in Example 1.

τ = 0.001 α = 0.2 α = 0.5 α = 0.8
CPU (s)

h Error Order (h) Error Order (h) Error Order (h)

1{8 9.18 ˆ 10´3 2.0496 9.36 ˆ 10´3 2.0502 9.36 ˆ 10´3 2.0502 53.524
1{16 2.27 ˆ 10´3 2.0122 2.32 ˆ 10´3 2.0124 2.32 ˆ 10´3 2.0124 57.513
1{32 5.68 ˆ 10´4 2.0030 5.79 ˆ 10´4 2.0031 5.79 ˆ 10´4 2.0030 64.205
1{64 1.41 ˆ 10´4 2.0006 1.44 ˆ 10´4 2.0006 1.44 ˆ 10´4 2.0006 83.147
1{128 3.54 ˆ 10´5 1.9996 3.61 ˆ 10´5 1.9997 3.62 ˆ 10´5 1.9997 133.92

4. Conclusions
A second-order implicit difference scheme for the time-fractional subdiffusion equa-

tion has been constructed using a corrected L1 approximation (2) of the Caputo fractional
derivative. The correction modifies only the first three convolution coefficients and there-
fore preserves the simple convolution structure of the classical L1 formula. The stability and
convergence analysis is based on the properties of the generating function of the corrected
coefficients and estimates for the associated discrete resolvent. The scheme is shown to
be unconditionally stable, with no restriction coupling the temporal and spatial step sizes.
Under the stated regularity assumptions, the implicit discrete solution is second-order
convergent in both time and space. The results of the numerical experiments are consistent
with the theoretical estimates. In particular, the classical L1 scheme exhibits the expected
temporal order 2 ´ α, whereas the corrected L1 scheme achieves second-order accuracy
in the global maximum, final-time, and discrete spatial l2 error measures. The numerical
experiments illustrate the improvement in accuracy obtained through the correction of the
initial convolution coefficients.

Possible extensions include equations with variable coefficients and nonhomogeneous
boundary conditions, multidimensional problems, and solutions with limited regularity
near the initial time. Fast algorithms for evaluating the convolution history may also be
considered to reduce the computational cost for long-time simulations.

Author Contributions: Conceptualization, M.M., R.K. and Y.D.; methodology, M.M., R.K., Y.D. and
M.P.; software, R.K., Y.D. and M.P.; validation, M.M., R.K., Y.D. and M.P.; formal analysis, M.M.,
R.K., Y.D. and M.P.; investigation, M.M., R.K., Y.D. and M.P.; resources, R.K., Y.D. and M.P.; data
curation, R.K., Y.D. and M.P.; writing—original draft preparation, Y.D.; writing—review and editing,
M.M., R.K., Y.D. and M.P.; visualization, M.M., R.K., Y.D. and M.P.; supervision, M.M.; project
administration, M.M.; funding acquisition, M.M. All authors have read and agreed to the published
version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: The data presented in this study are available on request from the
corresponding author.

Conflicts of Interest: The authors declare no conflicts of interest.

https://doi.org/10.3390/axioms15110813

https://doi.org/10.3390/axioms15110813


Axioms 2026, 15, 813 25 of 26

References
1. Metzler, R.; Klafter, J. The random walk’s guide to anomalous diffusion: A fractional dynamics approach. Phys. Rep. 2000, 339,

1–77. [CrossRef]
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