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Abstract

This paper investigates the oscillatory behavior of second-order noncanonical neutral differ-
ential equations involving a neutral term with continuous delay and distributed deviating
arguments. The main contribution is the establishment of a new and sharper relation
between the solution and the corresponding neutral function, a problem that has not been
addressed previously for noncanonical neutral equations with continuous delay. By com-
bining iterative techniques with refined inequalities, we derive several new oscillation
criteria, including Kneser-type conditions. The obtained results significantly extend the ex-
isting theory and improve a number of known oscillation tests in the literature. Illustrative
examples and detailed comparisons with recent criteria demonstrate the effectiveness and
superiority of the proposed approach in detecting oscillatory solutions.
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MSC: 34C10; 34K11

1. Introduction

Neutral differential equations (NDEs) are regarded as a principal category of functional
differential equation (FDE), distinguished by the fact that the highest-order derivative of the
solution depends on delayed as well as non-delayed terms. Their theoretical prominence,
coupled with the notable analytical challenges encountered in analyzing their dynamical
properties, has ensured that they remain a prominent subject of scholarly inquiry; see [1].
They likewise possess substantial practical significance, emerging naturally in the modeling
of diverse systems, including problems associated with electric networks featuring lossless
transmission lines—particularly within high-speed computing architectures where such
lines interconnect switching circuits—as well as in the study of vibrating masses attached
to elastic rods and in the formulation and resolution of variational problems that involve
time-delay effects (see [2,3]).
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1.1. NDE with Distributed Deviating Arguments

This study applies an advanced analytical approach to investigate the oscillatory
nature of solutions to the NDE:

([ ahz00] )+ [ ot pxtrtuplap =, (1)

where u > uy and
k
2(u) = () + [ p(ap)x((p))dlp. @
Throughout this study, we adopt the following assumptions:

(H1) a,b,1,k €[0,00),a <b,1 <k,and x > 01is a quotient of odd integers;
(H2) r € C([ug, ), (0,00)) and é(up) < co (noncanonical case), where

() = [ o)) "ap

(H3) n, ¢ € C([ug, 00) x [a,b],[0,00)), (1, p) < u, limy 00 (1, p) = 00, (1, p) is increas-
ing in u and p, and ¢ does not vanish identically on any half line ([u,, c0) x [a, b]) for
Uy 2 Ug;

(H4) p, p € C([ug, ) x [1,k],[0,00)), p(u,p) < u, and limy_e0 (11, p) = 0.

We consider a function x € C([uy, o), R), with 1y > 1, to be a solution of (1) provided
that z € C'([uy, ), R), r[z']* € C!([uy, ), R), and that x satisfies (1) for every u > u,.
We restrict our attention to those solutions of (1) for which sup{|x(u)| : u > u,} > 0 for
all u, > uy. A solution (x) is termed oscillatory if it is neither eventually positive nor
eventually negative; otherwise, it is classified as nonoscillatory.

1.2. Review and Analysis of Previous Results

The qualitative theory of FDEs has remained a vibrant and evolving field, largely
due to the broad spectrum of applications these equations model and the central role
that oscillation theory plays in understanding their dynamic behavior. In recent years,
considerable effort has been devoted to advancing and sharpening this theory. For second-
order equations, the reader may consult [4-6] for delay-type problems and [7,8] for neutral
equations. Furthermore, higher-order cases have been explored in works such as [9-11].

Another recent direction of research concerns the integration of analytical and com-
putational approaches, where modern numerical methodologies can provide additional
insight into the validation of theoretical results (see, for example, [12,13]).

One of the analytically challenging aspects in studying the oscillatory behavior of
solutions to neutral differential equations lies in improving the relation between the solution
and its associated function. Several recent works have focused on sharpening this relation;
see [14-16] for second-order equations and [17,18] for higher-order cases. However, no
previous results have addressed the situation in which takes the form given in (2). This gap
is largely due to the analytical difficulties that arise when dealing with such a relatively
intricate structure.

There has long been great interest in second-order functional differential equations
with distributed deviating arguments. In the canonical case (5(1y) = o0), Wang [19], Gui
and Xu [20], Ye and Xu [21], Zhang and Meng [22], Zhao and Meng [23], and Moaaz et
al. [24] examined the oscillatory behavior of the solutions to the NDE:

K ! b
(re09 )y ]%) + [~ @) (010 =0,
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where
y(u) = x(u) + p(u)x(t(u)).

Candan [25] considered Equation (1) in the canonical case and studied the oscillatory
behavior of its solutions. In addition, the oscillatory behavior of neutral dynamic equations
with distributed deviating arguments has been investigated in [26-28].

Conversely, the noncanonical case has garnered considerable interest among numerous
researchers. In what follows, we provide a more detailed examination of the findings
associated with this case.

In [29], Li et al. investigated the oscillatory behavior of the NDE:

(rwly @Iy ) + [ # o) o) wp)dor) =0, @

They used an approach based on combining two different forms of Equation (3),
instead of deriving a relation between x and y.

Theorem 1 ([29] Theorem 2.5). Assume that p(u) < po, T(u) > 1 > 0, n(t(u),p) =
T(n(u,p)), and n(u,a) < t(u). All solutions of (3) are oscillatory if there are ¢ €
C!([ug, ), (0,00)) and ¢ € C'([ug, o), R) such that p(u) > u, ¢'(u) >0,

u—oo Juy 2x-1

_— ”(Q(v> [* ooty - K1+To rw(u,a))[e’(v)]:“)dv:Oo,
and

) uf ge b 1+ %6 K1+K !

where Ly (1,p) = min{@(u, p), §(x(), p)}.

The results in [29] are notable in that they consider situations where py may be either
greater or less than 1, but they impose additional restrictions on the delay functions, such

as 17(t(u),p) = T(n(u,p)) and n(u,a) < T(u).
Grace et al. [30] provided criteria for the oscillation of the damped NDE:

/ b
(r (& ()") + 100 (' )"+ [ 9,0)f (0, x(n(w,0)))dp = 0, 4)
where I € C([ug, 00), (0,00)) and f(u,y)/y* > 1o > 0.
Theorem 2 ([30] Theorem 1). Assume that
“ (AN
/uo < r(3) ) % < e
Ifthereis a o € C'([ug, ), (0,00)) such that o(u)h(u) > r(u)o’ (u),

[ e (1) 45—,

0

and

(8 romion) e

0
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then all solutions of (4) are oscillatory, where

4w =ew(~ [ MWaq), my = [7(40) g,

b
1) = [ plu,0)[1 = pln(p))]"dp,

and

@) = [ o0 [1 - plat ) (2L gy,

Although the presence of the f function allows the results, in Theorem 2, to be applied
to a wider range of special cases, the condition of ¢(u)h(u) > r(u)o'(u) increases the
complexity of choosing the ¢ function.

In a recent study, Tung [31] analyzed the oscillatory behavior of solutions of the NDE:

b

(r (' @)") + [ gwp) (. p)]"dp = 0, ©)

where 7 is a quotient of odd integers. These results are distinguished by the fact that they
take into account the cases ¥ = 7 and x > -y. Their results represent an extension of the
approach adopted in Koplatadze et al. [32] and Baculikova [33].

Theorem 3 ([31] Theorem 2.5). All solutions of (6) are oscillatory if

limsup¥(u) >

Uu— 00

Kk ifx="7,
0 ifx>9,

where
v = strwa) [ eI W+ [ W)
oy Jn(u,a)
1o, a)] " [ G TE (s, W (3)ds
and

W(u) =/uh¢(u,p) {1—;7(17(%9))‘%] dp.

It follows from the preceding theorem that the results in [31] establish a single-
condition oscillation criterion, which distinguishes them from the results in [29,30].

Considerable progress has been made in recent years in the oscillation theory of
canonical differential equations, resulting in several refined oscillation criteria; see, for
instance, [34-36]. The present paper contributes to this research direction by treating the
more challenging noncanonical case with distributed deviating arguments.

The primary aim of our study is to provide new oscillation criteria for Equation (1)
in the noncanonical case. The novelty of the results lies in two aspects: first, extending
and broadening previous findings, and, second, improving upon the existing results in the
literature. The main contributions of this study are outlined as follows:

- Consideration of the general case of the function z, which includes continuous delay,
thereby complementing the results in [25];

—  Improvement of the relation between x and z in the general case (2), which, to the best
of our knowledge, has not been addressed in any previous studies;

- Attainment of Kneser-type criteria for Equation (1).
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The effectiveness of the new criteria is demonstrated through comparison with the
results in [29-31].

The proof of one of our main theorems relies on Theorem 2.1.1 from [37]. For conve-
nience, below, we state the part of this theorem that will be used in the sequel.

Theorem 4 ([37]). Let T,q € C([ug,0),[0,00)), T(u) < u, and lim;, o T(1t) = 0. If

u 1
lim inf q(3)d; > o

u—00  J1(y)

then the differential inequality expressed as

Y (u) +q(u)y((u)) <0
has no eventually positive solution.

Remark 1. Throughout the paper, all functional inequalities, sign properties, and asymptotic
relations are understood to hold eventually, that is, for all sufficiently large values of u, unless
explicitly stated otherwise.

2. Main Results

In our results, we assume that IP represents the set of solutions to Equation (1) that are
eventually positive. The following notations and operators are introduced to facilitate the
presentation of the results:

MF(W)] = F(u),
k

MIF@] = [ F(uup)dp,

AZ[P(M)] = Ai_l[Al[F(u)]], fori :2,3,... P

and L:=1/(k—1).
In order to derive refined relations, we impose the following condition:

(M) There exist constants pg € [0,L) and p; € (0,L) such that p(u,p) € [po, p1] for
p € [I,k|. Moreover, there is a p* € [0,1) such that

2 < @)

We observe that in the case where p; = 0 and p(u,p) € [po, p1], the p function must
also be zero, whereupon the equation reduces to the non-neutral case. Moreover, Condition
(M) is an additional assumption and does not follow from (H1)-(H4). Here, p* denotes a
positive constant independent of u satisfying (7). We emphasize that this requirement is
stronger than the condition p; < L and is imposed to control the contribution of the neutral
term in the subsequent estimates.

Furthermore, we define

ne(u) =n(u,c), ue(u) = u(u,c), for any constant c,

6w = (1- 2" [ gtw pra,

32

[popi(k=17°] i] /ab ¢(u,p)dp,
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and

o) = (25 i

Here, m denotes an arbitrary but fixed positive integer. The quantity ¢y, is defined
with respect to this choice of m.

Since « is assumed to be the ratio of two odd positive integers, the quantity s* is well
defined for all s € R. In particular, the expression (z’(u))" remains real-valued even when
z/(u) < 0, and the sign of (z’(u))" coincides with that of z’(u).

2.1. Preliminary Results and Improved Inequalities

In this section, we establish structural properties of the positive solutions of the
equation under consideration, followed by the derivation of relations and inequalities to be
used in the remaining results.

Lemma 1. Assume that x € P. Then, there exists a uy > ug such that z(u) > 0, z is monotone,
and r(u) [z’ (u)]" is decreasing for all u > uy.

Proof. Let x € P. Then, x is eventually positive. Since p(u,p) — oo and 1(u,p) —
as u — oo, there exists a u; > ug such that x(u(u,p)) and x((u,p)) are positive for all
u > u1. Consequently, given the fact that p is positive on [ug, o) x [I, k], we deduce from
the definition of z that it is also positive for all u > u;. Furthermore, based on the facts that
x(n(u,p)) > 0and ¢(u,p) > 0, we obtain from (1) that

« b
([ ]7) == [ gtwp)lxtr(u)dp <0, foru>us.

It follows that 7(u)[z’(1)]" is monotone and therefore has a constant sign for all u > u.
Since r(u) > 0 and the quantity [z’ (u)]" has the same sign as z’(u), we conclude that z’(u)
also has a constant sign for all # > u;. Hence, z is eventually monotone.

The proof is now complete. [

According to Lemma 1, z is eventually monotone. In the following lemma, we deter-
mine the direction of this monotonicity under an additional assumption.

Lemma 2. Assume that x € P, and that condition (M) is satisfied. If

/ w(é) / 5 G(p)dp)l/xda — ®)

then z exhibits a decreasing behavior and also confirms that z /¢ is increasing.

Proof. Let x € P. According to Lemma 1, z is monotonic.
Suppose the contrary that z’ (1) > 0 for u > uy. Then,

o)

and so Equation (1) becomes

(r@) 2 @]") + G zra ()] <0, ©)

and so

—G(u). (10)
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Next, we define

zwwaﬁQ@Aﬁwmﬂw%

Hence, it follows from (8) that lim,_,. F(#) = co. Moreover, since 3 < u, we obtain

F < [ ([

which, as u — oo, becomes

5wwg%<[c@w@UK—w

0

From (H2), we have 6(ug) < oo, and thus

u
/ G(p)dp — o0 as u — oo.
u

1

Now, we define

_ )"
A ETR)
Hence, it follows from (10) that
oo CEY T

[Z(T][z)]K [Z(i]a)]zx[ (17”)] (’761)7701
r [Z/ 8 k—=1_s

-G —x a a

< - [2(1a)]" "2 (11a) 1

(11)

Since z(u),z' (1) > 0 and #(u, p) is increasing in u, we obtain w' (1) < —G(u). Inte-

grating this relation, we get

[, Glo)dp < wiun) ~w(w)

(12)

Because w is positive and decreasing, Equation (12) stands in contradiction with (11).

Now, we have z’(u) < 0. Thus, we obtain

2() > = [T @) @) )] do > ~80) ()] (w),

and then z /4 is increasing.
The proof is now complete. [

Lemma 3. Assume that x € P, (M) and (8) hold. Consequently,
Ajlz(w)] > (k—1)'z(u)
and

Arrlz() < - Asfz(w)),
p1

fori e Noy.

(13)

(14)

(15)

Proof. Let x € P. According to Lemma 2, z exhibits a decreasing behavior and also

indicates that z/J is increasing. Thus, we obtain

https:/ /doi.org/10.3390/axioms15110799
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2(u) < 2(u(u,p)) < 2L (16)

for p € [1, k]. Moreover, we observe that

Ansr2(0)] = AwlAr20)]] = Ar[Anlz()]] a7)

We will prove relations (14) and (15) by applying the principle of induction.
First, for (14), one readily verifies that relation (14) is fulfilled when i = 0. Now, we
assume that

Amlz(w)] = (k—=1)"z(u), (18)
for some m > 0. Using (16)—(18), we obtain
Apialz(w)] = A[An[z(u)]]
> Aq[(k=1)"z(u)]
k
= (k=" [ z(n(up)dp
> (k—=1)"z(u). (19)

Thus, (14) is fulfilled for every i € Ny.
Next, for (15), it follows from (16) that

Aqz(u)]

z(p(u

|

< /l —”5 p))dp
z(u)
o(u

which with (M) yields

If we now assume that

for some m > 0, then
Apia[2(0)] = A [An[z(w)]] < %Al[Am,ﬂz(u)n = P Aulz(u)),

and this implies that (15) is valid for every i € Ny.
The proof is now complete. [J

Lemma 4. Assume that x € P, (M) and (8) hold. Consequently,

¥(w) = (1 p")z() Y- [popa(k—12]', form >0, 0)
i=0
and )
*(u) > M 2(u). 1)

— PoP1
Furthermore, Equation (1) takes the form of

https:/ /doi.org/10.3390/axioms15110799
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(@) 2 (0)]7) + o) 2 ()] < 0. 22)

Proof. Let x € P. From Lemma 2, z exhibits a decreasing behavior and also satisfies that
z/? is increasing.
By induction, we shall show that
- i +1
x(u) = Y (pop1) (Azilz(w)] = prisaia[z(w)]) + (pop1)™ " Aomanlx(u)]. (23)
i=0

First, it follows from (2) and (H4) that

z(u) = priafx(u)] < x(u) < z(u) = poafx(u)].

So, we arrive at

x(u) > Aolz(u)] — priax(u)]
> Nolz(u)] — p1isaz(u) — poAi[x(u)]]
= Ao[z(u)] — prA1[z(u)] + pop1Aafx(u)]. (24)

Hence, (23) is verified for m = 0. Subsequently, the assumption that (23) holds for
m = k leads to

k
Z pop1)' (Mailz(1)] — p1Aais [2(1)]) + (pop1) ™ Agpsax(u)). (25)

Applying the operator Ay, to (24), we obtain

Nopya[x(u)] > Aopialz(u)] — prAakya[z(u)] + pop1 Aok ralx(u)],
which with (25) gives

k

x(u) > Z(Pom)i(/\zi[z(“ﬂ—P11\2i+1[z(”)])

i=0

+(pop1) T (A2 [2()] — prAgkys[z(w)]) + (popr) > Ak yalx (1))
k+1

= Y (pop1) (Mailz(u)] — prAgica[z(w)]) + (pop1) > Agkralx(u)).
i=0

Consequently, (23) is true for any integer m > 0.
Since x(u), the A; operator preserves positivity, and given the fact that pop; > 0, we
have
(Pop1)"™ ™ Agursa[x(u)] = 0.

Therefore, inequality (23) yields

x(u) > 3 (popr) (Agilz()] — prAgie [2()]). 6)

i=0

Based on Lemma 3, we find that (14) and (15) hold. Thus, (26) reduces to

x(u) > ; pop1) Aai[z(u)]

> Z(M)(l—P*)i{r’opl(k—l)zy-

i=0

https:/ /doi.org/10.3390/axioms15110799
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Since py < p1 < L =1/ (k—1), we have pop1(k—1)* < 1,50

> i 1 L?
op1(k—1)?| = =
L [rom k17 1= popr(k— 172~ L2~ pops
Therefore,
kT2
L* = pop1
which, with (1), gives

(@) 2 (0)]7) + o) 2 ())]* < 0.
The proof is now complete. [

Remark 2. It can readily be observed that

x@)zu—pﬂ4w<l+fjmmw—wﬂj;zu—pﬂaw.

i=1
Thus, relation (20) provides a genuine improvement over the classical estimate connecting
the solution and its associated neutral function. Consequently, whenever this refined relation is

incorporated into a given oscillation framework, the resulting oscillation criteria are expected to be
sharper than those obtained using the traditional relation

2.2. Oscillation Criteria

Among the highly effective tools in oscillation theory is the comparison technique,
which connects the oscillation of the given equation to that of a simpler or lower-order one.
In the next theorem, we apply this method to derive oscillation criteria of the Kneser type.

Theorem 5. Assume that x > 1, (8) and (M) are satisfied. If all solutions of the equation expressed
as

(/% ()62 ) (1)) + 8 () o)1) 7)) = O @7)

oscillate, then all solutions of (1) are likewise oscillatory.

Proof. Suppose the contrary that x € P. From Lemma 2, z exhibits a decreasing behavior
and also satisfies that z/¢ is increasing. Hence, we find that

1 1
—l/r < SZ < g(zoﬂb),
or 1+1/ 1+1/ 1
— K — K
{—r [z’]K} = [r [z’]K} > BT [zo;yb]lf". (28)
Thus, it follows from (22) and (28) that
1/ ,/_1 /K71+1/K N
() = =] ()
1 ~ —1+1/x
S ¢ [T [Zlﬂ [zom]"
<~ 8 e zom),
which implies that

https:/ /doi.org/10.3390/axioms15110799


https://doi.org/10.3390/axioms15110799

Axioms 2026, 15, 799 11 of 21
A2 = (s ez
6
/
= (5(71/"2’)
1 .~
< —;51((!’00 (zomp). (29)

Using the transformation that preserves oscillation w = z/ > 0, (29) becomes
1/x 2.,/ ! 1 K 3
(r/xo*w') = o (S0 mp) (wo ) SO,

According to Corollary 1 in [38], the corresponding Equation (27) must also have a
positive solution, leading to a contradiction with the theorem’s assumptions.
The proof is now complete. [J

In view of the fact that §(up) < oo, we deduce that

u 1 1 1
q)(u):z/uomdvzm—m—ww as u — oo,

which implies that Equation (27) is in the canonical form. Using the results established in [39],
we can now obtain Kneser-type oscillation criteria, as formulated in the next corollary.

Corollary 1. Assume that x > 1, (8) and (M) are satisfied. If

and
tim inf |1/ ()62 ()8 (76 (1) ) (1) @ (1 () oo () | > 57, (30)

U— 00

then all solutions of Equation (1) are oscillatory, where

vi= max{e(l)\: €) re€ (0,1)}.

Proof. Suppose the contrary, i.e., that x € IP. According to Lemma 2, z exhibits a decreasing
behavior and also indicates z/4 is increasing. By proceeding as in the proof of Theorem 5,
one concludes that Equation (27) has a positive solution. Yet Theorem 2 in [39] asserts that,
under condition (30), all solutions of Equation (27) must be oscillatory. This contradiction
completes the argument. [

In the following theorems, we extend and improve the approach used in Theorem 2.2
in [40] to obtain the appropriate oscillation criterion.

Theorem 6. Assume that x > 1, (8) and (M) are satisfied. If

lim sup {5@1)]'( /1: Poo(3)d3 > 1, (31)

U—00

then all solutions of Equation (1) are oscillatory, where

Fa) = 80) + s [ 8 (0)30(5)) 5 @)

Proof. Suppose the contrary, i.e., that x € [P. According to Lemma 2, z exhibits a decreasing
behavior and also indicates that z/J is increasing.

https:/ /doi.org/10.3390/axioms15110799
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By proceeding in the same manner as in the proof of Theorem 5, we arrive at (29).
If we define H = 6 rY/* 2/ + z, then it follows from (13) and (29) that H > 0 and H' < 0.
Integrating (29), we obtain

(1) 2 ~S()lr()]/2 () + [ 5 () (3)2(5))ds. @)

K

!/
Since 2/ < 0, (2/6)" >0, (1) < u, and (rl/K z’) < 0, we find that

=((6)) = 5zl )) 2 38 > — S/ )2 () )

and substituting it into relation (33) leads to

] 0000) |1+ s [ 6000601

= —o(u)[r(u)]"*Z (u). (34)

z(u)

v

Now, integrating (22), we get

@] 2 —rl) )]+ [ )00
> )] [ g (5)ds )

which, with (34), gives

or

which contradicts (31).
The proof is now complete. [

Theorem 7. Assume that n,(1) < u, x > 1, (8) and (M) are satisfied. If

u

1 [T 1/x 1
lim inf ( / w(3)d ) dr > -, (36)
() \7(T) ulqb (&) e

then all solutions of Equation (1) are oscillatory.
Proof. Suppose the contrary, i.e., that x € [P. According to Lemma 2, z exhibits a decreasing

behavior and also indicates that z/J is increasing.
By proceeding in the same manner as in the proof of Theorem 6, we arrive at (35). Thus,

u 1/x
)+ 2n() (s [ Be)d) <o @)

So, z is a positive solution of (37). It is readily seen that 7, € C([ug, ), [0,0)),
np(u) < u, (1) — o0 as u — oo, and

(e M)az)l/K € C([ug,0), [0,0)).
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Therefore, all assumptions of Theorem 4 are satisfied. Hence, condition (36) implies
that inequality (37) admits no eventually positive solution, which is a contradiction.
The proof is now complete. [

Finally, we present a criterion that serves as an extension of the results in [40,41], which
is based on the generalized Riccati substitution. The next lemma is an immediate extension
of Lemma 2.5 in [40]; hence, its proof is omitted.

Lemma 5. Assume that x € P and there is a o > 0 such that

liminf [ ( ! /“ ()d)l/Kd > (38)
imin — oo T>0.
() \7(T) u1¢ s

If z is decreasing on [uq,00), then there is up > 11;(2+”)(u1) such that

z(17p(u))
ZI(JT) > Hn(U),

for u > uy and for some n € Ny, where Hy(o) = 1 and H,11(0) = exp(cHu(0)).

Theorem 8. Assume that (8), (M), and (38) are satisfied. If there exists a & € C'([ug, o), (0,0))
such that

K u / K+1
meFO”A<%Wamﬁm— )0 a)] :%3>L (39)

u—eo | O0(u) Juy (1 +K)1+K[9(5)]K

then all solutions of Equation (1) are oscillatory, where

N E A TRt
HW”‘{MWL#WW<m

where Hy, () is defined as in Lemma 5.

Proof. Suppose the contrary, i.e., that x € P. According to Lemma 2, z exhibits a decreasing
behavior and also indicates that z/J is increasing.

o-o( 2]+ 1) 20 o

Then, it follows from (22) and (40) that

;0 (r[z’}K), 21 ks

Now, we define

Z
o' _ [Z(Ub)]K X 0 1+1/x 05
< EQ_G(POO 7K _91/1(7,1/1( Q_(?K _KW'

Using Lemma 5, we find that

o o’ K 0 1+1/x 06
Using the fact that (see ([40] Lemma 2.6)

Aty — Ay(y — A3)' T < AjAs +F (1 + 1) TTTRATTR AT,
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with ) 0
_P _ K _
A= E/Az = W,and/lg = 5
we arrive at
9/ K 0 1+1/% 9/ 1kT [0/]K+1
g (@) Ssre TG
which turns (41) into the form
I er [0 es
QIS_G(POQHZ(U)+(1+K> K [G]K 57_K5K+1,
or
—1-«7 [9,]K+1

0 oo Hyy () — (1 +x) o g(Q;) }

Integrating this relation, we get

L T PR ()] (2 ¢)) ks 6G)
/Ml<9(3)4>oo(z)Hn(<f) (1+x) ol )dza < (W Q(z))
< —o(uwr(] 2]
0(u)
= ()
This implies that
)l L@ )
9(1/[) /41 (9(5)¢°°(3)Hn<0-)(1+1<) ! [6(3)];{>d3§11

which contradicts (39).
The proof is now complete. [

Corollary 2. Assume that (8) and (M) are satisfied. If, for any integer (m > 0),

. 0% u ~ r o' !
hi“fipl 98)) I, (9(5)4’”(5) o fl[fg)[]e(a)r‘) )

> 1,

then all solutions of Equation (1) are oscillatory.

Proof. In the case where z' (1) < 0, we have z(1, (1)) > z(u). Accordingly, replacing H, (0)
by 1 yields the same conclusions as those of Theorem 8, while eliminating the necessity of
condition (38). O

3. Application and Discussion

This section applies our results to specific special cases of the equation under study.
Furthermore, a comparison with prior literature is provided to illustrate the efficiency and
practical effectiveness of our criteria.

Example 1. Consider the equation

% (Mﬁl [;uz(u)} K> +¢o /ﬂb[x(P u)]"dp =0, (42)
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where u > ug, k > 1,
z(u) = x(u) + pox(fu),
a<be(01],p € {O, W), ¢ e (0,1], and ¢g > 0. We see that | = 0, k =1, p(u,p) =

po = p1, w(u,0) = bu, r(u) = u**, ¢(u, p) = ¢o, and 17(u, p) = pu. Then, it is not difficult to
conclude that L =1,

(S(u):g/{a,
and
M) po
P T

So, (M) is satisfied. Furthermore,

G(u) = (b—a)po(1—po)",
Po \ v 2i ’
\K/Z) Ig)p0‘| 4

o) = ol —0) [(1— %) fp%] - 4.

Now, condition (8) takes the form

0 1 3 1/x
(b —a)¢o(1 - po)" /uo (3"“ /uo dP) dj — oo.

Based on our findings, all solutions of Equation (42) exhibit oscillatory behavior in one of the
following cases:

() =¢o<b—a>[(1—

and

(C1) Corollary 1: if k¢ > vy, where
v = max{(—:(l — e/ e c (0,1)};

(C2) Theorem 6: if s [¢7]" > 1, where

N K g% 1 gk 1 .
5(1’[) - K[l +x (PO] W - 4)1 WI
(C3) Theorem 7: if [¢5]"/ " In(1/b) > 1/e;
(C4) Theorem 8: if o := [¢5]"“In(1/b) < 1/e and
HY ()95 > —— o
R

Remark 3. Consider Equation (42) when x = 1, where it reduces to the form of

bx(pu)dp =0. (43)

% (uZ;u[x(u) + pmc(fu)]) + ¢o /11

We observe that Theorem 1 guarantees the oscillation of this equation when a < { and

(C5) : > 4(bl_a)(1+”;)
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In contrast, Theorem 3 states the oscillation condition in the following form

1

Co) : .
> 0 o rmd)

Furthermore, Theorem 2 cannot be applied because condition (5) is not met.

Now, let us take into account the more particular case

(145 [r0 + goxtem)] ) + o [ xtowap 0

0.1

Figure 1 illustrates the sharpness of criterion (C1) compared with (C5) and (Cé6) for all
¢ € (0.189,1).

25

= Condition (C1)
= Condition (C5)

2.0F —— Condition (C6) 1

Minimum ¢

0.0

0.2 0.4 0.6 0.8 1.0
/

Figure 1. Minimal values of ¢ obtained under criteria (C1), (C5), and (C6) for £ € (0,1).

Remark 4. In Example 1, with a few straightforward computations, it can be seen that criteria
(C2)—(C4) yield results that are less sharp than those of criterion (C1). However, Theorems 6—8
constitute a direct enhancement of their counterparts (see [40,41]) that employed the classical,
non-improved inequalities. For instance, by considering the equation

d d 4 (9
= <u2du {x(u) + 5x<1g>}> + ¢pox(au) =0, a € (0,1), (44)

we observe that Theorem 2.2 in [40] establishes an oscillation criterion for this equation in the form
¢o > 9, whereas Theorem 6 guarantees the oscillation of Equation (44) under the condition of
¢o > 2.0173. Therefore, Theorem 6 constitutes not only an extension of Theorem 2.2 in [40] but
also an enhancement of the methodology adopted in it.

Example 2. Consider the equation expressed as

1 —u g
i{(chilZ(u)) +4)0/0 <3+e ;ln(ZTFP))x(pu)dpzol (45)

with

z(u) = x(u) + /12 ?’_I_C(;S(pu)x<:;)dp,
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where u > ug and ¢o > 0. One can easily check that L =1, 6(u) = 1/u,

2
Mafo(w)] = [ o(u(mp))dp = 5

3 + cos(pu 2 4
p(u,p) = % €lpopl po=5 =5
and Al
c_ MPW] 6

p :le—7

Moreover, we obtain

B 4\ [1/3+ e "sin(2mp) 9
- 6\ </ 8\ [1/3+e “sin(2mp)
¢m(”)—¢0<1—7>§)<49) /0 ( > )dP,
nd 7 (3 (27p) 21
~ B +e “sin(2mp -
folw = g [ (225 g~ B,

Thus, condition (8) is satisfied. Now, to apply Theorem 5, we find that ¢(u) := u —ug, A =1,
and v = 1/4. Consequently, all solutions of Equation (45) oscillate whenever ¢g > 0.97618.

Example 3. Consider the equation expressed as

1/3
i(ﬂﬂiaﬂ >+%AZWHMWW@m=a

(46)

where u > uy,
2
z(u) = x(u) + po/ x(u)dp,
1 \p
b e (0,1], ¢o > 0, and py € [0,4/15). One can easily check that L = 1, p1 = po,

1
o) = 38

2 1 5
Aq[6(u)] :/1 de = 13

and M) 15
o e
PP sy ~ e

Furthermore, we obtain

G(u) = 2b(6+2)003/T— po,

_ 1 i
Pm(u) = mb(b +2)¢o §/(4 —15po) L PG

and
= 1 ,/(4—15py)
4700(1’1) - 2\3/41b<b + 2)4)0 1— P% - 4)0
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Thus, condition (8) is satisfied. Using Corollary 2 with 6(u) = 6*(u), all solutions of
Equation (46) oscillate if
o 3 § *
(PO 4 4

1 4—15p) _ (3)4
—=b(b+2)po ¢ ——> > ¢/ (5] -
2\3/11( )4)0 1_;% 1

Remark 5. It is evident that the results in [29-31] are not applicable to Examples 2 and 3. Moreover,
it should be noted that Theorems 5—7 do not succeed in establishing the oscillation of (46), as in the
caseof k =1/3 < 1.

or

4. Conclusions

The oscillation theory of neutral differential equations remains an active area of
research due to its theoretical significance and the analytical challenges arising from the
presence of deviating arguments. In this work, we addressed several aspects of oscillation
theory for noncanonical second-order neutral differential equations. The main contributions
of this study can be summarized as follows:

*  We established a sharper relation between an eventually positive solution (x) and its
associated neutral function (z) in the presence of a continuous delay.

¢  We extended the analysis to the general case involving a continuous deviating argu-
ment, thereby complementing and broadening existing results in the literature.

*  We developed new oscillation criteria for Equation (1) in the noncanonical case by
employing different analytical approaches.

*  We derived a Kneser-type oscillation criterion for Equation (1).

*  The effectiveness of the obtained criteria was demonstrated through illustrative exam-
ples and comparisons with related results from the literature.

Based on the examples and remarks presented in Section 3, we arrived at the following
conclusions:

*  The Kneser-type oscillation criterion (Corollary 1) is more effective in detecting oscilla-
tion than the other obtained criteria.
¢ The proposed results generally provide stronger oscillation tests than those reported

in [29-31].

*  Theorem 8 remains applicable for the case of x < 1, whereas Theorems 5-7 require
x> 1.

¢  Theorem 6 provides an improved framework for deriving oscillation criteria in the
form of (31).

The methodology developed herein is closely linked to the structural form of the
equation rather than to its order. Therefore, extending the present approach to third-
and higher-order neutral differential equations, particularly those involving distributed
deviating arguments, represents a natural and promising direction for future research.
It is also of interest to refine condition (M) in order to better capture the influence of
the delay function (¢) within the oscillation criteria. Furthermore, the development of
numerical procedures for validating the oscillation thresholds obtained herein, following
recent advances in computational methods for differential equations [12,13], constitutes
another worthwhile direction for future investigation.
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One possible extension of the theoretical framework developed in this work is to
examine the fractional-order counterpart of Equation (1)—more precisely, consider the
neutral differential equation involving Caputo fractional derivatives of order a € (0, 1]:

b

D3, (rn) [°Dtz0]) + [ ¢l ) ey, p)) o =, @)

where z(u) preserves the continuous delay structure specified in (2) and Cijo denotes the
Caputo fractional derivative operator.

Strictly speaking, the structural reduction technique established in Lemma 4 depends
primarily on the integral representation of z(u) and on the positivity properties of the
solution components. Consequently, an analogue of the inequality connecting x(u) and
z(u) can be established for (47). Nevertheless, extending the oscillation criteria derived
in Theorems 5-8 to the fractional setting introduces several mathematical difficulties that
prevent a direct application of the existing arguments.

1. Non-locality of monotonicity: Unlike the classical case, where z/(1) < 0 implies
pointwise monotonic decrease, the condition of CDﬁoz(u) < 0 generally requires
fractional mean-value arguments and introduces memory effects over the interval of
[ug, u].

2. Failure of standard differential rules: The comparison techniques and Riccati-type
transformations employed in Theorems 5 and 8 rely on classical product and quotient
rules. In the fractional setting,

“Dj (fg) # fCDi g+ 8 Dl f

which generates additional terms requiring separate estimates.

3. Interaction between fractional kernels and delays: The combination of continuous
deviating arguments (17 (1, p)) with fractional integration operators introduces singular
kernels in the form of (u — t)™%, leading to additional analytical difficulties and
potentially more restrictive assumptions on the delay structure.

Thus, although the methodology developed in this paper provides a solid structural
foundation, the establishment of rigorous oscillation criteria for (47) requires these operator-
specific challenges be addressed rather than relying on a straightforward generalization of
the present results.
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