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Abstract

We examine a nonlinear viscoelastic Kirchhoff model endowed with a logarithmic source.
Assuming suitable hypotheses and under the inclusion of nonlinear distributed delay
feedback terms, in addition to the acoustic and fractional boundary feedback terms, we
obtain global existence, general decay estimates, and finite-time blow-up for negative
initial energy, all for a wide range of relaxation kernels. The Kirchhoff term K (||VW||3)
significantly changes the structure of the Nehari manifold and requires a new energy
functional based on the primitive K. Our analysis identifies the precise blow-up mechanism
and establishes sharp dimension-dependent restrictions on the exponent p. Our outcomes
broaden and enhance recent contributions on classical wave equations to the physically
meaningful Kirchhoff framework.

Keywords: Kirchhoff equation; general decay; logarithmic source; acoustic boundary;
partial differential equations; fractional derivative; distributed delay
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1. Introduction

The viscoelastic Kirchhoff models have been of particular interest in mathematical
physics and engineering due to their ability to describe correctly the vibrations of elastic
strings and beams and to include the effect of tension changes caused by their stretching.
The nonlocal coefficient K(|[VW)||3) was originally introduced by Kirchhoff in 1876 to
describe the transverse oscillations of a stretched string that is subject to a non-uniform
tension. The inclusion of memory phenomena leads to a viscoelastic Kirchhoff system
that can effectively describe materials whose mechanical behaviour is affected by previ-
ous deformations.

The presence of a logarithmic nonlinearity significantly complicates the analysis, since
solutions may blow up in finite time depending on the parameter regime, which makes the
investigation of stability and long-term dynamics considerably more delicate. In this work,
we establish the global-in-time existence and asymptotic decay of solutions for a viscoelastic
Kirchhoff equation endowed with a logarithmic source, subject to acoustic boundary
dissipation, fractional derivatives, and nonlinear time delays. Elucidating how these
interacting mechanisms collectively shape solution behavior is of paramount importance
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for the design of effective damping strategies and for predicting the long-term response of
viscoelastic materials.

In [1], the authors carried out an in-depth analysis of finite-time blow-up for vis-
coelastic wave equations endowed with logarithmic nonlinearity, carefully accounting
for the influence of time delays and acoustic boundary conditions while extracting sharp
blow-up thresholds. Nevertheless, their framework is strictly semi-linear (X = 1), so the
quasilinear tension effects that characterize Kirchhoff systems are absent. Building upon
this framework, in [2], the same collaborators turned their attention to global existence
and asymptotic decay properties of nonlinear wave equations equipped with acoustic and
fractional boundary conditions, logarithmic source terms, and delay feedback. Yet, the
Kirchhoff nonlocal coefficient was again omitted, which means the energy functional is
quadratic and the potential-well geometry is substantially simpler.

Other related works including [3-17] have treated fixed, time-varying, or distributed
delays, as well as acoustic and fractional dissipation, but always in the semi-linear setting.
The recent contribution [2] analysed a special case of (1) with X' = 1, establishing general
decay estimates for a broad family of relaxation kernels; however, the authors explicitly
noted that the Kirchhoff case remained open. Consequently, a rigorous treatment of the
combined effects of nonlocal Kirchhoff tension, logarithmic focusing, acoustic boundary
dynamics, fractional dissipation, and distributed delay has been missing from the literature.

Compared with the aforementioned semi-linear contributions, the inclusion of the
nonlocal Kirchhoff modulus K(||VIW||3) fundamentally alters the principal operator from
linear to quasilinear. This necessitates a genuinely non-quadratic energy functional built
upon the primitive K, a modified Nehari geometry, and new multiplier estimates that
exploit the lower bound K(s) > 1. Moreover, the simultaneous presence of acoustic
boundary conditions, fractional Caputo dissipation, and distributed delay feedback on the
same active boundary Iy creates a fully coupled dissipative structure that has not been
previously analysed in the Kirchhoff framework. Our results therefore constitute the first
complete dynamic theory global existence, general decay, and finite-time blow-up for this
physically motivated configuration.

This manuscript goes beyond the works of similar studies by including the Kirchhoff
nonlocal coefficient (|| VIWV||3). This change transforms the linear wave operator into
a quasilinear nonlocal operator, which requires a new energy functional based on the
primitive K of K, a modified Nehari functional, and careful treatment of the nonlocal term
in the estimates of the multiplier. As far as we are aware, no previous study has addressed
the asymptotic behaviour of a viscoelastic Kirchhoff-type equation that simultaneously
includes a logarithmic source, acoustic boundary conditions, a fractional derivative, and
distributed delay.

The specific viscoelastic Kirchhoff system under scrutiny reads

t
ww/c(uvwng)AW(tH/O H(t— $)AW()dd = WP 2WIn|W|, inQxR,,

K(IIVW\\%)%V - /Ot?-l(t - ﬁ)%(ﬂ) A8+ FOV:) + W =8, x €Ty, t>0,
Wi+ a(x)S + B(x)S: =0, xeTy, t>0, (1)
W(x,t) =0, onT| xR,
W(x,0) =Wh(x), Wi(x,0) = W (x), xeqO,
We(x, —t) = wyp(x,t), x €Ty, t€(0,8),
S(x,0) = Sp(x), x €Ty,
where 5
2
FOW) = mF0W) + [ ma(2) Fa(Wi(t = 2)) d. @)
1
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Throughout the manuscript, (2 stands for a bounded open subset of R with d > 1,
whose boundary 0} decomposes into two non-overlapping closed pieces I'g and I'; so that
d0Q) = I'g UTy. By n, we mean the unit normal vector field pointing outward from (). The
parameters a; and c are strictly positive reals, the exponent p is taken larger than 2, and
the delay bounds satisfy 0 < 6; < . The map a; : [¢1,d2] — R governs the distributed
time lag, H plays the role of a positive relaxation kernel, the pair 7, F, are prescribed
nonlinearities, and K : Ry — R signifies the nonlocal Kirchhoff modulus.
The generalized Caputo fractional derivative is expressed, for 0 < v < 1, as [18,19]

t
W) = F(ll—v) /0 (t—2) Te D W, (2)dz, 6> 0, 3)
where
A W(t) = I W (1), (4)
and
- t
IOW(E) = I’(l'y) [—ar etz 520 5)

Here, T and I denote the Euler gamma function and the exponential fractional integro-
differential operator, respectively.

The model (1) describes a viscoelastic string (or membrane) whose tension at each
instant is determined by the global deformation ||[VW||3 through the Kirchhoff law K.
The boundary I'y is an acoustically active surface (e.g., a piezoelectric actuator) coupled to
a fluid pressure potential S. The fractional derivative 82"5 models frequency-dependent
viscous losses at the boundary, while the distributed delay term captures temporally
nonlocal feedback that arises in digital or networked control loops. The logarithmic source
IW|P~2W1n |W)| represents a weak superlinear focusing effect that can destabilise the
system when the initial energy is negative.

The nonlinearity |WW|P~2W In |W| has been extensively studied: several authors have
studied global existence, general decay, and blow-up using the logarithmic Sobolev in-
equality and the potential well method, among other techniques. Choucha et al. [20,21] and
Gongwei et al. [22] have carried out representative studies. In many physical situations,
the reaction to an applied force is not immediate, leading to a natural occurrence of time
delay. This makes the transport of material and information critically dependent on the
temporal variable. In recent years, the study of delay phenomena has been a flourishing
research area, and much research have focused on this kind of damping due to its strong

effect on the existence of solutions in a system and the stability of the system.

When the logarithmic forcing is dropped, the literature on acoustic and fractional bound-
ary conditions specialized to the linear damping case where (F;(Y) = F,(Y) = Y) branches
into three canonical delay structures: fixed pointwise retardation (W;(x, t — J)) [3-5], tem-
porally shifting lag WV (x,t — 6(t))) [6-8,23], and spatially averaged distributed memory

(. (;iz a(z)W(t — z) dz) [9-15]. Beyond these linear prototypes, a substantial body of work

has also treated fully nonlinear damping pairs (F, F,), with retardation entering either
through the interior equation or via the boundary dissipation law. A representative treat-
ment is found in [16], where the authors examined

t
thfAW+/0 h(t —2)AW(z) dz + g1.91(Wr) + 622k (t = 6)) =0,

proving a general stability result and the existence of global solutions. In [17], the system

Wi — AW =0,
W(x,t) =0, onTlyxR.,

ow
5, GIWr+aWi(t—38) =0, onT; xR,

https://doi.org/10.3390/axioms15100728


https://doi.org/10.3390/axioms15100728

Axioms 2026, 15, 728

4 0f 31

was studied, and exponential stability of the general energy was established under the
condition g2 < g;. The problem considered in [8] yielded results on asymptotic behavior
and global existence. The viscoelastic literature is extensive, we refer the reader to [24-30]
and the references therein. Over the past few decades, Caputo fractional derivatives have
witnessed substantial development, supported by numerous definitions and results, see,
for example, [31-33].

Fractional dissipation acting through the boundary was investigated by Akil and
Wehbe [34], who stabilized the multidimensional wave equation by means of a fractional
dissipation law localized on a subset of the boundary under sharp geometric conditions; in
contrast, the Caputo fractional derivative in (1) acts on the whole active boundary I'g and
is intrinsically coupled with the acoustic dynamics and the distributed delay. In the same
spirit, Akil, Badawi, Nicaise, and Wehbe [35] established stability results for the Kirchhoff
plate equation with delay terms entering the dynamical boundary controls; compared
with that model, our delay feedback is a distributed memory of the boundary velocity
appearing inside the damping law, and the equation is a Kirchhoff string/membrane with
a logarithmic interior source rather than a plate equation.

Acoustic boundary conditions trace their origins to the seminal work of Ingard and
Morse [36], and have subsequently been incorporated into a broad spectrum of problems
while undergoing continual refinement by various research groups. Readers seeking addi-
tional background are directed to [37], whereas [38] treats questions centered on boundary
dissipation. In a related recent development, stripping away the acoustic boundary entirely,
the authors of [22] analysed a special case of (1) with K = 1, establishing general decay
estimates for a broad family of relaxation kernels.

Inspired by the above discussion, we consider problem (1) having the logarithmic
source term and a nonlocal Kirchhoff coefficient. The nonlinear distributed delay in the
boundary feedback is considered in conjunction with the acoustic and fractional boundary
conditions. This combination makes our study unique from previous work. After making
appropriate assumptions on the different functions used, we make inferences about the
asymptotic behavior of solutions.

The rest of this paper is organized as follows. Assumptions, notation and preliminary
lemmas are given in Section 2. The result on global existence of weak solutions is given
in Section 3. A brief overview of the general decay of solutions is given in Section 4 and
blow-up in Section 5, and concluding remarks are given in Section 6.

2. Preliminaries

This section collects the standing assumptions on ay, p, B, H, F1, F2, and K.
Assumption 1. H : Ry — R is a non-increasing L' function satisfying
7(0) > 0, hoz/oooH(ﬂ)dz?<oo, 1—hy=£>0. ©)
Assumption 2. There exists a non-increasing function p : Ry — R of class C1 such that
p(OH(t) +H'(t) <0, Vt>0. )

Assumption 3. F; : R — R is a non-decreasing C' function, and ® : R, — Ry is a convex,
increasing function belonging to C'(R) N C1(]0, oo[), with
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and either ® is linear on [0, 1], or ®'(0) = 0 and ®"(t) > 00n |0, 5]. Moreover,

colz| < Fi(z) <alz| iflzl >y,

24 R <oV R(R) il < ®

where &~ denotes the inverse of ® and 11, co, ¢ are positive constants.

Assumption 4. F, : R — R is an odd non-decreasing C' function for which there exist 7, > %
and ¢y, p > 0 such that
| F2(2)] < ca, )

T1zF2(2) < G(z) < 7z Fi1(z), (10)
where G(z) = [, F2(w) dw.

Assumption 5. a; : [01,8;] — R is a bounded function satisfying
3
20 /5 lay(2)| dz < ay. (11)
1

Assumption 6. There exist constants aj,B; > 0 (j = 0,1) such that ag < a(x) < ay and
Bo < B(x) < By forall x € T.

Assumption 7. K : R, — R, is a C! nondecreasing function. Let K(s) = fos K(t)dt be its
primitive. We assume

K(s) >1, l@(s) >3, Vs > 0. (12)
Assumption 8 (Dimension-dependent restrictions). In addition to p > 2, we require the
exponent p to satisfy the Sobolev embedding restrictions

2<p<00, d:]-/z/
d+2 (13)

2<P§ﬁ, d>3,

and, for the blow-up estimates of Section 5, the additional bound

2d -2

) whenever d = 3,4. (14)

p <

For d > 5, condition (13) already implies (14), so no extra restriction is needed.

Remark 1. The assumption K(s) > 1 guarantees that the Kirchhoff tension is at least as large as
the classical wave tension (corresponding to IC = 1). A canonical example is K(s) = 1+ os with
o >0, p >0, for which K(S) =5+ ﬁsf’*l > s. It is instructive to compare the present results
with the semilinear case K = 1

(i) Energy functional. For KC = 1, the term %I%(HVWH%) reduces to 1|V W)||3, and the energy
becomes quadratic. For non-constant IC, the energy is genuinely non-quadratic, which changes
the depth and geometry of the potential well.

(ii)  Global existence.The lower bound K (s) — ( fot H) s > «s used in (51) holds with k = £ even
when KC = 1, so the global existence proof survives; however, the uniform bound (52) is weaker
because the coercivity is linear rather than superlinear.

(iii) Decay estimates. The multiplier estimate (68) uses K(|VW|3)[[VW||3 > || VW)||3. This is
trivial for K< = 1, but for non-constant IC, it requires the hypothesis KC(s) > 1.
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(iv) Blow-up. The deficit energy E_(t) contains the term J[K(|[VW|3) — ([ H1)| VW3] >
LY W)||3. This coercivity is essential for closing the differential inequality (170); without it
(or with £ = 0), the concavity argument would fail.

The following lemma will be used frequently.

Lemma 1 (Jensen’s Inequality). If ® is a convex function on [a,b], A : X — [a,b] and W are
integrable on ¥, W(x) > 0, and [ W(x)dx = N > 0, then

1 1
CID(N/ZA(x)W(x)dx) SNV /Zdb(A(x))W(x) dx (15)
Throughout the rest of the paper, we also define

(HoW)(t) = /Q/Ot?-[(t—ﬁ)ﬂ/\/(t) —W(8)dddx, (16)

where
HE(Q) = {WeHl(Q), WzOonFl}. (17)

For every q € [1,00], the symbol || - ||; stands for the norm in the Lebesgue space L7((2),
whereas || - [|;r denotes the norm in L(I") for any measurable subset I' C 9Q). The subscript
is omitted wheng =2,ie., || - || = || - ||2.

Lemma 2 (Sobolev—Poincaré Inequality [39]). Assumel <s < 4ooford=1,2,0r1 <s <
% ford > 3. Then, there exists Cp > 0 such that

Wlsi1 < CEIVWI2, YW € Hy(Q). (18)

Lemma 3 (Trace-Sobolev embedding [40,41]). 1. If either

1§p§%,(d23) or 1<p<oo, (d=1,2), (19)
then H%] (Q) — LP(Q), ie.,
IWllp1 < Cpall VW2, VW € Hi (Q). (20)
2. If either
1353%,(1123) or 1<s<oeo, (d=1,2), (21)
then Hlll (Q) = LstY(Ty), ie.,
IWlls1r, < Corg[VWIl2, YW € HE (Q), (22)

where Cy ) and Cs r, are the embedding constants.

Lemma 4 ([28]). For any p > 0, we have the elementary inequalities

0
InW < Ve‘; YW 1, (23)
and
W—FP
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Next, we recall a result that allows us to rewrite the fractional boundary condition in
an equivalent first-order form.

Theorem 1 ([42]). Let

¢(u) = W|(27_1)/2, 0<y<l pekR (25)
Set

P=1""U. (26)

Then, ¢ satisfies
A, t) + (> +8)p(u, t) —U(Q,1)E(w) =0, t>0,6>0, peR, (27)
¢(n,0) =0, (28)

. oo

Py =S [ o 0e i dn, weR, £ o0 )

Following [15], we introduce the auxiliary variables
P(x,0,z,t) = Wi(x,t —z0), (x,0,zt) €D =Tyx(0,1)x (61,02) x Ry, (30)

which satisfy

{let(x/ 0,2,t) +o(x,0,2,t) =0, 1)

P(x,0,z,t) = Wi(x, t).

Remark 2. The initial data for the transformed system (33) must satisfy the natural compatibility
conditions

Wolr, =0, Wilr, =0,  wo(x,0,2) = Wi(x) forx € Tp, z € (61,62),  ¢o(u) = 0. (32)

These guarantee that the boundary and initial values match continuously at t = 0.

Consequently, by Theorem 1 and (4), problem (1) can be rewritten as

t
Wi — K([VW[2)AW () +/0 H(t— O)AW(8)dd = WP 2Win W), inQ xRy,
ow t oW oo

KUVWIRSY — [ #(e =)0 (0)ao +am V) +er [ plu i) du

3,

+/o‘ ’ ay(2) Fo(P(x,1,2,t))dz = S}, x €Ty, t>0,

1
Wi+ a(x)S + B(x)Se =0, x €Ty, t>0,
2 (x,0,2,t) + o (x,0,2,t) =0, x €Ty, 0€(0,1), z€ (d,62), t >0, (33)
Ap(p,t) + (42 + 0)p(p, 1) = Wi(x, 1)E (1) = 0, pER, x €Ty, t>0,
W(x,t) =0, onl; x Ry,
W(x,0) = Wh(x), Wi(x,0) = Wy(x), xeO,
YP(x,0,2,0) =wo(x,0,z), x €Ty, 0€(0,1), z € (61,62),
¢(1,0) = ¢o(p), pER,
S(x,0) = Sp(x), x € Ty.

Remark 3. In the boundary condition (33),, the coefficient cy is related to the original fractional
damping coefficient ¢ appearing in (1) through the identity ¢y = c sin(yrt)/, which follows
from Theorem 1 and Formula (29). This guarantees that the reformulated system (33) is exactly
equivalent to the original model (1).
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For the reader’s convenience, the main notation and function spaces used throughout
the paper are summarized in Table 1.

Table 1. Summary of notation and function spaces.

Symbol Meaning

QcRr Bounded spatial domain

I, T Disjoint boundary components, 9Q) = I'y U T
Hll-1 (Q) H! functions vanishing on I'y (see (17))

K(s) Kirchhoff modulus, £ : Ry — Ry

K(s) Primitive [j k() dt

(HoW)(t) Memory convolution (16)

P(x,0,z,1) Delay history variable on Ty x (0,1) x (61, 57)
¢(u,t) Fractional-diffusion auxiliary variable, € R
S(x,t) Acoustic boundary potential on I'y

Z(t) Total energy functional (34)

D(t), B(t) Potential-well auxiliary functionals (46) and (47)
F1,F2 Nonlinear damping and delay feedback functions

The following existence result for problem (33) rests on a synthesis of the Faedo—
Galerkin approximation scheme and the technical machinery developed in [43].

Theorem 2. Assumptions (1)~(8). Then, for any initial data Wo, W1 € HE (Q) N L*(Q), wo €
L%(To x (0,1) x (61,02)), po € L*>(R), and Sy € L?(Ty) satisfying the compatibility conditions
(32), problem (33) admits a weak solution (W, ,,S) with W, Wy € L*(]0, T*[, Hf (Q)) N
Wh(o, T*[, L*(Q)), Wy € L*(]0, T*[, L*(Q0)), ¥ € L®(]0, T*[, L*(To x (0,1) x (31,02))),
¢ € L*([0, T*]; L*(R)), S, 8¢ € L* (R4, L*(Ty)).

Proof. Let {¢;};>1 be a basis of Hll-1 (Q) and let
m

Wi (t) = Zd]m(t)e]
=1

be the Faedo-Galerkin approximations. Since ||[VW,,(t)||3 is a scalar function of time,
the Kirchhoff coefficient K (||VW,,||3) enters each approximate problem as a bounded,
positive, uniformly Lipschitz multiplier; using K > 1, the approximate energy identity (the
analogue of (35)) provides bounds that are uniform in m, namely

HWW[HLW(O,T;H%]) + ”Wmt”Lw(O,T;H%]) + HWmtt”Loo(O,T;LZ) <C,

with analogous bounds for ¢, ¢, and Sy,. The Aubin-Lions compactness lemma then
yields, along a subsequence, VW,, — VW strongly in L?(Q x (0, T)); since K € C!,
this implies

K(IVWall3) — K(|[VWI3) uniformly in ¢,

which is exactly the convergence needed to pass to the limit in the nonlocal term
K([VW|3)AW. The logarithmic source is continuous on H%l (Q) < LPTI(Q) under
(Assumption 8), and the fractional and delay terms are treated as in [43]. Uniqueness follows
from the energy inequality (35), and the continuation principle stated in Remark 6 extends
the local solution to its maximal time. O

Lemma 5. Conservation and dissipation of total energy

https:/ /doi.org/10.3390/axioms15100728
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1 1 1 't 1 1
7() = Il + 3R AVWOIR) 3 ([ #0010 ) IVWOIB-+ S5 Wl = [ im i P
2/ ) S2dr + & / / (31, £)[2 dpu dT (34)
+§(H0VW)(t)+/FO/O /51 2|a2(2)|G (¥(x, 0,2, t)) dz do dT
satisfies
! 1 !/
T() <= [ WROM)A 45 (H o YW)(1) ~ [ pl)§Pdr
+o0 1
—a [ [0+ 0o ) Pauar - ZHEITWOIB 35)

5
_ az/r /{5 2 lax(2)|p(x, 1,2, t) Fo(¢(x,1,2,t)) dzdl <0,
0 1
where oy = a1 — 21 f‘s‘? lax(z)|dz > 0and o =271 —1 > 0.

Proof. Multiplying (33); by W; and (33)3 by S;, then integrating over () and I'y, respectively,

we obtain
;Z{IIWMII%H?(IVW( 13) — (/H d19>||VW()|| + (HoVW)(t) + rotx(x)Szdl"}
+Z{12||W||;€—1/ ln|W||W‘de}+a1/ Wt}—l(Wt)dr—%('HloVW)(t)

+o0 (36)
e [ W) [ 2t dpdr+ ZHOITWEO1E

02
+/roﬁ(x)8t dl“—i—/ro /51 l2(2) | Fa(9(x, 1, 2, £) )W dzdT" = 0.

Next, multiplying (33)4 by |a2(z)| F2(¢(x, 0,z,t)) and integrating over T'g x (0,1) x (d1,d2),
and using (31);, we obtain

;t/ro /01 /:2Z|“2(Z)|g(¢(x/Q,Z,t))dzdgdr
- /r /o1 /: |2(2) | F2() o dzdodT
1 16 d
_/1"0/0 /51 |a2(z)|%9(lp(x,g,z,t))dzdgdr 37)
= /1-0 /(:2 |ﬂ2(Z)|(g(¢(X,0,Z, ) — g(l/](x,l,z,t))) dz dT
= (/:2|a2(z)|d2> /rog(wt)dr—/r'o /: a2(2)|G((x,1, 2, 1)) dz dT.

Furthermore, multiplying (33)5 by ¢1¢ and integrating over I'y X (—oo, +-00) gives

2 2
Zdt/ro/ ¢ t)| d#dHcl/ / (2 +8)p(p, £)|* dpu dT

e (38)
—a /ro Wi(x, 1) /_w E(u)¢p(p, t) dudl = 0.
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Combining the above identities yields (35) and
1 1
T'(t) = fa1/r WiF1 (W) dT + 5 (H' o YW)(t) = SH(E) V(113
0

_ /ro B(x)S?dr — /1_0 /{:2 laa(z)| Fa(9(x,1,2,t) )Wy dzdl

) (39)
'52 " 02
n (/51 |a2(z)|dz> /rog(wt)dr—/ro /51 1a2(2)|G((x, 1,2, £)) dz dT
—+o00
—e [ [ P 0)lglu ) dudr
Let G* denote the convex conjugate of G:
G*(¢) = sup(ot — G(t)). (40)

t>0

Furthermore, G* identifies with the Legendre transform of G [44], admitting the explicit
characterization

G*(0) =e(¢") (@) —Gl(¢") (@), Ve=o. (41)
In addition, this conjugate functional obeys the generalized Young inequality
ot <G () +G(t), Vot =0 (42)
By definition of G, we have
G*(e) = 0% (o) ~9(F; (@), Ve=0. (43)
Hence, by (41) and (10), we obtain

G (Fa(w(x,1,2,1)) = ¢(x, 1,z ) Fa(¥(x,1,2,1) — G(¥(x,1,z,1) < (1—1)P(x, 1,z ) Fo(p(x,1,21)). (44)
Using (42), (43), and (10), we find

) < —ar [ WE W) AL+ 5(H 0 VW)(0) = SHOI VW) B
_/FOIB(x)StZdF—./l;O /(:2 |112(z)|g(1p(x,1,z,t))dzdf—.Aoa(x)StZdF+2(/(562|az(z)|dz) /r GOW;) dr

b oo
_/ro /51 |22(2)|G((x,1,2,)) dzdT — ¢y /ro /_w (12 + 8) o (u, 1) P dp T .

<—(m-2n [ la)az) [ WA S0 0 TW)0

1

- SHOIVWOR- [ pstar—@n-1) [ [*ln@lpx 120500z 0) ddr

— - 245) H[>dudl <0
Sy (m )@@, )| dpdl < 0.
04—

Setting o7 = a1 — 21, |, 5512 lax(z)|dz and 0 = 273 — 1, we obtain (35). Consequently,
Assumptions (1)—(7) imply that Z is non-increasing. O

3. Global Existence

The present section addresses the global existence of weak solutions to (33).
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To secure uniform estimates that preclude finite-time degeneracy and guarantee
indefinite continuation, we shall construct a pair of auxiliary functionals

1~ 1/ rt 17 1
5(t) = 3RAVWIR) = 5 ( [ 1(@)a0) IVWIB = [ Wi WP dx + W, o
and
~ t
D) = R(IVWI) - ( [ 1) do ) IVWI - [ npwlwrax. @)

From the definitions of D(t), B(t), and Z(t), we have

B(t) = 500+ (B2 ) [RUVWIE) ([ #(0)d0 ) [vWiE] + 5 Iwip, @)

7(0) = 3B+ B0 + 3 [ astar+ 5 [ [ g P duar
(49)

+§(HOVW)(t)+/FO/O /51 2a(2)|G (¥(x, 0,2, 1)) dz do T

Lemma 6. Let the initial data satisfy (Wo, Wi, ¢o, wo, So) € (H%l(Q) x L2(Q) x L?(R) x
L%(To x (0,1) x (1,62)) x L?(Ty)), and assume D(0) > 0 together with

CP‘H r-1

“( 2P I(O)) St (50)

00 := K k(p—2)

Then D(t) > 0 for every t € [0, T*].

Proof. Because D(0) is strictly positive and the mapping t — D(t) is continuous, one can
select a horizon T, € (0, T*| throughout which D(t) > 0. Therefore,

5(1) = 5000+ (E22) [ROUVWIE) — ([ mee) o ) IDWIE] + i
> (22 |[Rawwig) - ([ eas)iwwig) &)

> (P ;pz)"nvwng, vt e [0,T.],

where we have used (Assumption 7) to infer IC fo )s > s— (1 —x)s = ks. Therefore,
by (35) and (51),
2 2p 2p
k[[VW||5 < P B( ) < - I(t) < b2 (0), Vte|0, Ty (52)

The embedding Hlll (Q) — LPT(Q) yields

/an|W||W|”dx§ WIS < chavws . (53)
By (52), we obtain
CIng 20Z(0 B
pZ(0) 2
4
[ v wirax < =22 (ZEEGL) S own g -

< 90KHVW(0H§,
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where

CP‘H r-1
_ pa [ 2pZ(0) \ 2
G = >

According to (47), (52), and (54), we deduce

D) > (1= 60) [RITWOIR) ~ ([ #o)do)ITW(I] >0, el 60

Because the bound (56) depends only on the structural constants and on Z(0), the argument
can be iterated: the uniform estimate prevents the solution norm from blowing up at
T., hence by the standard continuation principle for hyperbolic systems (see, e.g., [45],
Chapter 1) the local solution extends beyond T.. Repeating this argument shows that
T. = T* and, since T* was arbitrary, global existence follows. O

Remark 4. Under the hypotheses of Lemma 6, we have B(t) > 0 and therefore Z(t) > 0 for all
t € [0, T*]. Moreover, by (51) and (52),

p~Z(0)
/ro J 10t P dur < éﬂo»
(Ho VW)(t) <27(0), (57)

/r a(x)S?dr < 27(0),
1 6
/ro/o /51 zlax(2)|G(¢(x, 0,2, t)) dzdgdl < Z(0).

Theorem 3. Under the standing assumptions of Lemma 6 and (Assumption 8), the weak solution
generated by problem (33) persists for all time and remains uniformly bounded.

Proof. The argument reduces to establishing that

+o00
1OV, 0,4, 9l 2= W+ [9WIE + IWIG+ ISIE, + [ [ le(ut) Pdpar
0 J—00

1 s (58)
+(HOVW)+/r /0 /5 zlay(2)|G (¥ (x,0,2,t)) dzdodl
0 1
remains uniformly controlled for all t > 0. Toward this goal, we appeal to (49)
T(0) > T(+) = B(t) + \wt||2+ / / ()2 dpedT + = / %)8%dT

1 5 (59)

E(HOVW +/ / / zlap(z)|G(Y(x, 0,2, t)) dzdodr.
Consequently,

1

70> W+ [ [ low O dudr + 30 YW)(0)
1 ®
[ denta 6w 00 dzdear + IR, (60)
0

2)x
L p p) IVWIR+ 2||W||p
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Hence,
IOV, ¢, 9,5)|| 7 < CZ(0),

for a suitable structural constant C > 0 determined exclusively by p, x, and By. [

4. General Decay

(61)

The objective of the present section is to derive quantitative decay estimates for the

dynamical system governed by (33). As a preparatory step, we introduce the following

Lyapunov-type functionals:
1
= HWi(t) d dr + - 2dr
yi= [ VOW et [ WSdr 5 [ pstr,
t
—/ wt/ H(t— 0)(W(t) — W(8)) db dx,

¥2(x, pu, t) dudr,
s e L

:/ro/o /51 ze *|ay(2)|G(P(x, 0,2,t)) dzdodT,

where

S pt) = (2 +6) [ 9n2)dz + Wo()Z ()

Lemma 7. Let (W, ¢, 1, S) be the solution of (33). Then,
+oo
Hx = T
A/ Plu 0= (e dudl = [ W) [ g(une(w dud

0 —00
— Jt 2d dr.

Proof. From (33)5, we have
(12 +)p(pt) = Wi, 2 (1) — 29, 1), Vx €T,
Integrating (65) over (0, ) and using the initial data, we obtain

62+ 8)0(.2) 4z = W 080 = WoE() — o), vx €T

whence
Z(x,put) =W(x, t)¢(n) — ¢(p,t), Vx €T,

Multiplying by ¢ and integrating over I'y x (—oo, +-00) yields (64). O
Lemma 8. For any €1, €3, €3 > 0, the functionals J(t) + L(t) satisfy
J'(1) + L' (t) < —(1—2e1 — ex¢p — €3¢;) VW5 + W5 — /Fo a(x)S?dr
+o(er) /ro F2(Wy) dT + c(er) /ro S2dT + c(e2)(H o VW)(1)
ctes) [ [ 1aa(a) 739,12, 1) dzar

—cl// ot |2dyd1"+/ WP In|W)| dx.

Proof. Differentiating (62); and using (33); and (33)3, we obtain

(62)

(63)

(64)

(65)

(66)

(67)

(68)
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(6 + L) = ||wt||§+/ wwﬁd”/ WStdl“+/ WS dT
+/ B(x StSerrcl/ / Z(x, p, t) dpdl
= ||wt||2—/C(||VW||2)HVWH2+/OVW<t> [ = 0w - vwe) ds dx

—/ B(x)S2dT + / WP In W] dx
To Ja

(69)
ot
+/r WStdl“+/QVW(t)/O H(t — 0)(VW(E) — VW(9)) db dx
L,_/ .
Iy I
0
—ul/r WJ-"l(Wt)dI‘+/r W/é2az(z)}"z(lp(x,l,z,t))dzdl“.
0 0 1
I I3
Invoking Lemma 7 gives
J'(5) + L'(1) = Wiz = K([VWIE) VW5 —/r a(x)S*dr
0
—cl/r/ (i, t |2dydl"+/ \W|’”ln|W\dx+/ WS, dT
0 %,_/
Iy
t
+/QVW(t)/O H(t—ﬂ)(VW(t)—VW(&))dﬂdx—al/r WF, (W) dT (70)
0

I I

5
+ . W/(s2az(z)]:g(lp(x,l,z,t))dzdl",
0 1

I3

We now estimate the last four terms on the right-hand side of (70). By Poincaré’s, Young’s,
and Holder’s inequalities together with (Assumption 1), for arbitrary €; > 0 (j = 1,2,3) we

obtain
I < 61||VW||%+C(61)/F S2dT, 71)
0
L < e||[VWI3 +cler)(H o VW) (1), (72)
L < ech\|vvv\|§+c(ez)/r F2(Wy) dr, 73)
0

and s

2
I Segc;HVWH%—O—C(Q)/F /o |a2(2)| F2(p(x,1,2,t)) dzdT. (74)

0 1

Combining (71)~(74) with (70), and using (Assumption 7) to bound K(|VW|3)||VW|3 >
[VW||3, we arrive at (68). [

Lemma 9. Forany €1,¢€,€3 > 0, the functional K(t) defined in (62); satisfies
t
K0 < —( [ 10 40— 2 ) IWIB +61(2 = x + I TWIB = clea) 04 0 T
+ 83/ / ()2 dpdl 4 c(eq,e3)(H o VIW)(t) + c/ S2dr (75)

+C/ro /5] |u2(z)|}"22(1p(x,1,z,t))dzdl“—i—c/ro F2(W,)dr
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Proof. Differentiating (62); and using (33);, we obtain
- —/ Wi /tH(t—ﬁ)(W(t) —W(8)) db dx
@) 0
t t

1 2

- o [ = o owie) — wiey vas— ( [ wuceras) w3
_ —/Q [IC(HVWH%)AW - /Ot”;’-[(t— AW (8) dﬂ] [/:H(t —9)OW(t) — W(8)) dd |dx (76)

- /Q ['WWZWIH |W|] [/Ot H(t—)(W(t) = W(9)) dﬁ} dx

_/Q)/Vt/OtH’(t—ﬂ)(W(t)—W(l‘}))dﬁdx— (/OtH(ﬂ)dﬁ) W3

We now proceed to bound each contribution appearing on the right-hand side of (76). As a

first step, we partition the domain () into
O ={xeQ:W| <1} and W ={xeQ:|W| >1}.

By Young's inequality,

EO§81/Q(|W|”_2W1n|W\)2dx+c(el)(’HoVW)(t).

(77)

(78)

Next, using Lemma 4 and the condition 2 < 2(p — 1) < dzfdz (which is guaranteed by

(Assumption 8)), we can choose ¢1, 02 > 0 such that

2<2(p—1—gl)<i and 2<2(p—14+0) < -—.

d-2 d-2

By the embedding H} (Q) < L2(P~170)(Q)), we deduce from (78) that

2 .
L (172w wi) dx < (eor) / WET 0+ (egn) 2 [ WP THealdx
Q 2

2
Cp p—2-a
(P 2 91) 2PI(0)> 2
< vw
- ( €01 ) (K(p—Z) VI

2
Cp - T p—2-
1 2pZ(0
( 2(p— +92)) ( P ())) VW3

€2 k(p—2
Substituting (80) into (78), we obtain
Lo < erHY | VW3 +c(er) (H o VIW)(1),

where

(79)

(80)

(81)

C’l7 2 297(0) \ P2~ Cp_l_q2 2 29T (0) \ P2
4t 2p-1oa1) < rZ( )) 4| 2e-tte) ( PL( )) . (82)
€01 k(p—2) €02 x(p—2)

The remaining terms are handled via Poincaré’s, Young’s, and Holder’s inequalities together

with (Assumption 1):
L1 < e [VW3+c(er) (H o VW)(1),

(83)

https:/ /doi.org/10.3390/axioms15100728


https://doi.org/10.3390/axioms15100728

Axioms 2026, 15, 728 16 of 31

Ly < (/tH(ﬁ) dﬁ)/ (VW(t) /OtH(t—ﬁ)(VW(t)—VW(&))dﬁ)dx

- / ( / 9)(VW(E) — VW(ﬁ))dﬂ)zdx (84)
<er(1—&)[[VWI3 +cler) (H o VW) ().

Similarly,
Ls < c/r F2(W,)dL + c(H o VW) (1),
0

Li< c/r /;2 l02(2)| F2 (9 (x, 1,2, 1)) dzdT + c(H o VW) (1),

(85)
L5 < 2] Wi[3 — c(e2) (H o VIWV)(1),
Lo < c/r S2dT + ¢(H o VW)(b).
0
Finally, Young's inequality yields, for any e3 > 0
L; <es / / (1, £)[2 dp dT + c(e3) (H o VW) (#) / Wdu  (86)
By Lemma 2.1 in [12]
+o0
| &wan <o ®7)
Inserting the above estimates into (76) yields (75). O
Lemma 10. The functional N(t) defined in (62)4 satisfies
. 1 16, .
N'(t) < —¢1/ / / 2 (2)|G (¥(x, 0,2, 1)) dz dodT + ay / WiFL (W) dT
Iy Jo Jé JTo
. (59)
—yim [ [ 1ma(@) 91z O Fa(p(x1,2,1)) dzdr.
0 1
Proof. Differentiating N(t) and using (33)4, we obtain
1 6
N'(t) = _/r /0 /5 e ay (2)| o Fa((x, 0,2, 1)) dzdodl
0 1
1 6
~ [ [ [T e lax(2)|G (p(x, 0,2, 1)) dzdodr (89)
Iy Jo Jé
)
— [ [T le@1[e 0w 1,2, 0) — G((x,0,2,1)]dzd.
0 1
Since P(x,0,z,t) = Wi(x,t) and e * < e % < 1for0 < ¢ < 1, setting ¢y = e %2 gives
) 1 6
N <=1 [ [ [" @19 0z 1) dzdodr
To )
(90)
—¢1/ / 102(2)|G (9 (x,1,2, 1)) dz dT + </ a2 (2 )|dz> /F GOW,) dr
0
By Assumptions (4) and (5), we obtain (88). O
Now, introduce the perturbed functional
Z(t) := NI(t) + J(t) + L(t) + KK(t) + N(¢t), (91)

where A/, K > 0 are constants to be chosen later.
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Lemma 11. There exist constants Cj,t; > 0 (j =1,...,5) such that
2 < -OI()+ & [ ROV +GHoVW)(), W=t  (©2)
0

and
€ I(t) < Z(t) < GL(1). (93)

Proof. Since H is continuous and positive, for any t; > 0, we have
/ 9)do > / 9)do = Ho, V>t (94)

Differentiating (91), using (35), Lemmas 8-10, and adding and subtracting AZ(t) with
A > 0, we obtain after lengthy computations

ZI(t):=NT'(t)+]'(t) + L'(t) + KK'(t) + N'(¢)
< (KOt -e)-1-3 )Wl - (1-3) [ atos?ar
+(1=3) VPV s+ WG - (B — ) [ Spar

—Ncl// 12+ 6)|p(, )2 du dT — AZ(t)

—(cl—sglC—cl/\>/r/ ¢(p,t)|* dudr
0

_ {K 261 — cper — ches — Ky (2 x+ HY) gx} VW3 5)
+ (eten) + Keler) + 5 ) (o YWY + (T~ Kelea) ) (H 0 T ()

+ (c(er) + k) /FO FAW)dl — (N — ay) /ro Wi Fy (W) dT

+ (cles) + Ke) /FO /:2 \02(2)| F2((x,1,2,t)) dz dT

1 16
0 [ [ @100 0.2 ) dzdodr
)
_ (Uz/\/'—f—ll?lTl)/r /{5 laz(2) [ (x, 1,2, ) Fa(p(x,1,2,t)) dzdT.

We estimate ||WHZ as follows

IWIE < C_ioIVWII; < C”,mIIVWIIZ Wi

2p7(0) \'T o)
2 2
C;j 10( (p_z)) VW3 = Cgox || VW3,
CF’
where Cg = C” +1 2 and by (54), we have
pQ
/an IW| WP dx < 6ok VW) 2. 97)
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Substituting (96) and (97) into the expression for Z’(t) yields

2 < (K0 —e) ~1-3 ) IWil - (1-3) [ alnsar

A A
+ (1 —~ p)90K||VW||§ + ?cgeoxuvwng — (NBo—cK — C(el))/r St dr
0

—+00
~Ner [ 02+ 0)lg(n )P dpdr 2z ()

A oo
_ <c1 _83,C_c12>/ | le(u P dudr
ro —o0

A
— {K —2e1 —cper — cpes — Ker(2—x+H”) — ZK}HVWH%

N N (98)
+ <c(ez) + Ke(er) + 2> (HoVW)(t) + (2 - Kc(sz)) (H' o VW)(t)
+ (cler) +ck) [ FEOM) A= (@i = o) [ WFR W) dr
0 0
5
+(cles) +K0) [ [ @I F3(0(x1,2,1)) dzdT
0 1
1 6
~ =2 [ [ [ 229 (x 02 1) dzdodr
Ty Jo Js
)
—(@N + ) [ [T a@) Lz 0 Fa((x1,2,1) dzdr.
0 1
Now, choose ¢; (j = 1,2,3) sufficiently small so that
K1 :=xk(1 —0p) — 2€1 — cpea — cpez > 0. (99)
Set 2
c
©=", 8= (100)
and pick K large enough that
%IC —1>0, (101)
which guarantees
kKo =% — e K(2—x+H") > 0. (102)
Next, choose A > 0 small enough so that
B =K2—A<Z+9°,fc3—9m<> >0,
P P (103)

A
‘BZI *§>O, 133:1701*/\>0.

N —

Accordingly, once the positive parameters d; (] = 1,...,5) are fixed at suitable values,
estimate (98) takes the form
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2(0) <~ Wil - VWG + (o YW + (% ) (0TI
_AI(t)—/rooc(x)SzdF—(Nﬁo—c) /ro S2dT +dy /ro F2(W,)dr
+o0
—(alfv—al)/r Wt]:l(l/\/t)dl"—/\/cl/r Lw (42 + 8) @, 1)|? dp dT (104)
+o0 1,
=5 [ tetworandr—ps [ [0 [ 2an(@IG(p(x 0.2, 1)) dzdoar
02
(N + T — ods) /r /5 l02(2)|9(x, 1,2, ) Fa((x, 1,2, 1)) dz .

Using (Assumption 4), we obtain

Z(t) < —dr Wil — da| VW3 + ds(H o VW)(E) + (N —c) (o T

2
—AI(t)—/r zx(x)SzdF—(/\/ﬁo—c)/r Stzdl“+d4/r F2(W,)dr
—+o00
—(@N =m) [ WROWA = Ner [ (2 +0)lgp(n, ) dudr (105)

+00 1 16
~5 [ enrapar—gs [ [0 % 2o (@)IG (0 0 2,0) dzdodr
12
— (N + 911y —czd5)/r /5 lax(z)|9(x, 1,2, t) Fa(¢(x,1,2,t)) dzdT.
Conversely, from (63), we have
Z2(x, ) = @, 1)1+ (W, ) P82 (1) — 20 (p, )W (x, 1)E (). (106)

Dividing by (42 + ) and integrating over Ty x (—00, +00), we obtain

+o0 +oo 2 2
// P OF 4 gy & oL |W“ DYCDEE) 4, ar
Ty (12 +<5 T (42 +6)

(107)
o g )W (x, S (1)
taf [ dpud.
“ To (4?2 +9) F
By Young's inequality, for any a > 0,
+o00 +o0
// [$(m, )W (x, H)E (1) ddrgi// |4>u,  dudr
To y +r5) 4 Jry (n? +5 (108)
T Wi, 28 (1)
dudr.
+“/rO/ W2+ K
Combining (107) and (108), and using ﬁ < %, we obtain
c1(2a+1)
Loy < (22 [ ot dar
c1(2a+1) 0 (109)
s /ro|w 02 / 1) dyudT.
By Lemma 2.1 in [12],
12a+1) 20 +1
Ll < DD g P auar + 5y, AR v,
o Iy
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where C, 1, are the trace-Sobolev embedding constants.
By combining the structural identities in (62) with the classical estimates of Young,

Poincaré, and Holder, and further incorporating the bound (110), we infer

2() - NZ()] < LIWB)IB+ (foj +M)/ a(x)S2dT

20041
+ (e BoChr, T2 Y powin g

K > (I 3+ cp(H o YW)(1)) (111)

C] 20( + ]. 2
C 4as /rg/ ¢ I dpudl

+/r0/o /51 ze *|ay(2)|G(¥(x,0,2,t)) dzdodT.

Since e~*¢ < 1, choosing « > 0 appropriately yields

Hence,

|Z(t) = NIZ(t)| < CZ(t). (112)

(N =CO)Z(t) < Z(t) < (N +CO)I(1). (113)

Finally, select NV large enough that

N-C>0, N —a; >0,

N 4+ 111 — cods >0, NBog—c > 0. (114)

Exploiting (35), (104), and (112), we obtain (92) and (93). O

Theorem 4. Assumptions (1)-(8). Then, there exist positive constants y1, ya, t1, and ey € (0, 1]
such that the energy of (33) satisfies

where

with

T(t) < i d- {y2<1+/ dw) } Vi >t (115)

1
®(1) ::/t 50 % (116)

if @ is linear on [0, 7], (117)

td’ (eot), if ®'(0) =0and " > 0on (0,7].

Proof. Although the methodology is classical, we record every step so the presentation

remains self-contained. Multiplying inequality (92) by the non-increasing weight p(¢) and
exploiting hypothesis (Assumption 1) together with the energy identity (35), we obtain

p(t)2'(t)

—Cp(Z(1) + Cp(t) | FROV) AT +Eap(t)(Ho TW) (1)
—Cp(B) () + Eap(t) /r FEWh)dl - &5(H' o VW) (1) (118)

—Cp(B)I() + Eap(t) /ro FRW,)dT — 26,7/ (1),
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Since p(t) is non-increasing,
d
SO0Z()+26T(0) < —€p()T() + Cp(r) [ FrMYar.  (19)
0
Set
Q(t) :=p(t) Z(t) +2€3Z(t) ~ I(t). (120)
Thus,
Q'(t) < —@p(DT(1) + Cp(t) | FROV)AL, Ve =t (121)
0
To complete the proof, we must estimate the last term in (121). Define
Ti:={x€To: Wi >n} and T3:={xecTly: W<y} (122)
By (Assumption 3) and (35),
C0(t) /r FAW)dI < €p(0) /r PO < T (1), (123)
0 v
where y3 = Qcéif(o). We distinguish two cases.
Case 1: @ is linear on [0, 7]. By (Assumption 3) and (35),
0(t) /FZ F2(Wy) dT < €p(0) /r2 F2OW)dT < —ugZ' (1), (124)
0 0
where piy = 6227‘;(0). Substituting (123) and (124) into (121) yields
Qi (t) < —Cip(HI(t)
7(t) (125)
= — — >
where
Qi (t) = (Q(F) + pZ(t)) ~ Z(t), (126)

with y = p3 + pg and ps = €,Z(0). Integrating (125) over (t1, t) and using (126), we obtain
(115).

Case 2: @ is nonlinear. From (Assumption 3), (35), and Jensen’s inequality Lemma 1
applied with & = T2, W(x) = 1, and A(x) = @ (Wi (x) F1(Wi(x))), we obtain

pap(t) [ FROV) AT < puap(t) [, @7 OMF1 (W) aT

1
< t)|T3|d! —/ dr
< p2p(t)|To| <|r%| 2 WiF1(We) ) (127)
_ Z'(t)
< wop(t)|T3|07 1 - .
Substituting (123) and (127) into (121), we obtain
!/
Q4 (1) < ~Cp(Z(1) + pep(1) ! (—f|(;3|>, Vi h, (128)
110
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where
() = (Q(t) + usZ(t)) ~ I(t), (129)
and pg = ;42|I%|.
Now, for 0 < €y < # and Jp > 0, we compute
SCEHETEED
T'(t 7 7
—azg @ (azig) )20+ (aFg ) &0 +azo (130
o L) oI g () /
Choose €j small enough that
p7 = & I(0) — pseo > 0, (131)
and Jy so large that
60 — P (0)a1 [TG| > 0. (132)
Then,
z ' Z(H\Z
oo = o ()26
(133)
= —‘1/[7p(t)h <€0§_—é))), vt > tq.
Define
04 (t), if @ is linear on [0, 1],
Q) = {@’ (eoz )QZ( )+ 80Z(t), if ®'(0) =0and ®” > 0on (0,7], (134)
Then, from (125) and (133),
03(1) < —psp(0 (o ) V=t (13
Since Q3(t) ~ Z(t), there exist Az, Ay > 0 such that
A1Qs(t) < IZ(t) < A2 Q5(1). (136)
Introduce 0s(t)
o 3
o(t) == A4 70) (137)
By (136),
Z(t)
o) < 70) <1 (138)
Using (135), (136), (137), and the monotonicity of @, we obtain
, Aqpsg (I(t) )
< Z\
Q'(1) <~ 00 ( ) -

< —ugp(t)b@((g)-
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Integrating (139) over (t1,t) and using ®’'(t) = — ﬁ, we arrive at
t
P(Q(1) = B(Q0) = o | p(w)de. (140)
1
Since ®~! is decreasing,
t
o) < ®(©(Q) + 1o [ plw)dw), Wiz, (141)
3]

By the equivalence Q(t) ~ Z(t), we conclude (115). This completes the proof. [

5. Finite-Time Blow-Up

This section demonstrates that solutions may suffer finite-time blow-up when the
initial configuration carries negative total energy. The mechanism is a subtle resonance
between the logarithmic source, the nonlocal Kirchhoff tension, and the boundary delay
feedback acting on the acoustic boundary.

We first assemble the requisite analytical apparatus: a rigorous control of the logarith-
mic nonlinearity and interpolation inequalities that control the logarithmic nonlinearities
in the natural energy space.

Lemma 12 (Control of the negative logarithmic part). Let W € Hll-1 (Q)andlet Q_ = {x €
Q: |W(x)| < 1}. Then, for any p € (0, p — 2), there exists C, = C(p, p, Q2) > 0 such that

|, WP Wl dx < GV W (142)

Consequently,
/Q|W|pln|W|dx2/Q IWIP In | W] dx — C,|[ VW3, (143)
+

where O = {x € Q: |W(x)| > 1}.
Proof. On Q)_ we have 0 < |[WW| < 1. By Lemma 4 with exponent p € (0,p —2),

—p
n || < Y
e

Hence,
1
WP In W] < QIWIP‘P-

Since p — p > 2, the Sobolev-Poincaré embedding gives [W|F~f € L1(Q) with

/Q IW|P— dx < /Q|W|”*de <G |[VW|E.
Because ||[VW)||; is bounded on bounded sets, the right-hand side is controlled by
ColIVW|3 (using VW57 < C|[VW|)3 when ||[VW|; < M). In the blow-up regime,
we shall only apply this to trajectories whose energy norm is bounded initially, so (142)

follows. [

Remark 5. For a solution with negative initial energy £(0) < 0, the deficit energy

1 1 1
E-(t) ==&(t) = ;/Q WP In [W]dx — EHWH? — Il =+
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E(H) = —E(t) =

satisfies E_(t) > £_(0) > 0. Since all subtracted terms are non-negative, we immediately obtain
the dynamical lower bound

/Q IWIPIn|W]dx > pE_() > pE_(0) >0,  Vtel[0,T). (144)

Thus, along trajectories with £(0) < 0, the logarithmic integral is strictly positive, even though it
is not positive for arbitrary H' functions.

Lemma 13. There exists €, = Co(p, Q) > 0 such that for every W € H}l(Q) with
Jo WIPIn|W|dx >0,

I < e ([ P Wi+ [TWE). (115)
Lemma 14. Assume p > 2. Then, there exists €, > 0 such that forall2 <s < p,
Wz < & (Il + IwI3). (146)
and the same for the boundary delay distribution .

Corollary 1. There exists €o = Co(p, Q)) > 0 such that for any W with [ [W|P In |[W|dx > 0,

2 4
W3 < C-{ (/ﬂ IWI[PIn W] dx>p + VW, } (147)

and the same for the acoustic potential S on T'y.

Define the deficit energy functional the mirror of the total energy that captures the
excess of nonlinear focusing over all dissipative and restorative mechanisms:

1 1 1 1~ 1 t
*/QIVlelanvldxf S IWIE = S - SRATWIR) + 5 ( [ o) ao ) [owiB

2
1

—f(HoVW)() 5 [ alx)star - /FO/ o (i, )2 dp dT (148)

; /r)o ./0.1 /,:2 z|az(2)|G(y) dzdgdr.

Remark 6. The local existence result (Theorem 2) provides a maximal existence time Tmax €
(0, +c0]. By the standard continuation principle for hyperbolic systems, if Tmax < oo then
necessarily

lim [[(OW, W, S, ¢, 9)|| 7 = +o0,

t— Trnax

where || - || 7 is defined in (58). Consequently, to prove finite-time blow-up, it suffices to exhibit an
auxiliary functional that blows up in finite time and that dominates the norm || - || .

Theorem 5. Assumptions (1)—(8). Let the initial data satisfy the compatibility conditions (32).
Define the total initial energy £(0) by (34) evaluated at t = 0. If £(0) < 0, then the solution
W, S, 9, ¢) of (33) blows up in finite time in the sense that there exists T* < oo such that

tim ([VWOIE -+ WO+ IW]]) = +eo. (149)
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Moreover, the blow-up time T* satisfies the explicit estimate
2(1 -
T <t + (7(;;), (150)
A

where A(t) is the collapse accelerator functional defined in (154), Ay and t1 are as in (172),
¢ e (0, pz—;z), and €4 > 0 is a structural constant.

Proof. The argument unfolds in three movements: establishing the energy deficit as a
Lyapunov functional, constructing an auxiliary quantity that captures the acceleration of
blow-up, and demonstrating that this quantity satisfies a superlinear differential inequality
whose finite-time singularity is unavoidable.
From the dissipation inequality (35) and the hypothesis £(0) < 0, we inherit the mono-
tonicity
E(t)<E(0) <0 = &_(t)=—-E(t)>E-(0) >0. (151)

The time derivative of the deficit is controlled by the dissipation itself

() = —E(t) > o .Ao WL F (W) dT + ./fo B(x)S2dT + ¢ /ro /j(% +6)|¢p (s, £)[? dp dT

& (152)
+ 0o /Fo /51 laz(2)|9(x,1,z,t) F2(¢(x,1,2,t)) dzdl > 0,

for the structural constants 01,0, > 0 appearing in Lemma 5. Consequently, the deficit
energy is not merely positive but actively growing, bounded below by the nonlinear sources

1
_ < E_ < = Pl dx. 1
0<8(0)_E(t)_p/Q|W| n|W|dx (153)

Here, the last inequality follows from the definition (148) because all terms subtracted from
% J WP In |W| dx are non-negative; crucially, Remark 5 guarantees that the integral itself
is positive along this trajectory.

Introduce the finite-time blow-up accelerator a weighted combination of the deficit
energy and the mechanical correlation

A(t) :Sl‘é(t)+e/()wwtdx+€2ﬂ/0w2dx+e/%w‘9dr+g/roﬁ(x)szdrwvle,(t), (154)

where € > 0is small, 779 > 0 is a fixed weight parameter, M > 0 is a sufficiently large
constant to be fixed in (161), and ¢ obeys

p—2
0<¢< 72;7 . (155)

Differentiating (154) and invoking the governing Equation (33) yields the raw acceleration:
At =(1—-8EEME (1) +e Wil +e /Q W Wy dx + €10 /Q W, dx
: : : (156)
te WtSdF+e/ WS dl + e /r B(x)S ST+ M E'(b).
To JTo

Iy

Using the interior Equation (33); together with integration by parts and the boundary
condition (33), the mechanical term expands as
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g t
/QWthdx: —IC(IIVW||§)||VW||§+/Q|W|P1n\vv|dx+/QVW(t)-/0 H(t— 8)VIV(9) db dx

—+o00

+/FOW[St—a1]:1(Wt)—c1/

—00

$(, 1% () dp d (157)
73
- fw /5] a2(2) Fa((x, 1,2, 1)) dz dT.

The memory integral is absorbed via Young's inequality and the hypothesis (Assumption 1):

/QVW(t)-/Ot’H(t—ﬂ)VW(ﬂ)dﬂdxg1T_€||VW(t)||§+ (HoVW)().  (158)

N —

Here, the hypothesis IE(S) > s from (Assumption 7) is essential: combined with (Assump-
tion 1) it yields the coercivity

I/C(S)—(/Ot'H(ﬁ)dﬂ)SZS—(l—f)S—fs, Vs >0,

which is precisely what controls the negative memory contribution in (157); the condition
K(s) > 1is used through K(||[VW|2)[[VW|)3 > |[VW]|3 in (162) below.

The boundary terms are controlled explicitly as follows. For arbitrary e1,¢e2,e3 > 0, by
the trace embedding and Young's inequality,

|| W] < e IVWIE +Clen) 813,
<10

[ RO Ar| < eCRIVWIB+Clea) [ FROV) T, (159)
0 0

+o00 Cle +o0
o [ ocauar| <eschivwig+ S [ ppagar,
0 —00 04—

where Cy, denotes the trace embedding constant. The acoustic identity Wi + aS + Sy = 0
further yields

/ro WtSdl"—i-/FO WStdl"—i—/FO,B(x)SStdr
= /r (Wt+/3(x)3)8dl"—|—/l; WS, dl' = _/ (160)

Ty

a(x)SZdr+/ WS, dT.
Lo

Because the dissipation inequality (152) dominates H‘St”%,ror fl"o WrF1 (W) dT, and the
fractional flux ¢, each boundary contribution is bounded by a fixed multiple of £’ (t); more
precisely, the last three terms in (160) together with the estimates (159) contribute at most
€ C(e1,€2,€3)E" (t). We now fix the constant M > 0 in (154) large enough that
— 1- -

(1—OES(HE (1) + (M —eC(ey, 82,83)) g (t) > Tg ESDE (D + % £ (1), (161)
which is legitimate because £’ (t) > 0 and no lower bound on & :é( t) is required: the dan-
gerous boundary terms are absorbed by ME’ (t) itself, while the term (1 — ¢ VEZE(R)E (1)
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is left intact. Substituting (157)-(161) into (156) and using the Kirchhoff hypothesis K(s) > 1
together with K (s) > s, we obtain the intermediate acceleration

- L
A1) 2 o (L (1) +e(1+ 2) Il +e (B - 1) Ivwi
FepE () + WG+ 5 (Ho W) (162)

+eno /;)WWtdx—e/ oc(x)SzdF—F%é”,(t).

Ty

The logarithmic sources dominate the deficit energy through the exact decomposition

1-—- 1- L
e/Q\W|Pln|W\dx:ep(l—le)é’_(t)—i—eocl/Q\W|pln|W|dx+MHWtH%vLMHVWH%, (163)

for any a1 € (0,1). An analogous identity holds for the boundary delay and fractional
flux terms when extracted from €_(t). Choosing a; so that the coefficients of || VW||3 and
| W4||3 are positive, (162) simplifies to

A = e e 0+ IR+ WL+ I9WIB+ (o vw)(n}+ 5 el (), ey

so that in particular A’(t) > €*£_(0) > 0, A is non-decreasing, and

A(t) > A(0) > E ()1 S+ ME_(0) >0, Vt>0.

By Holder’s inequality and the Sobolev-Poincaré embedding,
[ W Wedx < Wiz < € (Il + IWill2). (165)
Let € > 0 be the optimal constant. Young’s inequality gives
= o
|[wwiax 7 < e (Il + 1w, (166)
with 5 + ¢ = 1. Using Lemma 12 with ¢ = 2(1 - §),

Y 2
T =1 <P (167)

_ 2 .
Thus, for r = 155:

. 1
[ wwiax| ™ < e (ImB+ Wi +IVWIB), (168)

where ¢; > 0. The boundary correlation ffo WS dT' obeys the analogous bound via the
trace embedding, and the acoustic term is controlled by

N B(x)S?dl < {j;/ro w(x)S2dT < C(E-(H) +E_(1)) <nE_(t)+Cy,
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for some r > 1 and arbitrarily small 77 > 0, where we used || VW||3 < 2£_(t) and Young’s
inequality. Consequently,

1

& 1-¢ e
1-¢ <
A (ﬂ_(s(ﬂ+AﬂMMMM+AJN8H)

S@a(glé(t)Jr’/QWWtdxlléJr‘/rOWSdF 115) (169)
< & (E- (O + IWHB+IIWIIL + VW) +e6
forall t > 0, with €3, & > 0. Combining (164) and (169):
A(f) > € ATE () —Cs, >0, (170)
where &4, €5 > 0. Set
A = (ng)lg, (171)

and let t; > 0 be the first time at which A(t;) > Aj; such a time exists and satisfies
t1 < max{0, A; — A(0)}/(€*£-(0)), because A’(t) > €*E£_(0) > 0. For every t > t;, we
then have €AY (1-8) (¢) — g5 > %Al/(l’é)(t), and integrating (170) over (t1,t) yields

1

¢
AT () > —— . (172)
AT (1) = S
Therefore, the solution must cease to exist at a finite time T* bounded by
2(1-
T <t + (762 (173)
GG A

In view of Remark 6, the divergence of A(t) forces the energy norm ||(W, W, S, ¥, $) || #
to blow up; hence (149) holds. This completes the proof that the solution of system (33)
cannot persist indefinitely when £(0) < 0; the logarithmic focusing, acoustic dispersion,
and boundary delay conspire to force finite-time blow-up. [

6. Conclusions

In this paper, we examined the global existence of weak solutions, general decay, and
finite-time blow-up for a viscoelastic Kirchhoff equation with a logarithmic source term,
nonlinear distributed delay boundary feedback, and acoustic and fractional boundary con-
ditions. The nonlocal Kirchhoff coefficient KC( || VWW||3) has completely altered the principal
operator, which requires a new energy functional expressed in terms of the primitive K and
forces the potential-well and multiplier arguments to be modified accordingly. We have
rigorously identified the dimension-dependent restrictions on the exponent p, corrected
the blow-up argument by controlling the negative part of the logarithmic nonlinearity, and
established a precise continuation criterion.

From a physical viewpoint, our results indicate that the interplay between the Kirch-
hoff tension, viscoelastic memory, and boundary damping with fractional/delay terms
determines the long-term fate of the system: for small initial energy, the dissipation prevails
and solutions decay to equilibrium; for negative initial energy the logarithmic focusing
dominates and drives finite-time blow-up. These findings suggest that in engineering
applications involving viscoelastic actuators or acoustic boundary control, careful tuning
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of the delay kernel a;(-) and the fractional order v is necessary to guarantee stability. Our
results complement several recent contributions on evolution equations with logarithmic
nonlinearities, memory, and delay. Local existence and blow-up for logarithmic wave
equations with delay were obtained in [46], while global existence versus blow-up for
hyperbolic equations with combined logarithmic and power-type sources was analysed
in [47]. Uniform decay under mixed viscoelastic and frictional dissipation was established
in [48], and the Cauchy problem for doubly dispersive nonlinear wave equations was
treated in [49]. Kirchhoff-type problems with exponential growth were studied in [50], and
the long-time behaviour of systems with logarithmic damping or logarithmic sources has
been investigated for swelling porous models [51], infinite-memory wave equations [52],
viscoelastic pseudo-parabolic Kirchhoff equations [53], and degenerate parabolic equa-
tions [54]. Finally, the interplay between delay, fractional damping, and logarithmic sources
has recently been examined for wave equations and piezoelectric beams in [55-57]. In
contrast with these works, the present paper combines a nonlocal Kirchhoff operator with
acoustic, fractional, and distributed-delay boundary mechanisms in a single model.

Our results generalize the theory for the classical wave Equation (with K = 1); they
hold for a very general class of relaxation kernels. Numerical verification of the abstract
decay rates and explicit blow-up profiles, as well as the treatment of additional nonlinear
damping terms, will be studied in future work.
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