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Abstract

This paper develops a 2-out-of-6:G repairable system with state-dependent preventive main-
tenance (PM) for functioning components. The 2-out-of-6:G configuration is adopted as a
representative nontrivial case of the general k-out-of-n:G system, since it retains the essen-
tial features of component redundancy, multiple failure states, and a critical pre-failure state
while remaining analytically tractable. When only two components remain functioning,
PM is activated with probability β to reduce the risk of an immediate system breakdown
caused by an additional failure. Using the supplementary variable method, the model is
formulated as an abstract Cauchy problem. Within the C0-semigroup framework, the main
operator is proved to generate a positive contraction C0-semigroup, ensuring the existence
and uniqueness of a positive solution. By combining Greiner’s boundary perturbation
method with spectral analysis, the strong convergence of the solution to the steady-state
solution is established. Numerical simulations further illustrate the theoretical results and
demonstrate the influence of preventive maintenance on system reliability performance.

Keywords: 2-out-of-6:G repairable system; preventive maintenance; C0-semigroup;
well-posedness; solution; asymptotic behavior
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1. Introduction
Reliability theory draws on multiple disciplines and focuses on the analysis and

evaluation of the ability of engineering systems to perform their required functions under
specified operating conditions and within a given period of time. Through mathematical
modeling and quantitative analysis, it provides an important theoretical basis for evaluating
system reliability, identifying potential failure risks, and improving operational stability.
With the increasing complexity of modern engineering systems, reliability analysis has
become an essential tool not only for system design and performance assessment but also
for developing effective maintenance strategies.

Traditional reliability models are often developed under simplified assumptions, such
as independent component failures, prescribed failure and repair mechanisms, and correc-
tive maintenance initiated only after component failure. In many such models, the system
ceases operation once the number of failed components exceeds a specified threshold,
while no maintenance action is taken on functioning components before system break-
down. These limitations have motivated the development of more flexible maintenance
policies and modeling approaches. Barlow [1] established classical preventive maintenance
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models based on renewal reward theory and introduced age-based replacement and peri-
odic maintenance policies, laying an important foundation for subsequent maintenance
optimization studies. In a related methodological development, Gaver [2] treated repair
time as a supplementary variable, thereby extending the analysis of repairable reliability
systems to generally distributed repair times beyond the restrictive exponential assumption.
Toshio [3] introduced imperfect preventive maintenance, while Goel et al. [4] developed a
two-unit parallel repairable system incorporating minor repair, major repair, and stochas-
tic preventive maintenance, and derived several reliability measures using the Laplace
transform method. These developments gradually shifted reliability modeling from purely
corrective and idealized maintenance mechanisms toward more realistic preventive and
state-dependent maintenance frameworks.

With the progressive development of preventive maintenance theory [5,6], substan-
tial research has been conducted on preventive maintenance strategies for k-out-of-n:G
repairable systems, cold standby systems, and other repairable systems under different
failure and maintenance mechanisms [7–11]. In particular, threshold- and state-based pre-
ventive maintenance policies have been introduced to trigger maintenance according to the
number of failed components or specific system states [12–14]. Hybrid online and offline
preventive maintenance strategies, as well as preventive maintenance for cold standby sys-
tems with partial failures, have also been extensively investigated [15–18]. Zhang et al. [19]
developed a dual-layer nested preventive maintenance strategy and modeled the system
using a multi-phase Markov process, while Wang et al. [20] established a three-state com-
ponent model incorporating component degradation, periodic perfect maintenance, and
corrective maintenance for a k-out-of-n:G system. Recent studies have further considered
more flexible condition- and state-dependent maintenance policies for k-out-of-n systems.
Liu et al. [21] developed a condition-based maintenance policy with non-periodic inspec-
tions for k-out-of-n:G systems. Li et al. [22] investigated a repairable k-out-of-n:G retrial
system with two failure modes and preventive maintenance. Qi et al. [23] studied preven-
tive maintenance optimization for weighted k-out-of-n:G systems, while Ning et al. [24]
considered the joint optimization of preventive maintenance and a state-dependent trigger-
ing mechanism for k-out-of-n:F systems with protective devices.

In practical maintenance operations, reaching a prescribed deterioration or failure
threshold does not necessarily imply that preventive maintenance can always be performed
immediately. The implementation of PM may depend on maintenance-resource availability,
inspection decisions, operational scheduling, and other practical constraints. To represent
such partial or uncertain activation of maintenance actions, a randomized state-dependent
maintenance mechanism can be introduced. In the present model, whenever the sys-
tem enters the critical operating state with exactly two functioning components, PM is
selected with probability β, whereas corrective repair is selected with probability 1 − β.
Therefore, β ∈ [0, 1] characterizes the propensity to activate PM at the critical state and
should be interpreted as a maintenance-policy parameter rather than a physical failure or
repair parameter.

Research on repairable systems subject to preventive maintenance has produced a
substantial body of mathematical models and reliability measures. However, comparatively
less attention has been devoted to the rigorous analysis of solutions for repairable systems
combining generally distributed repair times with state-dependent preventive-maintenance
decisions. In particular, for k-out-of-n:G systems involving a probabilistic maintenance
decision at a critical operating state, the well-posedness and long-term convergence of the
resulting supplementary-variable model have received relatively limited attention.

In 2001, Gupur [25] introduced C0-semigroup methods into the analysis of a two-unit
parallel reliability system described using the supplementary variable method [26] and
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established its well-posedness. Later studies by Gupur and other researchers [27,28] ex-
tended this analytical framework to different reliability models, with particular attention to
well-posedness and long-term dynamics. These studies established the existence of unique
solutions and demonstrated their asymptotic stability. Haji et al. [29] subsequently obtained
the asymptotic stability of the system solution through a boundary perturbation method.
More recent investigations [30,31] addressed asymptotic stability from complementary
operator-theoretic perspectives, including spectral analysis of the main operator along the
imaginary axis and boundary perturbation arguments.

Motivated by these considerations, this paper develops a 2-out-of-6:G repairable
system with a state-dependent probabilistic PM mechanism and investigates both its
transient and asymptotic behavior. The main contributions of this study are summarized
as follows.

(1) State-dependent preventive-maintenance mechanism. A critical-state mainte-
nance mechanism is introduced. Whenever exactly two components remain functioning,
preventive maintenance is activated with probability β, whereas corrective repair is selected
with probability 1 − β. This formulation provides a probabilistic representation of partial
or uncertain PM implementation at the critical operating state.

(2) Well-posedness of the Solution. Using the supplementary variable method, the
reliability model is formulated as an abstract Cauchy problem on an appropriate Banach
space. Within the C0-semigroup framework, the main operator is shown to generate a
positive contraction C0-semigroup, thereby establishing the existence and uniqueness of a
positive solution.

(3) Long-term convergence and numerical analysis. By combining Greiner’s bound-
ary perturbation method with spectral analysis, the strong convergence of the solution to
the steady-state solution is established. Numerical simulations are further performed to il-
lustrate the theoretical results and to examine the influence of the PM activation probability
β on the reliability behavior of the system.

The remainder of this paper is organized as follows. Section 2 develops a mathematical
model using the supplementary variable method under the prescribed assumptions and
reformulates it as an abstract Cauchy problem on a Banach space. Section 3 investigates the
well-posedness of the mathematical model by applying C0-semigroup theory and Gupur’s
mathematical approach [32]. Section 4 analyzes the asymptotic behavior of the model using
Greiner’s boundary perturbation theory [33]. Section 5 presents a numerical example and
the corresponding numerical simulations.

2. Mathematical Modeling of a 2-out-of-6:G Repairable System with
Preventive Maintenance

This section presents the following assumptions and notations.

1. The system consists of six identical components and one repairman.
2. The system operates normally if at least 2 out of the 6 components function properly.

The system fails when the number of failed components reaches five or more.
3. One functioning component stops operating and cannot fail further during system

downtime until the repair of failed components is completed. After repair, two
functioning components resume operation simultaneously, and the system returns to
the working state.

4. Whenever exactly four components have failed and only two components remain
functioning, preventive maintenance (PM) of the two functioning components is
selected with probability β, whereas corrective repair of the failed components is
selected with probability 1 − β, where 0 ≤ β ≤ 1.
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5. If the repairman selects preventive maintenance, the ongoing repair of the failed
component is suspended. The repairman switches to maintaining the functioning
components and resumes repairing the failed components after preventive main-
tenance is completed. All functioning components cease operation during preven-
tive maintenance.

6. Components receiving preventive maintenance are assumed not to experience failures
within a short period after maintenance.

7. Component lifetimes in the system follow an exponential distribution with param-
eter λ. The preventive maintenance time follows an exponential distribution with
parameter θ.

8. The repair time Y of a failed component follows a general distribution

G(t) = P{Y ≤ t},

with density function

g(t) =
dG(t)

dt
= ϱ(t) exp

(︃
−
∫︂ t

0
ϱ(κ)dκ

)︃
,

where ϱ(κ) denotes the repair rate of a failed component.

Remark 1. The parameter β represents the state-dependent preventive-maintenance activation
probability when the system enters the critical operating state with exactly four failed components
and two functioning components. It is an exogenous maintenance-policy parameter rather than the
success probability or effectiveness of preventive maintenance. In practice, β may reflect maintenance-
resource availability, inspection decisions, maintenance scheduling, or other operational constraints
that determine whether preventive maintenance can be implemented at the critical state. The
limiting cases β = 0 and β = 1 correspond, respectively, to never and always selecting preventive
maintenance upon entry into the critical state.

Based on the above assumptions and descriptions, the state transition diagram of the
system is given in Figure 1.

Figure 1. State transition diagram of the system.

The random variables defined in the model are assumed to be mutually independent.
A repaired component is regarded as being as good as new, and its post-repair lifetime
follows the same distribution as that of a new component. Let the random variable S(t)
denote the system state at time t. The system states are defined based on the above
assumptions as Repair time follows a general distribution. The stochastic process {S(t) |
t ≥ 0} is not a one-dimensional Markov process. We introduce a supplementary variable
X(t). The variable X(t) represents the elapsed repair time of the component under repair at
time t. The augmented process {(S(t), X(t)) | t ≥ 0} forms a two-dimensional continuous-
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time Markov process. We assume all components are intact at the initial time t = 0. The
variable X(t) can thus be ignored under this initial condition. Let

p0(t) = P{S(t) = 0}
= P{the system contains 0 failed components at time t},

pi(x, t) = P{S(t) = i, X(t) = x}
= P{the system contains i failed components and the elapsed repair time

of the unit under repair equals x at time t}, i = 1, 2, 3, 4,

p4(1)(t) = P{S(t) = 4(1)}

= P{the system contains 4 failed components and preventive maintenance

is at time t},

p4(2)(x, t) = P{S(t) = 4(2), X(t) = x}

= P{after the completion of preventive maintenance the system contains 4

failed components and the elapsed repair time of the unit under equals x

at time t},

p5(x, t) = P{S(t) = 5, X(t) = x}
= P{the system contains 5 failed components and the elapsed repair time

of the unit under repair equals x at time t}.

Based on the above analysis the mathematical model for the repairable 2-out-of-6:G
system with preventive maintenance is established via the supplementary variable method
and described by the following integro-partial differential equations.

dp0(t)
dt

= −6λp0(t) +
∫︂ ∞

0
ϱ(x)p1(x)dx, (1)

dp1(x, t)
dt

+
dp1(x, t)

dx
= −[ϱ(x) + 5λ)]p1(x, t), (2)

dpi(x, t)
dt

+
dpi(x, t)

dx
= −[ϱ(x) + (6 − i)λ)]pi(x, t) + (7 − i)λpi−1(x, t), i = 2, 3, (3)

dp4(x, t)
dt

+
dp4(x, t)

dx
= −[ϱ(x) + 2λ)]p4(x, t) + 3(1 − β)λp3(x, t), (4)

dp4(1)(t)

dt
= −θp4(1)(t) + 3βλ

∫︂ ∞

0
p3(x, t)dx + β

∫︂ ∞

0
ϱ(x)p5(x, t)dx, (5)

dp4(2)(x, t)

dt
+

dp4(2)(x, t)

dx
= −ϱ(x)p4(2)(x, t), (6)

dp5(x, t)
dt

+
dp5(x, t)

dx
= −ϱ(x)p5(x, t) + 2λp4(x, t), (7)

The following expressions specify the initial and boundary conditions,

p1(0, t) = 6λp0(t) +
∫︂ ∞

0
ϱ(x)p2(x, t)dx, (8)

p2(0, t) =
∫︂ ∞

0
ϱ(x)p3(x, t)dx, (9)

p3(0, t) =
∫︂ ∞

0
ϱ(x)p4(x, t)dx +

∫︂ ∞

0
ϱ(x)p4(2)(x, t)dx, (10)

p4(0, t) = (1 − β)
∫︂ ∞

0
ϱ(x)p5(x, t)dx, (11)
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p4(2)(0, t) = θp4(1)(t), (12)

p5(0, t) = 0, (13)

where (x, t) ∈ [0, ∞)× [0, ∞).
Let

Γ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

e−x 0 0 0 0 0 0 0
6λe−x ϱ(x) 0 0 0 0 0 0

0 0 ϱ(x) 0 0 0 0 0
0 0 0 0 ϱ(x) 0 ϱ(x) 0
0 0 0 0 0 0 0 (1 − β)ϱ(x)
0 0 0 0 0 e−x 0 0
0 0 0 0 0 θe−x 0 0
0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

Select the state space as

X =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩p

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

p = (p0, p4(1) , p1, . . . , p4, p4(2) , p5) ∈ R2 ×
[︃

L1[0, ∞)

]︃6

∥p∥ = |p0|+
⃓⃓
p(4)(1)

⃓⃓
+

5

∑
i=1

∥pi∥L1[0,∞) +
⃦⃦

p(4)(2)
⃦⃦

L1[0,∞)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭.

Obviously, X is a Banach space.
Define the operator A and its domain

Ap(x) =

⎛⎜⎜⎜⎜⎜⎝
−6λ 0 0 0 0

0 A1 0 0 0
0 0 A1 0 0
0 0 0 −θ 0
0 0 0 0 A1

⎞⎟⎟⎟⎟⎟⎠,

where

A1 =

⎛⎝−
[︂

d
dx + ϱ(x)

]︂
0

0 −
[︂

d
dx + ϱ(x)

]︂⎞⎠,

D(A) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩p ∈ (X )

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

dpi(x, t)
dx

∈ L1[0, ∞), i = 1, . . . , 5, 4(2),

pi(x) is an absolutely continuous function,

and satisfy pi(0) =
∫︂ ∞

0
Γp(x)dx

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭,

Hp(x) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0 0 0 0 0 0 0
0 −5λ 0 0 0 0 0 0
0 5λ −4λ 0 0 0 0 0
0 0 4λ −3λ 0 0 0 0
0 0 0 3(1 − β)λ −2λ 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 2λ 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0

p1(x)
p2(x)
p3(x)
p4(x)
p4(1)

p4(2)(x)
p5(x)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

D(H) = X .
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Define the operator B and its domain

Bp(x) =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∫︁ ∞
0 ϱ(x)p1(x)dx

0
0
0
0

β(3λ
∫︁ ∞

0 p3dx +
∫︁ ∞

0 ϱ(x)p5dx)
0
0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

D(B) = X .

Then the above-mentioned differential Equations (1)–(13) are reformulated as an
abstract Cauchy problem in the Banach space X .⎧⎪⎨⎪⎩

dp(t)
dt = (A+H+ B)p(t), ∀t ∈ (0, ∞),

p(0) = (1, 0, 0, 0, 0, 0, 0, 0).
(14)

3. Well-Posedness of the System (14)
Theorem 1. If M = sup

x∈[0,∞)

ϱ(x) < ∞, then A +H + B generate a positive contraction C0-

semigroup T(t).

Proof of Theorem 1. Step 1: prove that when γ > M, (γI −M)−1 exists and is bounded.
For any ˜︁y ∈ X , Consider the equation (γI −A)p = ˜︁y, i.e.,

(γ + 6λ)p0 = ˜︁y0, (15)

(γ +
d

dx
+ ϱ(x))pi(x) = ˜︁yi(x), i = 1, . . . , 5, 4(2), (16)

(γ + θ)p4(1) = ˜︁y4(1) , (17)

p1(0) = 6λp0 +
∫︂ ∞

0
ϱ(x)p2(x)dx, (18)

p2(0) =
∫︂ ∞

0
ϱ(x)p3(x)dx, (19)

p3(0) =
∫︂ ∞

0
ϱ(x)p4(x)dx +

∫︂ ∞

0
ϱ(x)p4(2)(x)dx, (20)

p4(0) = (1 − β)
∫︂ ∞

0
ϱ(x)p5(x)dx, (21)

p4(2)(0) = −θp4(1) , (22)

p5(0) = 0. (23)

By solving Equations (15)–(17) we have

p0 =
1

γ + nλ
˜︁y0, (24)

pi(x) = aie−γx−
∫︁ x

0 ϱ(κ)dκ + e−γx−
∫︁ x

0 ϱ(κ)dκ
∫︂ x

0
˜︁yi(ζ)eγζ+

∫︁ ζ
0 ϱ(κ)dκdζ,

i = 1, . . . , 5, 4(2), (25)
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p4(1) =
1

γ + θ
˜︁y4(1) . (26)

Combining Equations (18)–(26) with Fubini theorem to estimate (with no loss of generality,
assume γ > 0)

∥p∥ = |p0|+ |p4(1) |+
5

∑
i=1

∥pi∥L1[0,∞] + ∥p4(2)∥L1[0,∞)

≤ |˜︁y0|
γ + 6λ

+
|˜︁y4(1) |
γ + θ

+
5

∑
i=1

[︄
∥˜︁yi∥L1[0,∞)

γ
+

∥˜︁y4(2)∥L1[0,∞)

γ

]︄
+

[︄
|a4(2) |

γ
+

∥˜︁y4(2)∥L1[0,∞)

γ

]︄

≤ |˜︁y0|
γ + 6λ

+
|˜︁y4(1) |
γ + θ

+
5

∑
i=1

∥˜︁yi∥L1[0,∞)

γ
+

∥˜︁y4(2)∥L1[0,∞)

γ

+
6λ|˜︁y0|

γ(γ + 6λ)
+

θ|˜︁y4(1) |
γ(γ + θ)

+
M
γ

[︄
5

∑
i=2

∥pi∥L1[0,∞) + ∥p4(2)∥L1[0,∞)

]︄

≤ |˜︁y0|
γ + 6λ

+
|˜︁y4(1) |
γ + θ

+
5

∑
i=1

∥˜︁yi∥L1[0,∞)

γ
+

∥˜︁y4(2)∥L1[0,∞)

γ

+
6λ|˜︁y0|

γ(γ + 6λ)
+

θ|˜︁y4(1) |
γ(γ + θ)

+
M
γ2

[︄
5

∑
i=2

∥˜︁yi∥L1[0,∞) + ∥˜︁y4(2)∥L1[0,∞)

]︄

+
Mθ

γ2(γ + θ)
|˜︁y4(1) |

+
M2

γ2

[︄
5

∑
i=3

∥pi∥L1[0,∞) + ∥p4(2)∥L1[0,∞)

]︄
· · ·

≤ |˜︁y0|
γ + 6λ

+
|˜︁y4(1) |
γ + θ

+
5

∑
i=1

∥˜︁yi∥L1[0,∞)

γ
+

∥˜︁y4(2)∥L1[0,∞)

γ

+
6λ|˜︁y0|

γ(γ + 6λ)
+

θ|˜︁y4(1) |
γ(γ + θ)

+
M
γ2

[︄
5

∑
i=2

∥˜︁yi∥L1[0,∞) + ∥˜︁y4(2)∥L1[0,∞)

]︄

+
Mθ

γ2(γ + θ)
|˜︁y4(1) |

+
M2

γ3

[︄
5

∑
i=3

∥˜︁yi∥L1[0,∞) + ∥˜︁y4(2)∥L1[0,∞)

]︄

+
M2

θ

γ3(γ + θ)
|˜︁y4(1) |

+
M3

γ4

[︄
5

∑
i=4

∥˜︁yi∥L1[0,∞) + ∥˜︁y4(2)∥L1[0,∞)

]︄

+
M3

θ

γ4(γ + θ)
|˜︁y4(1) |

+
M4

γ5

[︂
∥˜︁y5∥L1[0,∞) + ∥˜︁y4(2)∥L1[0,∞)

]︂
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≤ 1
γ −M

∥˜︁y∥L1[0,∞). (27)

Equation (27) shows that, when γ > M, ∥(γI −A)−1∥ ≤ 1
γ−M .

Step 2: Prove that D(A) is dense in X , let

Z =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
p(x) =

(︁
p0, p1(x), . . . , p4(x),

p4(1) , p4(2)(x), p5(x)
)︁
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓

p0 ∈ R, p4(1) ∈ R, pi ∈ C1
0 [0, ∞),

there exist ci > 0 such that for all
x ∈ [0, ci], we have pi(x) = 0,

i = 1, 2, . . . , 5, 4(2)

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭.

It is known from Adams [34] that Z is dense in X , i.e., Z = X . If one can prove that
Z ⊂ D(A), then

D(A) ⊂ X ⇒ Z ⊂ D(A) ⊂ X ⇒ X = Z ⊂ D(A) ⊂ X = X

⇒ D(A) = D(A) = X .

Therefore, to prove the density of D(A) in X , it suffices to show that Z ⊂ D(A).
Let p = (p0, p1, · · · , p4, p4(1) , p4(2) , p5) ∈ Z, there exist positive constants ci > 0

such that pi(x) = 0 for all ∀x ∈ [0, ci].Accordingly, pi(x) = 0, for x ∈ [0, s], where
0 < s < min{ci}, (i = 1, . . . , 5, 4(1), 4(2)). Define

f s(0) =
(︁

p0, ps
1(0), ps

2(0), ps
3(0), ps

4(0), p4(1) , ps
4(2)

(0), ps
5(0)

)︁
,

=

(︃
p0, 6λp0 +

∫︂ ∞

2s
ϱ(x)p2(x)dx,

∫︂ ∞

2s
ϱ(x)p3(x)dx,

∫︂ ∞

2s
ϱ(x)p4(x)dx

+
∫︂ ∞

2s
ϱ(x)p4(2)(x)dx, (1 − β)

∫︂ ∞

2s
ϱ(x)p5(x)dx, p4(1) , θp4(1) , 0

)︃
,

f s(x) =
(︁

p0, f s
1(x), · · · f s

4(x), p4(1) , f s
4(2)

(x), f s
5(x)

)︁
,

f s
i (x) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
f s
i (0)

(︁
1 − x

s
)︁2, x ∈ [0, s),

− 10
s4 f s

i (0) (x − s)2(x − 2s)2, x ∈ [s, 2s),

pi(x), x ∈ [2s, ∞),

i = 1, . . . , 4, 4(2),

f s
5(x) = p5(x), ∀ x ∈ [0, ∞).

it is then easy to verify that f s ∈ D((A)). Furthermore,

∥p − f s∥ =
4

∑
i=1

∫︂ ∞

0

⃓⃓
pi(x)− f s

i (x)
⃓⃓
dx +

∫︂ ∞

0

⃓⃓
p4(2)(x)− f s

4(2)
(x)
⃓⃓
dx

=

[︄
4

∑
i=1

⃓⃓
f s
i (0)

⃓⃓
+
⃓⃓
f s
4(2)

(0)
⃓⃓]︄2s

3
→ 0, s → 0.

This shows that Z ⊂ D(A), D(A)is dense in X . From the step 1, the step 2 and the
Hille-Yosida theorem [32], A generates a C0-semigroup.

Step 3: The bounded linearity of both H and B can be verified through elementary
derivation. Therefore, it follows from the perturbation theorem [32] for C0-semigroups that
A+H generates a C0-semigroup S(t), and A+H+ B generates a C0-semigroup T(t).
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Step 4: Prove that A+H+ B is a dispersive operator. For p ∈ D(A), set

ϕ(x) =

(︄
[p0]

+

p0
,
[p1(x)]+

P1(x)
, · · · ,

[p4(1)] ]
+

p4(1)
,
[p4(2)(x)]+

p4(2)
,
[p5(x)]+

p5(x)

)︄
,

where

[p0]
+ =

⎧⎨⎩p0 , p0 > 0,

0 , p0 ≤ 0,

[p4(1) ]
+ =

⎧⎨⎩p4(1) , p4(1) > 0,

0 , p4(1) ≤ 0,

[pi(x)]+ =

⎧⎨⎩pi(x) , pi(x) > 0,

0 , pi(x) ≤ 0,
i = 1, . . . , 5, 4(2),

If we define

Wi =
{︁

x ∈ [0, ∞)
⃓⃓

pi(x) > 0
}︁

, Qi =
{︁

x ∈ [0, ∞)
⃓⃓

pi(x) ≤ 0
}︁

, i = 1, . . . , 5, 4(2),

then

∫︂ ∞

0

dpi(x)
dx

[︁
pi(x)

]︁+
pi(x)

dx =
∫︂

Wi

dpi(x)
dx

[︁
pi(x)

]︁+
pi(x)

dx +
∫︂

Qi

dpi(x)
dx

[︁
pi(x)

]︁+
pi(x)

dx

= −
[︁
pi(0)

]︁+, i = 1, . . . , 5, 4(2). (28)

For p ∈ D(A), using the above ϕ, Equations (18)–(23), Equation (28), and∫︂ ∞

0
ϱ(x)pi(x)dx ≤

∫︂ ∞

0
ϱ(x)[pi(x)]+dx,∫︂ ∞

0
pi(x)

[pi+1(x)]+

pi+1(x)
dx ≤

∫︂ ∞

0
[pi(x)]+dx, i = 1, . . . , 5, 4(2),

we can estimate

⟨(A+H+ B)p, ϕ⟩ = −6λp0 +
∫︂ ∞

0
ϱ(x)p1(x)dx

[p0]
+

p0

+
∫︂ ∞

0

{︃
− dp1(x)

dx
−
[︁
ϱ(x) + 5λ

]︁
p1(x)

}︃
[p1(x)]+

p1(x)
dx

+
∫︂ ∞

0

{︃
− dp2(x)

dx
−
[︁
ϱ(x) + 4λ

]︁
p2(x) + 5λp1(x)

}︃
[p2(x)]+

p2(x)
dx

+
∫︂ ∞

0

{︃
− dp3(x)

dx
−
[︁
ϱ(x) + 3λ

]︁
p3(x) + 4λp2(x)

}︃
[p3(x)]+

p3(x)
dx

+
∫︂ ∞

0

{︃
− dp4(x)

dx
−
[︁
ϱ(x) + 2λ

]︁
p4(x) + 3

(︁
1 − β

)︁
λp3(x)

}︃
× [p4(x)]+

p4(x)
dx

+

{︃
− θp4(1) + 3βλ

∫︂ ∞

0
p3(x)dx + β

∫︂ ∞

0
ϱ(x)p5(x)dx

}︃ [p4(1) ]
+

p4(1)

+
∫︂ ∞

0

{︃
−

dp4(2)(x)

dx
− ϱ(x)p4(2)(x)

}︃ [p4(2)(x)]+

p4(2)(x)
dx
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+
∫︂ ∞

0

{︃
− dp5(x)

dx
− ϱ(x)p5(x) + 2λp4(x)

}︃
[p5(x)]+

p5(x)
dx

≤
(︃
[p0]

+

p0
− 1
)︃ ∫︂ ∞

0
ϱ(x)[p1(x)]+dx

≤ 0. (29)

Equation (29) establishes the dispersivity of A+H+ B. Together with the results of Steps
1 and 2, Phillips’ theorem [32] implies that A+H + B generates a positive contraction
C0-semigroup. Since a C0-semigroup is uniquely determined by its generator, the resulting
semigroup coincides with T(t).

The dual space X ∗ of X is

X ∗ =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
q∗

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

q∗ =
(︁
q∗0 , q∗1(x), . . . q∗4(x), q∗4(1) , q∗4(2)(x), q∗5(x)

)︁
q∗ ∈ R× L∞[0, ∞)× · · · × L∞[0, ∞)×R× L∞[0, ∞)× L∞[0, ∞)

∥|q∗|∥ = sup
{︂
|q∗0 |, ∥q∗1∥L1[0,∞), . . . ∥q∗4∥L1[0,∞), |q∗4(1) |,

∥q∗4(2)∥L1[0,∞), ∥q∗5∥L1[0,∞)

}︂

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
Obviously X ∗ is a Banach space. Introduce a set in X

Y =

⎧⎪⎪⎨⎪⎪⎩p ∈ X

⃓⃓⃓⃓
⃓⃓⃓⃓ p(x) =

(︁
p0, p1(x), · · · , p4(x), p4(1) , p4(2)(x), p5(x)

)︁
,

p0 ≥ 0, p4(1) ≥ 0, pi(x) ≥ 0,

i = 1, · · · , 5, 4(2) ∀ x ∈ [0, ∞).

⎫⎪⎪⎬⎪⎪⎭
Then Y is a cone in X . For p ∈ D(A) ∩ Y, define q∗(x) = ∥p∥ (1, 1, . . . , 1, 1, 1, 1), then
q∗ ∈ X ∗, which yields

⟨(A+H+ B)p, q∗⟩ =
{︃
−6λp0 +

∫︂ ∞

0
ϱ(x)p1(x)dx

}︃
∥p∥

+
∫︂ ∞

0

{︃
−dp1

dx
−
[︁
ϱ(x) + 5λ

]︁
p1(x)

}︃
∥p∥dx +

3

∑
i=2

∫︂ ∞

0

{︄
− dpi

dx

−
[︁
ϱ(x) + (6 − i)λ

]︁
pi(x) + (7 − i)λpi−1(x)

}︄
∥p∥dx

+
∫︂ ∞

0

{︃
−dp4

dx
−
[︁
ϱ(x) + 2λ

]︁
p4(x) + 3(1 − β)λp3(x)

}︃
∥p∥dx

+

{︃
−θp4(1) + 3βλ

∫︂ ∞

0
p3(x)dx + β

∫︂ ∞

0
ϱ(x)p5(x)dx

}︃
∥p∥

+
∫︂ ∞

0

{︄
−

dp4(2)

dx
− ϱ(x)p4(2)(x)

}︄
∥p∥dx

+
∫︂ ∞

0

{︃
−dp5

dx
− ϱ(x)p5(x) + 2λp4(x)

}︃
∥p∥dx

= 0.

This relation employs the property pi ∈ L1[0, ∞) ⇒ pi(∞) = 0, i = 1, . . . , 5, 4(2).
The above result shows that A+H + B is a conservative operator with respect to

the set
∆(p) = {q∗ ∈ X∗ | ⟨p, q∗⟩ = ∥p∥2 = ∥q∗∥2}.

Since p(0) ∈ D(A2) ∩ Y, the following conclusion follows from Fattorini’s theorem [35].
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Theorem 2. The operator T(t) is an isometric operator for the initial value of system (14). That is

∥T(t)p(0)∥ = ∥p(0)∥, ∀t ∈ [0, ∞).

Combining Theorem 1 and Theorem 2 yields the final conclusion of this section.

Theorem 3. If M = sup
x∈[0,∞)

µ(x) < ∞, system (14) admits a unique positive solution p(x, t)

such that
∥p(· , t)∥ ≤ 1, ∀t ∈ [0, ∞).

Proof. Since p(0) ∈ D(A), Theorem 1 together with Theorem 1.9 of [36] ensures that
system (14) admits a unique positive solution p(x, t). The solution is represented by

p(x, t) = T(t)p(0), ∀t ∈ [0, ∞).

Combining this relation with Theorem 2 gives

∥p(· , t)∥ = ∥T(t)p(0)∥ ≤ ∥p(0)∥ = 1, ∀t ∈ [0, ∞).

4. Asymptotic Behavior of Solutions of the System (14)
Define the maximal operator

(︁
Am, D(Am)

)︁
and its domain as follows,

Am p =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−6λ ψ 0 0 0 0 0 0
0 −5λ + ϕ2 0 0 0 0 0 0
0 5λ −4λ + ϕ2 0 0 0 0 0
0 0 4λ −3λ + ϕ2 0 0 0 0
0 0 0 (1 − β)3λ −2λ + ϕ2 0 0 0
0 0 0 3βλπ 0 −θ 0 βψ

0 0 0 0 0 0 ϕ2 0
0 0 0 0 0 0 2λ ϕ2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0

p1(x)
p2(x)
p3(x)
p4(x)

p4(1)(x)
p4(2)(x)
p5(x)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where

ϕ2 f := −d f (x)
dx

− ϱ(x) f (x), ∀ f ∈ W1,1[0, ∞),

ϕi f := −d f (x)
dx

−
[︁
(6 − i)λ + ϱ(x)

]︁
f (x), ∀ f ∈ W1,1[0, ∞),

ψ f :=
∫︂ ∞

0
ϱ(x) f (x)dx, ∀ f (x) ∈ L1[0, ∞),

π f :=
∫︂ ∞

0
f (x)dx, ∀ f (x) ∈ L1[0, ∞),

D(Am) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩p ∈ X

⃓⃓⃓⃓
⃓⃓⃓⃓
⃓

dpi(x)
dx

∈ L1[0, ∞), pi(x) is an absolutely continuous function,

5

∑
i=1

⃦⃦⃦⃦
dpi
dx

⃦⃦⃦⃦
L1[0,∞)

+

⃦⃦⃦⃦
⃦dp4(2)

dx

⃦⃦⃦⃦
⃦

L1[0,∞)

< ∞

⎫⎪⎪⎪⎬⎪⎪⎪⎭.

Select the boundary space of X as

∂X = R6,
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Define the boundary operators K and G as

K : D(Am) → ∂X ,

K

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0

p1(x)
p2(x)
p3(x)
p4(x)
p4(1)

p4(2)(x)
p5(x)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0

p1(0)
p2(0)
p3(0)
p4(0)
p4(1)

p4(2)(0)
p5(x0)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

and
G : D(Am) → ∂X ,

G

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0

p1(x)
p2(x)
p3(x)
p4(x)
p4(1)
p4(2)

pn5(x)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

6λ 0 ψ 0 0 0 0 0
0 0 0 ψ 0 0 0 0
0 0 0 0 ψ 0 ψ 0
0 0 0 0 0 0 0 (1 − β)ψ

0 0 0 0 0 θ 0 0
0 0 0 0 0 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p0

p1(x)
p2(x)
p3(x)
p4(x)
p4(1)

p4(2)(x)
p5(x)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

where

ψ :=
∫︂ ∞

0
ϱ(x) f (x)dx, ψ : L1[0, ∞) → R, ∀ f (x) ∈ L1[0, ∞).

If the operator is defined as

(A+H+ B)p = Am p,

D
(︁
A+H+ B

)︁
=
{︁

p ∈ D(Am)
⃓⃓
Kp = Gp

}︁
.

Then the system of differential Equations (1)–(13) can be rewritten as an abstract
Cauchy problem like (14).
Define the operator (A0, D(A0)) by

A0 p = Am p, D(A0) = {p ∈ D(Am) | Kp = 0}.

For any ˜︁y ∈ X , consider the equation (γI −A0)p = ˜︁y. That is

(γ + 6λ)p0 =
∫︂ ∞

0
ϱ(x)p1(x)dx + ˜︁y0, (30)

dp1(x)
dx

= −
[︁
γ + ϱ(x) + (n − 1)λ

]︁
p1(x) + ˜︁y1(x), (31)

dpi(x)
dx

= −
[︁
γ + ϱ(x) + (6 − i)λ

]︁
pi(x) + (7 − i)λpi−1(x) + ˜︁yi(x), i = 2, 3, (32)

dp4(x)
dx

= −
[︁
γ + ϱ(x) + 2λ

]︁
p4(x) + 3(1 − β)λp3(x) + ˜︁y4(x), (33)

(γ + θ)p4(1) = 3βλ
∫︂ ∞

0
p3(x)dx + β

∫︂ ∞

0
ϱ(x)p5(x)dx + ˜︁y4(1) , (34)

dp4(2)(x)

dx
= −

[︁
γ + ϱ(x)

]︁
p4(2)(x) + ˜︁y4(2)(x), (35)
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dp5(x)
dx

= −
[︁
γ + ϱ(x)

]︁
p5(x) + 2λp4(x) + ˜︁y5(x), (36)

pi(0) = 1, . . . , 5, 4(2). (37)

Solving (15)–(21) and employing (22) yields

p0 =
1

γ + 6λ

[︃∫︂ ∞

0
ϱ(x)p1(x)dx + ˜︁y0

]︃
, (38)

p1(x) = e−
∫︁ x

0 [γ+5λ+ϱ(κ)]dκ
∫︂ x

0
˜︁y1(κ)e

∫︁ κ
0 [γ+5λ+ϱ(ζ)]dζdκ, (39)

pi(x) = e−
∫︁ x

0 [γ+(6−i)λ+ϱ(κ)]dκ

[︄ ∫︂ x

0
˜︁yi(κ)e

∫︁ κ
0 [γ+(6−i)λ+ϱ(ζ)]dζdκ (40)

+
∫︂ x

0
(7 − i)λpi−1(κ)e

∫︁ κ
0 [γ+(6−i)λ+ϱ(ζ)]dζdκ

]︄
, i = 2, 3, (41)

p4(x) = e−
∫︁ x

0 [γ+2λ+ϱ(κ)]dκ

[︄ ∫︂ x

0
˜︁y2(κ)e

∫︁ κ
0 [γ+2λ+ϱ(ζ)]dζdκ (42)

+
∫︂ x

0
3(1 − β)λp3(κ)e

∫︁ κ
0 [γ+2λ+ϱ(ζ)]dζdκ

]︄
, (43)

p(4)(1) =
1

γ + θ

[︃
3βλ

∫︂ ∞

0
p3(x)dx + β

∫︂ ∞

0
ϱ(x)p5(x)dx + ˜︁y(4)(1)

]︃
, (44)

p(4)(2) = e−
∫︁ x

0 [γ+ϱ(κ)]dκ
∫︂ x

0
˜︁y(4)(2)(κ)e∫︁ τ

0 [γ+ϱ(ζ)]dζdκ, (45)

p5(x) = e−
∫︁ x

0 [γ+ϱ(κ)]dκ

[︄
2λ
∫︂ x

0
e
∫︁ κ

0 [γ+ϱ(ζ)]dκ p4(κ)dκ +
∫︂ x

0
e
∫︁ κ

0 [γ+ϱ(ζ)]dζ˜︁y5(κ)dκ

]︄
. (46)

For ∀ f (x) ∈ L1[0, ∞), denote

E1
i f (x) = e−

∫︁ x
0 [γ+(6−i)λ+ϱ(κ)]dκ

∫︂ x

0
f (κ)e

∫︁ κ
0 [γ+(6−i)λ+ϱ(ζ)]dζdκ, i = 1, 2, . . . , 5,

E2 f (x) = e−
∫︁ x

0 [γ+ϱ(κ)]dκ
∫︂ x

0
f (κ)e

∫︁ κ
0 [γ+ϱ(ζ)]dζdκ.

Combined with

ψ f (x) =
∫︂ ∞

0
ϱ(x) f (x)dx,

π f (x) =
∫︂ ∞

0
f (x)dx.

Equations (23)–(28) are simplified as

p0 =
1

γ + 6λ

[︂˜︁y0 + ψE1
1˜︁y1(x)

]︂
, (47)

p1(x) = E1
1˜︁y1(x), (48)

pi(x) = E1
i ˜︁yi(x) +

i−1

∑
s=1

i−1

∏
l=s

(6 − l)λi−s
i

∏
j=s

E1
j ˜︁ys(x) i = 2, 3, (49)

p4(x) = E1
4˜︁y4 + (1 − β)

3

∑
s=1

3

∏
l=s

(6 − l)λ4−s
4

∏
j=s

E1
j ˜︁ys(x), (50)
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p4(1) =
1

γ + θ

{︄˜︁y4(1) + βπ
3

∑
s=1

3

∏
l=s

(6 − l)λ4−s
3

∏
j=s

E1
j ˜︁ys(x) + βψE2

×
[︄˜︁y5(x) + 2λE1

4˜︁y4(x) + (1 − β)
3

∑
s=1

4

∏
l=s

(6 − l)λ5−s
4

∏
j=s

E1
j ˜︁ys(x)

]︄}︄
, (51)

p4(2) = E2˜︁y4(2)(x), (52)

p5(x) = E2˜︁y5(x) + E22λE1
4˜︁y4(x) + E2(1 − β)

3

∑
s=1

4

∏
l=s

(6 − l)λ5−s
4

∏
j=s

E1
j ˜︁ys(x). (53)

When (γI −A0) exists, (29)–(33) yield the expression for (γI −A0)
−1

(γI −A0)
−1y =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
γ+6λ

ψE1
1

γ+6λ 0
0 E1

1 0
0 5λ ∏2

l=1 E1
l E1

2
0 20λ2 ∏3

l=1 E1
l 4λ ∏3

l=2 E1
l

0 60(1 − β)λ3 ∏4
l=1 E1

l 12(1 − β)λ2 ∏4
l=2 E1

l

0 60βλ3

γ+θ ∏3
l=1 E1

l

[︃
π + 2(1 − β)λψE2E1

4

]︃
12βλ2

γ+θ ∏3
l=2 E1

l

[︃
π + 2(1 − β)λψE2E1

4

]︃
0 0 0
0 120(1 − β)λ4E2 ∏4

l=1 E1
l 24(1 − β)λ3E2 ∏4

l=2 E1
l

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

E1
3 0 0 0 0

3(1 − β)λ ∏4
l=3 E1

l E1
4 0 0 0

3βλ
γ+θ E1

3

[︃
π + 2(1 − β)λψE2E1

4

]︃
2βλψ
γ+θ E2E1

4
1

γ+θ 0 βψ
γ+θ E2

0 0 0 E2 0
6(1 − β)λ2E2 ∏4

l=3 E1
l 2λE2E1

4 0 0 E2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

˜︁y0˜︁y1(x)˜︁y2(x)˜︁y3(x)˜︁y4(x)˜︁y4(1)˜︁y4(2)(x)˜︁y5(x)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (54)

Lemma 1. Let ϱ(x) : [0, ∞) → [0, ∞) be a measurable function. Suppose that

0 < inf
x∈[0,∞)

ϱ(x) ≤ ϱ(x) ≤ sup
x∈[0,∞)

ϱ(x) < ∞,

then {︃
γ ∈ C

⃓⃓⃓⃓
Re γ + inf

x∈[0,∞)
ϱ(x) > 0

}︃
⊂ ρ(A0).

Proof. For any

f ∈ L1[0, ∞) ∩ C∞
0 [0, ∞),

It is estimated that

∫︂ ∞

0

⃓⃓
E1

i f (x)
⃓⃓
dx ≤

∫︂ ∞

0
e−
[︁

Reγ+(6−i)λ
]︁

x−
∫︁ x

0 ϱ(κ)dκ ×
∫︂ x

0
| f (κ)|e

[︁
Reγ+(6−i)λ

]︁
κ+
∫︁ κ

0 ϱ(ζ)dζdκdx

=
−1

Reγ + (6 − i)λ + ϱ(x)
× e−

[︁
Reγ+(6−i)λ

]︁
x−
∫︁ x

0 ϱ(κ)dκ
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×
∫︂ x

0
| f (κ)|e

[︁
Reγ+(6−i)λ

]︁
κ+
∫︁ κ

0 ϱ(ζ)dζdκ

⃓⃓⃓⃓∞
0
+
∫︂ ∞

0

1
Reγ + (6 − i)λ + ϱ(x)

× e−
[︁

Reγ+(6−i)λ
]︁

x−
∫︁ x

0 ϱ(κ)dκ × e
[︁

Reγ+(6−i)λ
]︁

x+
∫︁ x

0 ϱ(κ)dκ | f (x)|dx

≤ 1
Reγ + (6 − i)λ + inf

x∈[0,∞)
ϱ(x)

∥ f ∥L1(0,∞).

This yields

∥E1
i ∥ ≤ 1

Reγ + (6 − i)λ + inf
x∈[0,∞)

ϱ(x)
, i = 1, . . . , 4, (55)

A similar argument gives

∥E2∥ ≤ 1
Reγ + inf

x∈[0,∞)
ϱ(x)

. (56)

Adams [34] established the density of C∞
0 [0, ∞) in L1[0, ∞). Accordingly, Equations

(55) and (56) remain valid for every f ∈ L1[0, ∞). For ˜︁y ∈ X , Equations (54)–(56) together
with the condition Re γ + infx∈[0,∞) ϱ(x) > 0 yield the following estimate,

⃦⃦
(γI −A0)

−1˜︁y⃦⃦ ≤ 1
|γ + 6λ| |˜︁y0|

+

[︃
1

|γ + 6λ| ∥ψ∥∥E1
1∥+ ∥E1

1∥+ 5λ
2

∏
l=1

∥E1
l ∥

+ 20λ2
3

∏
l=1

∥E1
l ∥+ 60(1 − β)λ3

4

∏
l=1

∥E1
l ∥+

60βλ3

|γ + θ|
3

∏
l=1

∥E1
l ∥
(︃
∥π∥

+ 2(1 − β)λ∥ψ∥∥E2∥∥E1
4∥+ 120(1 − β)λ4∥E2∥

4

∏
l=1

∥E1
l ∥
)︃]︃

× ∥˜︁y1∥L1[0,∞)

+

[︃
∥E1

2∥+ 4λ
3

∏
l=2

∥E1
l ∥+ 12(1 − β)λ2

4

∏
l=2

∥E1
l ∥+

12βλ2

|γ + θ|
3

∏
l=1

∥E1
l ∥

×
(︃
∥π∥+ 2(1 − β)λ∥ψ∥∥E2∥∥E1

4∥
)︃
+ 24(1 − β)λ3∥E2∥

4

∏
l=2

∥E1
l ∥
]︃

× ∥˜︁y2∥L1[0,∞)

+

[︃
∥E1

3∥+ 3(1 − β)λ
4

∏
l=3

∥E1
l ∥+

3βλ

|γ + θ| ∥E1
3∥
(︃
∥π∥+ 2(1 − β)λ

× ∥ψ∥∥E2∥∥E1
4∥
)︃
+ 6(1 − β)λ2∥E2∥

4

∏
l=3

∥E1
l ∥
]︃
∥˜︁y3∥L1[0,∞)

+

[︃
∥E1

4∥+
2βλ

|γ + θ| ∥ψ∥∥E2∥∥E1
4∥+ 2λ∥E2∥∥E1

4∥
]︃
∥˜︁y4∥L1[0,∞)

+
1

|γ + θ| |˜︁y4(1) |

+ ∥E2∥∥˜︁y4(2)∥L1[0,∞)

+

[︃
β

|γ + θ| ∥ψ∥∥E1∥+ ∥E2∥
]︃
∥˜︁y5∥L1[0,∞)

≤ 1
|γ + 6λ| |˜︁y0|
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+

[︃
1

|γ + 6λ| ∥ψ∥∥E1
1∥+ ∥E1

1∥+ 5λ
2

∏
l=1

∥E1
l ∥+ 20λ2

3

∏
l=1

∥E1
l ∥

+ 60λ3
4

∏
l=1

∥E1
l ∥+

60βλ3

|γ + θ|
3

∏
l=1

∥E1
l ∥
(︃
∥π∥+ 2λ∥ψ∥∥E2∥∥E1

4∥

+ 120λ4∥E2∥
4

∏
l=1

∥E1
l ∥
)︃]︃

∥˜︁y1∥L1[0,∞)

+

[︃
∥E1

2∥+ 4λ
3

∏
l=2

∥E1
l ∥+ 12λ2

4

∏
l=2

∥E1
l ∥+

12βλ2

|γ + θ|
3

∏
l=1

∥E1
l ∥
(︃
∥π∥

+ 2λ∥ψ∥∥E2∥∥E1
4∥
)︃
+ 24λ3∥E2∥

4

∏
l=2

∥E1
l ∥
]︃
∥˜︁y2∥L1[0,∞)

+

[︃
∥E1

3∥+ 3λ
4

∏
l=3

∥E1
l ∥+

3βλ

|γ + θ| ∥E1
3∥
(︃
∥π∥+ 2λ∥ψ∥∥E2∥∥E1

4∥
)︃

+ 6λ2∥E2∥
4

∏
l=3

∥E1
l ∥
]︃
∥˜︁y3∥L1[0,∞)

+

[︃
∥E1

4∥+
2βλ

|γ + θ| ∥ψ∥∥E2∥∥E1
4∥+ 2λ∥E2∥∥E1

4∥
]︃
∥˜︁y4∥L1[0,∞)

+
1

|γ + θ| |˜︁y4(1) |

+ ∥E2∥∥˜︁y4(2)∥L1[0,∞)

+

[︃
β

|γ + θ| ∥ψ∥∥E1∥+ ∥E2∥
]︃
∥˜︁y5∥L1[0,∞)

≤ 1
|γ + 6λ| |˜︁y0|

+
4

∑
i=1

[︄ sup
x∈[0,∞)

µ(x)

|γ + 6λ|
1

Re γ + 5λ + inf
x∈[0,∞)

µ(x)

+
3

∑
m=0

1
Re γ + (5 − m)λ + inf

x∈[0,∞)
µ(x)

+
β

|γ + θ|

+

(︃ β sup
x∈[0,∞)

µ(x)

|γ + θ| + 1
)︃

1
Re γ + inf

x∈[0,∞)
µ(x)

]︄
∥˜︁yi∥L1[0,∞)

+
1

|γ + θ| |˜︁y4(1)|

+
1

Re γ + inf
x∈[0,∞)

µ(x)
∥˜︁y4(2)∥L1[0,∞)

+

[︄(︃ β sup
x∈[0,∞)

µ(x)

|γ + θ| + 1
)︃

1
Re γ + inf

x∈[0,∞)
µ(x)

]︄
∥˜︁y5∥L1[0,∞)

≤ sup

{︄
1

|γ + λ| ,[︄ sup
x∈[0,∞)

µ(x)

|γ + λ|
1

Re γ + 5λ + inf
x∈[0,∞)

µ(x)
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+
3

∑
m=0

1
Re γ + (5 − m)λ + inf

x∈[0,∞)
µ(x)

+
β

|γ + θ| +
(︄ β sup

x∈[0,∞)

µ(x)

|γ + θ| + 1

)︄
1

Re γ + inf
x∈[0,∞)

µ(x)

]︄
,

1
|γ + θ|

}︄
∥˜︁y∥

< ∞.

This relation establishes the conclusion of Lemma 1.

Lemma 2. Let ϱ(x) : [0, ∞) → [0, ∞) are measurable and

0 < inf
x∈[0,∞)

ϱ(x) ≤ ϱ(x) ≤ sup
x∈[0,∞)

ϱ(x) < ∞.

If

γ ∈
{︃

γ ∈ C
⃓⃓⃓⃓

Re γ + inf
x∈[0,∞)

ϱ(x) > 0
}︃

,

then

p ∈ ker(γI −Am)

⇐⇒
p =

(︁
p0, p1, p2, p3, p4, p4(1) , p4(2) , p5

)︁
,

p0 =
1

γ + 6λ

∫︂ ∞

0
ϱ(x)a1e−[γ+5λ]x−

∫︁ x
0 ϱ(κ)dκdx, (57)

p1(x) = a1e−[γ+5λ]x−
∫︁ x

0 ϱ(κ)dκ , (58)

pi(x) = e−[γ+(6−i)λ]x−
∫︁ x

0 ϱ(κ)dκ

×
{︃

ai +
i−1

∑
o=1

ai−o

i−1

∏
q=i−o

(6 − q)
[︃ o

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r! (o − r)!

]︃}︃
, 2 ≤ i ≤ 3, (59)

p4(x) = e−[γ+2λ]x−
∫︁ x

0 ϱ(κ)dκ

×
{︃

a4 + (1 − β)
3

∑
o=1

a4−o

3

∏
q=4−o

(6 − q)
[︃ o

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r! (o − r)!

]︃}︃
, (60)

p4(1) =
3βλ

γ + θ

∫︂ ∞

0
e−[γ+3λ]x−

∫︁ x
0 ϱ(κ)dκ

×
{︃

a3 +
2

∑
o=1

a3−o

2

∏
q=3−o

(6 − q)
[︃ o

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r! (o − r)!

]︃}︃
dx

+
β

γ + θ

∫︂ ∞

0
ϱ(x)e−γx−

∫︁ x
0 ϱ(κ)dκ

×
{︃

a5 + a4(1 − e−2λx) + 2(1 − β)
3

∑
o=1

a4−o

3

∏
q=4−o

(6 − q)

×
o

∑
r=1

(−1)r+1

r! (o − r)!

(︃
1 − e−2λ

2
− 1 − e−(2+r)λx

2 + r

)︃}︃
dx, (61)

p4(2)(x) = a4(2) e
−
∫︁ x

0

[︁
γ+ϱ(κ)

]︁
dκ , (62)

p5(x) = e−
∫︁ x

0

[︁
γ+ϱ(κ)

]︁
dκ
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×
{︃

a5 + a4(1 − e−2λx) + 2(1 − β)
3

∑
o=1

a4−o

3

∏
q=4−o

(6 − q)

×
[︃ o

∑
r=1

(−1)r+1

r! (o − r)!

(︃
1 − e−2λx

2
− 1 − e−(2+r)λx

2 + r

)︃]︃}︃
. (63)

Proof. If p ∈ (γI − Am), then (γI − Am)p = 0, which is equivalent to

(γ + 6λ)p0 =
∫︂ ∞

0
ϱ(x) p1(x)dx, (64)

dp1(x)
dx

= −
[︁
γ + ϱ(x) + 5λ

]︁
p1(x), (65)

dpi(x)
dx

= −
[︁
γ + ϱ(x) + (6 − i)λ

]︁
pi(x) + (7 − i)λ pi−1(x) i = 2, 3, (66)

dp4(x)
dx

= −
[︁
γ + ϱ(x) + 2λ

]︁
p4(x) + 3(1 − β)λ p3(x), (67)

(γ + θ)p4(1) = 3βλ
∫︂ ∞

0
p3(x)dx + β

∫︂ ∞

0
ϱ(x) p5(x)dx, (68)

dp4(2)(x)

dx
= −

[︁
γ + ϱ(x)

]︁
p4(2)(x), (69)

dp5(x)
dx

= −
[︁
γ + ϱ(x)

]︁
p5(x) + 2λ p4(x). (70)

By solving Equations (65)–(67) and Equations (69) and (70),

p1(x) = a1e−[γ+5λ]x−
∫︁ x

0 ϱ(κ)dκ , (71)

pi(x) = e−[γ+(6−i)λ]x−
∫︁ x

0 ϱ(κ)dκ

[︃
ai +

∫︂ x

0
(7 − i)λ pi−1(κ) e[γ+(6−i)λ]κ+

∫︁ κ
0 ϱ(ζ)dζdκ

]︃
i = 2, 3, (72)

p4(x) = e−[γ+2λ]x−
∫︁ x

0 ϱ(κ)dκ

[︃
a4 +

∫︂ x

0
3(1 − β)λ p3(κ) e[γ+2λ]κ+

∫︁ κ
0 ϱ(ζ)dζ dκ

]︃
, (73)

p4(2)(x) = a4(2) e
−γx−

∫︁ x
0 ϱ(κ)dκ , (74)

p5(x) = e−γx−
∫︁ x

0 ϱ(κ)dκ

[︃
a5 +

∫︂ x

0
2λ p4(κ) eγκ+

∫︁ κ
0 ϱ(ζ)dζ dκ

]︃
. (75)

Through repeated use of Equations (71)–(75),

p1(x) = a1e−[γ+5λ]x−
∫︁ x

0 ϱ(κ)dκ , (76)

pi(x) = e−[γ+(6−i)λ]x−
∫︁ x

0 ϱ(κ)dκ

×
{︃

ai +
i−1

∑
o=1

ai−o

i−1

∏
q=i−o

(6 − q)
[︃ o

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r! (o − r)!

]︃}︃
, 2 ≤ i ≤ 3, (77)

p4(x) = e−[γ+2λ]x−
∫︁ x

0 ϱ(κ)dκ

×
{︃

a4 + (1 − β)
3

∑
o=1

a4−o

3

∏
q=4−o

(6 − q)
[︃ o

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r! (o − r)!

]︃}︃
, (78)

p4(2)(x) = a4(2) e
−
∫︁ x

0

[︁
γ+ϱ(κ)

]︁
dκ , (79)

p5(x) = e−
∫︁ x

0

[︁
γ+ϱ(κ)

]︁
dκ

https://doi.org/10.3390/axioms15100727

https://doi.org/10.3390/axioms15100727


Axioms 2026, 15, 727 20 of 42

×
{︃

a5 + a4(1 − e−2λx) + 2(1 − β)
3

∑
o=1

a4−o

3

∏
q=4−o

(6 − q)

×
[︃ o

∑
r=1

(−1)r+1

r! (o − r)!

(︃
1 − e−2λx

2
− 1 − e−(2+r)λx

2 + r

)︃]︃}︃
. (80)

Combining Equations (64), (68), (76), (77) and (80) yields

p0 =
1

γ + 6λ

∫︂ ∞

0
ϱ(x)a1e−[γ+5λ]x−

∫︁ x
0 ϱ(κ)dκdx, (81)

p4(1) =
3βλ

γ + θ

∫︂ ∞

0
e−[γ+3λ]x−

∫︁ x
0 ϱ(κ)dκ

×
{︃

a3 +
2

∑
o=1

a3−o

2

∏
q=3−o

(6 − q)
[︃ o

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r! (o − r)!

]︃}︃
dx

+
β

γ + θ

∫︂ ∞

0
ϱ(x)e−γx−

∫︁ x
0 ϱ(κ)dκ

×
{︃

a5 + a4(1 − e−2λx) + 2(1 − β)
3

∑
o=1

a4−o

3

∏
q=4−o

(6 − q)

×
o

∑
r=1

(−1)r+1

r! (o − r)!

(︃
1 − e−2λ

2
− 1 − e−(2+r)λx

2 + r

)︃}︃
dx. (82)

Since p ∈ ker(γI −Am) and p ∈ D(Am), the embedding theorem [34] gives

W1,1[0, ∞) ↪→ L1[0, ∞),

which yields

5

∑
i=1

|ai|+ |p4(2) | =
5

∑
i=1

|pi(0)|+ |p4(2) |

≤
5

∑
i=1

∥pi∥L∞ [0,∞) + ∥p4(2)∥L∞ [0,∞)

≤
5

∑
i=1

∥pi∥L1[0,∞) +
5

∑
i=1

⃦⃦⃦⃦
dpi
dx

⃦⃦⃦⃦
L1[0,∞)

+ ∥p4(2)∥L1[0,∞) +

⃦⃦⃦⃦
⃦dp4(2)

dx

⃦⃦⃦⃦
⃦

L1[0,∞)

< ∞. (83)

The preceding relations verify Equations (57)–(63). Conversely, suppose that Equa-
tions (57)–(63) hold. Since

Re γ + inf
x∈[0,∞)

ϱ(x) > 0,

the following bound is obtained,

∥p1∥L1[0,∞) ≤
1

Re γ + 5λ + inf
x∈[0,∞)

ϱ(x)
|a1|, (84)

∥pi∥L1[0,∞) ≤
∫︂ ∞

0
|ai|e−

[︁
Re γ+(6−i)λ

]︁
x−
∫︁ x

0 ϱ(κ)dκdx

+
i−1

∑
o=1

|ai−o|
i−1

∏
q=i−o

(6 − q)
o

∑
r=1

1
r! (o − r)!

×
∫︂ ∞

0

(︁
1 − e−rλx)︁e−[︁Re γ+(6−i)λ

]︁
x−
∫︁ x

0 ϱ(κ)dκdx
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≤
(i − 1)

i−1
∏

q=1
(6 − q)

Re γ + (6 − i)λ + inf
x∈[0,∞)

ϱ(x)

i−1

∑
o=0

|ai−o|, i = 2, 3, (85)

∥p4∥L1[0,∞) ≤
∫︂ ∞

0
|a4|e−[Re γ+2λ]x−

∫︁ x
0 ϱ(κ)dκdx

+ (1 − β)
3

∑
o=1

|a4−o|
3

∏
q=4−o

(6 − q)
o

∑
r=1

1
r!(o − r)!

×
∫︂ ∞

0

(︁
1 − e−rλx)︁e−[Re γ+2λ]x−

∫︁ x
0 ϱ(κ)dκdx

≤
3

3
∏

q=1
(6 − q)

Re γ + 2λ + inf
x∈[0,∞)

ϱ(x)

3

∑
o=0

|a4−o|, (86)

∥p4(2)∥L1[0,∞) ≤
1

Re γ + inf
x∈[0,∞)

ϱ(x)
⃓⃓
a4(2)

⃓⃓
, (87)

∥p5∥L1[0,∞) ≤
1

Re γ + inf
x∈[0,∞)

ϱ(x)
|a5|+

1
Re γ + inf

x∈[0,∞)
ϱ(x)

|a4|

+
3

Re γ + inf
x∈[0,∞)

ϱ(x)

3

∑
o=1

|a4−o|
4

∏
q=1

(6 − q)

≤ 1
Re γ + inf

x∈[0,∞)
ϱ(x)

|a5|+
3

4
∏

q=1
(6 − q)

Re γ + inf
x∈[0,∞)

ϱ(x)

3

∑
o=0

|a4−o|, (88)

5

∑
i=1

∥pi∥L1[0,∞) + ∥p4(2)∥L1[0,∞) ≤
1

Re γ + 5λ + inf
x∈[0,∞)

ϱ(x)
|a1|

+
3

∑
i=2

(i − 1)
i−1
∏

q=1
(6 − q)

Re γ + (6 − i)λ + inf
x∈[0,∞)

ϱ(x)

i−1

∑
o=0

|ai−o|

+

3
3

∏
q=1

(6 − q)

Re γ + 2λ + inf
x∈[0,∞)

ϱ(x)

3

∑
o=0

|a4−o|

+
1

Re γ + inf
x∈[0,∞)

ϱ(x)
|a4(2) |

+
1

Re γ + inf
x∈[0,∞)

ϱ(x)
|a5|+

3
4

∏
q=1

(6 − q)

Re γ + inf
x∈[0,∞)

ϱ(x)

3

∑
o=0

|a4−o|

≤ 1
Re γ + 5λ + inf

x∈[0,∞)
ϱ(x)

|a1|

+

32
3

∏
q=1

(6 − q)

Re γ + 2λ + inf
x∈[0,∞)

ϱ(x)

3

∑
o=0

|a4−o|
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+

3
4

∏
q=1

(6 − q)

Re γ + inf
x∈[0,∞)

ϱ(x)

(︃ 5

∑
o=1

|ao|+ |a4(2) |
)︃

≤
33

4
∏

q=1
(6 − q)

Re γ + inf
x∈[0,∞)

ϱ(x)

(︃ 5

∑
o=1

|ao|+ |a4(2) |
)︃

< ∞. (89)

Combining with Equation (89), we obtain

5

∑
i=1

∥pi∥L1[0,∞) + ∥p4(2)∥L1[0,∞) + |p0|+ |p4(1) | < ∞. (90)

Furthermore, from

dp1(x)
dx

= −
[︁
γ + ϱ(x) + 5λ

]︁
p1(x),

dpi(x)
dx

= −
[︁
γ + ϱ(x) + (6 − i)λ

]︁
pi(x) + (7 − i)λ pi−1(x),

i = 2, 3,

dp4(x)
dx

= −
[︁
γ + ϱ(x) + 2λ

]︁
p4(x) + 3(1 − β)λ p3(x),

dp4(2)(x)

dx
= −

[︁
γ + ϱ(x)

]︁
p4(2)(x),

dp5(x)
dx

= −
[︁
γ + ϱ(x)

]︁
p5(x) + 2λ p4(x),

⇒⃦⃦⃦⃦
dp1

dx

⃦⃦⃦⃦
L1[0,∞)

≤
∫︂ ∞

0

[︄
|γ|+ 5λ + sup

x∈[0,∞)

ϱ(x)

]︄
|p1(x)|dx

=

[︄
|γ|+ 5λ + sup

x∈[0,∞)

ϱ(x)

]︄
∥p1∥L1[0,∞), (91)

⃦⃦⃦⃦
dpi
dx

⃦⃦⃦⃦
L1[0,∞)

≤
∫︂ ∞

0

[︄
|γ|+ (6 − i)λ + sup

x∈[0,∞)

ϱ(x)

]︄
|pi(x)|dx

+
∫︂ ∞

0
(7 − i)λ|pi−1|dx

=

[︄
|γ|+ (6 − i)λ + sup

x∈[0,∞)

ϱ(x)

]︄
∥pi∥L1[0,∞)

+ (7 − i)λ∥pi−1∥L1[0,∞) i = 2, 3, (92)⃦⃦⃦⃦
dp4

dx

⃦⃦⃦⃦
L1[0,∞)

≤
∫︂ ∞

0

[︄
|γ|+ 2λ + sup

x∈[0,∞)

ϱ(x)

]︄
|p4(x)|dx

+
∫︂ ∞

0
3(1 − β)λ|p3(x)|dx

=

[︄
|γ|+ 2λ + sup

x∈[0,∞)

ϱ(x)

]︄
∥p4∥L1[0,∞)

+ 3(1 − β)λ∥p3∥L1[0,∞), (93)
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⃦⃦⃦⃦
⃦dp4(2)

dx

⃦⃦⃦⃦
⃦

L1[0,∞)

≤
∫︂ ∞

0

[︄
|γ|+ sup

x∈[0,∞)

ϱ(x)

]︄
|p4(2)(x)|dx

=

[︄
|γ|+ sup

x∈[0,∞)

ϱ(x)

]︄⃦⃦⃦
p4(2)

⃦⃦⃦
L1[0,∞)

, (94)

⃦⃦⃦⃦
dp5

dx

⃦⃦⃦⃦
L1[0,∞)

≤
∫︂ ∞

0

[︄
|γ|+ sup

x∈[0,∞)

ϱ(x)

]︄
|p5(x)|dx +

∫︂ ∞

0
2λ|p4(x)|dx

=

[︄
|γ|+ sup

x∈[0,∞)

ϱ(x)

]︄
∥p5∥L1[0,∞) + 2λ∥p4∥L1[0,∞). (95)

Then it follows from Equations (91)–(95),

5

∑
i=1

⃦⃦⃦⃦
dpi
dx

⃦⃦⃦⃦
L1[0,∞)

+

⃦⃦⃦⃦
⃦dp4(2)

dx

⃦⃦⃦⃦
⃦

L1[0,∞)

≤
[︃
|γ|+ 5λ + sup

x∈[0,∞)

ϱ(x)
]︃
∥p1∥L1[0,∞)

+
3

∑
i=2

{︃[︃
|γ|+ (6 − i)λ + sup

x∈[0,∞)

ϱ(x)
]︃
∥pi∥L1[0,∞)

+ (7 − i)λ∥pi−1∥L1[0,∞)

}︃
+

{︃[︃
|γ|+ 2λ + sup

x∈[0,∞)

ϱ(x)
]︃
∥p4∥L1[0,∞)

+ 3(1 − β)λ∥p3∥L1[0,∞)

}︃
+

[︃
|γ|+ sup

x∈[0,∞)

ϱ(x)
]︃⃦⃦⃦

p4(2)

⃦⃦⃦
+

{︃[︃
|γ|+ sup

x∈[0,∞)

ϱ(x)
]︃
∥p5∥L1[0,∞)

+ 2λ∥p4∥L1[0,∞)

}︃
≤
[︃
|γ|+ 5λ + sup

x∈[0,∞)

ϱ(x)
]︃
∥p1∥L1[0,∞)

+
3

∑
i=2

{︃[︃
|γ|+ (6 − i)λ + sup

x∈[0,∞)

ϱ(x)
]︃
∥pi∥L1[0,∞)

+ (7 − i)λ∥pi−1∥L1[0,∞)

}︃
+

{︃[︃
|γ|+ 2λ + sup

x∈[0,∞)

ϱ(x)
]︃
∥p4∥L1[0,∞)

+ 3λ∥p3∥L1[0,∞)

}︃
+

[︃
|γ|+ sup

x∈[0,∞)

ϱ(x)
]︃⃦⃦⃦

p4(2)

⃦⃦⃦
+

{︃[︃
|γ|+ sup

x∈[0,∞)

ϱ(x)
]︃
∥p5∥L1[0,∞)

+ 2λ∥p4∥L1[0,∞)

}︃
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≤
5

∑
i=1

[︃
|γ|+ 2(6 − i)λ + sup

x∈[0,∞)

ϱ(x)
]︃[︃ 5

∑
i=1

∥pi(x)∥L1[0,∞)

+
⃦⃦⃦

p4(2)(x)
⃦⃦⃦

L1[0,∞)

]︃
< ∞. (96)

The preceding formulas yield p ∈ ker(γI −Am) .

Since the operator L is surjective, L
⃓⃓
ker(γI−Am)

: ker(γI −Am) → ∂X is invertible. For
γ ∈ ρ(A0), the Dirichlet operator is introduced

Dγ :=
(︂
L
⃓⃓
ker(γI−Am)

)︂−1
: ∂X → ker(γI −Am).

Consequently, for γ ∈ ρ(A0), Lemma 2 gives the explicit form of Dγ as

Dγ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

a2

a3

a4

a4(2)
a5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

ψ f11
γ+6λ 0 0 0 0 0
f11 0 0 0 0 0
f21 f22 0 0 0 0
f31 f32 f33 0 0 0
f41 f42 f43 f44 0 0

β[3λπ f31+ψ f51]
γ+θ

β[3λπ f32+ψ f52]
γ+θ

β[3λπ f33+ψ f53]
γ+θ

βψ f54
γ+θ 0 βψ f55

γ+θ

0 0 0 0 f55 0
f51 f52 f53 f54 0 f55

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

a2

a3

a4

a4(2)
a5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
, (97)

where

f11 = e−[γ+5λ]x−
∫︁ x

0 ϱ(κ)dκ ,

fii = e−[γ+(6−i)λ]x−
∫︁ x

0 ϱ(κ)dκ ,

i = 2, 3,

fim =
i−1

∏
q=m

(6 − q)

[︄
i−m

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r! (i − m − r)!

]︄
e−[γ+(6−i)λ]x−

∫︁ x
0 ϱ(κ)dκ ,

i = 2, 3,

1 ≤ m ≤ i − 1,

f44 = e−[γ+2λ]x−
∫︁ x

0 ϱ(κ)dκ ,

f4m =
3

∏
q=m

(1 − β)(6 − q)

[︄
4−m

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r! (4 − m − r)!

]︄
e−[γ+2λ]x−

∫︁ x
0 ϱ(κ)dκ ,

1 ≤ m ≤ 3,

f55 = e−γx−
∫︁ x

0 ϱ(κ)dκ ,

f54 =
(︂

1 − e−2λx
)︂

e−γx−
∫︁ x

0 ϱ(κ)dκ ,

f5m =
4

∏
q=m

(1 − β)(6 − q)
4−m

∑
r=1

(−1)r+1

r! (4 − m − r)!

(︄
1 − e−2λx

2
− 1 − e−(2+r)λx

2 + r

)︄
e−γx−

∫︁ x
0 ϱ(κ)dκ ,

1 ≤ m ≤ 3.
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From Equation (97) and the definition of the boundary operator G, the expression for GDγ

is derived as

GDγ

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

a2

a3

a4

a4(2)
a5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

6λψ f11
γ+6λ + ψ f21 ψ f22 0 0

ψ f31 ψ f32 ψ f33 0
ψ f41 ψ f42 ψ f43 ψ f44

(1 − β)ψ f51 (1 − β)ψ f52 (1 − β)ψ f53 (1 − β)ψ f54
βθ[3λπ f31+ψ f51]

γ+θ
βθ[3λπ f32+ψ f52]

γ+θ
βθ[3λπ f33+ψ f53]

γ+θ
βθψ f54

γ+θ

0 0 0 0

0 0
0 0

ψ f45 0
0 (1 − β)ψ f55

0 βθψ f55
γ+θ

0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

a2

a3

a4

a4(2)
a5

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Lemma 3. If ∫︂ ∞

0
e−(6−i)λx−

∫︁ x
0 ϱ(κ)dκdx < ∞,

then 0 is an eigenvalue of A+H+ B with geometric multiplicity one.

Proof. Consider the equation (A+H+ B)p = 0, i.e.,

6λp0 =
∫︂ ∞

0
ϱ(x)p1(x)dx, (98)

dp1(x)
dx

= −
[︁
ϱ(x) + 5λ

]︁
p1(x), (99)

dpi(x)
dx

= −
[︁
ϱ(x) + (6 − i)λ

]︁
pi(x) + (7 − i)λpi−1(x) i = 2, 3 (100)

dp4(x)
dx

= −
[︁
ϱ(x) + 2λ

]︁
p4(x) + 3(1 − β)λp3(x), (101)

θp4(1) = 3βλ
∫︂ ∞

0
p3(x)dx + β

∫︂ ∞

0
ϱ(x)p5(x)dx, (102)

dp4(2)(x)

dx
= −ϱ(x)p4(2)(x), (103)

dp5(x)
dx

= −ϱ(x)p5(x) + 2λp4(x), (104)

p1(0) = 6λp0 +
∫︂ ∞

0
ϱ(x)p2(x)dx, (105)

p2(0) =
∫︂ ∞

0
ϱ(x)p3(x)dx, (106)

p3(0) =
∫︂ ∞

0
ϱ(x)p4(x)dx +

∫︂ ∞

0
ϱ(x)p4(2)(x)dx, (107)

p4(0) = (1 − β)
∫︂ ∞

0
ϱ(x)p5(x)dx, (108)

p4(2)(0) = θp4(1) , (109)

p5(0) = 0. (110)

By solving Equations (98)–(109),

p0 =

∫︁ ∞
0 ϱ(x)p1(x)dx

6λ
, (111)
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p1(x) = a1e−5λx−
∫︁ x

0 ϱ(κ)dκ , (112)

pi(x) = e−(6−i)λx−
∫︁ x

0 ϱ(κ)dκ

[︃
ai +

∫︂ x

0
(7 − i)λ pi−1(κ)e(6−i)λκ+

∫︁ κ
0 ϱ(ζ)dζdκ

]︃
,

i = 2, 3, (113)

p4(x) = e−2λx−
∫︁ x

0 ϱ(κ)dκ

[︃
a4 +

∫︂ x

0
3(1 − β)λp3(κ)e2λκ+

∫︁ κ
0 ϱ(ζ)dζdκ

]︃
, (114)

p4(1) =
3βλ

∫︁ ∞
0 p3(x)dx + β

∫︁ ∞
0 ϱ(x)p5(x)dx

θ
, (115)

p4(2)(x) = a4(2) e
−
∫︁ x

0 ϱ(κ)dκ , (116)

p5(x) = e−
∫︁ x

0 ϱ(κ)dκ

[︃
a5 +

∫︂ x

0
2λp4(κ)e

∫︁ κ
0 ϱ(ζ)dζdκ

]︃
. (117)

From Equations (112)–(114) and (117), we obtain

pi(x) = e−(6−i)λx−
∫︁ x

0 ϱ(κ)dt
{︃

ai +
i−1

∑
o=1

ai−o

i−1

∏
q=i−o

(6 − q)
[︃ o

∑
r=1

(−1)r+1(1 − e−rλx)

r!(o − r)!

]︃}︃
,

i = 2, 3, (118)

p4(x) = e−2λx−
∫︁ x

0 ϱ(κ)dt
{︃

a4 + (1 − β)
3

∑
o=1

a4−o

3

∏
q=4−o

(6 − q)
[︃ o

∑
r=1

(−1)r+1(1 − e−rλx)

r!(o − r)!

]︃}︃
, (119)

p5(x) = e−
∫︁ x

0 ϱ(κ)dt
{︃

a5 + a4(1 − e−2λx) + 2(1 − β)
3

∑
o=1

a4−o

3

∏
q=4−o

(6 − q)
o

∑
r=1

(−1)r+1

r!(o − r)!

×
(︃

1 − e−2λx

2
− 1 − e−(2+r)λx

2 + r

)︃}︃
. (120)

Combining Equations (112), (116), (118)–(120), and using Equations (105)–(110), we ob-
tain

a1 = p1(0) = 6λp0 +
∫︂ ∞

0
ϱ(x)p2(x)dx, (121)

a2 = p2(0) =
∫︂ ∞

0
ϱ(x)p3(x)dx, (122)

a3 = p3(0) =
∫︂ ∞

0
ϱ(x)p4(x)dx +

∫︂ ∞

0
ϱ(x)p4(2)(x)dx, (123)

a4 = p4(0) = (1 − β)
∫︂ ∞

0
ϱ(x)p5(x)dx, (124)

a4(2) = p4(2)(0) = θp4(1) , (125)

a5 = p5(0) = 0. (126)

Combining Equations (98) and (112), we obtain

a1 =
6λp0∫︁ ∞

0 ϱ(x)e−5λx−
∫︁ x

0 ϱ(κ)dκdx
. (127)

Combining Equations (118), (120) and (121), we obtain

a2 =
1∫︁ ∞

0 ϱ(x)e−4λx−
∫︁ x

0 ϱ(κ)dκdx

{︃[︃
1 −

1

∏
q=1

(6 − q)
∫︂ ∞

0

1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

× ϱ(x)e−4λx−
∫︁ x

0 ϱ(κ)dκdx
]︃

a1 − 6λp0

}︃
. (128)
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Combining Equations (118), (122) and (128), we obtain

a3 =
1∫︁ ∞

0 ϱ(x)e−3λx−
∫︁ x

0 ϱ(κ)dκdx

{︃{︃
1 −

2

∏
q=2

(6 − q)
∫︂ ∞

0

[︃ 1

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r!(1 − r)!

]︃

× ϱ(x)e−3λx−
∫︁ x

0 ϱ(κ)dκdx
}︃

a2 −
2

∏
q=1

(6 − q)a1

∫︂ ∞

0

[︃ 2

∑
r=1

(−1)r+1(1 − e−rλx)

r!(2 − r)!

]︃

× ϱ(x)e−3λx−
∫︁ x

0 ϱ(κ)dκdx
}︃

. (129)

Combining Equations (116), (119), (125) and (129), we obtain

a4 =
1∫︁ ∞

0 ϱ(x)e−2λx−
∫︁ x

0 ϱ(κ)dκdx

{︃{︃
1 − (1 − β)

3

∑
q=3

(6 − q)
∫︂ ∞

0

[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃

× ϱ(x)e−2λx−
∫︁ x

0 ϱ(κ)dκdx
}︃

a3 − (1 − β)
3

∑
q=2

(6 − q)a2

∫︂ ∞

0

[︃ 2

∑
r=1

(−1)r+1(1 − e−rλx)

r!(2 − r)!

]︃

× ϱ(x)e−2λx−
∫︁ x

0 ϱ(κ)dκdx − (1 − β)
3

∏
q=1

(6 − q)a1

∫︂ ∞

0

[︃ 3

∑
r=1

(−1)r+1(1 − e−rλx)

r!(3 − r)!

]︃

× ϱ(x)e−2λx−
∫︁ x

0 ϱ(κ)dκdx − θp4(1)

∫︂ ∞

0
ϱ(x)e−

∫︁ x
0 ϱ(κ)dκdx

}︃
. (130)

By estimating Equations (127)–(130), we obtain

|a1| ≤
6λ|p0|∫︁ ∞

0 ϱ(x)e−5λx−
∫︁ x

0 ϱ(κ)dκdx
< ∞. (131)

|a2| ≤
1∫︁ ∞

0 ϱ(x)e−4λx−
∫︁ x

0 ϱ(κ)dκdx

{︃⃓⃓⃓⃓
1 −

1

∑
q=1

(6 − q)
⃓⃓⃓⃓
|a1|+ 6λ|p0|

}︃
< ∞. (132)

|a3| ≤
1∫︁ ∞

0 ϱ(x)e−3λx−
∫︁ x

0 ϱ(κ)dκdx

{︃⃓⃓⃓⃓
1 −

2

∏
q=2

(6 − q)
⃓⃓⃓⃓
|a2|+ 2

2

∏
q=1

(6 − q)|a1|
}︃

< ∞. (133)

|a4| ≤
1∫︁ ∞

0 ϱ(x)e−2λx−
∫︁ x

0 ϱ(κ)dκdx

{︃⃓⃓⃓⃓
1 − (1 − β)

3

∑
q=3

(6 − q)
⃓⃓⃓⃓
|a3|+ 2

⃓⃓⃓⃓ 2

∑
q=2

(6 − q)
⃓⃓⃓⃓
|a2|

+ 3
⃓⃓⃓⃓ 3

∑
q=1

(6 − q)
⃓⃓⃓⃓
|a1|+ θ|P4(1)|

}︃
< ∞. (134)

From Equations (111), (116), (126), (131)–(134), we obtain

∥p∥ = |p0|+ |p4(1) |+
3

∑
i=2

∥pi∥L1[0,∞) + ∥p4(2)∥L1[0,∞)

≤ |p0|+ |p4(1) |+ |a1|
∫︂ ∞

0
e−5λx−

∫︁ x
0 ϱ(κ)dκdx

+
3

∑
i=2

{︃
|ai|

∫︂ ∞

0
e−(6−i)λx−

∫︁ x
0 ϱ(κ)dκdx +

i−1

∑
o=1

|ai−o|
i−1

∏
q=i−o

(6 − q)

×
∫︂ ∞

0
e−(6−i)λx−

∫︁ x
0 ϱ(κ)dκ

[︃ o

∑
r=1

(−1)r+1(1 − e−rλx)

r!(o − r)!

]︃
dx
}︃

+ |a4|
∫︂ ∞

0
e−2λx−

∫︁ x
0 ϱ(κ)dκdx + (1 − β)

3

∑
o=1

|a4−o|
3

∏
q=4−o

(6 − q)
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×
∫︂ ∞

0
e−2λx−

∫︁ x
0 ϱ(κ)dκ

[︃ o

∑
r=1

(−1)r+1(1 − e−rλx)

r!(o − r)!

]︃
dx

+ |a4(2) |
∫︂ ∞

0
e−
∫︁ x

0 ϱ(κ)dκdx + |a5|
∫︂ ∞

0
e−
∫︁ x

0 ϱ(κ)dκdx

+ |a4|
∫︂ ∞

0
e−
∫︁ x

0 ϱ(κ)dκ(1 − e−2λx)dx + 2(1 − β)
3

∑
o=1

|a4−o|
3

∏
q=4−o

(6 − q)

×
∫︂ ∞

0
e−
∫︁ x

0 ϱ(κ)dκ

[︃ o

∑
r=1

(−1)r+1

r!(o − r)!

(︃
1 − e−2λx

2
− 1 − e−(2+r)λx

2 + r

)︃]︃
dx

≤ |p0|+ |p4(1) |+ |a1|
∫︂ ∞

0
e−5λx−

∫︁ x
0 ϱ(κ)dκdx

+
3

∑
i=2

[︃
|ai|

∫︂ ∞

0
e−(6−i)λx−

∫︁ x
0 ϱ(κ)dκdx +

i−1

∑
o=1

(i − 1)|ai−o|
i−1

∏
q=i−o

(6 − q)

×
∫︂ ∞

0
e−(6−i)λx−

∫︁ x
0 ϱ(κ)dκdx

]︃
+ |a4|

∫︂ ∞

0
e−2λx−

∫︁ x
0 ϱ(κ)dκdx + 3

3

∑
o=1

|a4−o|
3

∏
q=4−o

(6 − q)
∫︂ ∞

0
e−2λx−

∫︁ x
0 ϱ(κ)dκdx

+ |a4(2) |
∫︂ ∞

0
e−
∫︁ x

0 ϱ(κ)dκdx + |a5|
∫︂ ∞

0
e−
∫︁ x

0 ϱ(κ)dκdx + |a4|
∫︂ ∞

0
e−
∫︁ x

0 ϱ(κ)dκdx

+ 3
3

∑
o=1

|a4−o|
3

∏
q=4−o

(6 − q)
∫︂ ∞

0
e−
∫︁ x

0 ϱ(κ)dκdx

< ∞. (135)

It follows from Equation (135) that 0 is an eigenvalue of (A+H + B). Combining
Equations (116), (118) and (125)–(130), it is easy to see that pi(x) (i = 1, . . . , 5, 4(2)) can be
expressed in terms of p4(1) , p0, and p4(1) can be expressed in terms of p0. Hence, 0 is an
eigenvalue of (A+H+ B) with geometric multiplicity one.

Lemma 4. Let ϱ(x) : [0, ∞) → [0, ∞) is measurable and

0 < inf
x∈[0,∞)

ϱ(x) ≤ ϱ(x) ≤ sup
x∈[0,∞)

ϱ(x) < ∞.

Then all points on the imaginary axis except for 0 belong to the resolvent set of A+H+ B.

Proof. Let γ = ib, b ̸= 0, The Riemann–Lebesgue lemma implies that

lim
b→∞

∫︂ ∞

0
f (x) cos(bx)dx = 0, lim

b→∞

∫︂ ∞

0
f (x) sin(bx)dx = 0, f ∈ L1[0, ∞).

Consequently, there exists J > 0 such that, for |b| > J,⃓⃓⃓⃓∫︂ ∞

0
f (x)e−ibxdx

⃓⃓⃓⃓2
=

⃓⃓⃓⃓∫︂ ∞

0
f (x)

[︁
cos(bx)− i sin(bx)

]︁
dx
⃓⃓⃓⃓2

=

(︃∫︂ ∞

0
f (x) cos(bx)dx

)︃2
+

(︃∫︂ ∞

0
f (x) · sin(bx)dx

)︃2

<

(︃∫︂ ∞

0
| f (x)|dx

)︃2
, 0 < f (x) ∈ L1[0, ∞).
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Combining this formula with
∫︁ ∞

0 µ(x)e−
∫︁ x

0 ϱ(κ)dκdx = 1 and

6λ

|γ + 6λ| < 1,
θ

|γ + θ| < 1,

for ∀a = (a1, a2, a3, a4, a4(2) , a5) ∈ R6, we estimate

∥GDγa∥ ≤
{︃⃓⃓⃓⃓

6λψ f11

γ + 6λ

⃓⃓⃓⃓
+ |ψ f21|+ |ψ f31|+ |ψ f41|+ |(1 − β)ψ f51|+

⃓⃓⃓⃓
βθ
[︁
3λπ f31 + ψ f51

]︁
γ + θ

⃓⃓⃓⃓}︃
× |a1|

+

{︃
|ψ f22|+ |ψ f32|+ |ψ f42|+ |(1 − β)ψ f52|+

⃓⃓⃓⃓
βθ
[︁
3λπ f32 + ψ f52

]︁
γ + θ

⃓⃓⃓⃓}︃
|a2|

+

{︃
|ψ f23|+ |ψ f43|+ |(1 − β)ψ f53|+

⃓⃓⃓⃓
βθ
[︁
3λπ f33 + ψ f53

]︁
γ + θ

⃓⃓⃓⃓}︃
|a3|

+

{︃
|ψ f44|+ |(1 − β)ψ f54|+

⃓⃓⃓⃓
βθψ f54

γ + θ

⃓⃓⃓⃓}︃
|a4|

+

{︃
|ψ f55|

}︃
|a4(2) |

+

{︃⃓⃓
(1 − β)ψ f55

⃓⃓
+

⃓⃓⃓⃓
βθψ f55

γ + θ

⃓⃓⃓⃓}︃
|a5|

≤
{︃

6λ

|γ + 6λ| |ψ f11|+ |ψ f21|+ |ψ f31|+ |ψ f41|+ (1 − β)|ψ f51|+ 3λβ|π f31|

+ β|ψ f51|
}︃
|a1|

+

{︃
|ψ f22|+ |ψ f32|+ |ψ f42|+ (1 − β)|ψ f52|+ 3λβ|π f32|+ β|ψ f52|

}︃
|a2|

+

{︃
|ψ f33|+ |ψ f43|+ (1 − β)|ψ f53|+ 3λβ|π f33|+ β|ψ f53|

}︃
|a3|

+

{︃
|ψ f44|+ (1 − β)|ψ f54|+ β|ψ f54|

}︃
|a4|

+

{︃
|ψ f55|

}︃
|a4(2) |

+

{︃
(1 − β)|ψ f55|+ β|ψ f55|

}︃
|a5|

≤
{︃⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)e−

∫︁ x
0

[︁
ib+5λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓
+

⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)

1

∏
q=1

(6 − q)
[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃
e−
∫︁ x

0

[︁
ib+4λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓

+

⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)

2

∏
q=1

(6 − q)
[︃ 2

∑
r=1

(−1)r+1(1 − e−rλx)

r!(2 − r)!

]︃
e−
∫︁ x

0

[︁
ib+3λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓

+

⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)(1 − β)

3

∏
q=1

(6 − q)
[︃ 3

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r!(3 − r)!

]︃
e−
∫︁ x

0

[︁
ib+2λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓

+

⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)(1 − β)

4

∏
q=1

(6 − q)
[︃ 3

∑
r=1

(−1)r+1

r!(3 − r)!

(︃
1 − e−2λx

2
− 1 − e−(2+r)λx

2 + r

)︃]︃

× e−
∫︁ x

0

[︁
ib+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓
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+ 3λβ

⃓⃓⃓⃓ ∫︂ ∞

0

2

∏
q=1

(6 − q)
[︃ 2

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r!(2 − r)!

]︃
e−
∫︁ x

0

[︁
ib+3λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓}︃
|a1|

+

{︃⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)e−

∫︁ x
0

[︁
ib+4λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓
+

⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)

2

∏
q=2

(6 − q)
[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃
e−
∫︁ x

0

[︁
ib+3λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓

+

⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)(1 − β)

3

∏
q=2

(6 − q)
[︃ 2

∑
r=1

(−1)r+1(1 − e−rλx)

r!(2 − r)!

]︃
e−
∫︁ x

0

[︁
ib+2λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓

+

⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)(1 − β)

4

∏
q=2

(6 − q)
2

∑
r=1

(−1)r+1

r!(2 − r)!

(︃
1 − e−2λx

2
− 1 − e−(r+2)λx

r + 2

)︃

× e−
∫︁ x

0

[︁
ib+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓
+ 3λβ

⃓⃓⃓⃓ ∫︂ ∞

0

3

∏
q=2

(6 − q)
[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃
e−
∫︁ x

0

[︁
ib+3λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓}︃
|a2|

+

{︄⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)e−

[︁
ib+3λ+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓

+
∫︂ ∞

0
ϱ(x)(1 − β)

3

∏
q=3

(6 − q)
[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃
e−
∫︁ x

0

[︁
ib+2λ+ϱ(x)

]︁
dκdx

⃓⃓⃓⃓

+

⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)(1 − β)

4

∏
q=3

(6 − q)
[︃ 1

∑
r=1

(−1)r+1

r!(1 − r)!

(︃
1 − e−2λx

2
− 1 − e−(2+rλ)x

2 + r

)︃]︃

× e−
∫︁ x

0

[︁
ib+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓
+

⃓⃓⃓⃓
3λβ

∫︂ ∞

0
e
∫︁ x

0

[︁
−ib+3λ+ϱ(κ)dκ

]︁
dx
⃓⃓⃓⃓}︃

|a3|

+

{︃⃓⃓⃓⃓ ∫︂ ∞

0
ϱ(x)e

∫︁ x
0 −
[︁

ib+2λ+ϱ(κ)
]︁

dκdx
⃓⃓⃓⃓
+
∫︂ ∞

0
ϱ(x)(1 − e−2λx)e−

∫︁ x
0

[︁
ib+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓}︃
× |a4|

+

{︃∫︂ ∞

0
ϱ(x)e−

∫︁ x
0

[︁
ib+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓}︃
|a4(2) |

+

{︃∫︂ ∞

0
ϱ(x)e−

∫︁ x
0

[︁
ib+ϱ(κ)

]︁
dκdx

⃓⃓⃓⃓
dx
}︃
|a5|

<

{︃∫︂ ∞

0
ϱ(x)e−

∫︁ x
0

[︁
5λ+ϱ(κ)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)

1

∏
q=1

(6 − q)
[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃
e−
∫︁ x

0

[︁
4λ+ϱ(κ)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)

2

∏
q=1

(6 − q)
[︃ 2

∑
r=1

(−1)r+1(1 − e−rλx)

r!(2 − r)!

]︃
e−
∫︁ x

0

[︁
3λ+ϱ(κ)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)(1 − β)

3

∏
q=1

(6 − q)
[︃ 3

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r!(3 − r)!

]︃
e−
∫︁ x

0

[︁
2λ+ϱ(κ)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)(1 − β)

4

∏
q=1

(6 − q)
[︃ 3

∑
r=1

(−1)r+1

r!(3 − r)!

(︃
1 − e−2λx

2
− 1 − e−(2+r)λx

2 + r

)︃]︃
× e−

∫︁ x
0 ϱ(κ)dκdx

+ 3λβ
∫︂ ∞

0

2

∏
q=1

(6 − q)
[︃ 2

∑
r=1

(−1)r+1(︁1 − e−rλx)︁
r!(2 − r)!

]︃
e−
∫︁ x

0

[︁
3λ+ϱ(κ)

]︁
dκdx

}︃
|a1|
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+

{︃∫︂ ∞

0
ϱ(x)e−

∫︁ x
0

[︁
4λ+ϱ(κ)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)

2

∏
q=2

(6 − q)
[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃
e−
∫︁ x

0

[︁
3λ+ϱ(κ)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)(1 − β)

3

∏
q=2

(6 − q)
[︃ 2

∑
r=1

(−1)r+1(1 − e−rλx)

r!(2 − r)!

]︃
e−
∫︁ x

0

[︁
2λ+ϱ(κ)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)(1 − β)

4

∏
q=2

(6 − q)
2

∑
r=1

(−1)r+1

r!(2 − r)!

(︃
1 − e−2λx

2
− 1 − e−(r+2)λx

r + 2

)︃
× e−

∫︁ x
0 ϱ(κ)dκdx

+ 3λβ
∫︂ ∞

0

3

∏
q=2

(6 − q)
[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃
e−
∫︁ x

0

[︁
3λ+ϱ(κ)

]︁
dκdx

}︃
|a2|

+

{︄∫︂ ∞

0
ϱ(x)e−

∫︁ x
0

[︁
3λ+ϱ(κ)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)(1 − β)

3

∏
q=3

(6 − q)
[︃ 1

∑
r=1

(−1)r+1(1 − e−rλx)

r!(1 − r)!

]︃
e−
∫︁ x

0

[︁
2λ+ϱ(x)

]︁
dκdx

+
∫︂ ∞

0
ϱ(x)(1 − β)

4

∏
q=3

(6 − q)
[︃ 1

∑
r=1

(−1)r+1

r!(1 − r)!

(︃
1 − e−2λx

2
− 1 − e−(2+rλ)x

2 + r

)︃]︃

× e−
∫︁ x

0 ϱ(κ)dκdx + 3λβ
∫︂ ∞

0
e−
∫︁ x

0

[︁
3λ+ϱ(κ)dκ

]︁
dx
}︃
|a3|

+

{︃∫︂ ∞

0
ϱ(x)e−

∫︁ x
0

[︁
2λ+ϱ(κ)

]︁
dκdx +

∫︂ ∞

0
ϱ(x)(1 − e−2λx)e−

∫︁ x
0 ϱ(κ)dκdx

}︃
|a4|

+

{︃∫︂ ∞

0
ϱ(x)e−

∫︁ x
0 ϱ(κ)dκdx

}︃
|a4(2) |

+

{︃∫︂ ∞

0
ϱ(x)e−

∫︁ x
0 ϱ(κ)dκdxdx

}︃
|a5|

=
5

∑
i=1

|ai|+ |a4(2) |

= ∥a∥.

The preceding estimate yields

∥GDγ∥ < 1. (136)

It follows from Equation (136) that 1 /∈ σ(GDγ) whenever |b| > J. In conjunction with
Characteristic Equation 3.5 in [29], this result gives γ = ib /∈ σ(A+H + B) for |b| > J.
Hence,

{ib | |b| > J} ⊂ ρ(A+H+ B), {ib | |b| ≤ J} ⊂ σ(A+H+ B) ∩ iR. (137)

Theorem 1 shows that T(t) is a positive contraction C0-semigroup. Furthermore,
Theorem 1.12 in [29] establishes that σ(A+H+B)∩ iR is additively cyclic on the imaginary
axis. It therefore follows that, for every positive integer k, k,

ib ∈ σ(A+H+ B) ∩ iR =⇒ ibk ∈ σ(A+H+ B) ∩ iR.
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Together with Equation (137), this property gives

σ(A+H+ B) ∩ iR = {0}.

Lemma 5. The adjoint operator (A+H+ B)∗ of (A+H+ B) is

(︁
A+H+ B

)︁∗p∗ =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

−6λ 0 0 0 0 0 0 0
ϱ(x) ϕ1 5λ 0 0 0 0 0

0 0 ϕ2 4λ 0 0 0 0
0 0 0 ϕ3 3(1 − β)λ 3βλ 0 0
0 0 0 0 ϕ4 0 0 2λ

0 0 0 0 0 −θ 0 0
0 0 0 0 0 0 ϕ2 0
0 0 0 0 0 βϱ(x) 0 ϕ2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p∗0
p∗1(x)
p∗2(x)
p∗3(x)
p∗4(x)
p∗4(1)

p∗4(2)(x)

p∗5(x)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

+

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 6λ 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 ϱ(x) 0 0 0 0 0 0
0 0 ϱ(x) 0 0 0 0 0
0 0 0 ϱ(x) 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 ϱ(x) 0 0 0 0
0 0 0 0 (1 − β)ϱ(x) 0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

p∗0
p∗1(0)
p∗2(0)
p∗3(0)
p∗4(0)
p∗4(1)

p∗4(2)(0)

p∗5(0)

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
,

D
(︁
(A+H+ B)∗

)︁
=

⎧⎨⎩p∗ ∈ X∗
⃓⃓⃓⃓ dp∗i (x)

dx
exists and p∗i (∞) = χ,

i = 1, . . . , 4, 4(2), 5

⎫⎬⎭.

The χ in D
(︁
(A+H+ B)∗

)︁
is a non-zero constant independent of i.

Proof. For any p ∈ D(A+H+ B), let p∗ ∈ D(A+H+ B). The integration by parts and
boundary conditions yield

⟨︁
(A+H+ B)p, p∗

⟩︁
=

{︃
−6λp0 +

∫︂ ∞

0
ϱ(x)p1(x)dx

}︃
p∗0

+
∫︂ ∞

0

{︃
−dp1(x)

dx
−
[︁
ϱ(x) + 5λ

]︁
p1(x)

}︃
p∗1(x)dx

+
∫︂ ∞

0

{︃
−dp2(x)

dx
−
[︁
ϱ(x) + 4λ

]︁
p2(x) + 5λp1(x)

}︃
p∗2(x)dx

+
∫︂ ∞

0

{︃
−dp3(x)

dx
−
[︁
ϱ(x) + 3λ

]︁
p3(x) + 4λp2(x)

}︃
p∗3(x)dx

+
∫︂ ∞

0

{︃
−dp4(x)

dx
−
[︁
ϱ(x) + 2λ

]︁
p4(x) + 3(1 − β)λp3(x)

}︃
p∗4(x)dx

+

{︃
−θp4(1) + 3βλ

∫︂ ∞

0
p3(x)dx + β

∫︂ ∞

0
ϱ(x)p4(x)dx

}︃
p∗4(1)

+
∫︂ ∞

0

{︄
−

dp4(2)

dx
− ϱ(x)p4(2)(x)

}︄
p∗4(2)(x)dx

+
∫︂ ∞

0

{︃
−dp5

dx
− ϱ(x)p5(x) + 2λp4(x)

}︃
p∗5(x)dx

= −6λp0 p∗0 +
∫︂ ∞

0
ϱ(x)p1(x)dx p∗0

https://doi.org/10.3390/axioms15100727

https://doi.org/10.3390/axioms15100727


Axioms 2026, 15, 727 33 of 42

−
∫︂ ∞

0

dp1(x)
dx

p∗1(x)dx −
∫︂ ∞

0

[︁
ϱ(x) + 5λ

]︁
p1(x)p∗1(x)dx

−
∫︂ ∞

0

dp2(x)
dx

p∗2(x)dx −
∫︂ ∞

0

[︁
ϱ(x) + 4λ

]︁
p2(x)p∗2(x)dx

+
∫︂ ∞

0
5λp1(x)p∗2(x)dx −

∫︂ ∞

0

dp3(x)
dx

p∗3(x)dx

−
∫︂ ∞

0

[︁
ϱ(x) + 3λ

]︁
p3(x)p∗3(x)dx +

∫︂ ∞

0
4λp2(x)p∗3(x)dx

−
∫︂ ∞

0

dp4(x)
dx

p∗4(x)dx −
∫︂ ∞

0

[︁
ϱ(x) + 2λ

]︁
p4(x)p∗4(x)dx

+
∫︂ ∞

0
3(1 − β)λp3(x)p∗4(x)dx − θp4(1) p∗4(1) + 3βλ

∫︂ ∞

0
p3(x)dx p∗4(1)

+ β
∫︂ ∞

0
ϱ(x)p5(x)dx p∗4(1) −

∫︂ ∞

0

dp4(2)(x)

dx
p∗4(2)(x)dx

−
∫︂ ∞

0
ϱ(x)p4(2)(x)p∗4(2)(x)dx −

∫︂ ∞

0

dp5(x)
dx

p∗5(x)dx

−
∫︂ ∞

0
ϱ(x)p5(x)p∗5(x)dx +

∫︂ ∞

0
2λp4(x)p∗5(x)dx

= −6λp0 p∗0 +
∫︂ ∞

0
ϱ(x)p1(x)dx p∗0 + p1(0)p∗1(0)

+
∫︂ ∞

0
p1(x)

dp∗1(x)
dx

dx −
∫︂ ∞

0

[︁
ϱ(x) + 5λ

]︁
p1(x)p∗1(x)dx

+ p2(0)p∗2(0) +
∫︂ ∞

0
p2(x)

dp∗2(x)
dx

dx

−
∫︂ ∞

0

[︁
ϱ(x) + 4λ

]︁
p2(x)p∗2(x)dx +

∫︂ ∞

0
5λp1(x)p∗2(x)dx

+ p3(0)p∗3(0) +
∫︂ ∞

0
p3(x)

dp∗3(x)
dx

dx

−
∫︂ ∞

0

[︁
ϱ(x) + 3λ

]︁
p3(x)p∗3(x)dx +

∫︂ ∞

0
4λp2(x)p∗3(x)dx

+ p4(0)p∗4(0) +
∫︂ ∞

0
p4(x)

dp∗4(x)
dx

dx

−
∫︂ ∞

0

[︁
ϱ(x) + 2λ

]︁
p4(x)p∗4(x)dx +

∫︂ ∞

0
3(1 − β)λp3(x)p∗4(x)dx

− θp4(1) p∗4(1) + 3βλ
∫︂ ∞

0
p3(x)dx p∗4(1) + β

∫︂ ∞

0
p5(x)dx p∗4(1)

+ p4(2)(0)p∗4(2)(0) +
∫︂ ∞

0
p4(2)(x)

dp∗4(2)(x)

dx
dx

−
∫︂ ∞

0
ϱ(x)p4(2)(x)p∗4(2)(x)dx

+ p5(0)p∗5(0) +
∫︂ ∞

0
p5(x)

dp∗5(x)
dx

dx

−
∫︂ ∞

0
ϱ(x)p5(x)p∗5(x)dx +

∫︂ ∞

0
2λp4(x)p∗5(x)dx

= p0[−6λp∗0 ]

+
∫︂ ∞

0
p1(x)

{︃
dp∗1(x)

dx
−
[︁
ϱ(x) + 5λ

]︁
p∗1(x) + ϱ(x)p∗0 + 5λp∗2(x)

}︃
dx

+
∫︂ ∞

0
p2(x)

{︃
dp∗2(x)

dx
−
[︁
ϱ(x) + 4λ

]︁
p∗2(x) + 4λp∗3(x)

}︃
dx

+
∫︂ ∞

0
p3(x)

{︃
dp∗3(x)

dx
−
[︁
ϱ(x) + 3λ

]︁
p∗3(x) + 3(1 − β)λp∗4 + 3βλ

× p∗4(1)

}︃
dx
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+
∫︂ ∞

0
p4(x)

{︃
dp∗4(x)

dx
−
[︁
ϱ(x) + 2λ

]︁
p∗4(x) + 2λp∗5(x)

}︃
dx

+ p4(1)

[︂
−θp∗4(1)

]︂
+
∫︂ ∞

0
p4(2)(x)

{︄
dp∗4(2)(x)

dx
− ϱ(x)p∗4(2)(x)

}︄
dx

+
∫︂ ∞

0
p5(x)

{︃
dp∗5(x)

dx
− ϱ(x)p∗5(x) + βϱ(x)p∗4(1)

}︃
dx

+ p0[6λp∗1(0)]

+
∫︂ ∞

0
p2(x)

[︁
ϱ(x)p∗1(0)

]︁
dx

+
∫︂ ∞

0
p3(x)

[︁
ϱ(x)p∗2(0)

]︁
dx

+
∫︂ ∞

0
p4(x)

[︁
ϱ(x)p∗3(0)

]︁
dx

+ p4(1)

[︂
θp∗4(2)(0)

]︂
+
∫︂ ∞

0
p4(2)(x)

[︁
ϱ(x)p∗3(0)

]︁
dx

+
∫︂ ∞

0
p5(x)

[︁
(1 − β)ϱ(x)p∗4(0)

]︁
dx

=
⟨︁

p, (A+H+ B)∗p∗
⟩︁
. (138)

It follows from the above calculations and the definition of the conjugate operator that the
conclusion of Lemma 5 holds.

Lemma 6. If ∫︂ ∞

0
e−(6−i)λx−

∫︁ x
0 ϱ(κ)dκdx < ∞, i = 1, 2, . . . , 4.

Then, 0 is an eigenvalue of (A+H+ B)∗ with geometric multiplicity one.

Proof. Consider the eigenvalue equation

(A+H+ B)∗P∗ = 0.

− 6λp∗0 + 6λp∗1(0) = 0, (139)

ϱ(x)p∗0 +
dp∗1(x)

dx
−
[︁
5λ + ϱ(x)

]︁
p∗1(x) + 5λp∗2(x) = 0, (140)

dp∗2(x)
dx

−
[︁
4λ + ϱ(x)

]︁
p∗2(x) + 4λp∗3(x) + ϱ(x)p∗1(0) = 0, (141)

dp∗3(x)
dx

−
[︁
3λ + ϱ(x)

]︁
p∗3(x) + 3(1 − β)λp∗4(x) + 3βλp∗4(1) + ϱ(x)p∗2(0) = 0, (142)

dp∗4(x)
dx

−
[︁
2λ + ϱ(x)

]︁
p∗4(x) + 2λp∗5(x) + ϱ(x)p∗3(0) = 0, (143)

− θp∗4(1) + θp∗4(2)(0) = 0, (144)

dp∗4(2)(x)

dx
− ϱ(x)p∗4(2)(x) + ϱ(x)p∗3(0) = 0, (145)

dp∗5(x)
dx

− ϱ(x)p5(x) + βϱ(x)p∗4(1) + (1 − β)ϱ(x)p∗4(0) = 0. (146)
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Solving Equations (139)–(146) yields

p∗1(0) = p∗0 , (147)

p∗1(x) = b1e5λx+
∫︁ x

0 ϱ(κ)dκ − e5λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ x

0

[︂
ϱ(κ)p∗0 + 5λp∗2(κ)

]︂
× e−5λκ−

∫︁ κ
0 ϱ(ζ)dζdκ, (148)

p∗2(x) = b2e4λx+
∫︁ x

0 ϱ(κ)dκ − e4λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ x

0

[︂
ϱ(κ)p∗1(0) + 4λp∗3(κ)

]︂
× e−4λκ−

∫︁ κ
0 ϱ(ζ)dζdκ, (149)

p∗3(x) = b3e3λx+
∫︁ x

0 ϱ(κ)dκ − e3λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ x

0

[︂
3(1 − β)λp∗4(κ) + 3βλp∗4(1)

+ ϱ(κ)p∗2(0)
]︂
e−3λκ−

∫︁ κ
0 ϱ(ζ)dζdκ, (150)

p∗4(x) = b4e2λx+
∫︁ x

0 ϱ(κ)dκ − e2λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ x

0

[︂
2λp∗5(κ) + ϱ(κ)p∗3(0)

]︂
× e−2λκ−

∫︁ κ
0 ϱ(ζ)dζdκ, (151)

p∗4(2)(0) = p∗4(1) , (152)

p∗4(2)(x) = b4(2) e
∫︁ x

0 ϱ(κ)dκ − e
∫︁ x

0 ϱ(κ)dκ
∫︂ x

0
ϱ(κ)p∗3(0)e

−
∫︁ κ

0 ϱ(ζ)dζdκ, (153)

p∗5(x) = b5e
∫︁ x

0 ϱ(κ)dκ − e
∫︁ x

0 ϱ(κ)dκ
∫︂ x

0

[︂
βϱ(κ)p∗4(1) + (1 − β)ϱ(κ)p∗4(0)

]︂
× e−

∫︁ κ
0 ϱ(ζ)dζdκ. (154)

Multiply both sides of Equations (148)–(151), (153) and (154) by

e−5λx−
∫︁ x

0 ϱ(κ)dx, e−4λx−
∫︁ x

0 ϱ(κ)dxe−3λx−
∫︁ x

0 ϱ(κ)dx, e−2λx−
∫︁ x

0 ϱ(κ)dx, e−
∫︁ x

0 ϱ(κ)dx.

Take the limit as x → ∞, and from p∗i (∞) = χ, we obtain

b1 =
∫︂ ∞

0
[(ϱ(κ)p∗0 + 5λp∗2(κ))]e

−5λκ−
∫︁ κ

0 ϱ(ζ)dζdκ, (155)

b2 =
∫︂ ∞

0
[(ϱ(κ)p∗1(0) + 4λp∗3(κ))]e

−4λκ−
∫︁ κ

0 ϱ(ζ)dζdκ, (156)

b3 =
∫︂ ∞

0

[︂(︂
3(1 − β)λp∗4(κ) + 3βλp∗4(1) + ϱ(κ)p∗2(0)

)︂]︂
e−3λκ−

∫︁ κ
0 ϱ(ζ)dζdκ, (157)

b4 =
∫︂ ∞

0
[(2λp∗5(κ) + ϱ(κ)p∗3(0))]e

−2λκ−
∫︁ κ

0 ϱ(ζ)dζdκ, (158)

b4(2) =
∫︂ ∞

0
ϱ(κ)p∗3(0)e

−
∫︁ κ

0 ϱ(ζ)dsdκ, (159)

b5 =
∫︂ ∞

0

[︂
βϱ(κ)p∗4(1) + (1 − β)ϱ(κ)p∗4(0)

]︂
e−
∫︁ κ

0 ϱ(ζ)dζdκ. (160)

Substitute Equations (155)–(160) into Equations (148)–(151), (153) and (154) respec-
tively, we obtain

p∗1(x) = e5λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x

[︁
ϱ(κ)p∗0 + 5λp∗2(κ)

]︁
e−5λκ−

∫︁ κ
0 ϱ(ζ)dζdκ, (161)

p∗2(x) = e4λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x

[︁
ϱ(κ)p∗1(0) + 4λp∗3(κ)

]︁
e−4λ−

∫︁ κ
0 ϱ(ζ)dζdκ, (162)

p∗3(x) = e3λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x

[︁
3(1 − β)λp∗4(κ) + 3βλp∗4(1) + ϱ(κ)p∗2(0)

]︁
e−3λ−

∫︁ κ
0 ϱ(ζ)dζdκ, (163)
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p∗4(x) = e2λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x

[︁
2λp∗5(κ) + ϱ(κ)p∗3(0)

]︁
e−2λ−

∫︁ κ
0 ϱ(ζ)dζdκ, (164)

p∗4(2)(x) = e
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x
ϱ(κ)p∗3(0)e

−
∫︁ κ

0 ϱ(ζ)dζdκ, (165)

p∗5(x) = e
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x

[︁
βϱ(κ)p∗4(1) + (1 − β)ϱ(κ)p∗4(0)

]︁
e−
∫︁ κ

0 ϱ(ζ)dζdκ. (166)

Solving Equation (165) and combining with Equation (152) and
∫︁ ∞

0 ϱ(x)dx = ∞,
we have

p∗4(2)(x) = e
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x
ϱ(κ)p∗3(0)e

−
∫︁ κ

0 ϱ(ζ)dζ dκ

= e
∫︁ x

0 ϱ(κ)dκ
(︁
− p∗3(0) e−

∫︁ κ
0 ϱ(ζ)dζ

⃓⃓⃓∞
x

)︁
= p∗3(0),

p∗4(2)(0) = p∗3(0) = p∗4(1) . (167)

Solving Equation (166) and
∫︁ ∞

0 ϱ(x)dx = ∞, we have

p∗5(x) = e
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x

[︂
βϱ(κ)p∗4(1) + (1 − β)ϱ(κ)p∗4(0)

]︂
e−
∫︁ κ

0 ϱ(ζ)dζdκ

= e
∫︁ x

0 ϱ(κ)dκ
{︂
−
[︂

βp∗4(1) + (1 − β)p∗4(0)
]︂
e−
∫︁ κ

0 ϱ(ζ)dζ
}︂⃓⃓⃓⃓∞

x

= βp∗4(1) + (1 − β)p∗4(0). (168)

Solving Equation (161) and combining with Equation (147), we have

p∗1(0) =
∫︂ ∞

0
[ϱ(κ)p∗0 + 5λp∗2(κ)]e

−5λκ−
∫︁ κ

0 ϱ(ζ)dζdκ

p∗0 = p∗0 − 5λp∗0
∫︂ ∞

0
e−5λκ−

∫︁ κ
0 ϱ(ζ)dζdκ + 5λ

∫︂ ∞

0
p∗2(κ)e

−5λκ−
∫︁ κ

0 ϱ(ζ)dζdκ

⇒ p∗2(x) = p∗0 (169)

p∗1(x) = e5λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x

[︂
ϱ(κ)p∗0 + 5λp∗2(κ)

]︂
e−5λκ−

∫︁ κ
0 ϱ(ζ)dζdκ

= e5λx+
∫︁ x

0 ϱ(κ)dκ
∫︂ ∞

x

[︂
ϱ(κ)p∗0 + 5λp∗0

]︂
e−5λκ−

∫︁ κ
0 ϱ(ζ)dζ dκ

⇒ p∗1(x) = p∗0 .

Solving Equation (162) and combining with Equation (169), we have

p∗2(0) =
∫︂ ∞

0
[ϱ(κ)p∗0 + 4λp∗3(κ)]e

−4λκ−
∫︁ κ

0 ϱ(ζ)dζ dκ

p∗0 = p∗0 − 4λp∗0
∫︂ ∞

0
e−4λκ−

∫︁ κ
0 ϱ(ζ)dζdκ + 4λ

∫︂ ∞

0
p∗3(κ)e

−4λκ−
∫︁ κ

0 ϱ(ζ)dζdκ

⇒ p∗3(x) = p∗0 . (170)

From Equations (167) and (170), we have

p∗0 = p∗4(1) . (171)

Solving Equation (163) and combining with Equations (167) and (171) we have

p∗3(0) =
∫︂ ∞

0

[︂
3(1 − β)λp∗4(κ) + 3βλp∗4(1) + ϱ(κ)p∗2(0)

]︂
e−3λκ−

∫︁ κ
0 ϱ(ζ)dζdκ
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p∗0 = 3λ
∫︂ ∞

0

[︂
(1 − β)p∗4(κ)− (1 − β)p∗0

]︂
e−3λκ−

∫︁ κ
0 ϱ(ζ)dζdκ

⇒ p∗4(x) = p∗0 . (172)

Solving Equation (168) and combining with Equations (171) and (172), we have

p∗5(x) = p∗0 .

Thus we obtain

p∗1(x) = p∗2(x) = p∗3(x) = p∗4(x) = p∗4(1) = p∗4(2)(x) = p∗5(x) = p∗0 , (173)

∥p∗∥ = max
{︁
|p∗0 |, |p∗4(1) |, |p

∗
i |, |p∗4(2) |

⃓⃓
i = 1, · · · , 5

}︁
= |p∗0 | < ∞. (174)

Equation (173) shows that 0 is an eigenvalue of (A+H+ B)∗ with geometric multiplic-
ity 1.

Combining Theorem 1, Lemma 3, Lemma 4, Lemma 6, and [32] (Theorem 1.96), we
obtain the main results of this paper.

Theorem 4. Suppose that µ(x) : [0, ∞) → [0, ∞) is measurable and that

0 < inf
x∈[0,∞)

ϱ(x) ≤ ϱ(x) ≤ sup
x∈[0,∞)

ϱ(x) < ∞.

Then, the solution of the system given in Equation (14) converges strongly to its steady-state
solution, as expressed by

lim
t→∞

∥p(·, t)− ηp(·)∥ = 0,

where p denotes the eigenvector specified in Lemma 3, and η is determined by that eigenvector
together with the initial value specified in Lemma 6.

5. Numerical Examples and Analysis
This section considers an oxygen supply system consisting of six identical centrifugal

aeration blowers installed in a large municipal wastewater treatment plant and investigates
the effects of model parameters on the steady-state performance measures. The system
operates according to the following criterion. The dissolved oxygen level in the bioreactor
satisfies the minimum requirement of the wastewater treatment process if and only if at
least two blowers are operating normally. In this case, the system is regarded as operational.
If fewer than two blowers remain available, the oxygen supply becomes insufficient to
sustain the treatment process, and the system is regarded as failed.

To ensure long-term system reliability and reduce the risk of approaching the system
failure threshold, a fully independent mechanism combining condition-triggered preven-
tive maintenance and corrective repair is adopted. The two types of maintenance actions
are applied to distinct sets of units and do not overlap, and no periodic maintenance is
performed. Preventive maintenance is applied only to units in the normal operating state
and follows a condition-triggered policy. The operating states of all blowers are continu-
ously monitored. When the number of normally operating blowers decreases to the critical
threshold of two healthy units, preventive maintenance is immediately triggered. The
normally operating redundant units that have not failed are taken offline and subjected
to preventive maintenance. The maintenance activities mainly include lubrication, filter
replacement, deposit removal, electrical inspection, and other actions for mitigating degra-
dation. Upon completion of preventive maintenance, all maintained units return to the
operating state and are assumed to remain failure-free for a short period after maintenance.
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Corrective repair is performed independently of preventive maintenance and is ap-
plied only to failed units. Whenever a blower experiences a random failure during operation
and leaves the operating state, only the failed unit is repaired. Upon completion of the
repair, the failed unit is restored to the normal operating state.

Assume that the lifetime of each unit follows an exponential distribution with pa-
rameter λ. The repair time of the repairman is exponentially distributed with a constant
repair rate, given by µ(x) = µ. When the preventive maintenance threshold is reached,
the repairman performs preventive maintenance on a normal unit with probability β or
repairs a failed unit with probability 1 − β. The maintenance time of a normal unit follows
an exponential distribution with parameter θ. The baseline parameter values are set as
λ = 0.08, µ = 0.14, β = 0.2, and θ = 0.3. The effects of variations in these parameters on
the reliability measures are investigated.

Figure 2a shows the transient availability of the system over time for different values
of λ. At the initial time, the transient availability satisfies A(t) = 1. As time increases, A(t)
decreases rapidly and gradually converges to a steady-state value. In addition, the transient
availability decreases as λ increases. Figure 2b shows the transient failure frequency of the
system over time for different values of λ. The transient failure frequency m f (t) increases
rapidly from zero, reaches a peak, and then decreases slightly before converging to a
steady-state value. Moreover, m f (t) increases slightly as λ increases.

Figure 3a shows the transient availability of the system over time for different values
of µ. The transient availability starts from A(t) = 1, decreases rapidly with time, and
then gradually converges to a steady-state value. As µ increases, the transient availability
A(t) increases. Figure 3b shows the transient failure frequency of the system over time
for different values of µ. The transient failure frequency m f (t) rises rapidly from zero,
reaches a peak, and subsequently converges to a steady-state value. As µ increases, m f (t)
increases slightly.

Figure 4a shows the transient availability of the system over time for different values
of β. As time increases, the transient availability A(t) decreases rapidly from its initial
value of one and then gradually approaches a steady-state value. The transient availability
increases as β increases. Figure 4b shows the transient failure frequency of the system
over time for different values of β. The transient failure frequency m f (t) increases rapidly
from zero and eventually converges to a constant steady-state value. As β increases, m f (t)
decreases slightly.

Figure 5a shows the transient availability of the system over time for different values
of θ. As time increases, the transient availability A(t) decreases rapidly from its initial
value of one and then gradually converges to a steady-state value. The transient availability
increases as θ increases. Figure 5b shows the transient failure frequency of the system
over time for different values of θ. The transient failure frequency m f (t) increases rapidly
from zero and eventually converges to a constant steady-state value. As θ increases, m f (t)
increases slightly.

Figure 6a illustrates the effect of different values of λ on the system reliability. The
system reliability decreases monotonically over time starting from an initial value of 1 and
eventually approaches 0. A larger λ yields a faster decline of the reliability curve. Figure 6b
shows how MTTFF varies with λ; MTTFF decreases as λ increases.

Figure 7a shows the variation of the instantaneous availability over time for the
systems with and without preventive maintenance. The instantaneous availability of both
systems decreases rapidly from an initial value of 1 and then gradually approaches a
steady-state value. The system with preventive maintenance exhibits a higher steady-state
availability than that without preventive maintenance. Figure 7b shows the variation of the
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reliability function over time. The reliability of both systems decreases monotonically from
1 and eventually approaches 0.

(a) (b)

Figure 2. Effect of parameter λ on instantaneous reliability indices of the system. (a) Instantaneous
availability, (b) Instantaneous failure frequency.

(a) (b)

Figure 3. Effect of parameter µ on instantaneous reliability indices of the system. (a) Instantaneous
availability, (b) Instantaneous failure frequency.

(a) (b)

Figure 4. Effect of parameter β on instantaneous reliability indices of the system. (a) Instantaneous
availability, (b) Instantaneous failure frequency.
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(a) (b)

Figure 5. Effect of parameter θ on instantaneous reliability indices of the system. (a) Instantaneous
availability, (b) Instantaneous failure frequency.

(a) (b)

Figure 6. (a) Variation of reliability function over time, (b) Variation of mean time to first failure
(MTTFF) with parameter λ.

(a) (b)

Figure 7. Variation of reliability function over time. (a) Instantaneous availability, (b) Variation of
reliability function over time.

6. Conclusions
This study establishes a functional-analytic framework for a 2-out-of-6:G repairable

system with preventive maintenance and investigates its dynamic behavior. The main
findings are summarized as follows.

First, the supplementary variable method is applied to formulate the system, and the
resulting model is represented as an abstract Cauchy problem in a Banach space.

Second, C0-semigroup theory establishes that the system operator is the generator of a
positive contraction C0-semigroup. Accordingly, a unique nonnegative solution exists and
conserves total probability.
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Third, zero is established as an eigenvalue of geometric multiplicity one for both the
system operator and its adjoint. Greiner’s boundary perturbation method further shows
that every nonzero point on the imaginary axis belongs to the resolvent set of the system
operator. This spectral property consequently implies strong convergence of the solution to
the corresponding steady-state solution.

Fourth, numerical experiments illustrate the effects of model parameters on the instanta-
neous reliability indices. The numerical findings are consistent with the theoretical analysis.

Future studies may examine whether convergence to the steady-state solution is
exponential.
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