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Abstract

This paper develops a 2-out-of-6:G repairable system with state-dependent preventive main-
tenance (PM) for functioning components. The 2-out-of-6:G configuration is adopted as a
representative nontrivial case of the general k-out-of-1:G system, since it retains the essen-
tial features of component redundancy, multiple failure states, and a critical pre-failure state
while remaining analytically tractable. When only two components remain functioning,
PM is activated with probability § to reduce the risk of an immediate system breakdown
caused by an additional failure. Using the supplementary variable method, the model is
formulated as an abstract Cauchy problem. Within the Cy-semigroup framework, the main
operator is proved to generate a positive contraction Cp-semigroup, ensuring the existence
and uniqueness of a positive solution. By combining Greiner’s boundary perturbation
method with spectral analysis, the strong convergence of the solution to the steady-state
solution is established. Numerical simulations further illustrate the theoretical results and
demonstrate the influence of preventive maintenance on system reliability performance.

Keywords: 2-out-of-6:G repairable system; preventive maintenance; Cyp-semigroup;
well-posedness; solution; asymptotic behavior

MSC: 47D03; 47A10; 90B25

1. Introduction

Reliability theory draws on multiple disciplines and focuses on the analysis and
evaluation of the ability of engineering systems to perform their required functions under
specified operating conditions and within a given period of time. Through mathematical
modeling and quantitative analysis, it provides an important theoretical basis for evaluating
system reliability, identifying potential failure risks, and improving operational stability.
With the increasing complexity of modern engineering systems, reliability analysis has
become an essential tool not only for system design and performance assessment but also
for developing effective maintenance strategies.

Traditional reliability models are often developed under simplified assumptions, such
as independent component failures, prescribed failure and repair mechanisms, and correc-
tive maintenance initiated only after component failure. In many such models, the system
ceases operation once the number of failed components exceeds a specified threshold,
while no maintenance action is taken on functioning components before system break-
down. These limitations have motivated the development of more flexible maintenance
policies and modeling approaches. Barlow [1] established classical preventive maintenance
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models based on renewal reward theory and introduced age-based replacement and peri-
odic maintenance policies, laying an important foundation for subsequent maintenance
optimization studies. In a related methodological development, Gaver [2] treated repair
time as a supplementary variable, thereby extending the analysis of repairable reliability
systems to generally distributed repair times beyond the restrictive exponential assumption.
Toshio [3] introduced imperfect preventive maintenance, while Goel et al. [4] developed a
two-unit parallel repairable system incorporating minor repair, major repair, and stochas-
tic preventive maintenance, and derived several reliability measures using the Laplace
transform method. These developments gradually shifted reliability modeling from purely
corrective and idealized maintenance mechanisms toward more realistic preventive and
state-dependent maintenance frameworks.

With the progressive development of preventive maintenance theory [5,6], substan-
tial research has been conducted on preventive maintenance strategies for k-out-of-n:G
repairable systems, cold standby systems, and other repairable systems under different
failure and maintenance mechanisms [7-11]. In particular, threshold- and state-based pre-
ventive maintenance policies have been introduced to trigger maintenance according to the
number of failed components or specific system states [12-14]. Hybrid online and offline
preventive maintenance strategies, as well as preventive maintenance for cold standby sys-
tems with partial failures, have also been extensively investigated [15-18]. Zhang et al. [19]
developed a dual-layer nested preventive maintenance strategy and modeled the system
using a multi-phase Markov process, while Wang et al. [20] established a three-state com-
ponent model incorporating component degradation, periodic perfect maintenance, and
corrective maintenance for a k-out-of-n:G system. Recent studies have further considered
more flexible condition- and state-dependent maintenance policies for k-out-of-n systems.
Liu et al. [21] developed a condition-based maintenance policy with non-periodic inspec-
tions for k-out-of-n:G systems. Li et al. [22] investigated a repairable k-out-of-n:G retrial
system with two failure modes and preventive maintenance. Qi et al. [23] studied preven-
tive maintenance optimization for weighted k-out-of-n:G systems, while Ning et al. [24]
considered the joint optimization of preventive maintenance and a state-dependent trigger-
ing mechanism for k-out-of-n:F systems with protective devices.

In practical maintenance operations, reaching a prescribed deterioration or failure
threshold does not necessarily imply that preventive maintenance can always be performed
immediately. The implementation of PM may depend on maintenance-resource availability,
inspection decisions, operational scheduling, and other practical constraints. To represent
such partial or uncertain activation of maintenance actions, a randomized state-dependent
maintenance mechanism can be introduced. In the present model, whenever the sys-
tem enters the critical operating state with exactly two functioning components, PM is
selected with probability 8, whereas corrective repair is selected with probability 1 — B.
Therefore, € [0,1] characterizes the propensity to activate PM at the critical state and
should be interpreted as a maintenance-policy parameter rather than a physical failure or
repair parameter.

Research on repairable systems subject to preventive maintenance has produced a
substantial body of mathematical models and reliability measures. However, comparatively
less attention has been devoted to the rigorous analysis of solutions for repairable systems
combining generally distributed repair times with state-dependent preventive-maintenance
decisions. In particular, for k-out-of-n:G systems involving a probabilistic maintenance
decision at a critical operating state, the well-posedness and long-term convergence of the
resulting supplementary-variable model have received relatively limited attention.

In 2001, Gupur [25] introduced Cy-semigroup methods into the analysis of a two-unit
parallel reliability system described using the supplementary variable method [26] and
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established its well-posedness. Later studies by Gupur and other researchers [27,28] ex-
tended this analytical framework to different reliability models, with particular attention to
well-posedness and long-term dynamics. These studies established the existence of unique
solutions and demonstrated their asymptotic stability. Haji et al. [29] subsequently obtained
the asymptotic stability of the system solution through a boundary perturbation method.
More recent investigations [30,31] addressed asymptotic stability from complementary
operator-theoretic perspectives, including spectral analysis of the main operator along the
imaginary axis and boundary perturbation arguments.

Motivated by these considerations, this paper develops a 2-out-of-6:G repairable
system with a state-dependent probabilistic PM mechanism and investigates both its
transient and asymptotic behavior. The main contributions of this study are summarized
as follows.

(1) State-dependent preventive-maintenance mechanism. A critical-state mainte-
nance mechanism is introduced. Whenever exactly two components remain functioning,
preventive maintenance is activated with probability 8, whereas corrective repair is selected
with probability 1 — B. This formulation provides a probabilistic representation of partial
or uncertain PM implementation at the critical operating state.

(2) Well-posedness of the Solution. Using the supplementary variable method, the
reliability model is formulated as an abstract Cauchy problem on an appropriate Banach
space. Within the Cy-semigroup framework, the main operator is shown to generate a
positive contraction Cyp-semigroup, thereby establishing the existence and uniqueness of a
positive solution.

(3) Long-term convergence and numerical analysis. By combining Greiner’s bound-
ary perturbation method with spectral analysis, the strong convergence of the solution to
the steady-state solution is established. Numerical simulations are further performed to il-
lustrate the theoretical results and to examine the influence of the PM activation probability
B on the reliability behavior of the system.

The remainder of this paper is organized as follows. Section 2 develops a mathematical
model using the supplementary variable method under the prescribed assumptions and
reformulates it as an abstract Cauchy problem on a Banach space. Section 3 investigates the
well-posedness of the mathematical model by applying Cp-semigroup theory and Gupur’s
mathematical approach [32]. Section 4 analyzes the asymptotic behavior of the model using
Greiner’s boundary perturbation theory [33]. Section 5 presents a numerical example and
the corresponding numerical simulations.

2. Mathematical Modeling of a 2-out-0f-6:G Repairable System with
Preventive Maintenance

This section presents the following assumptions and notations.

1. The system consists of six identical components and one repairman.

The system operates normally if at least 2 out of the 6 components function properly.
The system fails when the number of failed components reaches five or more.

3. One functioning component stops operating and cannot fail further during system
downtime until the repair of failed components is completed. After repair, two
functioning components resume operation simultaneously, and the system returns to
the working state.

4. Whenever exactly four components have failed and only two components remain
functioning, preventive maintenance (PM) of the two functioning components is
selected with probability 8, whereas corrective repair of the failed components is
selected with probability 1 — 8, where 0 < g < 1.
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5. If the repairman selects preventive maintenance, the ongoing repair of the failed
component is suspended. The repairman switches to maintaining the functioning
components and resumes repairing the failed components after preventive main-
tenance is completed. All functioning components cease operation during preven-
tive maintenance.

6.  Components receiving preventive maintenance are assumed not to experience failures
within a short period after maintenance.

7. Component lifetimes in the system follow an exponential distribution with param-
eter A. The preventive maintenance time follows an exponential distribution with
parameter 6.

8.  The repair time Y of a failed component follows a general distribution

G(t) = P{Y < t},

with density function

t
g(t) = —g—=0() eXp(—/O a(x) dx),
where (k) denotes the repair rate of a failed component.

Remark 1. The parameter B represents the state-dependent preventive-maintenance activation
probability when the system enters the critical operating state with exactly four failed components
and two functioning components. It is an exogenous maintenance-policy parameter rather than the
success probability or effectiveness of preventive maintenance. In practice, p may reflect maintenance-
resource availability, inspection decisions, maintenance scheduling, or other operational constraints
that determine whether preventive maintenance can be implemented at the critical state. The
limiting cases B = 0 and B = 1 correspond, respectively, to never and always selecting preventive
maintenance upon entry into the critical state.

Based on the above assumptions and descriptions, the state transition diagram of the
system is given in Figure 1.

o(z)
2\

(1—5)-32

6 5\ ) (1 — B)o(z)

'@ o) o@

4,
-3\ ® Bo(z)

4(2)
o(z)

Figure 1. State transition diagram of the system.

The random variables defined in the model are assumed to be mutually independent.
A repaired component is regarded as being as good as new, and its post-repair lifetime
follows the same distribution as that of a new component. Let the random variable S(t)
denote the system state at time t. The system states are defined based on the above
assumptions as Repair time follows a general distribution. The stochastic process {S(t) |
t > 0} is not a one-dimensional Markov process. We introduce a supplementary variable
X(t). The variable X(f) represents the elapsed repair time of the component under repair at
time t. The augmented process {(S(t), X(t)) | t > 0} forms a two-dimensional continuous-

https:/ /doi.org/10.3390/axioms15100727


https://doi.org/10.3390/axioms15100727

Axioms 2026, 15, 727 5 of 42

variable X(t) can thus be ignored under this initial condition. Let

po(t) = P{S(t) = 0}
= P{the system contains 0 failed components at time t},
pi(x,t) = P{S(t) = i, X(t) = x}
= P{the system contains i failed components and the elapsed repair time
of the unit under repair equals x at time ¢}, i=1,2,3,4,
Pag, (t) = P{S(t) = 401)}
= P{the system contains 4 failed components and preventive maintenance
is at time },
Py (1,1) = P{S(t) = 4, X(1) = x)
= P{after the completion of preventive maintenance the system contains 4
failed components and the elapsed repair time of the unit under equals x
at time t},
ps(x,t) = P{S(t) =5, X(t) = x}
= P{the system contains 5 failed components and the elapsed repair time

of the unit under repair equals x at time ¢}.

Based on the above analysis the mathematical model for the repairable 2-out-of-6

time Markov process. We assume all components are intact at the initial time ¢ = 0. The

:G

system with preventive maintenance is established via the supplementary variable method

and described by the following integro-partial differential equations.

d (e
10— oapo(t) + [ om(x)ax W
iot) D o)+ 50)]pi (1), @
Wilant) QD _ o) + 6 - DN ) + (7 DApials s, i=23, )
Apalnt) | APE) o) +20)]pa( 1) +3(1 - HlApa(x ), @
dp 1 (t) 0o o
4(;7; = —Ops, (t) +3ﬁ)\/0 pa(x, t)dx +,8/0 o(x)ps(x, t)dx, (5)
dpy, (x,t) d s (x,t)
p4(c)1t + p4(d)x = —Q(x)p4(2)(x,t), 6)
Apstunt) | dPsOL) g (eyps (e, ) + 20pa(a 1), 7)
The following expressions specify the initial and boundary conditions,
p1(0,6) = 6Apo(t) + [ e(x)pa(x e, ®
p2(0,8) = [~ e(w)ps(x ), ©)
ps(0,) = [~ opalx i+ [ a(x)pa, (x, (10)
pa(0,6) = (1) [~ e(ppsx, )d, oy
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Pag (0,t) = Opy, (1), (12)
p5(0,1) =0, (13)

where (x,t) € [0,00) % [0, c0).

Let
e ¥ 0 0 0 O 0 0 0
6Ae ™™ o(x) 0O 0 O 0 0 0
0 0 ox) 0 0 0 0 0
r— 0 0 0 0 o(x) 0 ox) 0
0 o 0 0 0 0 0 (1-Box]|
0 0 0 0 O e 0 0
0 0 0 0 0 e * 0 0
0 0 0 0 O 0 0 0

Select the state space as

6
p= (PO/ P4<1>/ P1,---, P4, p4(2), pS) € Rz X |:L1 [0, OO):|
5
Pl = Tpol + [P(ay,, | + ;HPiHLl[o,oo) P 0w
i=

Obviously, & is a Banach space.
Define the operator A and its domain

—6A 0 0 0
0 A, 0 0

o o o
o
o
|
>
o o oo

where

A= <_[£‘+Q(x)} " )

0 ~[& + o]

dpi(x,t)
dx
D(A) = {pe (X)| pi(x)isanabsolutely continuous function, ,

and satisfy p;(0) = / Ip(x)dx
0

€L'0,0),i=1,...,5 4,

0 0 0 0 0 00 0 Po
0 —5A 0 0 0 00 O p1(x)
0 50 —4A 0 0 0 0 O p2(x)
Hp(x) 0 0 4 —3A 0 00 O p3(x)
0 0 0 31-BA —24 0 0 0f[ pax) |/
0 0 0 0 0 00 0 P,
0 0 0 0 0 0 0 0]]pay,©)
0 0 0 0 2 0 0 0 ps(x)
D(H)=X
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Define the operator B and its domain

fo (x)p1(x

[3(3/\ fO 3dx fO 5dx)

0
0
0
0 ,
+
0
0

D(B) = X.

Then the above-mentioned differential Equations (1)—(13) are reformulated as an
abstract Cauchy problem in the Banach space X

dp() =(A+H+B)p(t), Vte(0,0:),
(14)
p(0) = (1,0,0,0,0,0,0,0).

3. Well-Posedness of the System (14)

Theorem 1. If M = sup o(x) < oo, then A+ H + B generate a positive contraction Cy-
x€[0,00)
semigroup T(t).

Proof of Theorem 1. Step 1: prove that when v > M, (yI — M) ! exists and is bounded.
For any y € X, Consider the equation (yI — A)p =y, ie.,

(7 +6A)po = Yo, (15)
(14 4 QNP = Biw), i=1,0,5 40, (16)
(7 +0)pay) = Y (17)
pi(0) =60+ [ e(v)pa(x)ds, (19)
p2(0) = [ e(wps(x)ds, (19)
pa(0) = [ epax)dr+ [ o(x)py, (x)dx, 0)
pa(0) = (1= ) [ o(x)ps()dx, el
Pag) (0) = —0pa ), (22)
ps(0) = 0. (23)

By solving Equations (15)—(17) we have
1
Y+n
R X X
pi(x) = ae 7 Jo Qe 4 == fy Q(K)dK/O Vi (é)e%ﬂb Rdkgg,

po= =¥, (24)

i=1,...,5 40y, (25)
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1
v+0

Combining Equations (18)—(26) with Fubini theorem to estimate (with no loss of generality,
assume 7y > 0)

5
1Pl = Tpol + 1Pagy | + X 1Pill 0,00 + P31 10,00)

i=1
|?0‘ ‘g4(1)| n i ||]7i||L1[O,oo) i H?4<2)||L1[O,oo) n |614(2)| I ||y4(2)||L1[0,oo)
I A e o Y v v v
|?0‘ ‘g4(1)| i ||yvi|‘L1[O,m) i ||g4(2)||L1[0,oo)
Ty+6A y+0 oA v 0%
6A[yol 6174, |
Y(y+6A)  v(y+6)
M3
+ o l; 1PillL1j0,00) + P4y, |L1[O,m)]
%ol V)| i 17l 11 10,00) i 175 l| 170,00)
Ty+6A y+0 oA 0% 0%
6A|70| 7o
Y(y+6A)  y(y+96)
M - .
+ 7 Z 1Yill L1j0,00) + 172y, ||L1[0,oo)‘|
=2
|
V(y+6) Vo
-2

5
+ - Z ||Pi||L1[o,oo) + ||P4(2> ||L1[o,oo)]
R =]

%0l Vs | 25: 17l L1 10,00) i 175 l| 1j0,00)
Ty+6A y+0 oA v 0%
6A Yo 0171, |
Y(y+6A)  y(y+0)

M|~ .
+ZWMWMHMMMWJ
i=2

72
L Mo
Y2 (v +6)
+ -
73

7

= HgiHLl[O,oo) + H174(2) ||L1[0,00)‘|
1=

M0
(v +96)
e
tor

+ 7

5
Z}L 19ill 110,00y 1 15, ||L1[O,oo)‘|
=

Mo
T4y +0)
——4

M ~
A~ [||y5HL1[O,oo) + [17a, ||L1[0,oo)}

+ Vs |
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1 ~
< ﬁ”y”mo,m)' (27)

Equation (27) shows that, when ¢y > M, ||(y] — A) 7} < ﬁ
Step 2: Prove that D(.A) is dense in X, let

po €R, ps, €R, p; € Cj[0,00),
p(x) :(PO/ p1(x), ..., pa(x), | there exist ¢; > 0 such that for all
Pay, p4(2)(x), ps(x)) | x €[0,c;], wehave p;(x) =0,
i=12,...,5 4y

7 =

It is known from Adams [34] that Z is dense in X, i.e.,, Z = X. If one can prove that

Z C D(A), then

DA CX=ZCDACX=X=ZCDACX=2X

Therefore, to prove the density of D(A) in X, it suffices to show that Z C D(A).

Let p = (po,p1, -+ Pas Pagys Pagy, P5) € Z, there exist positive constants ¢; > 0
such that p;(x) = 0 for all Vx € [0,c;].Accordingly, p;(x) = 0, for x € [0,s], where
0 <s <min{c;}, (i=1,...,54(),4()). Define

£(0) = (o, P (0), P3(0), P5(0), P4 (0), Py i (0), 15(0)),
= (m6rpo+ [ elopaeidr, [ etpaidr, [ etpaxids

[ apng () (1) [ eIps(x)d, pay, 0pa,,0),
£ = (o, Fix), -+ £, pag fiy (3), F5(0),

£0)(1-2), x € [0,5),
)= -080) (x—5)2(x —25)%, x€5,25), i=1...,4 4y,
pi(x), X € [25,00),

fE(x) = ps(x), Vxel0,00).
it is then easy to verify that f° € D((A)). Furthermore,

4 o) 00
Ilp=£1= 32 [} 1 = @+ [ pag () = fi, (]

! 2s
YO +][f, (0)|] 30 =0
i-1

This shows that Z C D(.A), D(A)is dense in X. From the step 1, the step 2 and the
Hille-Yosida theorem [32], A generates a Cp-semigroup.

Step 3: The bounded linearity of both H and B can be verified through elementary
derivation. Therefore, it follows from the perturbation theorem [32] for Cy-semigroups that
A+ H generates a Cy-semigroup S(t), and A + H + B generates a Cy-semigroup T (t).
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Step 4: Prove that A + H + B is a dispersive operator. For p € D(A), set

_([m] [pr(0))" [PaglT [pay (O]7 [p5<x>1+)
po " Pix) "7 pay ey ops(d) )

¢(x)

where

0 P4(1 S 0
+ _ pi(x)r pl(x)>0 _
[pi(x)] {0/ ) <0, L..s5 4,
If we define
W; = {xe[0,00)|pi(x) >0}, Q;i={xe[0,00)|pi(x) <0}, i=1,..., 540,
then
©dpi(x) ()] dpi) [p(x)] " dpi(x) [pi(x)] "
b S = L T T, T
~[pi0)] ", i=1,...,5 40 (28)

For p € D(A), using the above ¢, Equations (18)-(23), Equation (28), and
| emmidx < [~ e@pix)] dx,

Pl—l-l x) /oo + .
x) T dx < (x)]"dx, i=1,...,5 40,
f) P BT < [Ppi] @

we can estimate

(A+H 4 B)pg) = —6rpo+ [ olop(xax P2

-9 (gt + 0] 1 o) 2O

0 { dx ()
+ /O"° { _ dpjj(f) — [o(x) +4A] pa(x) +5)\P1(x)} (P2 (zcjg%erx
+/0°° { B dp;)(cx) — [lo(x) +3A] p3(x) +4)\P2(x)}[ (8%+dx
+/()w{_dp§9(cx> _[Q(X)+2/\]p4( )+3 1_ )\pg }
[pa(x)]*
X dx
. [P, ]"
+{—6p4 +3/5A/ p3(x dx+/3/ )dx}p:)
(©)
) dp42 (X) [P42 (X)]+
+/0 { B ((i;c —0(x)pay, (x)}p;;)(x)dx
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(29)

Equation (29) establishes the dispersivity of .A 4+ H + B. Together with the results of Steps
1 and 2, Phillips’ theorem [32] implies that A + H + B generates a positive contraction
Co-semigroup. Since a Cp-semigroup is uniquely determined by its generator, the resulting
semigroup coincides with T(t). O

The dual space X'* of X is

7= (@5 6100, g0, i, 4l (0), 45()

g € Rx L®[0,00) x + -+ x L®[0,00) x R x L*[0,00) x L*[0, 00)
X* q*

Ilg* |||—sup{|q0| quHLl[Ooo ||q4||L][Ooo ‘q4 \

195, 12 0.00) 1983700 }

Obviously X'* is a Banach space. Introduce a set in X

p(x) = (Po, P1(%), -+, pa(x), Pay)s Pagy (x), ps(x)),
1:1,,5,4(2) VXG[O,OO)

Then Y is a cone in X. For p € D(A) NY, define g*(x) = ||p| (1,1,...,1,1,1,1), then
g* € X*, which yields

(A 1+ B)pa7) = {=6rp0+ [ atom(x)ar iyl
+/ {_di’l_ x) + 50 pu (x }||p||dx+2/{ dpz
~ [o(x) + (6~ A pi(x) + (7 - i)Api_1<x>}|pn ax

[T - Lo+ 20]pa() +301 - BApae)
+{=opag, 1381 [ s p [ otopstoapl

d
+ /{ P <x>p4<2)<x>}|p||dx

+/ {—dPS — e)pa() + 2290 Il ax

This relation employs the property p; € L'[0,00) = pj(c0) =0, i =1, ...,5, 4.
The above result shows that A + H + B is a conservative operator with respect to
the set

Alp) ={a" € X" [{p.a") = Ipl* = l7"11%}.

Since p(0) € D(A?) N, the following conclusion follows from Fattorini’s theorem [35].
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Theorem 2. The operator T(t) is an isometric operator for the initial value of system (14). That is

IT(®)pO)I = l[pO)]l, ¥t € [0,00).
Combining Theorem 1 and Theorem 2 yields the final conclusion of this section.

Theorem 3. If M = sup pu(x) < co, system (14) admits a unique positive solution p(x,t)
xE[O,oo)
such that
Ip(- I <1, Vte[0,0).

Proof. Since p(0) € D(A), Theorem 1 together with Theorem 1.9 of [36] ensures that
system (14) admits a unique positive solution p(x, t). The solution is represented by

p(x,t) =T(t)p(0), Vte [0,0).
Combining this relation with Theorem 2 gives
I DI = ITOpOI < [[pO)] =1, ¥t € [0,00).
O

4. Asymptotic Behavior of Solutions of the System (14)

Define the maximal operator (Am, D(Am)) and its domain as follows,

—6A P 0 0 0 000 Po
0 —B5A+¢*> 0 0 0 00 0 p1(x)
0 50 —4A+¢? 0 0 0 0 0 pa(x)
ap—| 0 40 “BA+¢? 0 000 p3(x)
mP=1 o 0 0 (1-B)3A 24+¢2 0 0 0 || pa(x) |’
0 0 0 3BATT 0 =00 By || Pray ()
0 0 0 0 0 0 ¢* 0 || pay (x)
0 0 0 0 0 0 22 ¢*/ \ ps(x)
where
d
7t =YD op), vFewrow),
d ,
oif = =S (6 irto())f(x), v feWHo,e)
of = [ el f(x)dy, ¥ f(x) € L0 00),

f = /Ooof(x)dx, Y f(x) € L1[0, 00),

d;;iiix) € L1[0,00), pi(x) is an absolutely continuous function,
D(Am)={peX| 5 dp; Hdm(Z)
i=1 dx L] [0,00) dx Ll [0/00)
Select the boundary space of X as
X = RS,
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Define the boundary operators K and G as

K:D(Ay) — 04X,

Po Po
p1(x) p1(0)
pa(x) p2(0)
o PO | _ | pO
pa(x) pa(0) |’
P4q) P4q)
p4(2) (x) P4(2) (0>
ps(x) ps(x0)
and
G:D(Ap) — 04X,
2] Po
p1(x) 6L 0 ¥ 0 0 0 0 0 p1(x)
pa2(x) 0 00 ¢ 00O 0 pa(x)
gl @ _fo 000 ypoyp o pa(x)
ps(x) | 10 00 0 0 0 0 (1—=B)p|| palx) |
Pag, 000006 0 0 Py
p4<2) 0O 0 0 0 0 0 O 0 p4(2) x)
Pns(x) ps(x)
where
pi= [ o(x)f(x)dx, 9:L'[0,00) =R, Vf(x)€ L1[0,00).

0
If the operator is defined as
D(A+H+B)={peD(Au) |Kp=Gp}.

Then the system of differential Equations (1)-(13) can be rewritten as an abstract
Cauchy problem like (14).
Define the operator (Ag, D(Ap)) by

Aop = Amp, D(Ao) ={p € D(An) | Kp =0}.

For any y € X, consider the equation (I — Ap)p = y. That is

(r+6Mp0 = [ olx)pr(x)dsx + 7o, 0)
)yt o0 + (- D) + 1), o
di{ix) = —[v+ox) + (6—DA]pi(x) + (7 — )Apia (x) + Fi(x), i=2,3, (32)
dpéa(f) = = [7+e(x) +2A]pa(x) +3(1 = B)Aps(x) + Fa(x), (33)

(7 0)ps, =37 [ pa(x)de B [ e(rips(x)dx+ 7, 34)

dp4§;(X) = —[7+0(x)] pay, () + Fuy, (1), 5)
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WD) _ [+ 0(x)] () + 24pa(x) + ), 6)
pi(O) = 1,...,5,4(2). (37)

Solving (15)—(21) and employing (22) yields

1 o ~
po = 7161 {/ o(x)p1(x)dx +y0]/ (38)
pr(x) = e Jobr5A+o(mlde / 71 ()T 5 @Az g (39)
pi(x) =e” Jo [r+(6=i)A+o(x))dx l/x 'y“l.(K)efo“[7+(6—i)/t+@(§)]d§d,( (40)

0
+ / x(7— i)/\pi1(K)ejg[7+(6i)’HQ(g)]dgdK}, i=2,3, (41)
0
pa(x) =e” Jo [v+2A+o(x)]dx l/x 'yvz(K)e.fo”[v+2A+e(C)]dCdK (42)
0

+ / 30— ﬁ)Aps(x)efo"“““‘f@”d@dzc] : (43)
Py = 7+9 {3&/ e dx+,8/ s(x)dx + Fa, ] (44)
P@)g = e il /0 ?(4)(2) K)efo rre(@)]de gy, (45)

ps(x) = e~ Jolre(®ldx [2,\ /OX elo r+e(@ldey, (1) dic + /ox e.fo"[%@(é)]dc%(,()d,{] . (46)

For Vf(x) € L'[0,0), denote

E}f(x) = e~ Jolrt(6-DAelx / Fx)elire-DAre@ldige j—1,2,.. 5,

Exf(x) = e~ Jo [r+e(®)ldr / Flr)els lre@lde gy
0

Combined with

Equations (23)—(28) are simplified as

1 1
po = Y {]/0+1PE1V1(X)}, (47)
p1(x) = E1j(x), (48)
i—1i— 1
pi(x) = Elgi(x) + ¥ DA™ SHE]ys i=2,3, (49)
s:ll:s
3 3
pa(x) = Egiu+ (1-B) Y [(6 —DA* SHEl (50)
s=11=s
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1 ). A 4-s 1~
Pao) = 570 M0 5”);U 6-1)A HE x) + PYE;
3 4
X [%( )+ 2AEL 74 (x B) Y T16—nA>" SHEl H (51)
s=11=s
p4(2) = E2]74<2) (X), (52)

ps(x) = Eayjs(x) + E22AELy4(x) + E2(1 — B ZH 6— 1A 5]‘[ i7s(x). (83)
s=11I=s j=s

When (71 — Ay) exists, (29)-(33) yield the expression for (yI — .Ag)~?

(YT = Ao) 'y =
1 YE| 0
Y+6A Y+6A
0 El 0
s ”
0 200°TT]4 E] DT, E]
0 60(1 - B)A’TTi_; Ef 12(1 - B)A* T Ef
60873 128A2
0 T B} 20~ PAYERE]| BETIL, B+ 201 - pAYEE]
0 0 0
0 120(1 — B)A*E2 T, E} 24(1 - BN E2 TTi, Ef
: o 0o o |7
0 0 0 0 0 ()
. y2(x)
E 0 0 0 0 =
(VR 1 s (x) (54)
i 3(1-p)ATT3 E X AE4 0 0 0 Ya(x)
2 E) [n +2(1- ﬁ)AlpEzE;] THEEL 510 0SB || Ty
0 0 0 E 0 Yag) (%)
6(1— B)A2E2 [T}_5 E} 2\EE} 0 0 E y5(x)

Lemma 1. Let o(x) : [0,00) — [0, 00) be a measurable function. Suppose that

0< inf o(x) <e(x) < sup o(x) <oo,

x€[0,00) x€[0,00)
then
{WG(C‘Re')/+ E1[nf)Q( x) > }Cp(Ao).
Proof. For any
f € L'0,00) N C§[0, 00),

It is estimated that

/ |E1f |dx</0 —[Rey+(6-1)A]x— [ o (R)dx /\f ‘eReer Z]KJrfOQ(Cdédex

_ _1' e [Re'y+ ] - I3 e
Rey + (6 —i)A + o(x)
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g [Rey-+(6-i)A] + J7 o0l g | / ®© 1
></O £ ()]e R R A == i ey
xe [Re’y+ l)/\] fO [Re'y+(6 :IX-‘r[O (K)dK|f(x)|dx
1
< .
“Rey+ (6—i)A+ inf o(x )”fHU(Om)
x€[0,00)
This yields
|EH| < ! i=1,...,4 (55)
"o Rey+ (6—i)A+ inf o(x)’ T
x€[0,00)
A similar argument gives
B2l < : 56)
21 = Rey+ inf o(x)
x€[0,00)

Adams [34] established the density of C°[0, o) in L[0, o). Accordingly, Equations
(55) and (56) remain valid for every f € L![0,0). For j € X, Equations (54)—(56) together
with the condition Re 7 + inf,c[g ) 0(x) > 0 yield the following estimate,

1

| lelIELI + [IE3 +5AH IEL
1=

- |y +6A]

) 3 60m3 3
+20A H”EIH+6O (1-p)A HIIEz ||+ HHEIH | 7|
=1 =1

4
#201 - AIIIENIE +1200 - HAE T 12 ﬂ

X [yl 1 [0,00)
12BA?

3 4 3
+ [HE%H +4ATTIEN + 120 = B)A* T TIIE! N + 1 0] TTIE!
[ 1=2 r =1

4
x(wm+zu— Awmn&mwm)+a41— mﬂwmrnwm]
=2

X ||?2|\L1[ooo)

U%n+3 Arman+|%AMwﬂ(|n+zu—ﬁm

xnwuhmwﬂ)+6u—ﬁmﬂwﬁrhwﬂpyﬂpm@

=3
2B\
+DEHH—|ﬂ wwmwﬂuan+2MEzmampwmgmw

1
|7+9

B2 1 1200

||.1/4 |

B _
+ [ LI + 1Eal 155130

1 ~
< - -
= ")/+6/\| |y0|
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1 2 3
I — El El A EM| + 2072 El
+ |,Y+6A|IIIPHH I+ IETN +5AT TIE! I +20A2 T TIIE] |

4
60B)3
+60ATTIIEH + p

IE |(||n||+zA| NIEIIEY)
I1 . +9|H\l| llIElIEL

4
0Bl TT ||E}||)} 1701 0
1=1

1 - 2T 1 p1 12/5/\2 -
+ | IIE2 ]l +4A T TIE/ | + 122 H||Ez\|+ H||Ez|| 7]l
=1

1=2 1=2

4
+2A||¢||||Ez|uEi||) 24 EI ] ||E}||} 1721 00

=2

1 4 1 3ﬁ)\

+ NESI -+ AT TUEN + 2B b (el + 22 = NIES)
=3

2 4 1

+ | EI [T I ﬂ 1701 0
1=

o

+ | NE -+ 22 I ERES + 2ANERNIESN | il

L |
T

B2 1300

+[ B gl + 1B | 175151 0

7+ 90
1 ~
< -
. Sup p(x)
—|—Z x€[0,00) 1
= | |y+6A] Rey+5A+ inf pu(x)
x€[0,00)
+i ! + B
—oRey+ (5—m)A+ inf u(x) = |r+9|
x€[0,00)
p sup pu(x)
n x€[0,00) 1 1 HNH
|y + 6| Rey + 1[r01f )y( x) YillLt0,00)

1
+ —
Iy + 0] |]/4(1)|
1

+
Rey+ inf
T e

B sup p(x)

x€[0,00) 1 1 ||~ H
|y + 0| Rey + 1[r01f )y( x) Y51t [0,00)

( ) ||y4(2) ”Ll [0,00)

+

1
< -
Sup{wu'

sup p(x)
x€[0,00) 1

|y +A]l Rey+5A+ inf pu(x)
x€[0,00)
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3 1
Z_: Rey+ (5—m)A+ inf pu(x)
- x€[0,00)
; B sElp)u( x) )
x€(0,00
1
+|7+9|+< e )Re7+ FYE: )]
x€([0,00)
S ——T
[y o1 [
< 0.
This relation establishes the conclusion of Lemma 1. O
Lemma 2. Let o(x) : [0,00) — [0, c0) are measurable and
0< inf o(x) <o(x) < sup o(x) < oo.
x€[0,00) x€[0,00)
If
7€ {76C‘Re7+ inf o(x )>0},
x€[0,00)
then
p € ker(yI — Ay)
<~
p= (po,m,pz,ps,m,m 1 Pag ,p5),
[y+5A]x— [¥ o(x)dx
po = 'y+6)\ x)ae” 0 VT dy, (57)
p1(x) = age”VHOA —Jo o (58)
pix) = el E-DAl=fyel
i— i—1 0 )r+1 (1 _ efr)\x)
x{aﬁ-ZaioH (6 — q[z o= 7)) ]} 2<i<3, (59)
o=1 q=i—o r=1
pa(x) = 2y o
3 0 (_1)r+l 1_efr/\x
{ﬂ4+ 1— Zﬂél 0 1_[ Q) |:Z ! ((5—7’)' ):|}r (60)
=1 q= r=1
_ BBA [T i3 [ olw)d
p4(1) - ’)/"—6 0
2 ( 1)r+1( e—r)\x)
as + a 6 — { }}dx
{3 Z 3= Oqgo( 7) r_zl rl(o—r)!
/ —yx— fo dx
’y—H)
3
{a5+a4(1—e 2 12018 Za4 0 H (6 —
o=1 qg=4—o0
0 )’r‘Jrl 1—e 27 1 — e~ (24+1)A
; ( I s )}dx, (61)
p4<2>(x) = ”4(2)67 4 [AHQ(K)]dK’ (62)

ps(x) =e" Jo ["Y*Q(K)}dx
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3 3
X {ﬂ5 +ag(1—e ) +2(1-8) Y s ] (6-9)
o=1 qg=4—o0
o ( 1)r+l e 2x o (241)Ax
x inr'(o r)! ( 2 B 247 ﬂ} (63)

Proof. If p € (yI — Ap), then (yI — Ap)p = 0, which is equivalent to

(r+6M)p0 = [ olx) pr(x)d, (64
dp&ix) = —[r+o(x) +5A]p1(x), (65)
d’gix) = —[y+o()+ (6—DA]pi(x) + (7 —)Apia(x) i=2,3  (66)
W10 _ _y 4 o(x) + 24] ) +3(1 - YA pa(x), )

(7+6)ps,, =36 [ pa(x)dx+ [ o) ps(x)ds, (69)

W = —[7v+0(®)]pay (x), (69)
dp;ix) = —[r+0(x)]ps(x) + 22 p4(x). (70)

By solving Equations (65)-(67) and Equations (69) and (70),

p(x) = a1€*[7+5)\]x7f0x o(x) dK’ o

pi(x) = o~ [rH(6=i)AJx— [ o(x) dx [ai n /X(7 C DA P (6) o+ (6=D)AlK+ [ 0(2) dgdx]
0

i=23, (72)
pa(x) = ¢~ [r+2A1x—[§ o(x) dx [a4 + /x3(1 — B)A pa(x) Y T2+ [5 0(2) dgd;{} , (73)
0
Pagy (X) = ag e e dx, (74)
pS(x) — e_’yx_fox Q(K) dx |:a5 + /Ox 2/\ p4 (K) 67K+fOK Q(C) dg dK:| . (75)

Through repeated use of Equations (71)—(75),

p1(x) = aze 7h+5/\]x’fox9(’<)d7€, oo
pi(x) = e lr+(e x= [
X{a'+1§“‘ ﬁ 6— [i — rH(l_e_W)]} 2<i<3, (77)
Z 0=1 o q=i—o q r=1 O — ]")' 4 =t =
pa(x) = e~ lr+2A=fel
3 3 0 -1 r+1 1— —rAx
x{a4+(1—5)2a4o I1 (6—q>[2< >r|(§_r; >]} -
o=1 g=4-o0 r=1 . !
p4<2)(x) =ag, € I [V“’(")]d", 79

ps(x) =e" Iy [r+o(e)] ax
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3 3
X {a5 tas(1—e ) +21-8) Y asp J] (6—19)
0=1 qg=4—o0
0 )r+l 1—e20x 1 _ p—(241)Ax
S Lt &
Combining Equations (64), (68), (76), (77) and (80) yields
—[7+5A)x— [F o(x)dx
po = 7T 6)L x)aje 0¢ dx, (81)
_ 3BA —ly+3A]x— [T
p4(1) - ')/ + 9 0

{a3+2a3 T (6—q>[i (1):251—;!%)]}“

q=3—o0 r=1

L / x)e~ I e(0)dx
'y+

o tas -2 2029 Yoo I] 6-
=4

o=1 q=4—o0

0 1)r+1 1— e 27 1 — ¢~ (24r)Ax
xrzzlr (o—7) ( 2 2471 )}dx. ®2)

Since p € ker(yI — A;;) and p € D(Ay,), the embedding theorem [34] gives

W0,00) < L]0, 00),

which yields

5

5
Y 1l + Py | = Y- [piO)] + sy
i=1

1

I\
MR

5
Z|’Pz\|Lwo°o)+HP4 | £[0,00)
=1
5 dr} dp4(2)
ZHPIHLl 0,00) == + P4yl 1170,00) +
=ha dx gy~ @O T A
< 0. (83)

The preceding relations verify Equations (57)-(63). Conversely, suppose that Equa-

tions (57)—(63) hold. Since
Rey+ inf o(x) >0,

x€[0,00)
the following bound is obtained,
1110y < 1 i 9
PriLt0,0) = Rey+5A+ inf o(x) 'V
x€([0,00)

”PiHLl[O,oo) S/O |ai\e [Re7+ ] =y dex

+Z|ﬂl o| H(6 q Zﬁ

g=i—o
[ e Bl B
0
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. i—1
(i-1) H1(6—Q) i1
q= .
< =
~ Rey+ (6—i)A+ inf o(x Z|al ol 1=2,3 (85)
x€[0,00)
\|p4|\L1[Ow)g/ (|~ Re 22— i o) g
! 0
3 3 0
_IB)Z|’14—0‘ H Z 0—7’
o=1 q=4— r=1
" /-00(1 rAx)e [Re y+2A]x fO dex
JO
3
3H1(6*q)
q=
<
~ Rey+2A+ 1[nf)g Z|a4 ol (86)
xelo
< 1 87
||P4(2)HL1[0,00)—R€,),+ inf o(x) |a4(z) (87)
x€[0,00)
sl < : as] + : )
P5 L10%) = Reqy+ inf o(x) '"Rey+ inf o(x) 4
x€[0,00) x€[0,00)
)
. |as—o| | [ (6 —1)
R f
ey + xel[lg,oo) o(x) o] ol
4
1 3T6-9)
< jas| + ——— Y las—ol, (88)
R f R f
e’r+x€1[lgoo)e( x) e’r+x€1£’w)9(x) )
5 1
. <
i:ZallHLl[O,oo)+||p4(2)HL1[O,oo) ~ Rey+5A+ inf Q( )|111|
x€[0,00)
i—1
q=
LR e 5
- x€[0,00)
3
3H1(6_q) 3
q:
+Re'y—i-Z/\+ inf o(x )2|a47°|
x€[0,00)
T : a4,
Rey+ inf o(x) 42
x€[0,00)
4
3H(6 a0,
+ . Jas| + —— L lasl
Rey+ inf o(x) Rey+ inf o(x ?
x€[0,00) x€[0,00)
< : a
~ Rey+5A+ inf o(x) !
x€[0,00)
) 3
3 11(6—9) 3

q=1
* Rey+2A+ inf o(x) 0;;)|a4,0|
x€[0,00) -
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4
3H1(6— q)
4=
+Reqr—i- inf Q <Z|ao|+|a4 )

x€[0,00)
3 H CR))

5
q=1
<
Rey+ inf o(x 2a0\+|a4 >
xe[0,00) -

< o0, (89)
Combining with Equation (89), we obtain
5
g 1Pill L1(0,00) + [1Pa ) L1 j0,00) + [P0l + [pagy) | < 0. (90)
1=

Furthermore, from

W) 4 gx) +5A]pr (),

) _ [y 4 g(a)+ (6= IATp) + (7 — DA 1 (2),

i=2,3,

dxx = — [+ 0(x) +2A] pa(x) +3(1 — B)A p3(x),

—ax [v+0(x)] P4 (x),

< = —[v+e®)]ps(x) + 24 pa(x),

< [”
L1]0,00) 0

|7 +5A+ sup @(x)] lp1llcijocs) .

x€[0,00)
= /
L1]0,00) 0

+ [ =DAlpiadx

dp
dx

|v] +5A+ sup Q(x)] |p1(x)|dx

x€[0,00)

H dp;

7l +(6—i)A+ sup Q(x)] [pi(x)[dx

x€[0,00)

7]+ (6 —i)A+ sup Q(x)] [Pill 11 10,00)

x€[0,00)
+ (7= DMpic1llppey =23, (92)
H dpy

o, vl 422+ sup o(x )]Im(x)ldx

x€[0,00)

+ /O 3(1— B)Alpalx) dx

|| +2A + sup Q(x)] 1P4ll1(0,00)
x€[0,00)

+3(1 = B)AMpllL1]0,00) (93)
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dP4
/ 71+ sup o(x) |[pay, (x)]dx
x€[0,00)
+ su , 94
71 xe[olzo)e Mm 121 0.00) (94)
dp5 dx+ [ 2a d
"1l + sup o(x)] ps(x)ldx + |pa(x)[dx
L1[0,00) x€[0,00) 0
lv[ + S[UP | Q(x)] P51l 110,00 T 271 P4l £1[0,00) (95)
x€[0,00

dpag)

Then it follows from Equations (91)-(95),
P [7/+5A+ sup o(x)

<
x€[0,00)
3
w3+ 60
=2
+ (7 = )Apic1ll [o,oo)}

Al

+3(1

lv[+ sup o(x)

]
x€[0,00)
+2A||p4||L1[0,oo)}

< {7|+5/\+ sup 0(x)

x€[0,00)

+Z{[I’r|+ 6 i)
+ (7= D)A|piillp [o,oo)}
+{{|7|+2)\+ sup o(x)

x€[0,00)

+3A||p3||mo,w)}

} P10

L1[0,00)

A+ sup o(x)

x€[0,00)

] 1Pl 10

|7 +2A+ sup o(x)
x€[0,00)

—ﬁ)Anpsnm,@}

9| [P

} 1pall o

+ |l7[+ sup o(x
x€[0,00)

} 195 110

} P10

A+ sup o(x)

x€[0,00)

] 1Pl 10

} 1pall o

[I7+ sup o(x Mm
xe[0,00)
n { [m + sup e(x)} 195 110,
x€[0,00)

+2)\||P4||L1[0,oo)}
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Mm

<3 [l +206-0A+ sup ol Hznm Y2100

x€[0,00)

Il
—_

L1 [O,oo):|
< 00, (96)

+ HP4(2)( )

The preceding formulas yield p € ker(yI — Ay). O

Since the operator £ is surjective, £|, (rT—Ay) ker(yI — A;;) — 90X is invertible. For
v € p(Ap), the Dirichlet operator is introduced

-1
D/Y = (£|ker(’yl—¢4n1)) : aX - ker(’)/I o Am)

Consequently, for v € p(.Ap), Lemma 2 gives the explicit form of D,, as

71/}—{161)\ 0 0 0 0 0
aq f11 0 0 0 0 0 a
a2 f1 f2 0 0 0 0 a
a3 fa1 f32 f33 0 0 0 as
D = , 97
T ay fm fa2 f13 faa O 0 ay 7)
ay BBAT st ¢S] PBAT S¢Sl PBATS Sl PYSss g PeSss ay
) 7+6 v+6 v+6 y+6 v+6 ()
as 0 0 0 0 fss O as
f51 fs2 f53 fsa 0 fss
where
fll _ e*[’y+5/\]x7f0x o(x)dx
fii _ e*['er(67i)/\]x7f6Y o(x)dx
i=2,3,
i—1 i—m (_1)r+1 (1 _ e—rAx) . x
o _ =[r+(6-0)A]x— f5 o(x)dx
fim }:L% 7) L—l rt(i—m—r)! ¢ ’
1=2,3,
1<m<i-1
fag = e*[’erZ/\]xff(;Y Q(K)dK/
3 4—m (_1)r+l (1 _ efr)\x) ol [ d
f4m:1:1(1_ﬁ)(6_q)[2 rt(d—m—r)! ey e,
q=m r=1
1<m<3,

fos = e 17 Jo e(r)dr

fru = (1 e 2) e R et

4 4—m r+1 —2Ax —(241)A
_ _ B (=~ T-e LS PR
fom = H(l B)(6—1q) Z (4—m—r)! 2 a ‘ 0 /

= = 2+4r

1<m<3.
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From Equation (97) and the definition of the boundary operator G, the expression for G D,

is derived as

m 6?%31 +9fa Wfn 0 0
) Yfa Y3 Yfa3 0
ap. | @ | = Yfn Pfa Vs Pfaa
Tl oas (1-B)yfs1  (1-B)pfsa  (1—B)pfss (1 —P)pfsa
ay BOBARfs1+fs1]  BOBATfa+fs]  BOBATfaz PS5 BOYf54
(2) v+0 v+0 y+6 y+0
as 0 0 0 0
0 0 ai
0 0 an
Pfas 0 a3
0 (1 —G,B)I/Jf 55 a4
0 o )
0 0 as
Lemma 3. If

/oo 67(671'))0:7[0)( e(k)dr g, o,
0

then 0 is an eigenvalue of A + H + B with geometric multiplicity one.

Proof. Consider the equation (A+#H + B)p =0, ie,

6po= [ elpi (i,

1D o) +52] p (x),
W) o) + (6~ DA pi() + (7 DApia(x) i=2,3
25 () + 20] pa(x) + 301~ )Apa(x),
Ops, =31 [ palx)dx+p [ o(x)ps(x)d,
d
P ) (3
W) g ()ps(a) + 24pa(x),

P =61p+ [ o(x)pa(d,
p2(0) = [ epa(x)d,
ps(0) = [T epalx)dx+ [ e(x)py, (x)dx,

pa0) = (1-) [ ax)ps(x)dx,
p4(2) (0) = 9}74(1)/
p5(0) = 0.

By solving Equations (98)-(109),

_ Jo ex)p1(x)dx
po= %) :

(98)
(99)
(100)
(101)

(102)

(103)
(104)
(105)
(106)
(107)

(108)

(109)
(110)

(111)
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pr(x) = ae 5o e, (12)
pi(x) = e~ (6=DAx=J§ o(x)dx {ai + /Ox(7 — YA pi_ (1)e6=DAHfg Q(C)dgd,{} )
i=2,3, (113)
pa(x) = e~ 25y el0)dx {614 + /x 3(1- 5)/\173(’()32“”0’(Q(é)dgdK} , (114)
pay = 3BA Jy pa(x dx%éﬁﬁ)QCXPS() / (115)
Pay () = ag e Jo o0, (116)
ps(x) = e~ Jo ex)d |:6l5 + /Ox 2Apy(x)eh Q@dgdx] : (117)

From Equations (112)—(114) and (117), we obtain

e sl 8, H oo f 0=

q=i—o r=
i=23, (118)
—oax— [ ok 3 0 (L1yt+l(] _ p—rAx
pa(x) = e 2o el {a4+ (1-p 2a4 oqgo —q)[;( )r!(o(r; >]} (119)
[ o(x)dt 20x A (=)
PS()*e 0@ {ﬂ5+a4(1_6 )+2(1_,8)Za4—0 H(6—‘7)Zm
0=1 g=4—o0 r=1"" :
1 — e~ 2Mx 1 — e~ (24r)Ax
x( Ty )} (120)
Combining Equations (112), (116), (118)—(120), and using Equations (105)—(110), we ob-
tain
a1 = p1(0) = 6Apg + /Ooo o(x)pa(x)dx, (121)
0 =p2(0) = [ ex)ps(d, (122)
1= pa(0) = [ o(pa(x)dx+ [ o(x)pay, (¥)dx, (123)
0= pa(0) = (1) [ o(ps(x)d, (129
a4 2) = p4(2) (0) = 9P4(1)/ (125)
as = p5(0) = 0. (126)

Combining Equations (98) and (112), we obtain

6Apo

a = § . 127
1 f0°° Q(x)e—S)\x—fo o(r)dr 4 (127)
Combining Equations (118), (120) and (121), we obtain
1 1 r+1 (1 —rAx)
ap = (6 — /
2 I o(x)e A5l o dxdx{ { ql—Il q Z r' 1- 7)1
x o(x)e 4 Jo o Cl"dx} a, — 6)&;70}. (128)
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Combining Equations (118), (122) and (128), we obtain

B 1 - 2 ~ 0 (_1)r+1 (1 _ efr)\x)
e foooQ( o3y el dex{{l '11:[2(6 q)/o [r_zl ri(1—r)! }
2 o[ 2 r+1 —rAx
—3Ax— [y o(x)dx x b _ _a (_1) (1—6 )
< g(x)e e [Tt6= g [zl o]
X Q(x)e_g’)‘x_fff Q(")d"dx}. (129)

Combining Equations (116), (119), (125) and (129), we obtain

N 72; Jirelday {{1_(1_[5);23(6‘11)400[&( 1):(11(1_;)61_%}

3 o 2 r+1 —rAx
% —2Ax— [ o(x)dx xbas — (1= _aa ( 1) (1—6 )
o(x)e? dr bas — (1 P Y60 . [ [H a
3 o 3 r+1 —rAx
—2Ax— [ o(k)dr 3. _ (1 _ ~da (_1) (1 —€ )
< glx)e ax= (=g o= | PO
x o(x)e M~ Jo e dex—9p4 /Ooo Q(x)€7f0 Ud"dx} (130)

By estimating Equations (127)—(130), we obtain

6A|po|
< 131
|a1| - fOOO Q(x)€75/\x7fox e(r)dx 4y (131)
1 1
a| < 1-— 6 — ap| +6A } < o0, (132)
ol Rl (6= 0)ll +6Alp
1 2 2
las| < — {1— (6—q)|laz| +2 (6—q)a|}<oo. (133)
3 fo Q(x) —=3Ax— [y of K)dx 45 ql;IZ 2 ql:{ 1
1 3 2
as] < — {1—(1—ﬁ)2(6—q) a3 +2| Y (6 - 9)|laal
fO Q(X) —2Ax— fo dex o =
3
13y (6 q) |a1|+9|P4<1>|}
q=1
< . (134)

From Equations (111), (116), (126), (131)—-(134), we obtain

3
||pH = |P0| + |P4(1)| + 22 ”piHLl[O,oo) + Hp4(2> ||L1[O,oo)
=

®  _sAx— (¥ d
§|P0|+|P4(1)!+|a1|/0 =5 [ () g

3 ~ ‘ N i-1
+ Z{|al|/0 e~ (6=DAx=Jg e(k)dr gy 4 Z |ai—| H
= —
X/ e —(6—i)Ax— [ o(x)dx l:i
0

r=1

( 1 r+1 —rAx

r' o—r

}

o
l—[(—q)

0

+\a4\/ —20x= g’ o dex+ 1-8 Z|a4 ol
0=1 q
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% /O —27x— [ o(x)dx {i (-1 *'a- emx)}dx

= (o —r)!

o | [ e 80 Jag] [ e I el
3

+\a4\/0 e*ﬁ@(")d"(l “2M)dx +2(1 -8 Z]a4 of TT (6
o=1

qg=4—o0

© 0 r+1 —2Ax —(2+7)Ax
— Jo o(x)dx (=)™ (1-e _
X/o e LZ: ri(o—r)! 2 2+r dx

1
< |P0| + |P4 | + |a1| / e_S/\X—fox Q(K)dex

+Z[|al|/ e~ (6=1)Ax— foo(K)d"dx%—Z i—1)]a;i_,] H (6—q)

g=i—o

X/ o~ (6—i)Ax— Jo al dex:|
0

e x 3 3 o0 X
+ \M\ / e—2/\x—fo Q(K)dex +3 Z |a470‘ H (6 _ q)/ e—ZAx—fO Q(K)dex
0 o=1 g=4—o0 0

+ ‘a4(2)| /0 e fox Q(K)dex —+ |L15| /0 e fdr Q(K)d’fdx + |a4| /0 e fox Q(K)dex

3 3 o
+3) laal J] 6—19) / e Jo e()dr gy
o=1 q=4—o0 J0
< oo (135)

It follows from Equation (135) that 0 is an eigenvalue of (A + H + B). Combining
Equations (116), (118) and (125)-(130), it is easy to see that p;(x) (i =1,...,5,4(;)) canbe
expressed in terms of P4y Pos and P4, can be expressed in terms of py. Hence, 0 is an
eigenvalue of (A + H + B) with geometric multiplicity one. [J

Lemma 4. Let o(x) : [0,00) — [0, c0) is measurable and

0< inf o(x) <o(x) < sup o(x) < .
x€[0,00) x€[0,00)

Then all points on the imaginary axis except for O belong to the resolvent set of A+ H + B.

Proof. Let y = ib, b # 0, The Riemann-Lebesgue lemma implies that
lim / f(x)cos(bx)dx =0, lim / f(x)sin(bx)dx =0, f € L'[0,0).

b—o0 JO b—o0

Consequently, there exists | > 0 such that, for |b| > ],

x)e V¥ dx

2 . 2
= ‘/ f(x)[cos(bx) —isin(bx)]dx

</ f(x) cos(bx) dx> </ f(x) - sin( bx)dx>2

< (/Ow |f(x)|dx>2, 0 < f(x) € L'[0, c0).
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Combining this formula with fooo x)e~ Jo e®)drqy — 1 and

6A 0

2T a1, <,
|y + 6A] [y + 6]

for Va = (ay,as,a3,a4,a4,, ,a5) € R®, we estimate

oA
<
6Dl < { |20

X |ay|

@)’

BO[BATTf31 + 1 f51]
v+0

bl

Fl9fal + ¢ fal + [pfal + (1= By fsl +

}

BO[3A7tf32 + ¥ fs2]
v+6

BO[BATLf33 + 1 fs3] }|a3|

v+6
}a4

+{|¢fzz|+|¢f3z|+|¢f4z|+(1— ¢f5|+]

+ {|¢f23| T lpfasl + (1= B)pfeal +

BOYf5a
y+0

blas

= {Wiw‘/’flﬂ + 9| + [Yfal + [9ful + (1= B) ¢ fs1| + 3AB| ]

+{I¢f44!+|(1— B)9fsal +

+ {|¢f55|}|ﬂ4(2>|

{10 - puss| + | B

+Blifal bl

+{Ipfal + 0l + Ipfial + (1= Bl fal + 3ABlefal + Bl fal e
+ 9 [9fss] + [ fasl + (1 - )|1Pf53|+3A[3|7Tf33|+l3|¢f53|}|ﬂ3|
+{ ol + 0= Bl + Bl s bl

+ |1Pf55|}|a4

{
{
{
{@=losssl + piosisl os

+
{ /0°° o(x)e [ib+52-+0(x)] dx 4,
+

/Ooo o) 16 0) [ )y (_1);+(11(1__r;_m) ] e I [art(o]arg,

IN

* 2 2 (1)1 —e AT
+ /o Q<x)H(6_‘7)[E( 1)r!+(2(1_r)! )]e Ji [ib+3A+0(0)] dx 4,

o —1)rtL(] — g TAX -
+ /0 o(x)(1—pB) H(6 —q) [ Z ( 1)7,!(3(1_ i )]e I [1b+2/\+Q(K)]dex

3 (_1)r+1 1 — =27 1_67(2+r)/\x
2r!(3—r)!< 2 247 >]
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r+l(1 _ p—1Ax o
+3/\ﬁ‘/ H (6—4q) [ (-1 (1—e )}efo [ib+37+0(6)]dx 4,

b

ri(2—r)!
{’/ fo 1b+4)\+Q(K)]dex
) 2 r+1(1 *r/\x) B x[.b A ]d
+ 6 [ ]e Jo |ib+3A+a(x) Ky
/ qE[z 9) r; Ao
) 3 2 r+1 1— 7r)\x e i
o] [ e - ITe- o 5 0o ey
q=2 r=1 :
0 4 2 1 r+1 /1 _ p—2Ax 1 —g*(ﬂrZMx
+/Oe(x B)qE[6 qr;V < 2 r+2 )

o 3 r+1 —rAx ‘T
o] [ o [ U5 e el

g=2 =
+ {
7+1 (1

+/ooo 116 q)[i 7'1—7’)
S e )

+ /Ow 0(x)(1 — e~ 2y~ i [ib+e(]arg,

}|ﬂ4(2)
dx}|ﬂ5|

bl

/000 o(x)e” [ib+31-+0(x) | dx 4

r/\x) ] = I [ib+2A+g(x)] dx 4y

+ 3Aﬁ/ efd ﬂb+3/\+g(x)dx] da
0

/oo Q(x)efox ~[ib+21+0() | dx 4,

all

X |ay

i {/ " g(x)e o vl ag,
0

}

=1 = ri(1—r)!
« x 2 - 2 (_1)r+1(1_e—r)\x) effox [3/\+Q(K)]dx X
NG q>[; e a
o B 3 B 3 (_1)r+1(1_efr)\x) e [2/\+ (K)}dK
# e p e | g e F Rl

! ( 1)””1 1—e20x 1 _ p—(24r)Ax
Zr'(?)—r)l( 2 - 211 ):|

r=1

+/0°°e<x><1—ﬁ>ﬁ<6_q>[

X e~ Jo o(k)dx

2 r+l(1 _ p—1Ax .
= H6 q[z( 1)r1(z(1_r>e! )]€f° [3”@<">]d"dx}all

r=1
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q:Z r=1 )|
4 2 +1 e 2Ax (r+2)A
1 r 1— 1
_l’_ —

x e~ Jo ete)dr gy

00 3 1 (_1\r+1l(1 _ ,—rAx ¥
+3/\/5'/0 ‘11_12(6_q)[r_21( (1 e )}e—fo [aA+q(K>}dex}|a2|

ri(1—r)!

+ {/OOO Q(.X')B_ fOY [3)\+Q(K)]d}<dx

* (1 — - _ — )r+1(1_67r/\x) effox [2A+Q(x)]dx X
#fewa-p Tl -a] &g a

1 ( 1
3
"0 4 1 (71)7-&-1 1 — e 2Mx 1 — e~ @+rA)x
+/0 Q(")“_ﬁ)ﬂ“_q)[gr!(l—r)!( 2 2+r )]

x e~ Jo et)drgy 4 3/\,8/ ) [3r+o()dx] dx} |a3]

+{/OOOQ( ) fo [2/\+Q )]dex+/ 1_e ZAx) fOXQ(K)dex}|€l4|

+{ [ atwe B e oy,
{7 et et

5
=) lai| + lag, |
i=1

= [lall

_|_

The preceding estimate yields

16Dyl < 1. (136)

It follows from Equation (136) that 1 ¢ ¢(GD,) whenever |b| > ]. In conjunction with
Characteristic Equation 3.5 in [29], this result gives v = ib ¢ o(A + H + B) for [b| > ].

(0| 6] > ]} Cp(A+H+B), {ib||b| <]} Co(A+H+B)NR  (137)

Theorem 1 shows that T(t) is a positive contraction Cyp-semigroup. Furthermore,
Theorem 1.12 in [29] establishes that o (A + H + B) NiR is additively cyclic on the imaginary
axis. It therefore follows that, for every positive integer k, k,

ibeo(A+H+B)NiR = ibk € o(A+H + B) NiR.
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Together with Equation (137), this property gives
c(A+H+B)NiR = {0}.
O

Lemma 5. The adjoint operator (A +H + B)* of (A+H + B) is

6L 0 0 0 0 0 0 0 Py

o(x) ¢ 50 0 0 0 0 0 pi(x)

0 0 ¢ 42 0 0 0 0 ps(x)

. 0 0 0 ¢3 31—B)A 3L 0 O p3(x)

B) p* = 5
(A+H+B)p 0 0 0 0 ¢4 0o 0 2a|] Pil®)
0 0 0 0 0 6 0 Pio,
0 0 00 0 0 ¢ 0 pf;(z)(x)

0 0 0 0 0 ﬁQ(x) 0 4’2 pg(x)

0 610 0 0 0 000 o

0 0 0 0 0 00 o] ri(0)

0 o(x) 0 0 0 00 0] r(0)

L]0 0 e® 0 0 00 off rs0
0 0 0 o(x) 0 00 of] pi(0) |’

0 0 0 0 0 00 0f] Pay

0 0 0 ol 0 00 0]fp;, (0

0 0 0 0 (I=pex) 0 0 0/ \ pz0)

dpi(x) . fry
D((A+H +B)*) = p* c X* dx exists and pi (OO) =X, .
i:l,...,4,4(2),5

The x in D((A+ H + B)*) is a non-zero constant independent of i.

Proof. Forany p € D(A+H + B), let p* € D(A+ H + B). The integration by parts and
boundary conditions yield

(st B)p ) = {-6rpo+ [ eloom(x)ae by
+ [0 (o) + 1)) i o

# LT o) )+ 5o s

+ /000{— dpj,(cx) — [o(x) +3A] pa(x) + 4Ap2(x)} pi(x)dx

- /ow{d’“ﬁi’” = [o(x) +2A] pa(x) +3(1 — B)Aps(x) }pz;(x)dx
+ {—9;94(1) +360 [ ps(x)dr+p [ Q(x)p4(x)dx} b

+ /Ooo { —dZ‘x‘” = 0(x)pag, () }pzm (x)dx

+ /000{—(3@5 —0(x)ps(x) + 2Ap4(x)}p;(x>dx

= —6Apops + | o(x)p1(x)dx p;
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[T wax = [ o) + 5\ pr()pi ()
- [T s wan = [ fox) + 4] pae)pr ) dn
+ [T ampsoar - [T b

— [ o) +3A] pa(x)ps (v)dx + [ 4Apa(x)p3 ()

B /O°° dp;ix) P (x)dx — /0 [0(x) +2A] pa(x)pi (x)dx

+ [ 30— BApa(x)pi (x)dx —Opa pi, +361 [ pa(v)dep

©dpag) (¥) |
- [ i, (v

—

—I—,B/ x)dx p4
[ eIps iy (rx— [T iy
0 4 0 dx
= [ e@psepsxax + [ 2Aps(ps(x)dx
~6popi + [ (0 (x)dxpi + p(O)pi(0)
7@ B = [ [ol) + 5\ pi(pi (0)dx
030 + [ pa0 s
— [T o) + 4l pa s+ [ 5Api ()i () dx
+p3(0)p3(0 +/ dpj( Lax
— 7 e + 3 pspsdx + [T arpa(x)ps (s
+pa(0)p3(0 +/ dpdzi Lax
— 7 lew + 24 ppidx + [ 30— B)Aps(x)pi (x)dx
—Opay P, +3ﬁA/oo pa(x)dxpy +ﬁ/w ps(x)dxpy |
d
+ P4 +/ P4y P4
- /0°°e< ),%( X)pi,, (x)dx
+ps0p30) + [ ps0 B ax

- [ etpsmpstads+ [~ 2Aps(x)ps(x)dx

Po[—6Apg]
dpj (x)

+/ P { d
[ ol
{3

— [o(x) +5A] i (x >+e<x>p3+5Ap;<x>}dx

x
(x)

~ [o(x) +4A] pi(x >+4Ap§<x>}dx

x
pi(x)

— [o(x) +3A] p3(x) +3(1 — B)Ap; +3BA
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+/ {dp4 Y [Q(x)+2A]pZ(x)+2/\p§(x)}dx
P4 [_9“ 1>}
dp; (%)
+/ P4 { gx _Q(x)pz(z)(x)}dx
+/0 Ps(x){dpdéix) —olx )pg(x)JrﬁQ(x)pZ(l)}dx
+ po[6Ap1(0)]
+/ p2(x) [0(x)p7 (0)]dx
+/0 p3(x) [e(x)p3(0)]dx
+ [ pa ep3 )] dx
+ pa (073, (0)]
+/Ooo Pag, (x)[(x)p5(0)] dx
+ [ s o(x)p3(0)]
— (p, (A+H+B)*p*). (138)

It follows from the above calculations and the definition of the conjugate operator that the
conclusion of Lemma 5 holds. O

Lemma 6. If

/ o (6—D)Ax— Iy o dex<oo i=1,2,...,4.
0

Then, 0 is an eigenvalue of (A + H + B)* with geometric multiplicity one.

Proof. Consider the eigenvalue equation

(A+H+B)"P* =
- 6)&;}3 + 6)Lp>1k (O) =0, (139)
e+ L 50 1 o(a))pi (x) 4+ 5p3(x) =, (140)
dpd§ ix) — [4A+ 0(x)]p3 (x) +4Ap5(x) + o(x)p}(0) =0, (141)
dpdg,(cx) — [BA+ ()] p3(x) +3(1 = B)Api(x) +3BAps, +o(x)p3(0) =0,  (142)
dpi(cx) — [2A + 0(x)] pi (x) +2Ap5(x) + o(x)p3(0) =0, (143)
—Ops,, +0py, (0) =0, (144)
dpj, (%)
e CENORTCIORIY e
dpjix) —o(x)ps(x) + Bo(x)py ., + (1 —Bo(x)p;(0) = 0. (146)
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Solving Equations (139)—(146) yields

p1(0) = po, (147)
pi(x) = by o em)dx _ SAxtfye(n)dr /0 ' [Q(K)pé + SAPE(K)}

x ¢S fg e(§)dl gy (148)
- - X
p3 (x) = bpe*M* o eR)dr _ pdhxt [y (i) /0 [Q(K)PI(O) + 4/\P§(K)}
x e~ 4= fy e(©)dl gy (149)
X X X
p5(x) = bae?M o e)dr _ SAxt fy el /0 [3(1 — B)Apy(x) +3BApy
+ Q(K)PE(O)] e~ Jg e@)d gy, (150)

Pi(x) = by e _ e [ (255 ) + () 0)]
0

x e~ 2= Jo e(©)dZ gy, (151)

Pig, (0) = pi (152)

Pi, (¥) = b4(2)gfoxe(x)dx _ olo elx)dx /Ox () p3(0)e Jo e@dl gy, (153)
P () = beld €00 e e [ go()py o (1 lo()pi(0)]

x ¢~ Jo 0(@)d gy, (154)

Multiply both sides of Equations (148)-(151), (153) and (154) by

eiSAxif(Jx Q(K) dx, ei4Ax7f0X Q(K) dxeig))\xif[)x Q(K) dx’ eiZAxifOx Q(K) dx, e f()x Q(K) dx.

Take the limit as x — oo, and from p; (o) = x, we obtain

b= [ (o(x)pi + 5Ap ) e Oy, (155)
by = /Ooo[(Q(K)Pi‘(O) +4Ap5 (1)) Je Ao €@ gy, (156)
by = /Ooo [(3(1 — B)Api(x) +3pAp;  +o(x) p;(o))] o3 J5 e(@)dl gy (157)
by = [ 12Ap3(0) + e()p (0) e €Oy, (158)
by, = [ o(p3(0)e B e%ar, (159)
b= [ [BetxIpi, + (1— Bltpi0)] e e@¥ax (160)

Substitute Equations (155)—(160) into Equations (148)—(151), (153) and (154) respec-
tively, we obtain

pi(x) = R e [ [o)pg 4+ 5Ap3 ()oK oD, (161)
X

pa(x) = eI e [ [o()p (0) + aaps )] eOkdx,  (162)
pi(x) = I e [T (31 BAp(x) + 3pARS,, + o(x)pa(0)]e SN ey, (163
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pi(x) = ety ol [22p3(x (x)pé(O)}e—“—foK@@dCdK, (164)
ﬂwawzﬁﬂwd/ o3 B e, (165)
pi(x) = el etix [ MMMmm+a—ﬁmwwumk<ﬁM”%m (166)

Solving Equation (165) and combining with Equation (152) and fooo o(x)dx = oo,
we have

Piy (¥) = oo o()dx /°° o) () 8 e g

= elo eWx (_ pr(0) e~ Jo @@l °°)
X
= p3(0),
Py, (0) =p3(0) = Py, - (167)

Solving Equation (166) and fO x)dx = oo, we have

pi(x) = el elr)dr /x ) [ﬁe(K)PZ<1> +(1- ﬁ)Q(K)PZ(O)}f Jo e(@)d gy
— efoxe(K)dK{_ [ﬁpiu) (- )P4(0)} (é’)dC}

= Bpi, + (1- B)pi(0). (168)

Solving Equation (161) and combining with Equation (147), we have
prO) = [ lo(x)ps + 5Ap3 ()i €@ g
0
P = Po — 5APG / " M e g 4 5 / " o5 (1)e Mo 004 gy
0 0

= p(x)=po (169)
pi(x) = Ml el / " [alx)ps + 5Ap3 (x ) |7 el g

= Sty a0 /00 K)po + 5Apg } oM Jo (0L gy
= pix) =po-
Solving Equation (162) and combining with Equation (169), we have
p30) = [ lale)p + aps (x)]e i O
pg = ps — 4Ap8 /‘°° 674)"(7]0;( Q(Odgd;( +4) /‘00 p;( —4AKk— fo OdgdK
0 0
= p3(x) = pp. (170)
From Equations (167) and (170), we have
Po = P4, (171)

Solving Equation (163) and combining with Equations (167) and (171) we have

p3(0) = /0 ) [3(1 — B)AP;(x) +3BAp]  + Q(K)p;(o)] =3 J5 e(0)dZ gy
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po =34 [ [(1=B)pi(x) — (1= yp eI o0k
= pi(x) = pp. (172)

Solving Equation (168) and combining with Equations (171) and (172), we have

ps(x) = po-
Thus we obtain
p1(x) = pa(x) = p3(x) = pa(x) = pa, = Pa, (%) = p5(x) = po, (173)
lp* Il = max{|ps|, [P, | [Pil, P4, |i=1,---,5} =[p§| < 0. (174)

Equation (173) shows that 0 is an eigenvalue of (A + H + B)* with geometric multiplic-
ityl. O

Combining Theorem 1, Lemma 3, Lemma 4, Lemma 6, and [32] (Theorem 1.96), we
obtain the main results of this paper.

Theorem 4. Suppose that y(x) : [0,00) — [0, 00) is measurable and that

0< inf o(x) <o(x) < sup o(x) < oo.
xE[0,00) xE[O,oo)

Then, the solution of the system given in Equation (14) converges strongly to its steady-state
solution, as expressed by

lim [|p(-,t) —yp()|| =0,

t—o0

where p denotes the eigenvector specified in Lemma 3, and 1 is determined by that eigenvector
together with the initial value specified in Lemma 6.

5. Numerical Examples and Analysis

This section considers an oxygen supply system consisting of six identical centrifugal
aeration blowers installed in a large municipal wastewater treatment plant and investigates
the effects of model parameters on the steady-state performance measures. The system
operates according to the following criterion. The dissolved oxygen level in the bioreactor
satisfies the minimum requirement of the wastewater treatment process if and only if at
least two blowers are operating normally. In this case, the system is regarded as operational.
If fewer than two blowers remain available, the oxygen supply becomes insufficient to
sustain the treatment process, and the system is regarded as failed.

To ensure long-term system reliability and reduce the risk of approaching the system
failure threshold, a fully independent mechanism combining condition-triggered preven-
tive maintenance and corrective repair is adopted. The two types of maintenance actions
are applied to distinct sets of units and do not overlap, and no periodic maintenance is
performed. Preventive maintenance is applied only to units in the normal operating state
and follows a condition-triggered policy. The operating states of all blowers are continu-
ously monitored. When the number of normally operating blowers decreases to the critical
threshold of two healthy units, preventive maintenance is immediately triggered. The
normally operating redundant units that have not failed are taken offline and subjected
to preventive maintenance. The maintenance activities mainly include lubrication, filter
replacement, deposit removal, electrical inspection, and other actions for mitigating degra-
dation. Upon completion of preventive maintenance, all maintained units return to the
operating state and are assumed to remain failure-free for a short period after maintenance.
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Corrective repair is performed independently of preventive maintenance and is ap-
plied only to failed units. Whenever a blower experiences a random failure during operation
and leaves the operating state, only the failed unit is repaired. Upon completion of the
repair, the failed unit is restored to the normal operating state.

Assume that the lifetime of each unit follows an exponential distribution with pa-
rameter A. The repair time of the repairman is exponentially distributed with a constant
repair rate, given by u(x) = u. When the preventive maintenance threshold is reached,
the repairman performs preventive maintenance on a normal unit with probability B or
repairs a failed unit with probability 1 — 8. The maintenance time of a normal unit follows
an exponential distribution with parameter 6. The baseline parameter values are set as
A =008, u=0.14, =02, and 8 = 0.3. The effects of variations in these parameters on
the reliability measures are investigated.

Figure 2a shows the transient availability of the system over time for different values
of A. At the initial time, the transient availability satisfies A(t) = 1. As time increases, A(t)
decreases rapidly and gradually converges to a steady-state value. In addition, the transient
availability decreases as A increases. Figure 2b shows the transient failure frequency of the
system over time for different values of A. The transient failure frequency m¢(t) increases
rapidly from zero, reaches a peak, and then decreases slightly before converging to a
steady-state value. Moreover, 11 (t) increases slightly as A increases.

Figure 3a shows the transient availability of the system over time for different values
of . The transient availability starts from A(t) = 1, decreases rapidly with time, and
then gradually converges to a steady-state value. As p increases, the transient availability
A(t) increases. Figure 3b shows the transient failure frequency of the system over time
for different values of y. The transient failure frequency mi(t) rises rapidly from zero,
reaches a peak, and subsequently converges to a steady-state value. As y increases, s (t)
increases slightly.

Figure 4a shows the transient availability of the system over time for different values
of B. As time increases, the transient availability A(t) decreases rapidly from its initial
value of one and then gradually approaches a steady-state value. The transient availability
increases as f increases. Figure 4b shows the transient failure frequency of the system
over time for different values of B. The transient failure frequency m¢(t) increases rapidly
from zero and eventually converges to a constant steady-state value. As  increases, m(t)
decreases slightly.

Figure 5a shows the transient availability of the system over time for different values
of 0. As time increases, the transient availability A(t) decreases rapidly from its initial
value of one and then gradually converges to a steady-state value. The transient availability
increases as 6 increases. Figure 5b shows the transient failure frequency of the system
over time for different values of 6. The transient failure frequency m(t) increases rapidly
from zero and eventually converges to a constant steady-state value. As 6 increases, 1 (t)
increases slightly.

Figure 6a illustrates the effect of different values of A on the system reliability. The
system reliability decreases monotonically over time starting from an initial value of 1 and
eventually approaches 0. A larger A yields a faster decline of the reliability curve. Figure 6b
shows how MTTFF varies with A; MTTFF decreases as A increases.

Figure 7a shows the variation of the instantaneous availability over time for the
systems with and without preventive maintenance. The instantaneous availability of both
systems decreases rapidly from an initial value of 1 and then gradually approaches a
steady-state value. The system with preventive maintenance exhibits a higher steady-state
availability than that without preventive maintenance. Figure 7b shows the variation of the
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reliability function over time. The reliability of both systems decreases monotonically from
1 and eventually approaches 0.
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! A -
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Figure 2. Effect of parameter A on instantaneous reliability indices of the system. (a) Instantaneous

availability, (b) Instantaneous failure frequency.
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"""" 1=0.16
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Time(t) Time(t)
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Figure 3. Effect of parameter y on instantaneous reliability indices of the system. (a) Instantaneous

availability, (b) Instantaneous failure frequency.
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Figure 4. Effect of parameter  on instantaneous reliability indices of the system. (a) Instantaneous

availability, (b) Instantaneous failure frequency.
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Figure 5. Effect of parameter 6 on instantaneous reliability indices of the system. (a) Instantaneous
availability, (b) Instantaneous failure frequency.
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Figure 6. (a) Variation of reliability function over time, (b) Variation of mean time to first failure
(MTTFF) with parameter A.
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Figure 7. Variation of reliability function over time. (a) Instantaneous availability, (b) Variation of
reliability function over time.

6. Conclusions

This study establishes a functional-analytic framework for a 2-out-of-6:G repairable
system with preventive maintenance and investigates its dynamic behavior. The main
findings are summarized as follows.

First, the supplementary variable method is applied to formulate the system, and the
resulting model is represented as an abstract Cauchy problem in a Banach space.

Second, Cp-semigroup theory establishes that the system operator is the generator of a
positive contraction Cyp-semigroup. Accordingly, a unique nonnegative solution exists and
conserves total probability.
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Third, zero is established as an eigenvalue of geometric multiplicity one for both the
system operator and its adjoint. Greiner’s boundary perturbation method further shows
that every nonzero point on the imaginary axis belongs to the resolvent set of the system
operator. This spectral property consequently implies strong convergence of the solution to
the corresponding steady-state solution.

Fourth, numerical experiments illustrate the effects of model parameters on the instanta-
neous reliability indices. The numerical findings are consistent with the theoretical analysis.

Future studies may examine whether convergence to the steady-state solution is
exponential.
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