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Abstract

In this research article, we formulate and prove the multidimensional Widder—Arendt
theorem and the integrated form of the multidimensional Widder-Arendt theorem for
functions with values in sequentially complete locally convex spaces. Established results
seem to be new even for scalar-valued functions.
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1. Introduction and Preliminaries

In 1785, Pierre-Simon, Marquis de Laplace, introduced a new type of integral transform
for applications to probability. Speaking matter-of-factly, he sometimes introduced what is
nowadays called the transform, and he was the predecessor of what is today called Mellin’s
transform. The common opinion is that P-S. Laplace was not the first to invent his transform.
The generating functions, used by Laplace, have already been known from the work of A.
de Moivre (1718), who can be called the father of modern harmonic analysis. Furthermore,
many historians of mathematics highlight that the modern form of the Laplace transform
was probably used for the first time by L. Euler in 1744. The Laplace transform has been
systematically investigated by the British physicist Oliver Heaviside (1850-1925).

The Widder representation theorem for the Laplace transform was proved in 1934 [1,2].
Following the ideas of I. Miyadera ([3]), S. Zaidman proved in 1960 that the Widder
representation theorem holds for functions with values in a reflexive Banach space X ([4]).
In 1987, W. Arendt proved that the Widder representation theorem holds for functions with
values in a Banach space X if and only if X has the Radon-Nikodym property, which was
essentially important for a further expansion of the theory of abstract ill-posed Cauchy
problems ([5]). In 1991, M. Hieber proved an integrated version of the Widder theorem in
an arbitrary Banach space ([6]). After that, the Widder—Arendt theorem has been seriously
reconsidered by J. Kisynski [7], Y.-C. Li, S.-Y. Shaw [8] and T.-J. Xiao, J. Liang [9]; cf. also [10]
(Theorem 2.2.1, Theorem 2.4.1, Theorem 2.4.2). The main aim of this paper is to reconsider
the Widder-Arendt theorem for multidimensional vector-valued Laplace transform ([11]).

The structure and main ideas of the paper can be briefly summarized as follows.
We first explain the basic notation used throughout the paper and provide some use-
ful observations about the Widder-Arendt theorem in the one-dimensional setting; cf.
Theorems 1 and 2 in Section 1.1. We recall the basic definitions and results about the
multidimensional vector-valued Laplace transform in Section 1.2. The multidimensional
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Widder—Arendt theorem in locally convex spaces with Lipschitz—Radon-Nikodym prop-
erty, which seems to be introduced here for the first time, is formulated and proved in
Section 2; cf. Theorem 3. Motivated by results established in [6,8,9], in Section 3 we prove
integrated form of the multidimensional Widder—Arendt theorem in an arbitrary sequen-
tially complete locally convex space; cf. Theorem 4. We can freely say that the results
established in this paper, like the famous Hille-Yosida theorem, are of pure theoretical
interest in functional analysis.

Notation and preliminaries. By X we denote a Hausdorff sequentially complete locally
convex space over the field of complex numbers (SCLCS). The abbreviation ® stands for the
fundamental system of seminorms which defines the topology of X; by X* we denote the
dual space of X equipped with the strong topology. For further information concerning the
integration of functions with values in SCLCSs, we refer the reader to [12]. If p € ®, then
we define U := {x € X : p(x) <1} and Uy := {x* € X*: [(x*,x)[ < 1forallx € Up}.

The Gamma function is denoted by I'(-) and the principal branch is always used to
take the powers. Define g7 (t) := t71/I'({) and 0¢ := 0 ({ > 0, t > 0); go(t) := 5(t)
is the Dirac distribution. Generally, the finite convolution product #*( is defined by
(axqb)(t) := fota(t —s)b(s)ds, t > 0;6%pa = a. If 0 < T < +oo, then we say that a
function f : [0, T] — X is Lipschitz continuous if for each seminorm p € ® there exists a
real constant M, > 0 such that p(f(t) — f(t')) < M|t — t'| for all t, t' € [0, T]; a function
f :[0,4+00) — X is said to be Lipschitz continuous if for each T € (0, +o0) the function
fijo,m + [0, T] — Xis Lipschitz continuous.

The Radon-Nikodym property in locally convex spaces has been investigated by
many authors; see, e.g., [13-17] and the doctoral dissertation of Y. J. Yaseen [18]. We say
that X has the Lipschitz—-Radon-Nikodym property if any Lipschitz continuous function
f :[0,+c0) — X is differentiable almost everywhere, and its first derivative is locally
integrable (in the sense of [12] (Definition 1.1.2(i))).

In the setting of complex Banach spaces, the Lipschitz—-Radon-Nikodym property is
equivalent to the Radon-Nikodym property and the Gel’fand property; it is completely
without scope of this paper to further relate these concepts in the setting of locally convex
spaces (cf. [10] (Section 1.2), [18] (Definition 3.1, p. 36), [19] and [20] (p. 371) for more
details). We will only emphasize here that a Fréchet space X has the Lipschitz—Radon-
Nikodym property if any Lipschitz continuous function f : [0, +00) — X is differentiable
almost everywhere because its first derivative is automatically locally integrable (the as-
sumption p(f(t) — f(t')) < Mp|t —t'| for all t, ¥’ € [0, T] implies p(f'(t)) < M, for a.e.
t € [0, T] and this is sufficient to ensure the local integrability of f'(+)); to the best knowl-
edge of the author, this cannot be so easily done in general SCLCSs. Since any Lipschitz
continuous function f : [0, +00) — X is locally of bounded variation, we consequently ob-
tain that any Fréchet space with the Gel’fand property has the Lipschitz—Radon-Nikodym

property ([20]).

1.1. Widder—Arendt Theorem in Locally Convex Spaces

In this subsection, we recall and provide some new results about the Widder—Arendt
theorem in locally convex spaces. First of all, we will slightly reformulate the integrated
version of Widder—Arendt theorem in locally convex spaces (cf. [9] (Theorem 2.3); part (iii)’
is new and not considered elsewhere):
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Theorem 1. Suppose that w € R, X is an SCLCS, F : (w, +00) — X and (My) pew is a family
of positive real numbers. Then the following statements are equivalent:

(i) F(-) is infinitely differentiable, and for each seminorm p € ® we have

vl

W, A > w, U E NO. (1)
—w

p(E () < M,

(i)’ There exists a > max(w,0) such that Fi(, ,«)(-) is infinitely differentiable and for each
seminorm p € ® the estimate (1) holds for any A > a and v € Ny.

(ii)  F(-) admits an analytical extension to the right half-plane {z € C : Rz > w}, denoted by the
same symbol, and for each seminorm p € ® we have

v!

W, §R/\>CU,'U€N0.
—w

P(FO() <My

(iti) Forevery r € (0,1], there exists a continuous function fy : [0, +00) — X such that f,(0) = 0,

—+00
F(A) = A" /0 e Mf(t)dt, A > max(w,0),
for each seminorm p € ® we have
ZMP w(t+h) 7
p(fi(t+m) = £(1)) Smmax(e AW, E=0, 10,

and the function Hy(-) := (g1—r *0 fr)(-) satisfies that for each seminorm p € ® we have
p(Hr (t+h) — H,(t)) < Mpe“! max (e“’h, 1>h, t>0, h>0.

(iii)” For every r € (0,1], there exists a continuous function h, : [0,+00) — X such that
hy(o) - 0,

—+o0
F) = (a-w) [ e e, 2>

for each seminorm p € ® we have

2M
p(he(t+1) ~he(r)) < T 2020

and the function G, (-) := (g1—, *o hy) () satisfies that for each seminorm p € ® we have
p(Gr(t+h) = Gi(t)) < Mph, t=0,h>0. ©

Proof. The implication (iii) = (ii) follows from the proof of implication (ii) = (i) in the
above-mentioned theorem, with 4 = max(w, 0), the implication (ii) = (i)’ is trivial, and the
implication (i) = (iii) follows from the proof of implication (i)’ = (ii) in the above-mentioned
theorem, with 4 = max(w, 0). Therefore, the statements (i)', (ii) and (iii) are equivalent. The
equivalence of these conditions with (i) follows from the trivial implications (i) = (i) = (i)". If
(iii) holds, then we define the function G : (0, +c0) — X by G(A) := F(A 4+ w), A > 0. Then,
due to (i), it follows that for each seminorm p € ® we have p(G(®) (1)) < M,yol /AT A >0,
v € Ny. Applying (i) = (iii) to function G(-), with w = 0, we get (iii)’. Finally, if (iii)’ holds,
then (iii) holds for function G(-) defined above, with w = 0. Hence, (i) holds for function
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G(-), with w = 0, so that for each seminorm p € ® we have p(G(®) (1)) < Mpo!/A"T, A >0,
v € Np. This simply implies (i) and completes the proof. O

The following result is not well formulated in the setting of locally convex spaces by
now (cf. [10] (Theorem 2.4.2) for the Banach space setting):

Theorem 2. Suppose that w € R, X is an SCLCS, X has the Lipschitz—Radon—Nikodym property,
F: (w,+00) = Xand (Mp)pew is a family of positive real numbers. Then the following statements
are equivalent:
(i) F(-) is infinitely differentiable and (1) holds for all p € ®, A > w and v € N.
(ii) There exists f € L} ([0, +00) : X) such that
—+o0
F(A) :/ e Mf(Hdt, A>w,
0
and for each seminorm p € ® we have p(f(t)) < Mpe“!, t > 0.

Proof. Let us assume first (ii). Then F(-) is analytic in the right half-plane {A € C: ®A > w} and

dva(") = /Om e M= f(t)dt, A > w;

cf. the equation [12] ((34), p. 58). Then a simple calculation yields that (i) holds. To prove the
converse statement, let us consider the function #1(-) given in part (iii)’ of Theorem 1. Then
we know that (2) holds with » = 1 as well as that for each seminorm p € ® the estimate
(2) holds with the function G, (-) replaced by the function f;(-) therein. Therefore, for each
seminorm p € ® we have p(hy(t +h) — hy(t)) < Mph, t > 0, h > 0 and the function
h1(-) is Lipschitz continuous. Since X has the Lipschitz—-Radon-Nikodym property, its first
derivative k] (t) exists for a.e. t > 0 and it is locally integrable on the non-negative real axis.
It is clear that for each seminorm p € ® we have p(}(t)) < M, for a.e. t > 0. Applying
the formula for partial integration established in [12] (Theorem 1.1.4(iii)) and keeping in
mind the equality /71(0) = 0, it readily follows that

—+00
F(A) = /0 e~ =@t () dt, A > w.
This yields

FO(A) = /0 e~ =@ PR () dt, A > w, ve N,

which immediately implies (i). O

1.2. Multidimensional Vector-Valued Laplace Transform

The double Laplace transform of scalar-valued functions was initially analyzed by
D. L. Bernstein [21] (1939), ]. C. Jaeger [22] (1939-1941) and L. Amerio [23] (1940). In our
recent paper [11], we have analyzed the multidimensional Laplace transform of functions
with values in SCLCSs. We recall the following notion:
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Definition 1. Suppose that X is an SCLCS, f : [0, +00)" — X is a locally integrable function
and (Ay,...,Ay) € CMIf

t by
F(A1,..., An) = lim /1- --/0 e*)‘lslf"‘*/\”snf(sl,...,sn) dsq ... dsy,

1 —+00;...stp——+00 Jo

+o0 +oo
= / / ef/\1t1*-“7/\ntnf(tl,...,tn) dti ... dty,,
0 0

exists in topology of X, then we say that the Laplace integral (Lf)(A1,..., An) := F(A1, ..., An) :=
F(A1,...,An) exists. We define the region of convergence of the Laplace integral Q(f) by
Q(f) :={(Ay,...,An) € C" 1 F(Aq,..., Ay) exists}. Furthermore, if for each seminorm p € &
we have

—+o0 “+o00
‘/0 .. ‘/0 p(ei/\ltli‘lhi/\”t"f(tl, .. .,tn)) dtl e dtn < +OO/

then we say that the Laplace integral F(Aq, ..., Ay) converges absolutely. We define the region
of absolute convergence of the Laplace integral Qups(f) by Qups(f) == {(A1,...,An) € C" :
F(A1,...,An) converges absolutely}. Finally, we define Oy (f) as the set of all tuples (A, ... Ay) € C"
such that the set

t ok ty
{/0 /0 /0 e*)‘lsl*’\252*"'4”5"]‘(51,52,...,sn) dsydsy...dsy:t1 >0,...,t, > O}

is bounded in X.

If f:]0,+00)" — X is locally integrable, @ # Q C Q(f) N Qy(f) is open and
(A1, ..., An) € Q, then the mapping F : QO — X is holomorphic and we have

FOw2n) (A, Ay) = (—1)71F o

r+00 —+o0
x /O /0 emMhm At f (L t) dEy L dE |, 3)

forall A = (Ay,...,Ay) € Qand (vy,...,v,) € Nf; for the basic information concerning
holomorphic vector-valued functions of several variables, we refer the reader to the research
article [24] by K. Kruse and a list of references quoted in [11].

We will employ the following result from [11]:

Lemma 1. Suppose that f : [0, +00)" — X is a locally integrable function, (AY,...,A%) € Q(f) and

t
G i’l,..., /1 fSl,...,Sn)dsl...dSn, (tl,...,tn)E{O,—FOO)n.

Then, the following Post—Widder inversion formula holds as:

o (—1)kitethn e\ kit Jey \ K1
G(tll'”,tn) _klligkloo”.knlilzoo k1 ky! (i’l) (tn)
kit tkn(LG) k k
k—(k)<fl,...,l>, t]>0,,tn>0
oxyl- ... .oxsn \h tn
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https://doi.org/10.3390/axioms15010039

Axioms 2026, 15, 39

6 of 12

Suppose, finally, that f : [0, +00)" — X is a locally integrable function, fj(,coy ()
is continuous, and there exist real constants w; € R, ..., w, € R, 1 € (—=1,4), ...,
n € (—1,400) and 3 € (—1,4), ..., {y € (—1,+0c0) such that, for every seminorm
p € ®, there exists a finite real constant M, > 0 such that

p(Fltoot)) < M (E 4 0) o (B 4 67 ) explerty + -+ wut),

forae. t; > 0,..., t, > 0. Then, the following multidimensional Post-Widder inversion
formula holds:

. ) (_1)k1+...+kn k1 ky+1 kn kn+1
) = tim i GO gy
f(l n) k]irﬂoo kanJroo kl'kn' (tl ty
oft+knp k
Xﬁ(fl,...,l), t1>0,...,tn>0.
oxy'- ... oy M tn

2. Multidimensional Widder-Arendt Theorem in Locally Convex Spaces
with Lipschitz-Radon-Nikodym Property

The main result of this section reads as follows:

Theorem 3. Let wy € R, ..., wy € R, X is an SCLCS, X has the Lipschitz—Radon—Nikodym
property, (Mp)pew is a family of positive real numbers, and F : (w1, +00) X (wp, +00) X - -+ X
(wn, +o0) — X. Let us consider the following statements:

(i) F(,...,-) is infinitely differentiable, and for each seminorm p € ® we have

vl oyl

p F(Ul"“’v”)()\ln--r)\n) <My ’
( ) ()Ll—(,dl)v]Jrl"'(/\n—Wn)vn+1

forany Ay > wy,..., Ay > wypand (vy,...,v,) € Nj.
(ii) There exists f € L} ([0, +00)" : X) such that

00

F) = |

oo
. / 6_/\1t1_m_)\"t"f(f1,. . .,tn) dty ... dty, A > w; (1 <i< T’l),
0 0

and for each seminorm p € & we have p(f(t,... tn)) < Mpe@rhitFwnln
t=(t1,...,tn) € [0, +00)"
Then we have (ii) = (i). Moreover, if X is a Fréchet space, then (i) < (ii).

Proof. If (ii) holds, then the mapping (Ay,...,Ay) = F(A1,..., An), RAy > wq,..., RA, > wy
is analytic and (3) holds for (vy,...,v,) € Ngand RA; > wy,..., ®A, > wy. Since for each
seminorm p € ® we have p(f(ty,...,ty)) < Mpe“thtt@nbn p — (4, t,) € [0,400)",
(i) follows from a simple computation involving the Fubini theorem.

Assume now that (i) holds and X is a Fréchet space. We will prove that (ii) holds by
induction on n. By Theorem 2, (ii) is true in dimension n = 1; suppose that (ii) is true in any
dimension < n, with the meaning clear. Let us fix A > wy,..., Ay, > w, and consider the
function Fy, ,, : (w1, +00) — X defined by Fy,  a,(A1) := F(A, Az, ..., An), A > wy.
Since for each seminorm p € ® we have

p(F(”l) ()\1)) _ p(F(Ul,O,‘..,O) (A1, Ao, .. .,/\n))
01!

(M=) A= wp) -+ (An — wn)

< Mp , 01 € NO/ /\1 > Wiy,

https://doi.org/10.3390/axioms15010039
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an application of Theorem 2 yields the existence of a locally integrable function f, A, :
[0, +00) — X such that

F(A Az .. Ay) = /0 Mg () dh, A > (5)

and for each seminorm p € ® we have
P(Froa(0)) < Mpe (Ao —a) ol —wa) T, B 20 ©®)
Since X is a Fréchet space, the Post-Widder inversion formula and (5) and (6) together

imply that there exists a Lebesgue measurable set N C (0, o) whose Lebesgue measure is
equal to zero, such that

k+1
_ 1)k
f)lz,...,)\n (tl) = hm ( 1) < k ) F(k,O,'()) <k/)\2/ e //\n> 7 tl € (O/ —|—OO) \ N’

k—+oco k! E tl

Now we will prove that, for every t; € (0, +0o0) \ N, the mapping (A2,...,An) = fa,, A, (t1),
Ay > wy,..., Ay > wy is infinitely differentiable as well as that

k+1
g2t (DK (koanon) K
mf)\bmr)\” (tl) = hm k' E F E/ )\2/- . .,/\n 7 (7)

k—+c0

for any t; € (0,+o0) \ N. Suppose first thatv; = land v3 = --- = v, = 0. Let § > 0 be
such that A, —J > wp and leth € (—4,6).If p € ®, then we have

p(f/\z+h,...,/\n (1) = fro (1) _ i (—1)k <£>k+1p(k,1,0,...,0) (k/t1,/tz,---,)\n)>

m
h k—+oo k! t

= sup
x*ely

sup limsup 1 (£>k+1
x*€Uy k—+oo kit
<X* F(k,0,0,...,O) (%12\2 +h,... /An) _ F(k,0,0,...,O) (%//\2, L /An) _ hF(k,l,O,...,O) (%12\2/ . //\n) >‘

h kot k! tl

<x*,f)\2+h,...,)\n(t1) _f)\2,m,)tn(tl) — lim (*1)1( (E)kJrlF(k,l,O,...,O)(k /\2,”.,)\”)>'

IN

h

IN

1 /k\k+1
h sup limsup {k'() sup
xely k—too [N Ne[Ay—6,15+9]

<x*, F020:-0) (k /1y, Mg, ..., An) > H

. 1/ k\k+1
hlimsup [k'(t) sup p(F(k’Z’O""’O) (k/tl,)tz,...,/\n)>}
k—4oo [ M1 NE[A2—8,A2+0)

IN

_ _ 1/ k\k+1 2M,k!
< h(Ay —6— “3(\s — 1~...~/\ — 11' — (= .
< ( 2 wy) ( 3 wa) ( n wn) igiliop{k!(fl) (k/11) — oy ki1

=2Mph(Ay — 6 — wy) 3 (A5 — w3)71- v (A - wn)fle“’ltl -0,
as h — 0. Repeating this argumentation, we obtain that (7) holds for Ay > wy,..., Ay > wy
and (vy,...,v,) € Ng’*l.

Further on, by the induction hypothesis, for every t; € (0,400) \ N, there exists a
locally integrable function f;, : [0, +00)"~! — X such that

te T ata—— At '
f/\z AAAAA /\”(tl):/o /0 e "2 "”ftl(tz,...,tn)dfz...dtn,)\i>wi (ZSISTZ), (8)
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and for each seminorm p € ® we have
P(ft1 (2, ..,tn)) < Mpeitrttentn gy € (0,400) \N, (2., tn) € [0, +00)" 1. (9)

Define now f(t1,...,ty) = fy,(t2,...,tu) for a.e. (t1,...,t,) € [0,+00)"; then we have
feLl ([0,+00)": X). Using the Fubini theorem, (5) and (9), we get

loc
T g
F(A1, A2, .00, An) :/0 e My (t)dh
+o00 +0c0 +o0
:/0 e*Alfl/O /0 e’)‘ZtZ""’/\"t”ftl(tL...,tn)dt2 N [

—+o0 —+o0
= / / ei)\ltlf/\ztzfn-f)\”t"f(tllt2,,,.,f,‘n) dt] dtn,
0 0

for Ay > wy,..., Ay > wy. Keeping in mind the estimate (9), this implies that (ii) is true in
dimension n, which completes the proof of the theorem. O

3. Integrated Form of Multidimensional Widder—Arendt Theorem in
Arbitrary Locally Convex Spaces

In this section, we will prove the following integrated form of Widder-Arendt theorem
in arbitrary locally convex spaces:

Theorem 4. Suppose that wi € R,..., wy, € R, F : (w1, 4+00) X -+ X (wy, +00) — X and
(Mp) pew is a family of positive real numbers. Then the following statements are equivalent:

(i) F(-) is infinitely differentiable and the estimate (4) holds for any p € ®, Ay > wy,...,
Ap > wyand (vy,...,v,) € Nj.

(i) There exist real numbers a; > max(w1,0),..., a, > max(wy,0) such that the function
Fj(4y,4-00) -+ x (a,+00) () 18 infinitely differentiable and for each seminorm p € @ the estimate
(4) holds for any Ay > ay, ..., Ay > ayand (vy,...,v,) € Nj.

(i)  F(-) admits an analytical extension to the region {z1 € C : Rz > w1} x - x {z, € C:
Rz, > wy}, denoted by the same symbol, and for each seminorm p € ® we have

o1l ..ol
(RA —ar) ™ (RA — )™

p(FOm) (A, A) ) < My

forany RAq > wy, ..., RAy > wyand (vy,...,v,) € N.
(iii)) We have (iii.1) and (iii.2) , where:

(iii.1) For every 1y € (0,1],..., r, € (0,1], there exists a continuous function fy,,  ,, :
[0, +00) — X such that f;,, . ;,(0) = 0, for each seminorm p € ® we have

P(frl,...,rn (tll cecy tn))
t tn
< Mp/ L / gr (t1—51) oo 8r, (bn — sy ) 11T gy o ds,, (10)
0 0
forany (t1,...,ty) € [0, +00)", and
" e [T T M At
F(M,...,An):)\l-...-)\n"/o /0 e i o (B b)) dby L dEy, (11)
for Ay > max(wy,0),..., Ay > max(wy,0).
(iii.2) For each seminorm p € & and for each functional x* € U, there exists a locally integrable

function fr : [0,+00)" — X such that p(fr+(ty, ..., tn)) < Mpexp(wity + - - - + wuty),
(t,...,tn) € [0,400)" and

https://doi.org/10.3390/axioms15010039
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400 —+o0
<x*,F(A1,...,/\n)> :/ /0 e_’\ltl_"'_)‘”t"<x*,fx*(tl,...,tn)>dt1 . dby, (12)

J0

for any Ay > max(w1,0),..., Ay > max(wy,0).
If this is the case, then we have

<x*/fr1,...,r,, (tll M4 tn)>
tl tn
:/0 /0 g,l(tl—sl)~...~g7n(t,,—sn)<x*,fx*(sl,...,sn)>dsl...dsn, (13)

forany x* € Uy and (t,...,ty) € [0, +00)".
(iii)” We have (iii.1)" and (iii.2)" , where:
(iii.1)" For every r1 € (0,1],..., r, € (0,1], there exists a continuous function hy,,. r, :
[0, +00)" — X such that hy,,..r,(0) = 0, for each seminorm p € ® we have

P(hrl,‘..,rn (tlr R ti’l)) < Mp8r1+1 (tl) et 8r41 (ti’l)r (tll [RRY tn) S [O/ +oo)nr (14)
and

FM, oo dn) = (M —w1)™ (A —wn) ™
—+o0 —+o00
x/o /O e~Mmwhim=(—wntay, (4 ) dE L dEy,  (15)

forany Ay > w1,..., Ay > wy.

(iii.2)" For each seminorm p € ® and for each functional x* € Uy, there exists a lo-
cally integrable function hy« : [0,400)" — X such that p(hy(t1,...,tn)) < Mp,
(t1,...,tn) € [0, +00)" and

“+o00 “+oo
(x*, F(At, o An)) :/0 /O e et (3 (b, ) Yt . db,

forany Ay > wq,..., Ay > wy.

Proof. Itis clear that (ii) implies (i) and (i)". If (i)" holds, then we can use the usual series
expansion to prove (ii); see also the proof of [8] (Theorem 2.1, p. 78). Therefore, the
assertions (i), (i)” and (ii) are equivalent.

If (iii) holds, then we can use the convolution theorem for Laplace transform and the
uniqueness theorem for Laplace transform in order to see that (13) holds for any x* € U,
and (t1,...,tn) € [0, 400)"; cf. [11] for more details. Now we will prove that (iii) implies
(ii). Letry = --- =r, = land p € ®. Using (10) and (11), it readily follows that F(-) admits
an analytical extension to the region {z1 € C: Rz; > wy} x -+ x {z, € C: Nz, > wy}.
Keeping in mind this fact and the uniqueness theorem for analytic functions, it follows
that (12) holds for any R®A1 > wy,..., RA,; > w,. Now, by the generalization of the norm
formula given in [25] (Proposition 22.14), we have
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QU1+ 0n
('01 Un) — s *
p(F (A1, ,An)> ;1615; AT AT <x ,F(Al,...,)\n)>‘
—+o0 —+o0
= sup / / e_/\ltl_"'_)‘”t”(—tl)vl~...~(—tn)v”<x*,fx*(t1,...,tn)>dt1 .. dty
x"eu;> 0 0

o0 400
S/o /o e—%RMtl—..._?R/\ntﬂtgjl.,...tznp<fx*(t1,...,tn)>dt1 coodty

<M /+w---/Hoe*mlflf“'*mﬂfﬂtvl-...-t””e“’l“*“‘*wﬂt" dty ... dty
= p 0 0 1 n
o1l .. 0!
P v1+1 vy +17
(RA —wp) (R — wh)

for any A1 > wy, ..., RAy > wy and (vy,...,v,) € Njj. This yields (ii).

The equivalence between (iii) and (iii)’ can be shown using the same arguments as in
the corresponding part of proof of Theorem 1. Therefore, it remains to be proved that (ii)
implies (iii). Since for each seminorm p € ® we have [(x*,x)| < p(x), x € X, x* € U}, an
application of Theorem 3 implies that (iii.2) holds.

The part (iii.1) can be deduced similarly to the one-dimensional case, and we will only
provide the main details of the proof here. Let us consider the space X C X** consisting
of all linear functionals ¥ on X* such that Pg(%) := sup,..s [(%, x*)| < +oo for each
equicontinuous family G C X*; the fundamental system of seminorms which defines a
sequentially complete locally convex topology on X is given by (Pg)ge7, where 7 denotes
the collection of all equicontinuous families G C X*. We know that X and X are linearly
and topologically isomorphic ([9]).

Suppose now that the numbers r; € (0,1],...,r, € (0,1] are given. Using Theorem 3,
it follows that for each functional x* € X* there exists a function fy« € L}, ([0, +00)")
such that

+00 +oo
(x"E(V)) :/0 /0 eMbm b £ (1 b dy L db, A > w; (1< 0 < n).

Define

t ty
Friperuie (oo tn) == /O . ~/0 gr(t1—s1) - g, (tn — ) fa= (1, .-, 8n) dsq ... dsy,

for any x* € X* and (t1,...,ts) € [0, +00)". Using the convolution theorem for multidi-
mensional Laplace transform [11] (Proposition 2.17), it follows that

x* F(A) — /\r1. AT +00. N +Ooe,)\1t17...7/\,,t,,f . *(f t )dt dt
, 17 0 0 71,0l X 1r---stn 1--- ns

for Ay > max(wy,0),..., Ay > max(wy,0). For every t = (t1,...,t,) € [0,+00)", we
define F; : X* — C by F(x*) := (X%, fr,. (), x* € X*. Arguing as in the proof
of [9] (Theorem 2.3), we can show that F; € X for all t € [0,+0)" as well as that the
mapping t — F;, t € [0,+00)" is continuous with respect to the topology of X; let us
only mention here that the linearity of mapping F(-) for fixed t € [0, +c0)" follows
from the continuity of function f,, ,,.»*(-) for each x* € X* and the uniqueness the-
orem for multidimensional Laplace transform [11] (Theorem 2.23). The existence of a
continuous function f;,,_», : [0,+00) — X such that f,,,,(0) = 0 and (11) holds for
A > max(wy,0),..., Ay > max(wy, 0) now follows by identification of X and X through
evaluation and the multidimensional Post-Widder formula given in Lemma 1; cf. also
the paragraph following Lemma 1 and [9] (L-1-1.-3, p. 457). Using the generalized norm
formula, we can simply prove that for each seminorm p € ® the estimate (10) holds for
any (ty,...,ty) € [0,400)". O
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Remark 1. Alternatively, the proof of implication (ii) = (iii.1) can be given following the argumen-
tation proposed by Y.-C. Li and S.-Y. Shaw in the proof of [8] (Theorem 2.1, pp. 79-80). In actual
fact, we can use the complex characterization theorem for multidimensional vector-valued Laplace
transform [11] (Theorem 2.13) in order to see that, for every real numbers 11 € (0,1],...,r, € (0,1],
there exists a continuous function wy,,.. r, : [0,4+00)" — X such that wy,,.. ,,(0) = 0 and

F(/\ A ) 7)‘7’1""1. .)er1+1 +00... +me_)‘1t1_"'_)‘“t”w (t t )dt dt
1rev+sMn) = A Ay 0 0 ey \Flyeeostn 1--- ns

for RA1 > max(w1,0),..., RA, > max(wy,0). The function f;, . r,(-) constructed in (iii.1)
and the function wy, . r, (-) satisfy the following equality

t t
Wry,.. (tlz- ~-/tn) = /O s 0 Fripen (51,. . .,Sn) dsy...dsy,, t1>0,...,t,>0,

so that the only problem in this approach is to prove that the partial derivative (0" /oty ... 0ty )Wy, r,(+)
continuously exists on [0, +00)". It is our strong belief that this problem can be solved with the help
of estimate (4) and the bipolar theorem.

In the proof of [8] (Theorem 2.1), the authors do not use the identification of pivot space X
and a closed subspace of its bidual X**, which has been originally used in the Banach space setting
by M. Hieber in the proof of [6] (Theorem 3.2). The proof of [9] (Theorem 2.3) is also meaningful
because T.-]. Xiao and ]. Liang have explicitly constructed the space X C X** which is linearly and
topologically isomorphic to the initial space X in the locally convex space setting.

In [26], we have recently introduced the class of multidimensional (a, k)-regularized
C-resolvent solution operator families subgenerated by multivalued linear operators. The
class of exponentially equicontinuous (a, k)-regularized C-resolvent solution operator fam-
ilies can be precisely characterized with the help of a multidimensional vector-valued
Laplace transform. The multidimensional Widder—Arendt type theorems established in
this paper can serve to provide the necessary and sufficient conditions for the generation
of multidimensional (a, k)-regularized C-resolvent solution operator families. These con-
ditions can be clarified in a rather technical way; cf. also [12] (Theorem 3.2.12) for the
one-dimensional setting.

4. Conclusions and Final Remarks

In this paper, we have proved a multidimensional Widder—Arendt theorem and an
integrated form of the multidimensional Widder—Arendt theorem for functions with values
in sequentially complete locally convex spaces. We have specifically considered the class of
locally convex spaces with Lipschitz-Radon-Nikodym property. The results obtained in
this paper seem to be new even for scalar-valued functions.

Finally, let us observe that it would also be interesting to extend the statement of
the Widder-Arendt—Kisynski theorem ([7]) and the remarkable results established by A.
Bobrowski [27,28] and W. Chojnacki [29,30] to the multidimensional setting, for functions
with values in locally convex spaces.
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