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Abstract

This paper is devoted to the study of the existence and uniqueness of solutions for a class
of differential problems previously investigated by Laadjal. Our main contribution lies
in deriving sharper estimates for the associated Green’s functions and employing Rus’s
fixed-point theorem within a suitably defined metric framework. Notably, the conditions
under which our results hold are less restrictive, thereby encompassing a wider class of
problems for which the existence and uniqueness of solutions can be rigorously guaranteed.
This theoretical advancement is supported by numerical evidence presented in the final
stage of our analysis. A key strength of the proposed approach is that it does not rely on
stringent contraction conditions, which enhances its potential applicability to more general
classes of fractional differential systems.

Keywords: fractional calculus; boundary value problems; Rus’s fixed-point theorem;
nonlinear equations; numerical comparison

MSC: 34A08; 47H10

1. Introduction

The mathematical modeling of real-world phenomena has increasingly turned to
fractional-order differential equations, owing to their ability to capture memory and hered-
itary properties inherent in various natural and engineering processes. These equations
have found impactful applications across a range of disciplines, including but not limited
to control systems, biological processes, physical sciences, electrical circuit theory, wave
dynamics, hemodynamics, and the fields of signal and image analysis. Readers seeking
a deeper insight into the breadth of these applications may consult [1-8] and the sources
cited therein.

One central aspect in the study of such equations is the investigation of solution
existence and uniqueness. This issue is not only pivotal for fractional-order models but
also mirrors classical concerns in the analysis of integer-order differential equations. A
broad spectrum of results addressing these issues—primarily through the use of fixed-point
theory—can be found in the literature; see, for instance, ref. [9] and the references therein.

Among the various analytical techniques developed in this context, particular atten-
tion has recently been given to approaches leveraging the extremal properties of Green'’s
functions associated with the integral form of the problem. This methodology, while of-
fering refined estimates and analytical precision, has only been sparsely explored in the
existing body of work. Given the limited number of studies on this topic, we refer the
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reader to these few existing contributions identified during our literature review for a more
in-depth insight into the sufficient conditions for the existence and uniqueness of solutions
to fractional boundary value problems (FBVP).

To avoid unnecessary repetition, we forgo an extensive literature review and instead
turn directly to the objectives of this work. This article specifically analyzes the existence
and uniqueness of the solutions to the following FBVPs

LDIu(t) = —o@(tu(t));, Ve<t<d, 2<qg<3,
1)
u(c) = pu'(c), W'(d)=B; (p,B)eR" xR,

where D7 represents the Riemann-Liouville fractional derivative of order g, ¢ belongs
to the set of continuous real-valued functions defined on [c,d] x R, which we refer to as
C([c,d] x R),and R* = R\ {0}.

Problem (1) was recently examined in a study by Laadjal [9], where the author estab-
lished, in Theorem 2.3, an explicit sufficient condition for the existence and uniqueness of its
solution. This result was obtained by combining an exact calculation of the maximum value
of the integral of the Green function with an application of the Banach fixed-point theorem.

Of particular relevance is the fact that Almuthaybiri, S. and Tisdell, C. [10,11] were
among the first to introduce Rus’s fixed-point theorem into the study of boundary value
problems. The technique developed in their work provided a more adaptable framework
than traditional fixed-point tools such as Banach’s theorem, particularly by weakening
the required Lipschitz conditions while still guaranteeing solution existence and unique-
ness. Following this, Rus’s theorem has been employed to analyze fractional bound-
ary value problems involving Caputo, Riemann-Liouville, and conformable fractional
derivatives [12-14]; see also [15-20].

Building upon these recent advancements, this study concentrates on the Rie-
mann-Liouville fractional derivative of order 2 < g < 3. In particular, we aim to extend
and refine the results previously established by Laadjal in [9]. The cornerstone of this
refinement lies in deriving new, sharper bounds for specific integrals involving the Green’s
function introduced in [9]. These enhanced estimates are subsequently applied to an FBVP,
analyzed within a function space equipped with two distinct metrics. To guarantee the exis-
tence and uniqueness of solutions, we employ Rus’s fixed-point theorem [21], a framework
that provides a more general and adaptable alternative to classical fixed-point techniques.
This approach not only broadens the scope of problems that can be addressed but also
relaxes certain restrictive conditions inherent in traditional methods, thereby enhancing its
applicability to a wider range of fractional differential equations.

The structure of this research is as follows. In Section 2, we introduce the fundamental
notations, essential definitions, and theoretical tools that form the basis of our analysis.
Section 3 presents new properties of the Green’s function, which serve as essential analyt-
ical tools in the subsequent development of our study. Section 4 is devoted to deriving
novel sufficient conditions that guarantee the existence and uniqueness of solutions to the
considered FBVP. Section 5 presents a comparative analysis between our condition and
that proposed by Laadjal [9].

2. Notations and Intermediate Results

This section lays the foundation for the analysis to come. We present the notational
framework, formal definitions, and the main theoretical results supporting Rus’s contrac-
tion approach. Let us first invoke a recent result due to Zaidi and Almuthaybiri, presented
as Theorem 4.5 in [22]. This theorem provides a crucial foundation for the computation of
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the L2-norm of the Green function, which will be carried out in the next section.
For clarity, we define the following symbols and conventions:

*  Nrefers to the set of non-negative integers, Z to the set of all integers, R to the real
numbers, and C to the complex numbers.
*  R(z) stands for the real part of a complex number z.

The following is the definition of the Gauss hypergeometric function

Definition 1 ([23]). The Gauss hypergeometric function, denoted by o F;, is defined by the following

power series:
P1, P2 Zoo (Pe(p2)i 2
F ,Z . , 2
? 1( p3 ) k=0 (PS)k k! @

where the parameters satisfy:
p1,p2€C, p3eC\Zy, ze€B:={zeC||z[ <1}, and R(ps—p1—p2) >0.
Here, (z) denotes the Pochhammer symbol defined for any z € C and k € N* by:
(z)o=1, and (2)y=2z(z+1)(z+2)---(z+k—1). 3)

If R(ps — p1 — p2) > 0, then the value of the Gauss hypergeometric function atz = 1
is given by the classical identity:

pip2 o\ _ D(pa)T(ps — p1—p2)
2h ( P3 '1> T(ps = pU)T(ps — p2)’ @

In addition, it is well known (see [23,24]) that when the first parameter p; is a non-
positive integer, specifically p1 = —m for m = 0,1,2, ..., and the parameter p3 does not
take on non-positive integer values (i.e., p3 # 0, —1, —2,...), the hypergeometric series
terminates after a finite number of terms. In this case, the function reduces to a polynomial
of degree m:

—m,p2 -\ (m)e (p2)k k
2F1< ps '1> 7,;0 (p3)ekl = ®)

where (-); denotes the Pochhammer symbol.
Moreover, the Gauss hypergeometric function satisfies the following differentiation
formula (see again [23,24]):

d pP1 P2 pP1p2 p1+1,p2+1
—oF ;z | = B2 LF oz . 6
72 1< s > p, 20 Py 41 (6)

Finally, a natural generalization of the Gauss hypergeometric function is the 3F,
function, defined by the series:

B[ PrPEP ) Y (PR (P2)i(pa)k 2*
' = (pai(ps)e kY

P4, P5 k!
where the parameters satisfy:
z€B, and R(ps+ps—p1—p2—p3) > 0.

As part of our discussion on the integration of the Green’s function in Section 3, we
present the following recent result ([22], Theorem 4.5) by Zaidi and Almuthaybiri.
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Theorem 1. Forallc <t < d,and q > 1, we have
t
1) = / (t— )T\ (t —s)1~1(d —5)1 2 ds
(d — )12t — ¢)2-1 2 g1 7)
2F sx(t) |,
q qg+1
where, x(t) = =<,
4 (d—c)2 (1-3g)(d —c)*2 1-4,1,2q
I(Hdt = F 1) (8
A e R B e Y (S ®

Proof of Theorem 1. The results stated in Theorem 1 follow directly from Theorem 4.5 of
paper [22] upon making the substitutions T +— ¢,y — d,a — g,and g — x. O

We proceed by presenting the following useful results, which are instrumental to the
analysis carried out in the next sections. The following corollary was presented in ([22],
Corollary 3.1), which gives explicit an expression for the hypergeometric function 3F.
This expression plays a crucial role in deriving a specific integral estimate involving the
Green’s function.

Corollary 1. We have

-31,5 4045 10
F 2777 ) = ——— 4+ —In(2). 9
3 2( 76 1)~ %006 " 1001 "? ©)

Proof of Corollary 1. Equality (9) follows directly from Corollary 3.1 in paper [22], where
a detailed proof is presented. [

The following Lemma will be important for our analysis in Section 3. The proof of this
Lemma follows similar reasoning to that of ([12], Lemma 1).

Lemmal. Let2 < g <3andz € (0,1). Define

2—q,1
=,F z . 1
1(2) 21< g1 ,z> (10)
Then, j(z) is strictly decreasing on the interval (0, 1) and satisfies
1 _ <)<t 11

Proof of Lemma 1. The proof is separated into two cases according to the value of 4.
First case: 2 < g < 3. Applying relation (6) for the derivative of the hypergeometric
function o F; with parameters p; =2 — g, p» =1, and p3 = g+ 1, we obtain

/ _ 2_‘7 _ . .
1'(z) = —qu 1 2Fi(3—4,2;94+2;z2). (12)

Given that the hypergeometric function »F; (3 — q,2;9 + 2;z) has strictly positive
coefficients in its series representation and converges for z € (0,1), one can deduce that

2F(2-9,2,9+2,2z) >0, Vze(0,1). (13)

Since 2 —q < 0, then j/(z) < Oforallz € (0,1) and j(-) is strictly decreasing on (0,1).
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Second case: g = 3. Replacing q by 3 in relation (5), we obtain
S (DD k z
=,F(-1,1,4z) = =1—--. 14
1(z) =2R(-1,1;4z) = ) @k - i (14)

This simplified form of the function j(-) shows that it is strictly decreasing on the

interval (0,1). Hence, j(-) is a strictly decreasing function on (0,1) forall 2 < g < 3.

On the other hand, the function ,F; (2 — g,1;q + 1;z) is well defined and analytic on

(0,1), as its hypergeometric series converges for all z € (0,1). Therefore,

using the monotone limit theorem and the monotonicity of j(-) (see [25], Theorem 3.3.15),
we obtain
sup j(z) = lim j(z) =2F1(2—¢,1,9+1,0) =1, (15)
2€(0,1) z—=0F

using Relation (4), we obtain

inf,c01)/(2z) = ZIE{‘_ 1(2)
= F(2—-4g,1L9+1;1) (16)
I(q+1)r(29-2) q

I'(29 -1)I'(g) 2(q—-1)

This completes the proof of this lemma. [J

Remark 1. Let z = x(t) as defined in Theorem 1. By Lemma 1, since

1(z) > Z(qq—l) >0, for 2<q<3,

we have

2—qg,1
z) = 5F ;21 >0, forall z€ (0,1).
1(z) =2 1( g+1 ) f (0,1)
Furthermore, since

(d—c)i72(t —c)211
q

>0, forall te€lcd],

it follows that the integral I () defined in (7) satisfies

IJ(t) >0, forallt e [cd].

Remark 2 (See Remark 1 in [12]; see also [13]). It should be noted that the identity in (7)
appears to have been available as a specific case of a more general result available in earlier work [24]
(Relation (2.46), p. 41). We respectfully acknowledge this prior contribution.

The theorem below, originally established by Rus, serves as a fundamental tool in our

analysis, which aims to refine the conditions previously proposed by Laadjal [9]. For recent

advancements and applications of Rus’s theorem, the reader may consult [10-13,15].

Theorem 2 (Rus [21]). Let E be a non-empty set and p and o be two metrics on IE such that (E, p)
forms a complete metric space. If the following conditions are satisfied,

@
@)
®)

the mapping T : E — E is continuous on the metric space (E, p),
36 € (0,00) such that p(T[u], T[v]) < & o(u,v), forall (u,v) € E,
36 € (0,1) such that o(T[u], T[v]) < 6 o(u,v), forall (u,v) € E.
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Then, there exists a unique w € E such that T|w] = w.

It is important to observe that Rus’s fixed-point theorem is formulated in the setting
of two metrics, with completeness required only for the first. More precisely, the theorem
assumes that the space [E is complete with respect to p but not necessarily with respect to .
The operator T is required to be continuous in the metric p and contractive in the metric o,
while contractiveness with respect to p is not imposed. Such assumptions, as will be shown,
are particularly useful when dealing with operators associated with boundary FBVP, since
they refine classical results by establishing uniqueness for a broader class of problems. As
the analysis proceeds, we introduce the space E, the metrics p and o, the operator T, and
the constants 6 and 6.

Let us consider the function space E = C([c, d]) introduced earlier. To quantify the
difference between two functions in this space, we introduce two metrics. The first is the
uniform (or L*) distance, denoted by p, defined as

o(u,v) = max |u(t) —o(t)|. (17)
te(c,d)

The second is the L2 distance, denoted ¢, defined by

o(u,0) = (/d lu(t) - v(t)|2dt)1/2. (18)

These two distances yield different completeness properties. The space (E,p) is
complete (see [26], Corollary 4.11, p. 60). On the other hand, (E, ¢) is not complete (see [26],
p- 89). Furthermore, for any two functions u,v € C([c,d]), the following inequality holds:

o(u,v) <vVd—cp(u,v). (19)

Up to this point, we have introduced only the two distance measures p = L* and
o = L?. The constants § and 6 will subsequently be defined in accordance with relations (34)
and (40), respectively.

3. New Properties of the Green’s Function Q)(s, t)

This section establishes two key results related to the integration of the Green’s func-
tion. These results serve as a foundation for the subsequent section, in which we formulate a
new sufficient condition ensuring the existence and uniqueness of solutions to the FBVP (1).

In [9], Lemma 2.1, Laadjal proves that if ¢ € C([c,d]) N L!([c,d]), then the solution of
the FBVP (1) is given by the integral equation

_ -1
() = - L (f) : dc)qc)H + " (s, ) g(s, u(s)) ds, (20)

where L!([c, d]) is the set of measurable real-valued functions defined on the closed interval
[c,d] and Q) is the following Green function
t—c)171(d —s)772 t—s)T1
( F(q))(dic)q)z —( F(q)) , forall c<s<t<d
Qs t) = (21)
(t—c)1'(d—s)72
L(g)(d—c)i=2 °

forall c <t<s<d.

Lemma 2. Forall 2 < q < 3, the Green’s function Q)(s, t) exhibits the following relations:
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) 4(q — 1)(d — o)

fé‘?iz‘(/ ()] ds) < <r2<q><zq—3><zq—1>>' @)

@ [([ 10k as)a =Yg, 23)
where,

i B (d—c)™ (d—c)™ B 2(d —c)™
Yaed) = w1 T RGP -2 @) -9 1)
(1 3q)(d — o) 1-q12
- [ 2(q)q?(1—q) ]3F2< g+1,29+1 '1)' 2

d
/ Q(s,1)2ds =
Cc

Proof of Lemma 2. Let I1(t) and C denote the function and constant defined below, respec-
tively,

(t—c)%2 co 2
T2(q)(d =)= I2(q)(d —c)1=2

From the expression of the Green function (21), we deduce that forallc <s <t <d,

II(t) =

we have
T e I e Y (s (e Ut (L e
CEO = TRgu-ort T Tw Te@-orz T
= TI(E)(d — )T C(t— )TN (d —s)12(t— )1 + t;%;

and that forallc <t <s < d, we have

(t—c)?172(d —s)2174
T(q)2(d — )21+

02(s,t) = = TI(t)(d — ),

(1) Forallt € [c,d] we have

t d
/C\Q(s,t)|2ds+/t 1Q(s, 1) ds
T1(t) /t(d—s)zq"*ds—C/t(t—c)q’l(d—s)"’z(t—s)q’l ds
t s 2q-2 t
/ (Gt b r2()q)q ds+11(1) [ (d =) *ds
H(t)/ (d—s)2~ 4ds+/ t_s Ty —c/t(t_c)qfl(d—s)ﬂ(t—s)qflds

H(t)/c 5% 4ds+/ t_s zq i —cIi(p) (25)

where I](t) denotes the integral given by (7). In light of Remark 1, we have CI](t) > 0.
Thus, we have:

)2q—3 (t _ C)Zq—l
) I%(q)(29 - 1)
d—c)?-3 N (d— )21
) I2(q)(29-1)
4(g-1)(d—c) !

= Tg)(29-3)(29 1) 26)

d
/ 1Q(s, £)[? ds

AN

A

—
s
—~
U

I
(9}

IN




Axioms 2025, 14, 708 8 of 18

that is, o1
4(g—1)(d —c)"1~
mas ([ 106502 0) < (o3 56—y ) )

and this achieves the proof of the first point of Lemma 2.

(2) From relation (25) above, we have

/cd (/cd (s, 5 dS) dt

/Cd[(d—(c)2q3n(t)+ (t—c)21 }dt C/ 10t

2q —3) I2(q)(29 1)
_ (d—c)™ L d= o 2(d - C)Zq
I2(q)(29-3)(29—1)  T2(q)(49> —2q) T2(q)(1—q)(29—1)
(1-3q)(d—c)™ 1-9,129
- [ 2(q)g(1-q) ]3F2< g+1,29+1 '1>' 29

Observe that relation (8) was utilized in the derivation of expression (28), thereby
completing the proof of the second point in Lemma 2. [

4. A Refined Sufficient Condition Ensuring the Existence and Uniqueness
of the Solution to Problem (1)

This section is devoted to establishing new sufficient conditions that guarantee the
existence and uniqueness of solutions to the fractional boundary value problem (1). This
condition is formally stated in the theorem below.

Theorem 3. Let K be a positive constant and ¢(t, u) be a continuous K-Lipschitz function with
respect to its second variable u, that is, for all (t,u), (t,v) € [c,d] x R, it satisfies

1f(tu) = f(t,0)]| < K [u—ol. (29)

where || - || denotes the L®-norm. If

Y(g,c,d) <1, (30)
where Y(q, ¢, d) is given by (24), then problem (1) has a unique solution in the set C([c, d]).

Proof of Theorem 3. Utilizing the integral formulation (20) of the fractional boundary
value problem (1), we define an operator T on the space C([c,d]), where each function
u € C([c,d]) is mapped to T[u] € C([c,d]) as follows

B(t—c)i!
(g—1)(d—c)72

T[u](t) = +/ (s, )9(s, u(s)) ds, Vt € [c,d]. (31)

To establish the existence and uniqueness of a fixed point w € C({[c, d]) for the operator
T, we invoke Rus’s Theorem 2.

1.  Verification of condition (1) in Theorem 2: Consider metrics p = L* distance and
o = L2 distance on the set E = C([c,d]). Then, for all u,v € C([c,d], t € [c,d], we have

[ 1060 Lo, ut)) — gls,0(5) ¢

~d
/ 1Q(s, £)| K|u(s) — v(s)| ds, [since ¢ is K-Lipschitz]
C

</Cd|0(5/t)|2 ds) K</Cd|u(5) —o(s)? ds)é (32)

| T[u] () = Tlo)(1)]

IN IN

N[



Axioms 2025, 14, 708 9of 18
1
d 2
< K max (/ 10(s, 1) 2 ds) o (1, 0)
teled] \Je
1
4(g—1)(d—c)* ! ) 2
< K( . (33)
I2(q)(29 —3)(29 - 1)

Note that we used Holder’s inequality [27,28] and relation (29) to derive inequality
(32) and used relation (22) to obtain inequality (33) .
Let 6 be the constant defined as follows

1
_ 4(g—1)(d—c)>171 \2
6_K<F2(q)(2q—3)(2q—1)> ' G4

Since relation (33) is true for all t € [c, d], then

o(T[u], Tlo]) < 6 o(u,v). (35)

From the combination of inequalities (35) and (19), it follows that the subsequent
bound holds for all functions u, v € C([c,d])

o(T[ul, Tlo]) < & VA —c p(u,v). (36)

Relation (36) expresses the Lipschitz continuity of the mapping T on the metric space

(C(le, ), p)-

2. Verification of condition (2) in Theorem 2: Equality (34) demonstrates the existence
of a constant ¢, such that relation (35) is true for all u, v € E. Therefore, condition (2)
of Rus’s Theorem 2 is satisfied.

3. Verification of condition (3) in Theorem 2: By squaring both sides of inequality (32),
we obtain

Tl (t) — Tl (1) < K2 ( / "o, nP ds) o (u,0) 7

Integrating both sides of inequality (37) and considering their square roots, we obtain

([imwe - riwr ) << [( [1oenra) i) own, 69

Inequality (38) implies

—_
—_

NI—=

o(T[u], T[0]) < K(/C.d([jﬂ(s,tﬂz ds) dt) o (). (39)

Let 6 be the constant defined by

1<(/d (/C'dm(s,t)l2 ds) dt)z (40)

K1\/Y(g,¢,4d), [using relation (23)].

S
I
-

Then, inequality (39) is rewritten as follows

o(T[ul], T[v]) < 60 o(u,v) (41)
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Expressing assumption (30) of Theorem 3 using 8, we immediately obtain the condition
6 < 1. We have thus proven that there exists a constant 6 < 1 such that o(T[u], T[v]) <
6o (u,v) for all u,v € C([c,d]). Consequently, condition (3) of Rus’s theorem is fulfilled.

Since all the conditions of Theorem 2 are satisfied, it follows that the operator T
possesses a unique fixed point. Accordingly, for any 2 < g < 3, the fractional boundary
value problem (1) admits a unique solution u € C([c,d]). This concludes the proof of
Theorem 3. [

Examination of FBVP for the Specific Case ¢ = 3
When g = 3, then FBVP (1) is rewritten as follows

u”(t) = —@(t,u(t)), Vtec<t<d
(42)

This special case was also examined by Laadjal [9]. More precisely, he demonstrated
in Corollary 2.4
that problem (42) has a unique solution provided that the condition

3/12
d—c<\/f (43)

We now proceed to examine the sufficient condition for existence and uniqueness that

is satisfied.

arises from our approach, which is grounded in Rus’s fixed-point theorem.
By setting g = 3, Lemma 2 simplifies to the following corollary, which can be derived
through direct integration.

Corollary 2. When q = 3, the Green’s function Q)(s, t) exhibits the following relations:

_ \5
(1) tlél[?j;] ('/Cd | (s, t)[? ds) < % (44)
2) /d (/d 10(s, 1) 2 ds)dt —Y(3,¢,d) = (d;l;)é. (45)

By employing the same methodology used in the proof of Theorem 3, we derive the
condition stated in Corollary 3 below.

Corollary 3. Let K be a positive constant and ¢(t, u) be a continuous K-Lipschitz function with
respect to its second variable u, that is, for all (t,u), (t,v) € [c,d] x R, it satisfies

lp(t,u) — @(t,v)| < K |u—ol. (46)
If
(d—c)®
K T < 1, (47)

then problem (42) has a unique solution in the set C([c,d]).
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Proof of Corollary 3. Proceeding in the same manner as in the proof of Theorem 3, it
follows that the contraction constant 8, defined by relation (40), can be expressed as

K(/Cd </Cd|Q(s,t)|2 ds> dt)%
Iy T 2

S
Il

= K (d—c)’ [by Relation (45)]
V315 '
Therefore, the contraction condition (30) presented in Theorem 3 can be reformu-
lated as
K+/Y(3,cd) <1+=K @—o’ (49)
V315

O

Remark 3. Given that \/315 =~ 17.748, condition (47) can be reformulated as the following

equivalent expression:
17.748
d—c <\~ (50)

which mirrors the form (43) exhibited by Laadjal.

This result demonstrates that our condition is less restrictive than that proposed by Laadjal, as
it enables the establishment of existence and uniqueness for a broader class of problems of type (42).
The next section presents a numerical comparison of the two conditions as the parameter q varies
over the open interval 2 < q < 3.

5. Numerical Simulations

The primary aim of this section is to illustrate, through concrete examples, that our
condition (30) established in Theorem (3) is less restrictive than that formulated by Laadjal
in [9], Theorem 2.3. Specifically, we show that there exists an infinite family of FBVPs for
which the existence and uniqueness of solutions are ensured by Theorem 3, but not by that
of Laadjal, formulated as follows

(d—c)1
(a—1DIr(q+1)

For the sake of simplicity, we introduce the functions D(q) and A(q), defined by:

<1 (51)

1
P} = =i+ 2
Alq) = +/Y(401) (53)

Y(g9,0,1) = ! + ! — 2
" I2(q)(29-3)(29—1)  T%(q)(49> —29) T2(q)(1—q)(29—1)

(1-3q) 1-q,129
- [Fz(q)qz(l—q)]35< g9+1,29+1 '1>' &9

Under this setting, Laadjal’s existence and uniqueness condition (51), along with our
proposed condition (30), can be equivalently reformulated as follows

KD(q) (c—d)7 <1 : Laadjal’s condition

55
KA(g) (c—d)1<1 : ourcondition. 5)
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Unless otherwise specified, we assume ¢ = 0 and 4 = 1 throughout the remainder of
this paper.

Figure 1 illustrates the behavior of the functions D and A as functions of the parameter
g over the open interval 2 < g < 3. The graphical representation provides insight into the
variation in these expressions with respect to g, highlighting their respective growth trends.

0.5 7

0.4

0.3 A

0.2

0.1+

0.0 : : : f —
2.0 2.1 2.3 2.5 2.7 2.9 3.0
q
Figure 1. Variation of D(q) and A(g) with respect to g over the interval 2 < q < 3.

In parallel, Table 1 lists the computed values of D(q) and A(q) for selected values of
2 < g < 3, rounded to five decimal places. This numerical data serves to complement the
graphical analysis, offering concrete reference points for specific cases within the interval
under consideration. The last row of this table reports the relative percentage deviation
between D(g) and A(g), which serves as a measure of the improvement achieved by our
criterion in comparison with Laadjal’s condition.

Table 1. Values of D(g) and A(g) for some special values of 2 < q < 3.

q 2.0001 2.1 2.3 2.5 2.7 2.9 3.0
D(q) 0.49990 0.41367 0.28666  0.20060 0.14104 0.09932  0.08333
A(q) 0.40815 0.32509 0.21341 0.14387 0.09837 0.06778  0.05634

w x 100 184 % 21.4% 25.6 % 28.3 % 30.3 % 31.8% 32.4%

Consequently, Table 1 and Figure 1 provide clear visual evidence supporting the
assertion that our condition represents a refinement of Laadjal’s criterion for ensuring
existence and uniqueness.

In our computational framework, the functions D(g) and A(g) were implemented in
PYTHON 3 to generate Figure 1 and populate Table 1. The evaluation of the generalized
hypergeometric function 3 F, at unity was performed using the command hyper([1-q, 1,
2q], [g+1, 2g+1], 1).

To support our numerical results, we give an explicit fractional example to compare
between our results and Laadjal’s result.

Ifg = g, then (54) takes the form
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2 4 16 832 -3,1,5
Y(5/2,0,1) = —+-—+——— |——|3F 2777
(5/2,0,1) on " 357 T 27n {67571}3 2( 76 ' ) (6)
2 4 16 832 174045 10
= 4+ — In(2 b llary 1
on " 552 T 27 {67577} [6006 * 001 ™ >]’ [by Corollary 1]
_ 2 4 16 2385 128 In(2)
T 97 ' 45m ' 27m 2873w 103957 ’
308 128
= fs7r  10s957 M) ©7)
Therefore,
1.  Laadjal’s condition (51) becomes
K%~k (0.200600) < 1 (58)
N ’
2. using (57), our condition (30) is equivalent to
308 128
K \/4187n ~ T35 In(2) ~ K (0.143869) < 1. (59)

Obviously, for g = 3, inequality (59) is sharper than (58).

Remark 4. Interestingly, for ¢ = 3, the explicit evaluations yield results identical to those
obtained numerically.

5.1. Development of FBVP (1) Beyond Laadjal’s Condition

Let 2 < g < 3 be a real parameter, and consider a continuous function f(t, u) that is
L-Lipschitz continuous with respect to the variable u. As shown in Figure 1, the inequality
A(q) < D(g) holds for all 2 < q < 3. Thus, for any #@I) <AL ﬁ@‘l)’ we can define
the function ¢(t,u) = Af(t,u). It is straightforward to verify that ¢ is continuous and
satisfies a Lipschitz condition in # with constant K = A L. Under these conditions, the
inequality KA(g) < 1 is verified, while the condition KD(q) < 1 is not. Therefore,
applying Theorem 3, we conclude that FBVP (1), with a = 0 and b = 1, admits a unique
solution. On the other hand, Theorem 2.3 of Laadjal [9] does not prove the existence and
uniqueness of the solution to this problem. This demonstrates that our condition represents
a refinement over that of Laadjal, offering a stronger criterion for establishing the existence

and uniqueness of solutions to problem (1).

5.2. Comparative Evaluation of the Two Criteria Through Concrete Examples

In both Laadjal’s Theorem 2.3 [9] and our Theorem 3, the continuity condition of the
function ¢(t,u) is denoted by (a), while the Lipschitz condition of the function g with
respect to the variable u is denoted by (b). This section provides illustrative examples,
along with several others that can be derived from them, that satisfy conditions (a), (b), and
(30) stated in Theorem 3. Notably, these examples do not fulfill condition (19) of Laadjal’s
Theorem 2.3, thereby highlighting the broader applicability of our result.
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5.2.1. Comparison of the Two Criteria When g = 3
Let us consider problem (1) in the specific case where g = 3 and ¢(t, 1) = —5cos(u) +
-1
LDY2u(t) = —5cos(u(t)+£ -1, V 0<t<1 (©0)
u(0) = 2u/(0), /(1) =1.

From Table 1, D(3) = 0.20060 and A(3) = 0.14387. Moreover, for all u,v € C([0,1])
and all t € [0,1], we have

|p(t,u) — ¢(t,0)] 5[ cos(u) — cos(v)|

< 5/u— o (61)
< Klu—ov|,
where,
K =35, d —0| = t) —o(t)]. 62
and |u—o9| Orgggllu() o(t)] (62)

Recall that if the function ¢(t, u) is (a) continuous and (b) K-Lipschitzian with respect
to the second variable u on the interval [0, 1], then,

1.  according to Laadjal [9], Problem (60) admits a unique solution if

KD(

NIU1

) <1, (63)
2. according to our Theorem 3, Problem (60) admits a unique solution if
K A(%) <1 (64)

Here, conditions (a) and (b) are satisfied. Given that K = 5, condition (64) holds, while
Condition (63) fails to be satisfied. This indicates that Laadjal’s criterion does not permit
the conclusion of existence and uniqueness for the solution to Problem (60). Hence, our
condition provides a sharper result than that of Laadjal.

The following subsection outlines a procedure for constructing an infinite family of
problems derived from problem (60) that satisfy conditions (a), (b), and (30) stated in
Theorem 3 while simultaneously violating condition (19) of Laadjal’s Theorem 2.3 [9].

5.2.2. Generating an Infinite Number of Counterexamples

As illustrated in Example (60), modifying the function ¢(t,u) to fg(t,u) = Be(t,u)
for various values of B in the following interval

I= 1,1> = (0.9970,1.3901),
(59(3) 5A(3) ( )

yields an infinite set of comparable examples, as we will show below.
Let B € . We define Pg as the fractional boundary value problem derived from
Problem (60) by substituting the function ¢(t, u) with fg(t, u):

| DYPu(t) = fg(tu) = —5Bcos(u(t)) +p —p, ¥V 0<t<1
P { 3(0) = 24/(0), u'(1) =1 (65)

Let L = 5B, then fg is an L-Lipschitzian function with respect to u. Since

7

1 < B < 1
TR
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then
LA(R) = 5BA(3)<5 ! A3 =1 (66)
? P TsaR)
LD(3) = 5B8D(3)>5 ! D(3)=1. (67)

In this case as well, conditions (a) and (b) are satisfied. Furthermore, by combining
inequalities (66) and (67), it follows that condition (64) is fulfilled, whereas condition (63)
is not. This demonstrates that Laadjal’s criterion fails to guarantee the existence and
uniqueness of a solution to Problem P.

We have therefore constructed an infinite family of problems {Pg ; B € I} whose
solvability—in terms of both existence and uniqueness—is ensured by Theorem 3, whereas
Laadjal’s Theorem [9] fails to establish such a conclusion. This highlights the broader
applicability and refinement of our result.

5.2.3. Comparison of the Two Criteria as g — 2

We now consider the problem presented in Example 2.7 of [9], modifying the fractional
order from g = 3 to g = 2.0001 and adjusting the study interval from [0,1] to [0, 3]. This
problem can be formulated as follows:

LpZooty(t) = 1-—+#2 +4tan’1(1i(tz), VOo<t<? (69)
w©) = pu(0), () =7 LER peR’

The function ¢(t,u) = 1 — t> + 4tan~! (u(t)) satisfies two fundamental properties: (a)
it is continuous, and (b) it is K-Lipschitz continuous with respect to the variable u, where
the Lipschitz constant is given by K = 4. Therefore,

1.  according to Laadjal [9], Problem (68) admits a unique solution if

K (3 —0)*%%! D(2,0001) < 1, (69)
2. according to our Theorem 3, Problem (68) admits a unique solution if

K (3 —0)%%901 A(2.0001) < 1. (70)

From Table 1, D(2.0001) = 0.49990 and A(2.0001) = 0.40815. By substituting the
values of K, D(2.0001), and A(2.0001) into the left-hand sides of conditions (69) and (70),

we obtain
4 (% — 0)2~0001 D(2.0001) = 1.12474>1

71
4(3 - 0)2001 A(20001) = 091831 < 1 (71)

In accordance with our criterion, Problem (68) admits a unique solution, whereas
Laadjal’s criterion does not permit such a conclusion. Hence, our condition provides a
sharper result than that of Laadjal.

5.2.4. Comparison of the Two Criteria When g = 3

Let us consider problem (42) in the specific case where ¢(t,u) = 1 — > +4tan~! (u(t))
and [c,d] = [0, 3]:

u”(t) =1—t>+4tan"H(u(t)), Vte0<t<3
(72)
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Based on relations (43) and (50),
1.  Problem (72) admits a unique solution if
(d—c)®
K 1 7
5 <L (73)
2. Problem (72) admits a unique solution if
(d—c)’
<1 74
V315 74)
Since K = 1, then we have:
(15 -0)3
4——— = 1125>1
12 e (75)
(1.5-0)
4———— = 0761 < 1.

V315

In accordance with our criterion, Problem (72) admits a unique solution, whereas
Laadjal’s criterion does not permit such a conclusion. Hence, our condition provides a
sharper result than that of Laadjal.

Figure 2 illustrates the solution to Problem (72) for the two cases B = 1and B = 2. The
computations were performed using the bvp4c routine in MATLAB, which is specifically
designed for the numerical resolution of boundary value problems. This solver is based on
a collocation method, employing the three-stage Lobatto Illa formula [29,30], a fourth-order
finite difference scheme that ensures both accuracy and stability in the approximation
of solutions.

w322
w32=1

08k

0.4r

02r

Figure 2. The blue (resp. red) curve is the solution to problem (72) when B = 2 (resp. B = 1).

6. Conclusions

The first main result of this study, Theorem 3, was established for a specific choice
of the distances p and ¢ used by Rus’s fixed-point theorem. The rationale behind this
choice lies in the feasibility of performing the integral computations required in Lemma 2.
However, the left-hand side of relation (23) still lacks an explicit expression whenever
o = L7 with p # 2, and the task of obtaining a reliable numerical evaluation continues to
pose a complex and unsolved problem.

By employing the new integral bounds for the Green functions associated with FBVP
(1), derived in Section 3 for all 2 < g < 3, and applying Rus’s fixed-point theorem
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(Theorem 2), we established our main existence and uniqueness result, Theorem 3. This
theorem provides sharper a priori bounds than those obtained via classical contraction
methods and extends the earlier results of [9]. The validity of our findings is further
supported by numerical comparisons.

However, it remains an open question whether alternative choices of the distances p
and o, together with newly derived integral bounds for the Green functions of FBVP (1),
could yield results that are even more robust than those presented here. In addition, it is
of particular interest to investigate whether Rus’s fixed-point theorem constitutes a more
effective alternative to the classical Banach fixed-point approach in addressing FBVP (1)
for g > 3 under suitable boundary conditions. These considerations suggest promising
directions for future research.

Another avenue for future research could investigate the use of Rus’s fixed-point
theorem in mathematical control theory, such as approximate controllability [31], and apply
it to problems studied using recent fixed-point results in generalized metric spaces [32].
This approach may offer a promising framework for advancing the analysis of fractional
boundary value problems and related applications.
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