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Abstract

Life distribution comparison is important in reliability and survival analysis to model sys-
tem aging and longevity. The article develops a non-parametric hypothesis test procedure
for testing exponentiality against the Used Better than Aged in Laplace transform (UBAL)
family of life distributions. The test in this case is developed based on moment inequalities
in the Laplace transform, which yields a computationally straightforward and theoretically
sound methodology. We establish the asymptotic behavior of the test statistic and evalu-
ate its performance through Monte Carlo simulations, showing acceptable power against
common alternatives such as the Weibull, linear failure rate, and Makeham distributions.
Critical values are also provided for practical use under complete and right-censored data.
The usefulness of the procedure is also illustrated on real medical data sets, including
leukemia, liver cancer, and lung cancer patient survival times, and COVID-19 deaths data.
The results indicate the applicability and success of the proposed method in detecting devi-
ations from exponentiality. Overall, this research contributes a handy statistical method
for reliability, risk analysis, and medical survival analysis, where system aging is of the
utmost importance.

Keywords: statistical inference; family of exponential distribution; moment inequalities;
UBA and UBAL classes of life distributions; medical data

MSC: 62G10; 62G20; 62N05

1. Introduction

In the field of survival and reliability analysis, comparing different life distributions is
essential to comprehending the longevity and behavior of diverse systems. In this context,
figuring out a life distribution is “better” than another in terms of survival characteristics is
one of the main issues. There are several ways to approach this comparison, such as by
using stochastic ordering, which offers a way to compare the distributions based on how
likely they are to fail or survive at any particular moment. Among the different stochastic
orders, the Laplace ordering is particularly useful in comparing life distributions, as it
captures the notion that one distribution is stochastically smaller than another if its survival
function is “better” in a certain sense.
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The UBAL class serves as a valuable tool in systems which show concave aging
patterns particularly in medical survival data and component reliability under cumulative
shocks. The UBAL model provides better flexibility and realism than traditional stochastic
orders like IFR and NBUE in these cases.

Laplace ordering has been widely studied in the context of life distributions, and it
has been shown to be a powerful tool for comparing the longevity of different systems.
The concept of aging and its influence on reliability theory has been a fundamental topic
in the field of survival analysis and life distributions. Identification and categorization
of life distributions by their aging behavior are needed in engineering, medical science,
and actuarial science. Among the root works are Bryson and Siddiqui [1], Esary et al. [2],
and Barlow and Proschan [3], with subsequent refinements by Navarro [4] and Klefsjo [5].
Many studies have considered various aging classifications, such as the NBUC and NWUC
proposed by Denuit [6]. Fernandez-Ponce et al. [7] have also investigated the multivariate
NBU. Furthermore, Ahmad [8] examined UBA and UBAE. Abu Youssef and Bakr examined
the Laplace order for UBA [9].

Among the diverse methods of classification, moments inequality provides a robust
framework for analyzing and comparing life distributions, offering valuable insights
into their structural properties. This paper proposes a novel non-parametric approach
to hypothesis testing for the UBAL class moments inequality. We aim to address the
limitations of existing parametric methods by developing a flexible framework that can
adapt to diverse datasets and maintain high efficiency in detecting deviations from the
UBAL assumption. The proposed methodology employs moments inequality, which are
computationally efficient and theoretically grounded, making them suitable for a wide
range of practical applications.

Definition 1. Let X be a non-negative random variable representing the lifetime of a device. The
survival function (also known as the reliability function) is:

F(u) = P(X > u),

the mean (expected) lifetime is defined as:

Let X; = [X —t|X > t], Vt; P(X >t) > 0, be the residual lifetime at time t, the mean
residual life at time t is the expected remaining lifetime of a device that has already survived up to
time t. Denote this as u(t). It is given by:

[ F(u)du

F(t
Definition 2. A random variable X is smaller than a random variable Y with respect to Laplace
transform order (denoted by X <p; Y) if, and only, if

p(t) = E(X¢) =

/ e *YdF(x) > / e *¥dG(x), s > 0.
0 0

It is equivalent to

/ e_sxﬁ(x)dxg/ e G (x)dx.
0 0

Applications, properties and interpretations of the Laplace transform order in the statistical
theory of reliability, and in economics can be found in Klefsjo [5], and Denuit [6].
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Definition 3. Let X be a random lifetime having distribution function F, Then F is UBAL, provided
that 0 < p(c0) < o0, Vx,t >0,

#(o0)

mf(t), s > 0. (1)

/e_sxF (x+ H)dx >
0

Note: pi(00) is the expected remaining lifetime as time tends to infinity.

p(o0) = lim p(t).

t—o0

For more details, see Abu-Youssef and Bakr [9].

Testing exponentiality issues against different age classes of life distributions was
examined by statisticians and reliability analysts from a number of angles (see Table 1);
for additional details, see Ahmad [8], Bakr et al. [10], Mahmoud and Al-Babtain [11],
Gadallah et al. [12], Abu-Youssef and El-Toony [13], and Bakr [14,15].

Table 1. Exponential vs. NBUE vs. IFRA vs. NBUFR vs. UBAL.

Relation to

Aging Class Key Idea/Defining Property Exponential Prachcal. Typical Applications
el . Interpretation
Distribution
. Benchmark case No aging (neither Standard null model
. Memoryless property: residual . o
Exponential P (boundary for better nor worse in reliability and
life independent of age . . .
many orders) with age) survival analysis
Rejects exponentiality
NBUE (New Mean residual life < mean of when average Items tend to wear Mechanical reliability,
Better than Used

in Expectation)

original life

remaining life
decreases with age

out with time

aging components

IFRA (Increasing . . Lifetime becomes Biomedical survival
. Average failure rate increases s . .
Failure Rate . Stronger than NBUE riskier as age with progressive

with age . . .
Average) increases deterioration
NBUER (New Failure rate of new unit < failure Related but weaker Models system§ with Reliability with
Better than Used . non-decreasing
. . rate of used unit than IFRA monotone hazards
in Failure Rate) hazard
UBAL (Used Distinct from Surviving past early Medical survival
Better than Aged  Residual life Laplace transform s risk improves lifetime ~ beyond critical stage,
. . exponentiality; models . )
in Laplace at age t < that of new life . . prospects (age-related devices passing
improvement with age . " sy
Transform) improvement) burn-in” phase

The UBA and UBAE classes are being expanded by the UBAL to a larger and more
useful format. Ahmad [8] has described a few interpretations, attributes, and closure
features of the UBAL class. According to Abu Youssef et al. [9], who investigated the Laplace
order for UBA, the UBAL class is maintained under the shock model. Similarly, many
tests for exponentiality against certain types of life distributions have been put forth. It is
commonly understood why these tests are preferred over omnibus tests for exponentiality.
Consequently, it makes sense to employ tests that are well-suited to identify potential
alternatives, provided one is somewhat knowledgeable about the class of distributions that
could arise. Restricting the range of potential options too much could be even more harmful.
This makes the use of a reasonably broad class of aging distributions a logical compromise.

In order to verify exponentiality against the UBAL class of life distributions, this
work focuses on creating reliable statistical procedures. Using order statistics, moment
inequalities, and other non-parametric techniques, the suggested tests seek to offer a
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trustworthy framework for assessing hypotheses. Both theoretical analysis and real-world
applications in survival and dependability scenarios confirm the concept.

The main objective of this paper is to develop a non-parametric hypothesis test to
assess whether a lifetime distribution F follows the exponential law or belongs to the
broader Used Better than Aged in Laplace transform (UBAL) class. Formally, we consider
the hypotheses Hy : F is exponential, vs. Hy : F is UBAL. The test is constructed using
moment inequalities derived from the Laplace transform of F leading to a statistic §(s) = 0,
under Hy, and 6(s) > 0, under H;. Thus, the paper’s aim is to:

Derive and analyze the properties of 5(s),
Establish its asymptotic distribution,
Evaluate its power and efficiency through Monte Carlo simulations, and

Demonstrate its applicability to complete and censored medical datasets.

This is the format for the remainder of the paper. The UBAL class and its defining
characteristics are thoroughly described in Section 2. The theoretical underpinnings and
practical application of the suggested testing approach are described in detail in the same
Section. In order to assess the test’s performance, the end of Section 2 provides comprehen-
sive Monte Carlo simulations and compares them to current techniques. The theoretical
underpinnings and practical application of the suggested testing approach for censored
data are described in detail in Section 3. The real-world applications discussed in Section 4
highlight the technique’s practical relevance across multiple sectors. Section 5 ends with
a summary of the results and recommendations for additional study. This study offers a
useful tool for researchers and practitioners alike by bridging the gap between theoretical
developments and practical applicability. It also contributes to continuing attempts to
improve nonparametric testing methods for complicated aging classes.

2. Moment Inequalities

For the proposed class, the moments inequality is given by the following result. The
existence and finiteness of all moments are assumed in following the results.

Theorem 1. Let X be a random lifetime possessing finite moments yu, = E[X"] for any
r=1,2,.... Consider ¢(s f e *dF(x), and F has the UBAL property; then for all non-
negative integer v and 0 < y( ) < oo,

! s prin () Hra
g7 t2 (1 sr+l Z l — Z ,$>0 (2)

r—z)!(r—i—l—l) ~ 14spu(c0)r+1

Proof. If F has the UBAL property, then from (1), we have

[ [ t"e SXF(x + t)dxdt > 1+s;4 f
00 () 9
plo .
I'2 sy I
where B
I= [y [o t'e F(x + t)dxdt,
= [ [ e F(x + t)dxdt =[5 e SE(t) [ v e dudt.
Since
7! r i (ts)
"eSUdy = (-1 r -1 1 st
fve V= (-1) +i§0( )(r_i)ue
r! ! ; sf“ Pt

= —(—1)rsr+2 (1-9(s)+ st
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_ &l _ K
II—/tF(t)dt— ot
0

Then the result follows.
If r = 1, then Equation (2) reduces to

1 1 [sp2 p(0) Ha

—(1— 2B gy > L ) (E2)

53(1 q)(s))Jrsz[ 2 V} = (1—|—Sy(oo) (2) ®)

5(s) = S:ﬁg (—1)’ r—)l(r—i+1

This result is useful in applications such as reliability engineering and survival analysis,
where moment-based characterizations are often needed for incomplete or censored data.
The inequality can also be used as a diagnostic tool to test for deviations from exponentiality
and to validate UBAL assumptions in empirical datasets. [

2.1. Testing Hypothesis Procedure

The exponential distribution’s simplicity and memoryless nature make it a key com-
ponent of survival analysis and reliability theory. However, more generic classes of life
distributions are required to accurately simulate aging processes since real-world lifetime
statistics frequently depart from exponential behavior. UBAL is a generalization of this
class of life distributions. This class includes components or systems that have certain
aging traits that are more complex than those that exponentiality can explain.

There are important theoretical and practical ramifications to test exponentiality
against the UBAL class. Theoretically, it sheds light on whether the exponential model is
suitable for characterizing a particular data set, which is important in situations where
exponentiality is frequently taken for granted. Practically speaking, these tests are essential
in dependability analysis since knowledge of a system’s aging characteristics can affect risk
assessment, maintenance plans, and resource allocation.

The UBAL class includes a broad range of life distributions with aging characteris-
tics different from the exponential distribution and is distinguished by its concave order
attributes and correlations in Laplace transform order. Determining whether a data set
supports exponentiality or more closely conforms to the UBAL framework is the goal of
hypothesis testing for this class. Special statistical problems arise from this, especially when
the data show small departures from exponentiality.

Ferndandez-Ponce and Rodriguez-Grinolo [16] introduced nonparametric tests for ex-
ponentiality against aging alternatives, using stochastic ordering and residual life functions,
providing foundational methodology for aging analysis. Abu-Youssef et al. [9] proposed
nonparametric tests tailored for the UBAL class, focusing on comparing survival functions
using Laplace transform ordering, which is directly related to the current paper’s theoreti-
cal base. Bakr [17] developed tests for exponentiality based on generalized aging classes
and examined their efficiency in detecting departures from exponential life distributions.
Mahmoud et al. [18] studied moment inequalities and provided characterizations of specific
life distribution classes using transform techniques, enriching the theory behind classes like
UBAL. Abu-Youssef et al. [19] introduced and studied the class of life distributions “used
better than aged” in mgf ordering. It also developed statistical tests within this framework,
highlighting performance comparisons under various aging structures.

We develop a test statistic according to Theorem 1 and » > 0 to test the null hypothesis
Hy : F is exponential, vs. Hj : F is UBAL; the measure of departure can be written as

Sr+1

Hr—i+1 ) . (_1)7’5:12( — (S)> - mm 4)
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If r = 1, then 4(s) reduces to

o= 3000+ 5[5 - - i 0

It is worth noting that under Hy : §(s) = 0 and yt(c0) = 1 and under H; : §(s) > 0.
The empirical estimator of the test statistic can be computed using the following;:

. 1 (1 1 |sX;? X
- — (1 = 5% il S g (e S
o(s) n;(s3 ( ¢ ) T2 2 1] 2(1—1—5))’ ©)
and the following &, (s) represents the appropriate invariant test statistic:
. 1 & (1 Cex) L 1 |sX{? X;*
= —= -y - ! | — / - . < 7
on(s) nxg<s3 (1) 2|2 "% T 2a49) ) @
B(s) = =Y g(X
(S) - 52151 4’( i)r

where

$(X;) = 513(1 —emXi) 4 Slz (8)

SXI'2 Xl'z
2 f] T2+

This equation defines the invariant test statistic J,(s), which adjusts the empirical
estimator to account for scale invariance. It incorporates a weighted sum involving the
observed data X;, an exponential component, and correction terms to ensure robustness
under the null and alternative hypotheses.

The following theorem establishes the asymptotic normality of the proposed
test statistic.

Theorem 2. Let §(s) be the test statistic defined in Equation (7). Under the null hypothesis Hy,
and using the theory of U-statistics as presented in Lee [20], the statistic satisfies:

Vn(8(s) —6(s)) LN N(O,UZ(S)), asn — oo,

where the asymptotic variance o (s) under Hy is given by:

6+ 4s

a?(s) = var =
(s) [¢(X1)] 0t s) (11 25)

©)

where ¢p(X4) is given from Equation (8) at i = 1.
Proof. Directly calculating, we can obtain p as:

o= E[¢(X1)] = 0.

as well as the variance
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2
- 03(s) :5[513(1_6—%) +Slz #— 1] _z(iffs)
The variance under Hj is given by:
© |1 1 [sX;2 x.2 1°
= [S"’(l_“}“)*sz 2N g | O

Thus, under Hy, the variance is given by Equation (9). [

2.2. Relative Efficiency

The Pitman Asymptotic Relative Efficiency (PARE) is a measure used to compare the
performance of two statistical tests based on their asymptotic properties. Specifically, it
evaluates the relative efficiency of one test with respect to another under local alternatives.
In this context, PAE(4(s)) refers to the Pitman asymptotic efficiency of our proposed test
statistic d(s) compared to other well-established tests. A higher PAE value indicates a more
powerful test under small deviations from the null hypothesis.

To assess the quality of the recommended test method, we can compare our test to a
few other well-known classes. For the (RNBUL) class of life distribution, we employ the
test A(2) put forward by Mahmoud et al. [18], and for the (NBUFR) class of life distribution,
we employ Jr, as proposed by Mahmoud and Abdul Alim [21]. Then, comparisons are
made using the Pitman asymptotic relative efficiency (PARE). Here, we will employ the
following choices.

The LFR, Makeham, and Weibull distributions have been used as alternatives for the
exponential model. (See Figures 1 and 2).

_ X2
(i)LFR: Fo(x) =e "% ,x > 0,0 > 0

(ii)Makeham : Fpg(x) = e X~ 00+ =1 x5 0,0 > 0

(iii)Weibull : Fg(x) = e >, x > 0,0 > 0.

1]d
PAE((E)) = |55 @)lo- |-
— 1 l _ ! {(,—sx l SIuIZ_ A ,ulz
PAE(&(S))—UO(S) 53(0 E'(e ))+82[ 7 H|Tasan)
PAE

- ° P ° ) [ ) L)

1.40 T
[
1.38
[ ]

1.36
1.34
1.32
1.30 2 4 6 8 10 ©

Figure 1. The relationship between PAE and s for LFR.
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PAE
050" s *
0.45 f °
0.40 — k4

0.35 f -

0.30 — .

0.25 —

1 1 1 L g
4 6 8 10

3 2
Figure 2. The relationship between PAE and s for Makeham.

(i) PAE in case of the LFR distribution:

1 T o 1
y’r+1:—§(r+1)/xr e J(clx:—i(rJrl)(r+2)!.
0

! —SX S
El(e™) (s+1)3"
1 |1 —s 1 [ (—6s) 6 ~3-2s
— il -l 1 = ,,5>0,5#1. 10
PAE(2(s), LER) = 705 |9 ((s+1)3> * 52( > ) * 2(s+1)‘ Grip 2057 (10
(ii) PAE in case of the Makeham distribution.
r+1)!
Wopg=—(r+1!= (22r+2) +(r+1).
When r =0 — p/ = —(2!) — % +1 = —1.25,
When r =1 — ', = —(3!) — 2 +2! = —4.125,
!/ —SX\ __ S
Ee™) = (s+2)(s+1)27
1 ]1 s 1 ((—4.125(s)) 4.125
= = - 22 4125 ) ], 0,s#1 (11
PAE(é(s), Makeham) O <(s ) 1)2> t2 ( 5 + + G+ ) s>0,s# (11)

Figures 1-3 illustrate how the Pitman Asymptotic Efficiency (PAE) of the proposed
test varies with the parameter s under the LFR and Makeham alternatives, respectively.
The curves show that the efficiency is sensitive to the choice of s, with moderate values of s
providing stable and relatively high efficiency across both models. This confirms that s can
be tuned to capture specific departures from exponentiality, while values around s = 5-10
appear to be robust choices in practice.
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Laplace Transforms: Exponential vs UBAL Distributions

1.0

Exponential

= === Weibull (6=2)

08

Laplace Transform
06 0.7 08

05

04

0.0

Figure 3. Comparing the Laplace transforms of the exponential, Weibull (UBAL case), and
LFR distributions.

Table 2 summarizes the direct computations of PAE of A(2), Jf, and our §(5) and 6(10).

Table 2. PAE of A(2), 5r, and 6(5) & 6(10).

Our Test Statistic J(s)

Distribution A(2) JF,
4(5) 4(10)
LFR 0.915 0.217 14 1.413
Makeham 0.172 0.144 0.44 0.51

The efficiencies in the table clearly demonstrate that our test performs well for
F1, and F3, which denote the cumulative distribution functions corresponding to the
LFR, and Makeham survival models, respectively.

PARE’s of §(5) and 6(10) concern with respect to A(2) and &r, whose PAEs are listed
in Table 2, are displayed in Table 3.

Table 3. PARE of §(5) and 6(10) concerning A(2) and JF, .

N

Distribution e(0(5),A(2)) e(5(10),A(2)) e(0(5),9F,) e(4(10),0F,)

LFR 1.53 1.54 6.45 6.51
Makeham 2.55 297 3.1 3.54

Table 3 shows that for LFR, and Makeham, the statistics 6(5) and 6(10) perform well.

2.3. Power Estimates

The power of the suggested test will be assessed using Tables 4 and 5 at a significance
level of 0.05 and 0.01. These powers were determined using 10,000 simulated samples with
n =10, 20, and 30 for the Weibull, LFR, and Makeham distributions.
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Table 4. Power estimates at « = 0.05.

Distribution n 6=2 0=3 0=4

10 0.99343 0.99534 0.99598
Weibull 20 0.99752 0.99865 1
30 1 1 1

10 0.98713 0.98537 0.98382

LFR 20 0.99324 0.99202 0.99061

30 0.99598 0.99506 0.99396

10 0.98610 0.98610 0.98461

Makeham 20 0.99305 0.99245 0.99134

30 0.99585 0.99534 0.99461

Table 5. Power estimates at « = 0.01.

Distribution n 6=2 0=3 06=4
10 0.9992 0.9995 0.9996
Weibull 20 0.9997 1 1
30 1 1 1
10 0.9981 0.9979 0.9977
LFR 20 0.9992 0.9990 0.9988
30 0.9996 0.9995 0.9993
10 0.9982 0.9981 0.9978
Makeham 20 0.9992 0.9990 0.9988
30 0.9996 0.9995 0.9994

Tables 4 and 5 illustrate that our test has high powers for the Makeham, LFR, and
Weibull families.

2.4. Critical Values

Here, we compute the test statistic of our test A, (s) as s =5 and s = 10 provided in (2.6)
for a few chosen values of s using 10,000 simulations with sample sizes n = 5(5)100 from
the usual exponential distribution (See Tables 6 and 7).

Table 6. The critical values of &, (5).

n 1% 5% 10% 90% 90% 99%

5 —0.0165587 —0.0158951 —0.0153140 0.0118581 0.0202977  0.0420370
10 —0.0157123 —0.0143321 —0.0130410 0.0110505 0.0175693  0.0339047
15 —0.014819 —0.0129608 —0.0115193 0.0100774 0.0154504 0.0296725
20 —0.0138558 —0.0117810 —0.0103147 0.0096875  0.0143534 0.0260317
25 —0.0130285 —0.0110150 —0.0096066 0.00891118 0.0130253  0.0238247
30 —0.0124494 —0.0101500 —0.0087510 0.00820319 0.0126423  0.0225137
35 —0.0115651 —0.0094630 —0.0082317 0.00783979 0.0114711  0.0208850
40 —0.0114152 —0.0091920 —0.0078152 0.00773163 0.0112804 0.0186141
45 —0.010849 —0.0085948 —0.0071928 0.00738782 0.0104796 0.0175536
50 —0.0103867 —0.0082406 —0.0069893 0.00680886 0.00990875 0.0168650

55 —0.0100435 —0.0079938 —0.0067286 0.00659502 0.00951582 0.0155426
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Table 6. Cont.

n 1% 5% 10% 90% 90% 99%

60 —0.0096759 —0.0076698 —0.0064328 0.006286  0.00917951 0.0150898
65 —0.0093247 —0.0074923 —0.0063114 0.00620256 0.00890967 0.0150455
70 —0.0089718 —0.0072345 —0.0060254 0.00611181 0.008477  0.0139777
75 —0.0089409 —0.0071189 —0.0059622 0.00594086 0.00823385 0.0136652
80 —0.0087252 —0.0068137 —0.0056649 0.00558249 0.00791006 0.0123542
85 —0.0085671 —0.0066677 —0.0056160 0.00543395 0.00771991 0.0124188
90 —0.0083637 —0.0065598 —0.0054462 0.00546634 0.00781485 0.0127239
95 —0.0081184 —0.0063300 —0.0053156 0.00532357 0.00744759 0.0118669
100 —0.0079317 —0.0061660 —0.0051154 0.00519878 0.00737545 0.0115478

Table 7. The critical values of §,(10).

n 1% 5% 10% 90% 95% 99%

5 —0.00548081 —0.005213 —0.004902  0.003378 0.00568 0.01095
10 —0.005065 —0.004468 —0.003984 0.003250 0.004962 0.009373
15 —0.004626 —0.003888 —0.003418 0.002916 0.004375 0.00802
20 —0.004272 —0.003520 —0.00305  0.002817 0.004180 0.007408
25 —0.003964 —0.003206 —0.002733 0.002612 0.003833 0.006805
30 —0.003726 —0.003001 —0.002560 0.002401 0.003486 0.006177
35 —0.003536 —0.002857 —0.002416 0.002183 0.003187 0.005550
40 —0.003337 —0.002682 —0.00227  0.002171 0.003153 0.005317
45 —0.00322  —0.00258 —0.002203  0.002088  0.0029511  0.004958
50 —0.003083 —0.002444 —0.002055 0.001930 0.002790 0.004969
55 —0.002973 —0.002360 —0.001977  0.001870 0.002689 0.004587
60 —0.002933 —0.002277 —0.001883  0.001837 0.002620 0.004403
65 —0.00277 —0.002184 —0.001824 0.001775 0.00256 0.004118
70 —0.002700 —0.002110 —0.001757  0.001694 0.002418 0.003904
75 —0.002688 —0.002101 —0.001747  0.00170 0.002357 0.003891
80 —0.002558 —0.002005 —0.001665 0.001642 0.002290 0.003650
85 —0.002525 —0.001960 —0.001652 0.001563 0.002193 0.003612
90 —0.002485 —0.00192 —0.001570 0.001506 0.002098 0.003531
95 —0.002430 —0.001872 —0.001556  0.00144 0.002076 0.003371
100 —0.002328 —0.001803 —0.001499 0.001473 0.002046 0.003275

Tables 4 and 5 illustrate how our test’s asymptotic normality increases as s falls.
Tables 6 and 7, along with Figures 4 and 5, show how the asymptotic normality of our
test improves as the value of s decreases for sample sizes n =5, 10, 15, . .., 100.

Critical Value
0.04o

i i i i i i i i i i i i i ¥ i 3 i ¥ i Sample Size
1Q0

Figure 4. The Relation Between n and critical values at s = 5.
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Figure 5. The Relation Between 7 and critical values at s = 10.

3. Hypothesis Testing with Censored Data

This section proposes a test statistic for comparing Hy and H; using randomly selected
right-censored data.

The rationale is based on extending the uncensored case by incorporating the Kaplan—
Meier estimator to handle incomplete data effectively.

Let us construct the test statistic like this:

cls) = fﬁ@(l AR slz [% _ﬂ T fi;o()oo)) (;)) (12)

where

r= Yo G et (T e TS )

n m—2 m—1
_ o(m) sZ I I, _ n—m
Y=Y Cu'e <"’)<HCP—HCP>ande,t€ 0,2 |.
= P i n—m+1 [ (m)}

Once more, the 90%, 95%, and 99% percentage points of the test statistic in
(12) are simulated for a few chosen values of s from the typical exponential distribu-
tion in Table 8 and Figure 6 below, based on 10,000 simulated and sample sizes of
n=2,4,6,...,20,30,40,...,100.

Table 8. The critical values of .(5).

n 1% 5% 10% 90% 95% 99%

2 0.090306 0.11099 0.12201 0.19932 0.210342 0.23103
4 0.110914 0.125541 0.133335 0.187999 0.19579 0.21042
6 0.12004 0.131987 0.13835 0.18298 0.18935 0.20129
8 0.12549 0.13583 0.14134 0.179993 0.1855 0.19585
10 0.12920 0.13845 0.14338 0.17795 0.18288 0.19213
12 0.13194 0.14039 0.14489 0.17645 0.18095 0.18939
14 0.13407 0.14189 0.14606 0.17528 0.17944 0.18726
16 0.13579 0.14311 0.1470 0.17433 0.17823 0.18554
18 0.13721 0.14411 0.14778 0.17355 0.17723 0.18412
20 0.13842 0.14496 0.14844 0.17289 0.17638 0.18292

30 0.1425 0.14784 0.15069 0.17065 0.17349 0.17883
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Table 8. Cont.
n 1% 5% 10% 90% 95% 99%
40 0.14493 0.14956 0.15202 0.16931 0.17177 0.1764
50 0.14659 0.15073 0.15294 0.16840 0.17060 0.17474
60 0.14782 0.1516 0.1536 0.16772 0.16974 0.17351
70 0.14877 0.15227 0.15413 0.1672 0.16906 0.1726
80 0.14954 0.15281 0.15456 0.16678 0.16852 0.17179
90 0.15018 0.15326 0.1549 0.16643 0.16807 0.17116
100 0.15072 0.15364 0.1552 0.16613 0.16769 0.17062

Critical Value

0.16

014f ¢ ¢ 9

SEiis -

6 8 10 12 14 16 18

Figure 6. Relation between sample size and critical values at s = 5.

Table 8 and Figure 6 illustrate how our test’s J(s) asymptotic normality increases
as s falls.

4. Applications

We use a variety of real data sets to illustrate the usefulness of the findings in this study.

Application 1. Case of complete data.

Example 1. Analyze the data in Abouammoh et al. [22], which show the ages (in years) of
40 patients aged with blood cancer (leukemia) in one of Saudi Arabia’s health ministry hospitals
(see Figure 7).

The calculated statistic is (6) §(5) = 0.07364, which exceeds the critical value in Table 6.
As a result, we conclude that this data set appears to have the UBAL feature rather than the
exponential characteristic.

Example 2. The data set reported in Almetwally et al. [23] represents a 24-day COVID-19
data collection from 15 October 2020, to 7 November 2020, in the United Kingdom. The drought
mortality rate was utilized to generate this information (see Figure 8).

The result shows that §(5) = 0.07237, and the critical value is 0.011396. The null
hypothesis is therefore rejected, indicating that the UK COVID-19 data is compatible with
the UBAL characteristic at a 95% confidence level.
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Figure 7. Representation of leukemia data set.

Example 3. Bakr [14] collected data on the survival times (in years) of 43 individuals diagnosed
with a specific type of leukemia. In this instance, the critical value is 0.010595 as n = 43. We
calculate the statistic in (6) §(5) = 0.073664, which are both smaller than the critical values in
Table 6. As a result, we conclude that this data set appears to have the UBAL property rather than
the exponential.

Example 4. Analgesics data set, see Jamal et al. [24], depicts the longevity of 20 persons who
took analgesics.

At = 0.05, 5(5) = 0.00001182, the critical values = 0.014353. This value results in the
acceptance of Hy. Then, we reject the UBAL property of data and conclude that the data
have the exponential property (see Figure 9).

Application 2. Case of censored data.

Example 5. In this application, we use data from Mahmoud et al. [18], which shows the ages
(in days) of 51 liver cancer patients from the Elminia Cancer Center, Ministry of Health, Egypt,
who began the medical study in 2000. Only 39 patients are monitored (right-censored) in the
investigation, while the remaining 11 are dropped (missing).

With n = 51, the critical value is 0.1705. Sc(s) = 0.21209, which exceeds the threshold
limit in Table 8. This value determines the rejection region of Hy. Then we reject the
exponential property of the data.

Example 6. Examine the survival durations, expressed in weeks, of 61 patients with
cyclophosphamide-treated inoperable lung cancer reported by Kamran Abbas et al. [25] and Lee and
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Wolfe [26]. The patients whose therapy was stopped due to a degenerating state are represented by
the 33 uncensored (see Figure 10) and 28 censored observations.
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Figure 8. Representation of COVID-19 data set.
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Figure 9. Representation of analgesics data set.
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Figure 10. Representation of (lung cancer) data set.

We compute the statistic in (12), d.(s) = 0.4758. Using Table 8 as the critical value,
which is 0.16966 as n = 61. Consequently, we deduce that this data set appears to possess
the UBAL feature instead of the exponential characteristic.

5. Conclusions

In the context of the Used Better than Aged in Laplace (UBAL) class of life distributions,
this study has provided a thorough framework for non-parametric hypothesis testing
against Laplace ordering. The suggested techniques offer a reliable and adaptable way to
assess complicated lifespan data without depending on constrictive parametric assumptions
by utilizing moment inequalities. In addition to strengthening the statistical methods
available for investigating UBAL distributions, the theoretical underpinnings established
here expand their relevance in a variety of domains, most notably medical science.

The results show how effective moment inequalities are at differentiating between life
distributions with minor variations in aging traits. This is particularly relevant to medical
applications, as it is essential to comprehend how biological systems age and how well
treatments work. The suggested methodology has demonstrated its usefulness in detecting
departures from baseline distributions through simulations and real-world case studies,
providing significant insights into the dynamics of survival statistics and treatment results.
Our current development focuses on right-censoring, which is the most frequent form in
reliability and survival studies. We also highlight that the extension of our methodology to
left- and interval-censored data is an interesting direction for future work, since it would
require adapting the estimating functions and variance expressions to accommodate these
censoring mechanisms.

The methodology described in this research has potential for wider use in depend-
ability analysis, risk assessment, and decision-making under uncertainty, in addition to its
immediate applications in medical science. For increased accuracy and scalability, future
studies could investigate applying these techniques to different types of life distributions
and combining them with newly developed data analytics tools. In summary, a major
advancement in the study of life distributions has been made with the creation of non-
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parametric hypothesis testing techniques based on moment inequalities. In addition to
advancing our theoretical knowledge of Laplace ordering and UBAL classes, this work
offers a useful framework for solving problems in the engineering and medical disciplines.
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Abbreviations
IFR Increasing failure rate
IFRA Increasing failure rate average
NBU New better than used
NB(W)UC New better (worse) than used in a convex ordering
UBA Used better than age
UBAC Used better than age in convex order
UBAC (2)  Used better than age in concave order
UBAL Used better than age in Laplace transform
UBA gt Used better than age in moment generating function
PARE Pitman asymptotic relative efficiency
LFR Linear failure rate
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