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Abstract
(n e N=

{1,2,3,---}) in the open unit disk U. For f(z) € Aj, fractional derivatives D} f(z) and
ng

Let A, be the class of specific analytic functions f(z) = z+ ¥ a; « A+
k=1 "

f(z) (0 < A < 1,j € N) are defined by using Gamma functions. Applying such
fractional derivatives, we introduce a new subclass A, (j, A, &, B) of A,. In this paper,
we establish sufficient conditions for f(z) for A, (j, A, a, B), coefficient inequalities for
|a1+%| and |a1+%| (k=2,3,4,---)of f(z) € Au(j, A, &, B), and some interesting argument

properties of fractional derivatives for f(z) € A, through an example.

Keywords: specific function; fractional integral; fractional derivative; subordination;
coefficient inequality; argument property

MSC: 30C45; 30C80

1. Introduction

Let A be the class of functions f(z) that are analytic in the open unit disk
U = {z € C:|z|] <1} and normalized by the conditions f(0) = 0 and f’(0) = 1. For
this class, we introduce a subclass A, of A consisting of specific functions f(z) given by

flz)=z+ ZalJrkzl*% (neN=1{1,2,3-}).
k=1 "
This class was introduced by Giiney, Breaz and Owa [1]. They considered f(z) € A,
given by

B z B © T (0+2n(1—a)—1) 4 &
o) = S~ L : :

=

(neN=1{1,2,3,--})

for 0 < a < 1 and showed that

{2} {2

For f(z) € A;, we define the fractional integral of order A as follows:

}>zx (z € U).

DM f(z) = r(l/\) /OZ ; {(tt))l—)\dt (A>0),

where I'(A) is the Gamma function.
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The fractional derivative of order A (0 < A < 1) for f(z) € A, is defined by

D?f(z)zi1 d/oz(f(t) dt.

[(1—A)dz z—t)A
Further, D" f(z) (j € N) is defined by

e = @ o

DL f(z) = = (DX f(2))-
The definitions D;* f(z), D f(z) and D£+A f(z) were given by Owa [2,3]. With the above
definitions, we know that

DYf(z) = f(2),

DLf(z) = f)(z)
and
DI f(z) = D} (V) (2)).
Thus, we have
k
A 1 1A v r(”+2> 1+5-2
sz(Z) 1—.(2_/\)2 +k21r(£+2_/\>a1+ﬁz
and

j I 2=A—0) 1_ ® T
DI f(e) = Mt et 4 & e

+ :\»

n

)A)<lj< +2_/\_€)> 1+’<Z”Jrl -

for j € N. With the above the fractional derivative, we introduce the subclass A, (j, A, «, B)
of A, as follows:

ia pit
Re< <2Aj>DJ;1)“f<z>> 7 Peose (22D
with some real & (|a| <

1)

Jand B (0 < B < 1), whereje Nand0 <A <1
Ifj=1,A=0and a = 01in (1), then we have

Re(i{éi’?) >pB (zel)

for the class A, (1,0,0, B). Functions f(z) € A, in the class A, (1,0,0, B) were discussed by
Giiney, Breaz and Owa [1]. Let us consider a function f(z) € A, given by

. 2—A—j
—14A 4
DI f(z) =

; 2)
re-A)(- )
with

=2n(2—A—j)(1—B)e ™

cosa (j € N).
Then, f(z) satisfies

DI Lt AE
D;"Wf(z)_(2 § ])+n(1—{“ﬁ)
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and

%)

1— 1z

i D£+/\
Re <e . AZ_ ]>ngﬁr)\f(z)> = cosa +2(1 — B) cos (xRe(

> cosa — (1 — ) cosa
= Bcosa (z €U).

Therefore, f(z) € A, given by (2) belongs to the class A, (j, A, «, B). Accordingly, it is very
important to provide example functions f(z) for the new class A, (j, A, a, B).

2. Conditions of f(z) for the Class A, (j, A, &, B)
We first consider the following condition on f(z) for the class A, (j, A, a, B).

Theorem 1. If f(z) € A, satisfies

zDL f(2)
2-A— )DL (2)

-1l < (1-pB)cosa (z€U) 3)

for some real a (|| < 5),0< B <1,0< A <landje€N,then f(z) € Au(j, A, &, B).
Proof. We define a function w(z) as follows:

zDL f(2)
2-A— )DL (2)

—1=(1-p)cosaw(z) (z€ )

for f(z) € A, which satisfies (3). Then, we see that w(z) is analytic in U, that w(0) = 0 and
that |w(z)| < 1 (z € U). For such a function w(z), we have

in ZDéJFAf(Z) ) _ in _
Re(e (Z—A—j)DfHAf(z) = Re(e"™(1+ (1 — B) cosaw(z)))

= cosa + (1 — B) cos aRe(e™w(z))
> cosa — (1 — B) cosale®w(z)|

> Bcosa (z € ).
This shows us that f(z) € A,(j, A, a,B). O

If we consider j = 1 and A = 0 in Theorem 1, then we have the following corollary.

Corollary 1. If f(z) € Ay, satisfies

Z/{(S) —1‘ < (1—B)cosa (z€U)

for some real a (|| < 5)and 0 < B < 1, then

iazf/(z) oS
Re(e 5 > > Beosa (z € U).

Next, we derive the following theorem.
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Theorem 2. If f(z) € A, satisfies

o T(5+2) k

for some real & (|| < 5),0< B <1and0 <A <1, then f(z) € Au(1,A,a,B).If f(z) € Ax

satisfies
r2- o ( +2) , k
(2 A 0) ; ( y2- )\) <2_A_]+n(1—ﬁ)seca)

1y
X H<+2—A—€> ‘a1+ﬁ
=1 n n

for some real a (|| < 5),0<B<1,0<A<landj=23,...,then f(z) € Au(1,A,a,p).

<1 (4)

T(1-A)

IT,_

<1

Proof. For f(z) € A, and j > 2, we have that

DI f(z) (2~ A — DL () = e rEi% D

It follows from the above that
2D} f(2)
2-A- f>Df*1“f<z>
T +2 i—1 (& k
PR ral r((+272\) (%) (H]K:1<5+2_A_€))al+%z"

-1

_ H, l(2 /\ 0)
1 A s (M (2= A= 1) a2t
T Tty () [ (2200,
HE((ZZ_AA)_K) il F(F(;)A) (M (5 +2-2—0))|a,,x

for z € U. Thus, we know by Theorem 1 that if f(z) satisfies
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r(2-2) i (k+2) (i)(ﬁ(:JrZ/\f))‘auﬁ

IT_,2—A—0) k:lr(7+2—)\)
r(k+2) (i1g
T(Er2-1) (H(H—’_Z_/\_g))‘u“‘ﬁ

—
’13
\|M8

n(er }

then f(z) € A,(j, A, a, B). Finally, we see that the inequality (6) implies (5).
If j = 1, we also have that

< (1—,8)coszx{l

‘ DI f(2) _1‘<r(1 A) Li 1%@’ ekl
A=NPef@ 11 re-noe gk,
Noting that if f(z) satisfies
o0 F(%—l—Z) k
r<1—A>kzlr(§+2_A)(n>!al+z;
r(k+2)

)

we obtain the inequality in (4). Further, if we consider a function f(z) € A, given by

(1—ﬁ)cosoc(1 r2—A) gw’ﬂpﬂ;

[ee]
2)=z+ Y ¢ izt
f( ) Z 1_;'_%
k=1

with
r(g +2- A)ei9

o r(1—A)r(§+2)(1 A s ﬁ)secoc>k(k+1)

c

then f(z) satisfies
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with

(H]é:l(ZfAfZ))r(% +2f)\)ei9

Z r(z—/\)r(g+2)(2—/\ j+ ﬁ)seca)
1

A (B 2-a— o))k

(0<0<2m),

then f(z) satisfies the equality in (5). O

3. Coefficient Inequalities of f(z) for A,(j, A, &, B)

We would like to discuss coefficient inequalities of f(z) for the class A, (j, A, «, B). We
introduce the lemma established by Carathéodory [4].

Lemma 1. If a function p(z) given by

plz) =1+ ezt

k=1

is analytic in U and Rep(z) > a (z € U) with 0 < a < 1, then
lek] <2(1—a) (z€U). (7)
The equality in (7) is satisfied by p(z) such that

p(z):@—l+2 1—w) Z

With the above lemma, we see the following lemma.

Lemma 2. Ifa function p(z) given by

k

= Z cezn (n €N)
is analytic in U and Rep(z) > a (z € U) with0 < a < 1, then
ci[ <2(1—a) (keN). 8)

The equality in (8) is satisfied by p(z) such that

S\R‘

—1—|—2 1—a) i

Applying Lemma 2, we prove the following theorem.
Theorem 3. If f(z) € An(j, A, o, B), then
2nlei® — Beosa|I (L +2—A) [Tj_y 2~ A —¢]
r2-Mr(f+2) 5|

»
o Y2 A—1
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and
<2n}ei"‘ —ﬁcosa}r(% —0—2—)&) Im_,2—A—¢

T kT2 - A)r(g + 2) !

k—1
2n
m=1

1+5

n

o

kip A
L4y2-a—1 10)

et —,Bcoszx‘|2—)\—j|>

fork =2,3,4,..., where j =2,3,4,.... The equalities in (9) and (10) are satisfied by f(z) € A,
such that

2-A—j

DI f(z) = (2(1- ¥/2))
with
t=2n (,B cosae % — 1).
Proof. Let us consider a function p(z) as follows:

gt 2D f(2)
(2-A-)DL " (z)
el — Bcosu

— Bcosa

p(z) = =1+ chzé (11)
k=1 "

for f(z) € Au(j, A, &, B). Then, we know that p(z) is analytic in U, p(0) = 1 and that
Rep(z) > 0 (z € U). Thus, Lemma 2 implies that

Ci <2 (keN) (12)
and the equality in (12) is satisfied by
p(z) = i é
By (11), we see
¢*zDI" f(z) — B(2 — A — j) cosaDL A f(z)
= (2= A j)(e" — eosa) p(z)DL T (2).
It is clear that

DL f(2) — p(2 = 2 =) cosaDl T f(2)
_ (e = posa) =i
Siaony He-a-o@

+i{<e"“(i+2—?\—€) —ﬁ(z_)\_j)>rr(5+2> (13)

= (E+2-2)

=1k k .
X<€|_I1<n+2 A €)>}al+ﬁz .
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Further, we calculate

(2—A—j)(e" = Beosa)p(z)DL T f ()

= (Z—A—j)(ei“—ﬁcosoc) <1+ ickzIé) X (
k=1 "
£ (e

k=1 I’(ﬁ —|—2—/\> (=1

i—1
MC-A=0,

—1
= (Z—A—j)(ei“—ﬁcosa){njf—rlgi}\_é) 2-A

r(% +2) j-1

1,122~
*(Ci T2—A)

(czng‘ll(z—)\—e) r(2

r(%+2—)\

T(242-2) 1

(14)
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Therefore, for k = 1, we have

ei“l“(% —|—2) j—1 1
nr(1+2-2) H(ﬂﬂ_/\_OHHi

[, 2-A-0)
%(2 /'\—])< —ﬁcosa) F(Z—)L) .
Using |c1| < 2 for p(z), we have

2n|ei“—[3cosoc|r( t2- /\)n] 2—A—¢
<
r-Mr(i+2) 4| +2-2-¢

-

This proves the coefficient inequality (9) fora; 1. O

Considering the coefficient for zat2A T in (13) and (14), we prove

20T(2 4+2) =172
— T TS +2-a—¢
ar(Z+2- A)H<n+ )”Hﬁ

. Ilo-r—1
=2-A—)) (e“K — ,Bcoszx) (c% HZ_%EE—A) )

r(i4+2) j
+cl(”)H<l +2—A—£>a1+}1).

Hr(%juz—)\) —1\"

Therefore, using (8) and (15), it follows that

’ <2n|ei“—/3cosa|r(%+2—A)nQ;ll 2—A—2

a; 2| s i

M A2 - AT (2+2) T |2 +2 -1 ¢
x(l+2n|2—)\— “X—,Bcosvc‘).

This shows the coefficient inequality for a; 42 in (10).
Furthermore, we have from (13) and (14) that

n

keier (5 4+2) 1y
nr(,m_A)“(“”W

:(2—/\—]')( ﬁcosrx)(nn Fg:jt\)_é)

r(l+2) =
fera <+2—A—€>a1+1

(15)
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Thus, by mathematical induction, we also prove that
2nlet® — ﬁcosa\l’(% +2— )\) H;zl 2—A—/¢
< /

k|l = j—
1* k- Ar(k+2) 1

k—1
2
X | | (1+n
m=1 m

a

§+2—A—4

el —,Bcosoc’]Z—)\—M)

fork=2,3,4,....
Finally, considering a function p(z) given by

14+ ¥z 2k
p(z) = - :1+222n,
1-4z P}

Equation (11) implies that

2D f(2)
D{Z—1+Af(z)

14 (1 —2¢"®Bcosa)i/z
1-3/z

=(2-A-))

and that

DI f(2)

e —in {Z/E
F/\f(z) = (2—/\—])<Z+2(1 —e ﬁcoszx)z>.

This gives us

(log DI £(2)) = (2 A~ )((log2)’ + 2n(Beosae ™ ~ 1) (log(1 - /2))).
Thus, we obtain the following:

DI () = (200 - v/2))
with
t = 2n(Bcosae ™ —1).

Taking A = 0 in Theorem 3, we see the following corollary.

Corollary 2. If f(z) € An(j,0,a,B), then

2n e —,Bcosoc|]—[]é‘:1 |2 —¢|
moafh+2-¢

o

and

2nle® — Bcosa i 22—/ k-1 2
KTk +2- | i

el ﬁcosoz‘|2j|)

o

fork=2,3,4,..., wherej=2,3,4,....
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4. Argument Properties of Fractional Derivatives

For analytic functions f(z) and g(z) in U, f(z) is said to be subordinate to g(z) in U,
written f(z) < g(z) (z € U), if there exists a function w(z) analytic in U with w(0) = 0
and |w(z)| < 1 (z € U), such that f(z) = g(w(z)) (z € U). If g(z) is univalent in U, then
f(z) < g(z) (z € U) if and only if f(0) = ¢(0) and f(U) C g(U) [5]. For subordinations,
Miller and Mocanu [6] gave the following lemma.

Lemma 3. Let By = 1.21872... be the solution of prt = 37— Tan~'B and & = a(B) =
B+2Tan~! (g)for 0 < B < Bo. If g(z) is analytic in U with g(0) = 1, then

@+ < (172) ev) 6
gives
b
2(z) < <1+§> (ze ). (17)

It follows that the subordination given in (16) implies that
|arg(g(2) +2¢(2))] < 7o (z€ V)
and the subordination (17) implies that
|argg(z)| < 28 (ze ).
We also introduce the next lemma, which was established by Nunokawa [7].

Lemma 4. Let ¢(z) be analytic in U with g(0) = 1 and g(z) # 0 (z € U). If there exists a point
zo € U such that

7T
largg(z)| < o (Jz] < [z0l)

and

7T
|argg(z0)| = Z

for some real & > 0, then we have

ZOg/(ZO) — ik
s)
where
k>1<a+1) (forargg(z ):sz) (18)
=2\""a §8tz0) = 54
k<1 a—l—1 (forar (z)——za) (19)
=2\" "4 g&lz0) = =50
and
g(zo)% = +ia (a>0).
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Now we have the following theorem.
Theorem 4. If f(z) € A, satisfies
DL f(z) (DI f(2) i
arg( ) oA +j+A < 5 (zeU) (20)
forsomea > 0,0 <A <landjeN,then
DI f()| =
arg(zl_]._/\ < EDC‘B (Z S U),
where
2t 2p
==/ Sin7! dp = 0.55872876. ... 21
Proof. For f(z) € A, satisfying (20), we define the function g(z) as follows:
(o) - _T=NDE e
[T_,(2—A—0)z'7i-4
(22)

re-an e T(k+2) f(k :

/ +2—/\_g)a Lz
H]Z—l(z_A_g)lczlr<£+2_A) i\n 14k

Then, g(z) is analytic in U with g(0) = 1 and g(z) # 0 (z € U), as follows from (20). For
the above-defined g(z), we see that

uwwzuq%@@ﬁ

= arg

oo
ol [
(£ e

)+ pe? i & (oe ))dp},
where z = re® and t = pe®. Let
n
0=p0 <P <P2<...<Pu1<Pu=7, ) pr=0p
=1
and

pe—pr1 =6 ((L=1,23,...,n).

Then, we have

|argg(2)] =

n
arg{ Z g(pee®) + preg’ (pge® ))H

| A\

hmzdm (0ce™) + preg (pre))|.
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Since

7T
|argg(z) +2¢'(2)| = <

- (Dé“f(z) (zDé““f(z) it A))

Z1—j—A DéJr/\f(Z)

by (20), using Lemma 4, we obtain the following:
DL f(z)
arg ( A
n AN
lim E ) arg(1 —I—pge'e)
n—co =1 1-— pgel
g3 . B zp
= Sin”! d
[ ()

1 2
-1 0 _n
<o</0 Sin (1+p2>dp20cﬁ.

This completes the proof of the theorem. [J

|arg g(z)| =

IN

Taking j = 1 and A = 0 in Theorem 4, we have the following corollary.
Corollary 3. If f(z) € A, satisfies
jarg(f'(z) +2f"(2))] < S (z€U),
for some « > 0, then
y s
arg(f'(2)| < Sap (z€ D),
where B is given by (21).
Remark 1. If we take x = %, then we have

2
af = 731<1 - log2> = (0.533546701....

Next, applying Lemma 4, as developed by Nunokawa [7], we prove the following theorem.

Theorem 5. If f(z) € Ay, satisfies

< Tan'B(a) (z€U) (23)

. +
DI f(z)  TT_,2—A—£)zl-i=2

forsomea (0 <a <1),0<A<1landjeN,then

where

,3(06)2g{(iti)lz{x%—<1;z>1;a}sec<§zx>+tan<§a>. (24)
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Proof. We consider a function g(z) given by (22) for f(z) € A,. Then, g(z) is analytic in U
with ¢(0) = 1. For the above-defined g(z), we see that

_ =D () r@AwWﬂ>
DFf) - A2

+i+A-1.
A

We suppose that there exists a point zg € U such that

DHA z T
|mwurw%(1f9 <Za (2l < Jz0)
and
D]M z 7T
|arg g(zo)| = arg(z(l] {(/\0)>| — Eoc.

Then, Lemma 4 gives us the following:

208/ (20) _ zoDL™ " f(z0)
8(z0) DL £ (z0)

+j+A—1=ika,

il

where k is given by (18) and (19). If arg g(z9) = Fa, then g(zp) = a%e'2% and

208’ (20) (2Dl f(z0) | T(2—-A)DIMf(z0)
W(ww*”@‘w<pwmw*n“@A6ﬂfA

= arg( ika + a%e'? "‘)

(
arg{w > (ot asn(20)) )
>arg{a cos z(“( >+u sm(;rzx);}

= Tan~ {E(al ta - )sec(z >+tan<72Toc)

1—a 14a
1l 1+a) 2 1—a) 2 T 7T
> Tan ¢ = + o) +
= fan {2((104) (1+o¢> )SeC(ZlX) tan(z“)}

= Tan"'B(a).

+j+A— )

This contradicts the condition (23) of the theorem. If argg(zo) = —7«, then we also
have that

o(208@) o\ (2D f(z) T2 A)DI (=)
(5 +“°0“g( D) @A

< —Tanl{g((i+Z)lzu + (1;2)5 sec(gtx) +tan(7zta)}

= —Tan"'B(a).

i)

This also contradicts the condition (23) of the theorem for g(z9) = —Za. Therefore, we say

that there is no zy € U such that
DL f(z)
arg ( —— )

< S (|2 <zl)

|argg(2)]| = T
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and
DI (2 T
|arg g(z0)| = arg(zl_{_(;’) S
20
This implies that
DjJr)\
|arg g(z)| = arg(zl],f(f)> < ga (z € U).
z
L]

Taking j = 1 and A = 0 in Theorem 5, we have the following corollary.

Corollary 4. If f(z) € A, satisfies

arg(ZJ{,/;;) + f’(z)> ‘ < Tan~'B(a) (z€U),
for some real a (0 < a < 1), then

jarg f/(2)] < Ja (z€U),
where B(a) is given by (24).

Next, we consider f(z) € A, given by

r@2 -7+l f() /Z (1 +
_,(2-A—20) 0 \1—Vt

with0 <a <1,0< A < 1landj € N. Then f(z) satisfies

) dt (zeU)

arg (F(z )P f(2) )
[T 2—A—20)

arg <zf'+A ((1‘ + A)Détf = Déﬂ“ﬂz)) ) ’

arg(if{q/z)‘ < g(x (z € U).

To discuss such an argument problem, we need the result devised by Fejér and Riesz [8]
(or by Tsuji [9]).

=K

Lemma 5. Let a function f(z) be analytic in |z| < 1. Then, f(z) satisfies

! o 1 4
[ f@1 e < 5 [ 1FG@)IldE (@ >0) 5)

where the above integral on the left-hand side is considered along the real axis.
Remark 2. When we make the change of variables in Lemma 5, Equation (25) becomes

. 2 .
| et < 2 [ 1f e ode. (26)

r
r
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Further, Gwynme [10] gave the following lemma.

Lemma 6. Let f(z) be a complex valued harmonic function defined on a neighborhood of a closed
disc of radius one and center the origin in the complex plane. Then

; 1—r
= — 1o
27'(/0 fle )1+r2—27cos(9—p)dp
and

7/ f(eip)Ldpzl
27t Jo 14712 —2rcosp

Now, we derive the following theorem.

Theorem 6. If f(z) € A, satisfies

i+14+A
2D f(2)

W (z e U) (27)

for some o (0 < w < 1), then
‘arg(z] I+Apl* f(z))’ < S (z e,
where j € Nand 0 < A < 1.

Proof. We note that

I'(2—A)Z—1+ADI £(z)
[M_,2-1-20)

log (F(Z —AN)Z~1+AD] f(z)) = log + iarg(zj_H/\D{zH\f(Z)) (28)

I1_,(2-A-20)

and

log< (2-— A)Z] L+ADIHA £( ) / ( (2 — A HADI (¢ )> y
Hfil(z_A g ]5 1(2_)\_‘€)
/ <]1+A D]+1+Af(t)>dt
DI f(t)

(29)

It follows from (28) and (29) that

. 2/ +1+A
‘arg(zfﬂMD;Mf(z))’ = |Im (/0 (] 1t+/\ . Dé£+Af{:;)>dt>

rfi_ JHRIFA L0 Li0Y
< |m / j 11.;')L_|_Dz'+)\ F0e”) ) gio gy
0\ pe DL f(pet?)
N i0 ~Hj+1+A
i 1+A+e DZ-+,\ f(p ) dp
DL f(pet®)

)

it

Défl”f () |,
DI f(pei®)

r
S/
—r
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where z = re? (0<0<2m),0<r<1land0 < p <r. Using (26) for &« = 1, we see that
i—1+A f+/\ 27
(a0 03)| <

21
=3/,

Therefore, if f(z) satisfies (27), then f(z) satisfies

Dj+1+)x 19)
DH‘)‘ 1’619)
rezGD]""l"")\ (1’619)

D]+/\ el@)

de

(30)

do.

‘arg(zj*H)‘DﬁAf(z))‘ < gzx (z € U).
O
Taking j = 1 and A = 0 in Theorem 6, we have the following corollary.
Corollary 5. If f(z) € Ay satisfies

zf"(z)
(2)

g% (z € U)

for some « (0 < & < 1), then
, T
|arg f'(z)] < Ik (z € U).
Further, on applying Lemma 6, we arrive at the following theorem.
Theorem 7. If f(z) € A, satisfies

i+14+A
DL f(2)

N < gRe(HM) (z € ) (31)

-z

forsomew (0 <o <1)and B (B # —1), then
’arg(zj*”ADéMf(z))’ < ga (zel),

wherej € Nand 0 < A < 1.

Proof. From (30), we see that

) 27| 0 i H1HA i0
. + re'’ Dy, f(re
’arg(z] 1 )‘Dé A / f(re")

D]"'/\ 1’619)

for f(z) € Ay. It follows that (31) gives

. . 27'[ n
’arg<2]71+AD£+/\ 4/ <1+,3\fe )df)

— En

. L (B ¥freos(f) P
4 1-2¢/rcos(8) — (/72

_am)1=p (145 1—(yr)?
_Z/o { 2 +( 2 )1+(W)2_2WCOS<z>}d9.

(32)
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Applying Lemma 6, we obtain

/zn L= () de:n/z"n el (1 Y
JO

Jo 1+(\"ﬁ)2—2\”/?cos(§) T+ (Y% —2{frcosp™ =

Therefore, (32) becomes
‘arg(z]'_H’\DéMf(z))‘ < grx (z € ).

O

Setting j = 1 and A = 0 in Theorem 7, we obtain the following corollary.

Corollary 6. If f(z) € A, satisfies

2f'(z)| . (14BYE
02 <2Re(1_\nﬁ) (ze )

forsomew (0 <o < 1)and B (B # —1), then
|larg f'(z)| < gzx (z e U).

Example 1. We consider a function f(z) € Ay given by

r2—A)7 i f(z) ( 2

3a
IT_,2-A=0) 2_%> (z€U)

with 0 < a < 1. If we write that

w(Z)ZZ—{ﬁ (zeU),
w(z) satisfies
'w(z)—§‘<§ (zel)

and

Therefore, we have

‘arg (zf*H)‘D?”\f(z)) ‘ =3a

arg(zz\n/g)‘ < gzx (ze ).

For such a function f(z), we obtain

DI () R YaRZ :
oG || (=) 07140
37“ ZW%‘-F(j—l-i-)\)

3 .
<7”‘+(]f1+;\) (z € U).



Axioms 2025, 14, 608 19 of 19

If we consider some B such that

then

3.
< (-1+4)

a(1-p)
4

< ;Re<1l+_’8nf/§> (z € U).
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