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Abstract

This study focuses on analyzing progressive Type-II right censoring competing risks
datasets. The latent causes of failures are assumed to follow independent generalized
linear exponential distributions. The maximum likelihood and maximum product of spac-
ing methods are employed to estimate the unknown parameters and survival indices.
Furthermore, approximate confidence intervals are derived using the asymptotic normality
of the maximum likelihood and the maximum product of spacing estimators. Additionally,
bootstrap methods are employed to construct confidence intervals. A comprehensive
simulation study is carried out to evaluate the effectiveness of these estimation approaches.
Finally, real-world datasets are analyzed to illustrate the practical applicability of the
proposed model.

Keywords: competing risks; progressive Type-II censoring; point estimation; maximum
likelihood estimation; maximum product of spacings estimation; bootstrap confidence
intervals
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1. Introduction
The complexity of statistical analysis increases even more when failures arise from

multiple competing causes, a scenario central to the study of competing risks (CRs). CRs
occur when there are different failure mechanisms, with each independently capable of
causing the event of interest. This is particularly relevant in medical research, such as in
studies investigating the outcomes of patients with lung cancer, where mortality can be
the result of cancer itself or other underlying conditions. Similarly, in reliability studies of
mechanical and electronic systems, failures may be attributed to various factors such as
corrosion, vibration, or other environmental stresses. In recent years, analytical attention
has increasingly focused on models that account for specific risk factors within the CRs
framework, utilizing datasets that comprise failure times alongside indicators that specify
the cause of failure. For a complete review of the CRs models, refer to [1,2].

Lifetime analysis is essential in various real-world applications, particularly in medical
and engineering disciplines, as it helps to evaluate unit reliability distributions. Analyzing
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data from such studies requires selecting an appropriate lifetime distribution, which is
a critical step. Ref. [3] introduced the generalized linear exponential (GLE) distribution,
which is highly beneficial, as it encompasses several well-known distributions as special
cases. Moreover, the GLE distribution offers enhanced flexibility when handling complex
real-life datasets. This distribution is advantageous for modeling failure behaviors that
exhibit decreasing, increasing, or non-monotonic hazard rates, including the bathtub-
shaped hazard function. Its ability to accurately capture complex failure patterns makes it
a valuable tool in reliability engineering, epidemiological studies, and industrial quality
control. Due to its adaptability, the GLE distribution is widely applicable in diverse areas
such as biomedical survival studies; one of the recent applications of this distribution
is presented in [4], where a novel GLE CRs model called the additive generalized linear
exponential model was developed to improve survival analysis. It was designed to handle
complex risk scenarios in medical data, particularly in the context of blood cancer. The
study focused on analyzing multiple risk factors that interact and compete to cause events
such as remission, relapse, and treatment complications.

Across diverse domains, including biomedical research and industrial manufacturing,
researchers often face the challenge of censored data, where the complete failure times of
observed units are partially unknown. This issue is not merely a statistical hurdle, but a
practical limitation arising from factors such as time constraints, ethical considerations, and
financial implications. These challenges become particularly significant when dealing with
high-value items or subjects of long duration. To address these limitations, specialized
censoring schemes have been developed, with Type-I and Type-II censoring being among
the most widely utilized approaches. In particular, the progressive Type-II right censoring
(PT-IIRC) scheme has gained prominence because of its ability to optimize the utilization
of time and resources while maintaining the validity of experimental results.

The analysis of lifetime models under various censoring schemes in the presence
of CRs has been extensively explored in the literature. Numerous researchers have con-
tributed to this field by developing statistical methodologies for parameter estimation,
reliability analysis, and optimal censoring strategies. For example, but not limited to this
alone, Ref. [5] investigated CRs data under progressive Type-II censoring. The study as-
sumed independent exponential failure distributions and derived maximum likelihood
estimators and uniformly minimum variance unbiased estimators for failure rates. The
exact distributions of the estimators were obtained, and hypothesis testing frameworks
were developed. Bayesian estimation was performed using inverse gamma priors, and
confidence intervals were constructed using exact, asymptotic, and bootstrap-based meth-
ods. The performance of the estimators was evaluated using Monte Carlo simulations and
real-world data analysis. Extensions to Weibull models and dependent causes of failure
were also discussed. Ref. [6] introduced a Type-II progressively hybrid censoring scheme
for CRs data, where the experiment terminates at a prespecified time. The study developed
likelihood-based inference to estimate unknown parameters under the assumption that
failure times follow independent exponential distributions. The results demonstrated that
the proposed scheme is effective in reducing experimental cost and time while maintain-
ing statistical efficiency. Ref. [7] investigated parameter estimation within CRs models,
assuming that failure causes follow generalized exponential distributions. Their work
specifically addressed issues associated with incomplete and censored data, which are
prevalent in reliability analysis. This contribution improved CRs modeling by introducing
more flexible failure time distributions and advancing statistical estimation methodologies.
Ref. [8] analyzed the problem of progressively Type-II censored CRs data under the Weibull
distribution. The study assumes that failure times are independent and follow Weibull
distributions with a common shape parameter but different scale parameters. The study
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discussed various optimality criteria and proposed selected optimal progressive censoring
plans. Ref. [9] developed inference methods for CRs models involving multiple failure
causes and censored data. Their framework incorporated both complete and right-censored
observations by modifying the likelihood function to handle partially observed failure
times. This enabled the estimation of model parameters under exponential, Weibull, and
Chen distributions, enhancing applicability to real-world reliability and survival data.
Ref. [10] examined a CRs model under progressively Type-II censored data, assuming that
failure times follow Lomax distributions. Maximum likelihood estimators were derived for
the distribution parameters, and the expected Fisher information matrix was computed.
The study also discussed optimal censoring plans based on Fisher information criteria,
showing that the optimal censoring scheme depends on the specific parameterization of the
Lomax distribution. Ref. [11] proposed parametric methods for analyzing CRs data under
interval censoring, emphasizing direct modeling of cumulative incidence functions using
Gompertz distributions. Their framework addressed mixed and independent inspection
processes and was validated using human immunodeficiency virus (HIV) transmission
data, highlighting the importance of proper handling of interval censoring for reliable
inference. Ref. [12] examined statistical inference procedures for CRs models under hybrid
censoring schemes, utilizing Cox’s latent failure time framework. Their model assumes
two independent causes of failure, with latent lifetimes following Weibull distributions
that share a similar shape parameter but have different scale parameters. A key aspect
of their analysis is the treatment of Type-I hybrid censoring, where the experiment was
terminated either upon observing a prespecified number of failures or reaching a prede-
fined time limit, whichever occurred first. This censoring structure leads to a partially
observed phenomenon. Ref. [13] studied parameter estimation in CRs models under an
adaptive progressive Type-II censoring scheme, assuming exponential lifetimes. The study
addressed the practical complication of unknown failure causes and developed both maxi-
mum likelihood and Bayesian estimators. Exact and asymptotic confidence intervals were
derived, and simulation results confirmed the efficiency of the proposed methods, which
were further validated using real data applications. Ref. [14] investigated CRs data under a
generalized progressive hybrid censoring scheme, assuming exponential lifetimes and de-
veloping both classical and Bayesian inferential procedures. In contrast, Ref. [15] proposed
a CRs model based on Kumaraswamy distributions within progressively Type-II censored
data. Similarly, Ref. [16] examined the Rayleigh distribution under the same censoring
framework. More recently, Ref. [17] examined the Bayesian inference of Weibull distribution
parameters under progressively Type-II censored CRs data with binomial removals. The
study assumed that failure times follow a Weibull distribution and derived Bayes estima-
tors under both symmetric and asymmetric loss functions. Ref. [18] considered CRs models
assuming Chen-distributed failure times, with shared shape and distinct scale parameters,
also under progressive Type-II censoring. Ref. [19] analyzed the statistical inference of the
weighted exponential distribution in the context of progressively Type-II censored CRs
data. The study assumed that latent failure causes follow independent weighted exponen-
tial distributions with different parameters. Ref. [20] studied the estimation of unknown
parameters, survival, and hazard functions in Weibull models under adaptive progressively
Type-II censored CRs data. The study considered independent and dependent CRs, where
failure causes followed Weibull distributions with different scale and shape parameters.
The study examined the expected experimentation time and extended the model to the
case of dependent failure modes using the Marshall–Olkin bivariate Weibull distribution.
Ref. [21] analyzed the statistical inference and optimal censoring scheme for a CRs model
under progressively Type-II censored data from the generalized Rayleigh distribution.
Ref. [22] conducted a statistical inference study on a CRs model using adaptive progres-
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sively Type-II censored Gompertz life data, with applications in industrial and medical
fields. Ref. [23] proposed an accelerated competing failure model under progressively
Type-II censored data, assuming that failure times follow inverse Weibull distributions.
Their framework incorporated a constant-stress life testing setup with independent CRs
and employed maximum likelihood estimation along with both asymptotic and bootstrap
confidence intervals. Simulation studies and a real thermal stress dataset were used to
evaluate the model’s performance, revealing the superiority of bootstrap intervals, espe-
cially for small sample sizes. Ref. [24] performed a statistical inference study on a CRs
model under the improved adaptive Type-II progressive censoring scheme. The study
assumed that the lifetimes of competing causes of failure follow independent exponential
distributions with different parameters. Ref. [25] analyzed the statistical inference and
optimal censoring scheme for a CRs model under Type-II progressive censoring. The study
assumed that the lifetimes of CRs follow an inverted exponentiated Rayleigh distribution,
which allows for a non-monotonic hazard function. Ref. [26] examined the inference of
CRs data under an improved adaptive Type-II progressive censoring scheme for Weibull
lifetime models. The study employed the latent failure time model, in which failure times
follow independent Weibull distributions with a common shape parameter and distinct
scale parameters. Ref. [27] developed a CRs model under progressively Type-II censored
data with random removals, assuming that the lifetimes follow the generalized power
half-logistic geometric distribution. Their work incorporates binomial-based censoring
schemes and derives both maximum likelihood and Bayesian estimators using Markov
Chain Monte Carlo methods. The model addresses flexible hazard structures, and simula-
tion studies confirmed the effectiveness of the proposed estimation methods. A real-data
application further demonstrated the model’s practical relevance in reliability analysis.
Ref. [28] studied parametric inference for lifetime models with CRs under middle censored
data. Assuming that latent failure times follow independent Burr-XII distributions, they
derived maximum likelihood estimators and asymptotic confidence intervals using the
observed Fisher information.

The recent surge of studies addressing CRs models under PT-IIRC schemes has signifi-
cantly enriched the literature on lifetime data analysis. Researchers have explored various
parametric distributions such as the exponential, Weibull, Lomax, Kumaraswamy, and
Rayleigh models, utilizing both frequentist and Bayesian estimation techniques. These
models have been applied in various real-world contexts, including medical diagnos-
tics, industrial reliability, and genomic data analysis. The frequent inclusion of causes of
masked failure, random removal, and adaptive censoring further underscores the growing
complexity and practical relevance of these studies.

Although various studies have explored parametric models related to the generalized
linear exponential submodels, such as the Weibull, Rayleigh, and exponential distributions,
there appears to be an absence of research directly applying the generalized linear exponen-
tial distribution itself to CRs data, particularly under progressive censoring schemes. Its
capacity to accommodate known, unknown, and mixed causes of failure in such contexts
remains largely uninvestigated.

Furthermore, while estimation methods have been increasingly developed in the
broader literature, a cohesive modeling framework that integrates multiple estimation
strategies and validates their effectiveness using simulated and real-world data continues
to present a valuable direction for further exploration.

In this study, we consider CRs data under PT-IIRC. The progressively Type-II right-
censored sample can be described as follows: Consider a life-testing experiment in which n
units are placed under observation following a predefined progressive censoring scheme,
denoted by (R1, R2, . . . , Rm). Assume that there are M independent causes of failure that
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are known. The number of observed failure times, denoted by m, is predetermined such
that 1 ≤ m ≤ n.

At the time of the first observed failure, the R1 units are removed from the remaining
n− 1 units. Subsequently, upon the occurrence of the second failure, additional R2 units are
withdrawn from the remaining n− 2− R1 units. This process continues iteratively until the
occurrence of the mth failure. At this stage, denoted as Xm, all remaining surviving units
are removed from the experiment, marking its termination. The progressive censoring
scheme (R1, R2, . . . , Rm) must satisfy the following constraint:

m

∑
i=1

Ri = n−m.

• If R1 = R2 = · · · = Rm−1 = 0, then the last removal is given by Rm = n−m, which
reduces the setup to the conventional Type-II right censoring scheme.

• If R1 = R2 = · · · = Rm = 0, then n = m, which corresponds to a complete sample.

For a comprehensive discussion on progressive censoring schemes, refer to [29].
The primary goal of this study is to deliver the first comprehensive treatment of the

GLE CRs model under the PT-IIRC pattern that arises routinely in long-term biomedical,
biological, and industrial reliability studies. Integrating PT-IIRC with a parametric CRs
framework goes beyond mathematical elegance: it mirrors real-world data collection
practice, yields more efficient estimators, permits cost sensitive experimental designs, and
provides a common analytic language across disparate application domains. Because
progressive censoring records additional early and mid-time information, coupling it with
the flexible GLE CRs model improves the identifiability of contrasting cause-specific hazard
shapes. Moreover, in CRs settings, the withdrawal process may act preferentially on a
single cause (e.g., patients removed owing to drug toxicity or machines retired by policy).
The parametric formulation adopted here allows for formal testing of whether removal
rates differ by latent cause, thereby strengthening validity checks and inference.

Developing maximum likelihood estimators (MLEs) and maximum product of spacing
estimators (MPSEs): In addition, three distinct types of confidence intervals are developed:
asymptotic confidence intervals (ACIs), percentile bootstrap confidence intervals (PBCIs),
and studentized bootstrap confidence intervals (SBCIs). A Monte Carlo simulation is
performed to evaluate and contrast the effectiveness of the proposed methods. Lastly, the
proposed methods are applied to two real-world datasets for validation, with all analyses
and computations performed using the R programming language to ensure accurate and
efficient statistical processing.

The structure of the paper is as follows. Section 2 provides a detailed description of
the model and introduces the necessary notation. The maximum likelihood estimation of
unknown parameters is discussed in Section 3. Section 4 presents the maximum product
of spacing estimation method and its theoretical foundations. Section 5 introduces the
construction of bootstrap confidence intervals. A simulation study, along with its results
and performance evaluation, is provided in Section 6. In Section 7, real-world datasets are
analyzed to illustrate the practical applicability of the proposed methods. Finally, the study
concludes with a summary of findings and potential future research directions in Section 8.

2. Model Description and Notation
Consider a system with two independent failure causes (M = 2). Let X1i and X2i (i =

1, . . . , n) represent the latent failure times associated with the two failure causes. Assume
that these failure times are independent and identically distributed GLE distributions. Here,
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Xji represents the latent failure time of the ith unit that corresponds to the cause of failure
jth,where j = 1, 2.

Each failure in the experiment can occur due to one of j (1 ≤ j ≤ M) distinct causes.
The failure mechanism is characterized as follows:

• m represents the total number of observed failures.
• n−m denotes the total number of censored units.
• The cause of the failure is identified using an indicator variable δi, where δi = j if the

failure of ith is attributed to the risk of jth.

Thus, the number of observed failures associated with the jth risk, denoted as mj, is
given by

m1 =
m

∑
i=1

I(δi = 1) and m2 =
m

∑
i=1

I(δi = 2)

where m = m1 + m2, and I(δi = j) is an indicator function defined as

I(δi = j) =

1, if δi = j,

0, otherwise.

The progressive Type-II censored CRs (PT-IIRCCR) data structure is represented as

(X1:m:n, δ1, R1), . . . , (Xm:m:n, δm, Rm)

where

• X1:m:n < · · · < Xm:m:n denote the observed failure times.
• δ1, δ2, . . . , δm represent the corresponding causes of failure.
• R1, R2, . . . , Rm indicate the number of units removed from the experiment at each

observed failure time.

Several special cases of this censoring mechanism warrant further discussion.
Under these assumptions, the survival function (SF) of Xji is expressed as

F̄j(x; θ) = exp

[
−
(

θ

2
x2 + λx

)kj
]

; x > 0, θ, k j > 0, λ ≥ 0. (1)

The cumulative distribution function (CDF) and the probability density function (PDF) of
Xji are expressed as follows:

Fj(x; θ) = 1− exp

[
−
(

θ

2
x2 + λx

)kj
]

; x > 0, θ, k j > 0, λ ≥ 0 (2)

and its PDF is

f j(x; θ) = k j(θx + λ)

(
θ

2
x2 + λx

)kj−1
exp

[
−
(

θ

2
x2 + λx

)kj
]

; x > 0, θ, k j > 0, λ ≥ 0. (3)

The hazard rate function (HRF) is given by

hj(x; θ) = k j(θx + λ)

(
θ

2
x2 + λx

)kj−1
; x > 0, θ, k j > 0, λ ≥ 0. (4)

Consider a reliability study involving identical n units in a lifetime experiment, where each
unit may fail due to one of two competing causes. The observed failure time for the ith unit
is given by

Xi = min(Xi1, Xi2), i = 1, . . . , n.
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Using Equations (2) and (3), the CDF and PDF of Xi can be derived as follows:

F(x; θ) = 1− exp

[
−

2

∑
j=1

(
θ

2
x2 + λx

)kj
]

; x > 0 (5)

and

f (x; θ) = (θx + λ)

[
2

∑
j=1

k j

(
θ

2
x2 + λx

)kj−1
]

exp

[
−

2

∑
j=1

(
θ

2
x2 + λx

)kj
]

; x > 0 (6)

where θ represents the vector of model parameters, which is defined within the parameter
space Θ, that is,

θ = (θ, λ, k1, k2)
T ∈ R4

+ ∪ {λ = 0}.

In the same way, the SF and HRF of Xi can be expressed as follows:

F̄(x; θ) = exp

[
−

2

∑
j=1

(
θ

2
x2 + λx

)kj
]

; x > 0 (7)

and

h(x; θ) = (θx + λ)

[
2

∑
j=1

k j

(
θ

2
x2 + λx

)kj−1
]

; x > 0. (8)

All items under study undergo similar conditions, whether patients or engineered com-
ponents operate in the same external environment and are exposed to similar baseline
stresses (temperature, workload, treatment protocol, etc.). We therefore adopt the rate
parameters λ and an acceleration term θ that apply uniformly to every latent failure time.
The different physical or biological mechanisms of failure are instead represented by the
shape parameters k1 and k2. Hence, the parsimonious four-parameter specification achieves
better numerical stability and provides a clearer, mechanism-oriented interpretation.

3. The Maximum Likelihood Estimation
The maximum likelihood estimation (MLE) method is widely used for parameter

estimation due to its advantageous properties, including consistency, asymptotic normality,
invariance, and asymptotic efficiency. In addition, it often exhibits favorable convergence
behavior; see [30]. The large sample properties of MLE, particularly, strong consistency
and asymptotic normality, have also been rigorously examined in [31].

Based on the previous discussion, we can derive the joint likelihood function for the
GLE CRs model under the PT-IIRC condition for the observed dataset m, represented as
(Xi:m:n; δi, Ri), where δi ∈ {1, 2} for i = 1, 2, . . . , m. Here, δi = 1 indicates that the failure of
the item ith is attributed to the first cause, while δi = 2 means that the failure is due to the
second cause. The joint likelihood function is formulated as follows:

L(θ | x) = C
m

∏
i=1

[ f1(xi:m:n)F̄2(xi:m:n)]
I(δi=1)[ f2(xi:m:n)F̄1(xi:m:n)]

I(δi=2)

× [F̄1(xi:m:n)F̄2(xi:m:n)]
Ri

(9)

where

C = n
m−1

∏
i=1

[
n−

i

∑
τ=1

(Rτ + 1)

]
.
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Another form of the likelihood function in (9) can be obtained using the identity f j(x) =
hj(x)F̄j(x) as follows:

L(θ | x) = C
m

∏
i=1

[h1(xi)]
I(δi=1)[h2(xi)]

I(δi=2)[F̄1(xi)F̄2(xi)]
1+Ri (10)

where hj(x) = f j(x)/F̄j(x), j = 1, 2, and xi = xi:m:n for simplicity of notation.

3.1. Point Estimation

By substituting (4) and (1) into (10), the joint likelihood function of θ is expressed as

L(θ | x) = C
m1

∏
i=1

k1η
′
(xi; θ, λ)ηk1−1(xi; θ, λ)

m2

∏
i=1

k2η
′
(xi; θ, λ)ηk2−1(xi; θ, λ)

×
m

∏
i=1

exp

[
−(1 + Ri)

2

∑
j=1

ηkj(xi; θ, λ)

] (11)

where η(xi; θ, λ) = θ
2 x2

i + λxi, and η′(xi; θ, λ) = θxi + λ. Equation (11) can be rewritten in
a simplified form as

L(θ | x) = C
2

∏
j=1

mj

∏
i=1

k jη
kj−1(xi; θ, λ)

m

∏
i=1

η
′
(xi; θ, λ) exp

[
−(1 + Ri)

2

∑
j=1

ηkj(xi; θ, λ)

]
. (12)

Taking the logarithm of (12), excluding the constant term, results in the following:

ℓ(θ | x) ∝
2

∑
j=1

mj log(k j) +
m

∑
i=1

log η
′
(xi; θ, λ) +

2

∑
j=1

mj

∑
i=1

(k j − 1) log η(xi; θ, λ)

−
2

∑
j=1

m

∑
i=1

(1 + Ri)[η(xi; θ, λ)]kj

(13)

where θ = (θ, λ, k1, k2)
T . MLEs are obtained by maximizing the log-likelihood function

in (13) with respect to its parameters. Alternatively, these estimates can be derived by
computing the first-order partial derivatives of (13), equating them to zero, and solving the
resulting normal equations. The MLEs, denoted by θ̂, λ̂, k̂ j for j = 1, 2, are then determined
by solving these equations simultaneously.

∂ℓ

∂θ
=

m

∑
i=1

xi

η
′(xi; θ, λ)

+
2

∑
j=1

mj

∑
i=1

(k j − 1)x2
i

2η(xi; θ, λ)
−

2

∑
j=1

m

∑
i=1

k j(1 + Ri)
x2

i
2

ηkj−1(xi; θ, λ) = 0, (14)

∂ℓ

∂λ
=

m

∑
i=1

1
η
′(xi; θ, λ)

+
2

∑
j=1

mj

∑
i=1

(k j − 1)xi

η(xi; θ, λ)
−

2

∑
j=1

m

∑
i=1

k j(1 + Ri)xiη
kj−1(xi; θ, λ) = 0 (15)

and

∂ℓ

∂k j
=

mj

k j
+

mj

∑
i=1

log η(xi; θ, λ)−
m

∑
i=1

(1 + Ri)η
kj(xi; θ, λ) log η(xi; θ, λ) = 0, j = 1, 2. (16)

Due to the complex forms of (14), (15), and (16), the MLEs cannot be derived explicitly.
Consequently, numerical iterative methods are required to compute the desired estimates.
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Furthermore, leveraging the invariance property of MLEs, the estimates for the SF and
HRF can be directly obtained from (7) and (8), respectively, as follows:

ˆ̄F(x) = exp

− 2

∑
j=1

(
θ̂

2
x2 + λ̂x

)k̂j
; x > 0 (17)

and

ĥ(x) = (θ̂x + λ̂)
2

∑
j=1

k̂ j

(
θ̂

2
x2 + λ̂x

)k̂j−1

; x > 0. (18)

3.2. ACIs Using MLEs

The ACIs for unknown parameters θ, λ, k1, and k2, as well as for the SF and HRF, are
developed based on the asymptotic normality property of the MLE. Using the log-likelihood
function in (13), the observed Fisher information matrix Iobs(θ) is defined as

Iobs(θ) =

[
− ∂2ℓ(θ)

∂θr∂θs

]
θ=θ̂

, r, s = 1, 2, 3, 4 (19)

where the second derivatives
∂2ℓ(θ)

∂θr∂θs
, r, s = 1, 2, 3, 4, are given by

∂2ℓ

∂θ2 = −
m

∑
i=1

x2
i

η
′2(xi; θ, λ)

−
2

∑
j=1

mj

∑
i=1

(k j − 1)x4
i

4η2(xi; θ, λ)
−

2

∑
j=1

m

∑
i=1

k j(k j − 1)(1 + Ri)
x4

i
4

ηkj−2(xi; θ, λ), (20)

∂2ℓ

∂θ∂λ
=

∂2ℓ

∂λ∂θ
= −

m

∑
i=1

xi

η
′2(xi; θ, λ)

−
2

∑
j=1

mj

∑
i=1

(k j − 1)x3
i

2η2(xi; θ, λ)

−
2

∑
j=1

m

∑
i=1

k j(k j − 1)(1 + Ri)
x3

i
2

ηkj−2(xi; θ, λ),

(21)

∂2ℓ

∂θ∂k j
=

∂2ℓ

∂k j∂θ
=

mj

∑
i=1

x2
i

2η(xi; θ, λ)
−

mj

∑
i=1

(1 + Ri)
x2

i
2

ηkj−1(xi; θ, λ)

−
m

∑
i=1

k j(1 + Ri)
x2

i
2

ηkj−1(xi; θ, λ) log η(xi; θ, λ),

(22)

∂2ℓ

∂λ2 = −
m

∑
i=1

1
η
′2(xi; θ, λ)

−
2

∑
j=1

mj

∑
i=1

(k j − 1)x2
i

η2(xi; θ, λ)
−

2

∑
j=1

m

∑
i=1

k j(k j − 1)(1 + Ri)x2
i ηkj−2(xi; θ, λ), (23)

∂2ℓ

∂λ∂k j
=

∂2ℓ

∂k j∂λ
=

mj

∑
i=1

xi
η(xi; θ, λ)

−
mj

∑
i=1

(1 + Ri)xiη
kj−1(xi; θ, λ)

−
m

∑
i=1

k jxi(1 + Ri)η
kj−1(xi; θ, λ) log η(xi; θ, λ)

(24)

and

∂2ℓ

∂k2
j
= −

mj

k2
j
−

m

∑
i=1

(1 + Ri)η
kj(xi; θ, λ)[log η(xi; θ, λ)]2. (25)

According to [32], the asymptotic normality of the MLEs based on PT-IIRC samples is
established under specific regularity conditions. As the sample size increases, the MLEs
approach a normal distribution asymptotically. Consequently, the asymptotic distribution
of the parameters θ, λ, k1, and k2 can be expressed as
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(θ̂, λ̂, k̂1, k̂2) ∼ N4

[
(θ, λ, k1, k2), I(θ̂, λ̂, k̂1, k̂2)

]
,

where I(θ̂, λ̂, k̂1, k̂2) is the asymptotic variance–covariance matrix of θ̂. It can be approxi-
mated by taking the inverse of (19), thus giving

I(θ̂) = I(θ̂, λ̂, k̂1, k̂2) =


v̂ar(θ̂) ĉov(θ̂, λ̂) ĉov(θ̂, k̂1) ĉov(θ̂, k̂2)

ĉov(λ̂, θ̂) v̂ar(λ̂) ĉov(λ̂, k̂1) ĉov(λ̂, k̂2)

ĉov(k̂1, θ̂) ĉov(k̂1, λ̂) v̂ar(k̂1) ĉov(k̂1, k̂2)

ĉov(k̂2, θ̂) ĉov(k̂2, λ̂) ĉov(k̂2, k̂1) v̂ar(k̂2)

. (26)

Hence, the two-sided ACIs 100(1− α)% for the parameters θ, λ, k1, and k2 are as follows:[
θ̂ ± zα/2

√
v̂ar(θ̂)

]
,
[

λ̂± zα/2

√
v̂ar(λ̂)

]
,

[
k̂1 ± zα/2

√
v̂ar(k̂1)

]
and

[
k̂2 ± zα/2

√
v̂ar(k̂2)

]
where zα/2 is the upper α/2 percentile of the standard normal distribution.

3.3. ACIs for SF and HRF

To construct the ACIs for the SF and HRF, it is necessary to determine the variances of
their corresponding MLEs. In this context, the delta method is employed to approximate
the variances of ˆ̄F(x) and ĥ(x). For the application of this approach, let Ψ1 and Ψ2 represent
two quantities defined as follows:

Ψ1 =

[
∂F̄(x)

∂θ
,

∂F̄(x)
∂λ

,
∂F̄(x)

∂k1
,

∂F̄(x)
∂k2

]
and Ψ2 =

[
∂h(x)

∂θ
,

∂h(x)
∂λ

,
∂h(x)

∂k1
,

∂h(x)
∂k2

]
where

∂F̄(x)
∂θ

= − x2

2

2

∑
j=1

k jη
kj−1(x; θ, λ) exp

[
−

2

∑
j=1

ηkj(x; θ, λ)

]
, (27)

∂F̄(x)
∂λ

= −x
2

∑
j=1

k jη
kj−1(x; θ, λ) exp

[
−

2

∑
j=1

ηkj(x; θ, λ)

]
, (28)

∂F̄(x)
∂k j

= −ηkj(x; θ, λ) log η(xi; θ, λ) exp
[
−

2

∑
j=1

ηkj(x; θ, λ)

]
, (29)

∂h(x)
∂θ

= x
2

∑
j=1

k jη
kj−1(x; θ, λ) +

η
′
(x; θ, λ)

2

2

∑
j=1

k j(k j − 1)x2ηkj−2(x; θ, λ), (30)

∂h(x)
∂λ

=
2

∑
j=1

k jη
kj−1(x; θ, λ) + η

′
(x; θ, λ)

2

∑
j=1

k j(k j − 1)xηkj−2(x; θ, λ) (31)

and
∂h(x)

∂k j
= η

′
(x; θ, λ)ηkj−1(x; θ, λ)

[
1 + k j log η(x; θ, λ)

]
. (32)

Consequently, the approximate variance estimates for the SF and HRF can be expressed,
respectively, as follows:

v̂ar( ˆ̄F) =
[
Ψ1 I(θ̂)ΨT

1
]∣∣∣∣

(θ=θ̂)

and v̂ar(ĥ) =
[
Ψ2 I(θ̂)ΨT

2
]∣∣∣∣

(θ=θ̂)
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where I(θ̂) is given by (26). Thus,

ˆ̄F(x)− F̄(x)√
v̂ar( ˆ̄F)

∼ SN(0, 1) and
ĥ(x)− h(x)√

v̂ar(ĥ)
∼ SN(0, 1),

asymptotically. Then, the 100(1− α)% ACIs of F̄(x) and h(x) are, respectively, defined
as follows: [

ˆ̄F± zα/2

√
v̂ar( ˆ̄F)

]
and

[
ĥ± zα/2

√
v̂ar(ĥ)

]
.

The lower bounds of the ACIs computed using the previous approach may occasionally
yield negative values. To address this issue, the delta method, as described in [33], can be
applied to obtain the ACIs. In this case, the distribution of log ζ̂ can be approximated by

Zlog ζ̂ =
log ζ̂ − log ζ

v̂ar(log ζ̂)
∼ SN(0, 1)

where v̂ar(log ζ̂) can be derived using the delta method as

v̂ar(log ζ̂) =
v̂ar(ζ̂)

ζ̂2
.

As a result, the two-sided 100(1 − α)% normal ACIs for a positive parameter can be
formulated as {

ζ̂ exp
[
−

z1−α/2

√
v̂ar(ζ̂)

ζ̂

]
, ζ̂ exp

[ z1−α/2

√
v̂ar(ζ̂)

ζ̂

]}

where ζ̂ represents the maximum likelihood estimator of the parameter vector, i.e.,

ζ̂ = (θ̂, λ̂, k̂1, k̂2, ˆ̄F(x), ĥ(x)),

and v̂ar(ζ̂) denotes its corresponding asymptotic variance.

4. The Maximum Product of Spacing Estimation
Ref. [34] proposed the maximum product of spacing estimation (MPSE) method

as a general approach to estimating parameters in continuous univariate distributions,
particularly when one parameter represents a shifted origin. The MPSEs retain several
desirable properties of the MLEs, including consistency, asymptotic normality, and the
invariance property. Furthermore, Ref. [35] extended the MPSE method approach to
handle parameter estimation based on PT-IIRC samples. The MPSE method identifies
the parameter values that render the observed data as uniformly distributed as possible
according to a specific quantitative measure of uniformity.

4.1. Point Estimation

Let Dji(θ) = Fj(xi:m:n; θ)− Fj(xi−1:m:n; θ), for j = 1, 2 and i = 1, 2, . . . , m + 1, represent
a uniform spacing, where F(x0:m:n; θ) = 0, and F(xm+1:m:n; θ) = 1. It is evident that
∑m+1

i=1 Di(θ) = 1.
For the CRs model, under the framework of PT-IIRC data, the product of spacings that

needs to be maximized is given by

P(θ) =
m+1

∏
i=1

[D1i F̄2(xi:m:n)]
I(δi=1)

[D2i F̄1(xi:m:n)]
I(δi=2)

m

∏
i=1

[F̄1(xi:m:n)F̄2(xi:m:n)]
Ri . (33)
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Equation (33) can be rewritten in the following form:

P(θ) =
2

∏
j=1

mj+1

∏
i=1

[
F̄j(xi−1:m:n)

F̄j(xi:m:n)
− 1

]
m

∏
i=1

[F̄1(xi:m:n)F̄2(xi:m:n)]
Ri+1. (34)

By substituting (1) into (34), we obtain

P(θ) =
2

∏
j=1

mj+1

∏
i=1

[
eη

kj (xi:m:n ;θ,λ)−η
kj (xi−1:m:n ;θ,λ) − 1

] m

∏
i=1

exp
[
−(1 + Ri)

2

∑
j=1

ηkj(xi:m:n; θ, λ)

]
. (35)

By taking the logarithm of (35), we get

log P(θ) =
2

∑
j=1

mj+1

∑
i=1

log
[

eη
kj (xi:m:n ;θ,λ)−η

kj (xi−1:m:n ;θ,λ) − 1
]
−

2

∑
j=1

m

∑
i=1

(1 + Ri)η
kj(xi:m:n; θ, λ). (36)

The MPSEs of θ = (θ, λ, k1, k2)
T , denoted by θ̃, λ̃, k̃1, and k̃2, are obtained by maximizing

(36) with respect to θ. These estimators can be determined by simultaneously solving the
following system of normal equations:

∂log P
∂θ

=
2

∑
j=1

mj+1

∑
i=1

eξi (ξi)θ

eξi − 1
− 1

2

2

∑
j=1

m

∑
i=1

(1 + Ri)k jx2
i:m:nηkj−1(xi:m:n; θ, λ) = 0, (37)

∂log P
∂λ

=
2

∑
j=1

mj+1

∑
i=1

eξi (ξi)λ

eξi − 1
−

2

∑
j=1

m

∑
i=1

(1 + Ri)k jxi:m:nηkj−1(xi:m:n; θ, λ) = 0 (38)

and
∂log P

∂k j
=

mj+1

∑
i=1

eξi (ξi)kj

eξi − 1
−

m

∑
i=1

(1 + Ri)η
kj(xi:m:n; θ, λ) log η(xi:m:n; θ, λ) = 0 (39)

where ξi = ξi(θ, λ, k1, k2) = ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ),

(ξi)θ =
∂

∂θ

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
=

k j

2

[
x2

i ηkj−1(xi:m:n; θ, λ)− x2
i−1ηkj−1(xi−1:m:n; θ, λ)

]
,

(40)

(ξi)λ =
∂

∂λ

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
= k j

[
xiη

kj−1(xi:m:n; θ, λ)− xi−1ηkj−1(xi−1:m:n; θ, λ)
] (41)

and

(ξi)kj
=

∂

∂k j

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
= ηkj(xi:m:n; θ, λ) log η(xi:m:n; θ, λ)

− ηkj(xi−1:m:n; θ, λ) log η(xi−1:m:n; θ, λ), j = 1, 2.

(42)

The MPSEs of the SF and HRF can be obtained from (7) and (8), respectively, as follows:

˜̄F(x) = exp

[
−

2

∑
j=1

(
θ̃

2
x2 + λ̃x

)k̃j
]

; x > 0 (43)
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and

h̃(x) = (θ̃x + λ̃)
2

∑
j=1

k̃ j

(
θ̃

2
x2 + λ̃x

)k̃j−1

; x > 0. (44)

4.2. ACIs Using MPSEs

To construct the ACIs, obtain the asymptotic variance–covariance matrix based on the
MPSEs as follows:

I(θ̃) =
[
−∂2 log P(θ)

∂θr∂θs

]−1

θ=θ̃

, r, s = 1, 2, 3, 4. (45)

The second derivatives of (36) with respect to θ are given by

∂2log P
∂θ2 =

2

∑
j=1

mj+1

∑
i=1

eξi
[
((ξi)θ)

2 + (ξi)θθ

]
(eξi − 1)− (eξi (ξi)θ)

2(
eξi − 1

)2

− 1
4

2

∑
j=1

m

∑
i=1

(1 + Ri)k j(k j − 1)x4
i:m:nηkj−2(xi:m:n; θ, λ) = 0,

(46)

∂2log P
∂θ∂λ

=
2

∑
j=1

mj+1

∑
i=1

eξi [(ξi)θ(ξi)λ + (ξi)θλ](eξi − 1)− e2ξi (ξi)θ(ξi)λ(
eξi − 1

)2

− 1
2

2

∑
j=1

m

∑
i=1

k j(k j − 1)(1 + Ri)x3
i:m:nηkj−2(xi:m:n; θ, λ) = 0,

(47)

∂2log P
∂θ∂k j

=

mj+1

∑
i=1

eξi
[
(ξi)θ(ξi)kj

+ (ξi)θkj

]
(eξi − 1)− e2ξi (ξi)θ(ξi)kj(

eξi − 1
)2

− 1
2

m

∑
i=1

k j(1 + Ri)x2
i:m:nηkj−1(xi:m:n; θ, λ) log η(xi:m:n; θ, λ) = 0,

(48)

∂2log P
∂λ2 =

2

∑
j=1

mj+1

∑
i=1

eξi
[
((ξi)λ)

2 + (ξi)λλ

]
(eξi − 1)− (eξi (ξi)λ)

2(
eξi − 1

)2

−
2

∑
j=1

m

∑
i=1

k j(k j − 1)(1 + Ri)x2
i:m:nηkj−2(xi:m:n; θ, λ) = 0,

(49)

∂2log P
∂λ∂k j

=

mj+1

∑
i=1

eξi
[
(ξi)λ(ξi)kj

+ (ξi)λkj

]
(eξi − 1)− e2ξi (ξi)λ(ξi)kj(

eξi − 1
)2

−
m

∑
i=1

k j(1 + Ri)xi:m:nηkj−1(xi:m:n; θ, λ) log η(xi:m:n; θ, λ) = 0

(50)

and

∂2log P
∂k2

j
=

mj+1

∑
i=1

eξi
[
((ξi)kj

)2 + (ξi)kjkj

]
(eξi − 1)− (eξi (ξi)kj

)2(
eξi − 1

)2

−
m

∑
i=1

(1 + Ri)η
kj(xi:m:n; θ, λ)[log η(xi:m:n; θ, λ)]2 = 0

(51)

where
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(ξi)θθ =
∂2

∂θ2

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
=

k j(k j − 1)
4

[
x4

i ηkj−2(xi:m:n; θ, λ)− x4
i−1ηkj−2(xi−1:m:n; θ, λ)

]
,

(52)

(ξi)θλ = (ξi)λθ =
∂2

∂θ∂λ

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
=

k j(k j − 1)
2

[
x3

i ηkj−2(xi:m:n; θ, λ)− x3
i−1ηkj−2(xi−1:m:n; θ, λ)

]
,

(53)

(ξi)θkj
= (ξi)kjθ =

∂2

∂θ∂k j

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
=

1
2

[
x2

i ηkj−1(xi:m:n; θ, λ)− x2
i−1ηkj−1(xi−1:m:n; θ, λ)

]
+

k j

2

[
x2

i ηkj−1(xi:m:n; θ, λ) log η(xi:m:n; θ, λ)

− x2
i−1ηkj−1(xi−1:m:n; θ, λ) log η(xi−1:m:n; θ, λ)

]
,

(54)

(ξi)λλ =
∂2

∂λ2

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
= k j(k j − 1)

[
x2

i ηkj−2(xi:m:n; θ, λ)− x2
i−1ηkj−2(xi−1:m:n; θ, λ)

]
,

(55)

(ξi)λkj
= (ξi)kjλ =

∂2

∂λ∂k j

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
=
[

xiη
kj−1(xi:m:n; θ, λ)− xi−1ηkj−1(xi−1:m:n; θ, λ)

]
+ k j

[
xiη

kj−1(xi:m:n; θ, λ) log η(xi:m:n; θ, λ)

− xi−1ηkj−1(xi−1:m:n; θ, λ) log η(xi−1:m:n; θ, λ)

]
(56)

and

(ξi)kjkj
=

∂2

∂k2
j

[
ηkj(xi:m:n; θ, λ)− ηkj(xi−1:m:n; θ, λ)

]
= ηkj(xi:m:n; θ, λ)[log η(xi:m:n; θ, λ)]2

− ηkj(xi−1:m:n; θ, λ)[log η(xi−1:m:n; θ, λ)]2, j = 1, 2.

(57)

The two-sided 100(1− α)% normal ACIs for a positive parameter can be expressed as

{
θ̃ exp

[
−

z1−α/2

√
ṽar(θ̃)

θ̃

]
, θ̃ exp

[
z1−α/2

√
ṽar(θ̃)

θ̃

]}

where θ̃ represents the maximum product of the spacing estimator of the parameter vector,
that is,

θ̃ = (θ̃, λ̃, k̃1, k̃2)
T ,

and ṽar(θ̃) denotes its corresponding asymptotic variance.

4.3. ACIs for SF and HRF

Additionally, approximate variance estimates for the SF and HRF can be provided,
respectively, as follows:
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ṽar( ˜̄F) =
[
Ψ1 I(θ̃)ΨT

1
]∣∣∣∣

(θ=θ̃)

and ṽar(h̃) =
[
Ψ2 I(θ̃)ΨT

2
]∣∣∣∣

(θ=θ̃)

where I(θ̃) is given by (45). The two-sided 100(1− α)% normal ACIs for the SF and HRF
can be represented as

{
˜̄F exp

[
−

z1−α/2

√
ṽar( ˜̄F)

˜̄F

]
, ˜̄F exp

[
z1−α/2

√
ṽar( ˜̄F)

˜̄F

]}

and {
h̃ exp

[
−

z1−α/2

√
ṽar(h̃)

h̃

]
, h̃ exp

[
z1−α/2

√
ṽar(h̃)

h̃

]}
.

5. Bootstrap Confidence Intervals
ACIs perform effectively when the sample size is sufficiently large. However, the nor-

mality assumption may not hold for smaller samples. To address this limitation, resampling
techniques, such as the bootstrap method, offer more precise approximations of confidence
intervals (CIs). In this section, two types of parametric bootstrap CIs are introduced.

The first approach utilizes Efron’s concept of PBCIs; refer to [36]. The second approach
uses SBCIs, as proposed by [37]. Algorithm 1 describes the procedure for generating PBCIs
for the parameters θ, λ, k1, and k2, as well as for the SF and HRF. In contrast, Algorithm 2
details the steps required to obtain SBCIs for the same set of parameters and functions.

Algorithm 1: PBCIs
Input: Number of bootstrap samples B ≥ 1000; PT-IIRCCR sample

(x1:m:n, δ1, R1), . . . , (xm:m:n, δm, Rm); Censoring scheme (R1, . . . , Rm)

Output: Percentile confidence intervals for θ, F̄ and h
1 Obtain initial estimates θ̂ = (θ̂, λ̂, k̂1, k̂2)

T using MLE or MPSE ;
2 for b← 1 to B do
3 Generate bootstrap sample using parameters θ̂, λ̂, k̂1, k̂2 ;

4 Compute θ̂∗(b), λ̂∗(b), k̂∗(b)1 , k̂∗(b)2 using the bootstrap sample and censoring
scheme ;

5 Use the bootstrap estimates to calculate ˆ̄F∗(b) and ĥ∗(b) ;

6 Sort θ̂∗(1), . . . , θ̂∗(B) in ascending order to get θ̂∗[1], . . . , θ̂∗[B] ;
7 Compute percentile CIs of θ as:[

θ̂∗[B(α/2)], θ̂∗[B(1−α/2)]
]

8 Sort ˆ̄F∗(1), . . . , ˆ̄F∗(B) and compute:[
ˆ̄F∗[B(α/2)], ˆ̄F∗[B(1−α/2)]

]
9 Sort ĥ∗(1), . . . , ĥ∗(B) and compute:[

ĥ∗[B(α/2)], ĥ∗[B(1−α/2)]
]
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Algorithm 2: SBCIs
Input: Number of bootstrap samples B ≥ 1000; PT-IIRCCR sample

(x1:m:n, δ1, R1), . . . , (xm:m:n, δm, Rm); Censoring scheme (R1, . . . , Rm)

Output: Studentized bootstrap confidence intervals for θ, F̄, and h
1 Estimate θ̂ = (θ̂, λ̂, k̂1, k̂2)

T using MLE or MPSE ;

2 Compute ˆ̄F, ĥ, v̂ar(θ̂), v̂ar( ˆ̄F), and v̂ar(ĥ) ;
3 for b← 1 to B do
4 Generate a bootstrap sample based on θ̂ ;

5 Obtain θ̂∗(b), λ̂∗(b), k̂∗(b)1 , k̂∗(b)2 using the bootstrap sample and censoring
scheme ;

6 Calculate ˆ̄F∗(b) and ĥ∗(b) ;
7 Compute studentized statistics:;

8 T∗(b)θ =
θ̂∗(b) − θ̂√
v̂ar(θ̂∗(b))

;

9 T∗(b)F̄ =
ˆ̄F∗(b) − ˆ̄F√
v̂ar( ˆ̄F∗(b))

;

10 T∗(b)h =
ĥ∗(b) − ĥ√
v̂ar(ĥ∗(b))

;

11 Sort T∗(1)θ , . . . , T∗(B)
θ and compute the CIs for θ:[

θ̂+ T∗[B(α/2)]
θ

√
v̂ar(θ̂), θ̂+ T∗[B(1−α/2)]

θ

√
v̂ar(θ̂)

]

12 Sort T∗(1)F̄ , . . . , T∗(B)
F̄ and compute:[

ˆ̄F + T∗[B(α/2)]
F̄

√
v̂ar( ˆ̄F), ˆ̄F + T∗[B(1−α/2)]

F̄

√
v̂ar( ˆ̄F)

]

13 Sort T∗(1)h , . . . , T∗(B)
h and compute:[

ĥ + T∗[B(α/2)]
h

√
v̂ar(ĥ), ĥ + T∗[B(1−α/2)]

h

√
v̂ar(ĥ)

]

6. Simulation Study
This section presents the results of a simulation study evaluating the performance

of various estimation methods. We performed the simulation by considering a GLE CRs
model with a specified risk distribution under PT-IIRC to estimate the model parameters
numerically. CRs data were simulated using the algorithm described in Algorithm 3
when (θ, λ, k1, k2) is assumed to be (1, 1, 0.5, 2.5) (additional cases have been considered;
however, they are not reported here for the sake of brevity). To compare the performance
of parameter estimates, various measures of efficiency and robustness were calculated,
including bias, root mean squared error (RMSE), simulated variance (SV), theoretical
variance (TV), coverage probabilities, and average lengths of confidence intervals. In
addition, goodness-of-fit metrics such as the average absolute difference between the true
and estimated CDFs (Dabs) and the maximum absolute difference between them (Dmax)
were also evaluated. Data were generated under different sample size settings, specifically
at paired levels (n, m) ∈ {(60, 20), (60, 30), (90, 30), (90, 45), (120, 40), (120, 60)}, as shown
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in the simulation tables. To reflect varying degrees of information content, three PT-IIRC
schemes were applied:

• Scheme I: R1 = · · · = Rm−1 = 0 and Rm = n−m;
• Scheme II: R1 = · · · = Rm = k and k = n/m;
• Scheme III: R1 = n−m, R2 = · · · = Rm = 0.

Each configuration was replicated 1000 times to obtain stable empirical results. The
complete algorithm for simulating the CRs data under PT-IIRC is presented below. The
four unknown parameters (θ, λ, k1, k2) were estimated by constrained maximization of the
log-likelihood using the built-in R function constrOptim() with the BFGS algorithm.

Algorithm 3: Data generation under PT-IIRCCR
Input: Censoring vector R = (R1, R2, . . . , Rm), parameters θ, λ, k1, k2

Output: Failure times X and causes δ

1 Set m = length(R), n = m + ∑m
i=1 Ri ;

2 Generate n i.i.d. samples Z1, Z2 ∼ Exp(1) ;
3 Compute lifetimes:

X1 =
−λ +

√
λ2 + 2θZ1/k1

1

θ
, X2 =

−λ +
√

λ2 + 2θZ1/k2
2

θ

Set X = min(X1, X2) and δ = 1 if X1 < X2, else δ = 2 ;
4 Sort X and associated δ in ascending order of X ;
5 Initialize remaining unitsR ← {1, 2, ..., n} ;
6 for i = 1 to m do
7 Record failure time as the first element inR ;
8 Store its corresponding cause from δ ;
9 Remove this unit fromR ;

10 if Ri > 0 and |R| ≥ Ri then
11 Randomly censor Ri units fromR and remove them ;

12 return Vector of observed failure times and causes

• From Tables 1–4, we observe that both estimation methods’ MLEs and MPSEs per-
formed reasonably well across all parameters. The MPSE generally showed higher
bias but lower variance under smaller sample sizes, especially for parameters such as
θ and λ.

• As the sample size increased, the bias and RMSE values decreased for all parame-
ters, which confirms the consistency of the estimators. As shown in Tables 1–4, the
confidence interval coverage probabilities became more accurate with larger samples,
especially for the ACI method.

• The accuracy of the estimation and the interval performance varied noticeably with
the data censoring scheme. Scheme I, which is the most informative, yielded the best
performance in terms of a smaller bias and RMSE. Scheme III, with less information,
led to wider intervals and lower coverage probabilities, particularly under smaller
sample sizes.

• MLE tended to have smaller bias but slightly higher variance, especially under high
censoring schemes. MPSE performed more robustly in highly censored or small sam-
ple scenarios, offering more stable coverage probabilities at the cost of increased bias.
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Table 1. Biases, RMSEs, simulated and theoretical variances, coverage probabilities, and interval lengths for estimates of θ under MLE and MPSE methods, schemes,
and sample size settings when (θ, λ, k1, k2) = (1, 1, 0.5, 2.5).

n m Scheme Method Bias RMSE SV TV

Coverage Probability Interval Length

ACIs PBCIs SBCIs ACIs PBCIs SBCIs

90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95%

60 20 I MLE 0.8415 2.1618 1.9922 1024.5310 0.996 1.000 0.939 0.975 0.967 0.995 51.7448 61.6577 5.5256 7.3917 11.3875 16.9526
MPSE 2.4094 5.8241 5.3051 308.1919 0.993 0.996 0.948 0.984 0.969 0.977 30.2178 36.0067 17.9831 24.9638 23.4956 31.6991

II MLE 0.6993 1.6862 1.5351 22.6429 0.942 0.973 0.922 0.959 0.850 0.907 12.2900 14.6444 5.1054 6.3328 6.4660 8.7932
MPSE 0.9031 2.6876 2.5325 27.4804 0.984 0.990 0.945 0.967 0.967 0.972 12.4671 14.8555 9.6030 13.6660 10.3581 14.2013

III MLE 0.4091 1.2460 1.1775 7.3502 0.887 0.914 0.954 0.979 0.844 0.885 7.7749 9.2644 3.5475 4.0681 5.9011 7.6978
MPSE 0.5310 1.4404 1.3397 16.8068 0.825 0.867 0.932 0.992 0.832 0.891 8.8583 10.5554 4.1234 4.7972 8.5624 10.0472

30 I MLE 1.2683 2.4233 2.0660 29.0758 0.940 0.988 0.924 0.955 0.835 0.927 13.6928 16.3160 6.2076 7.5284 7.5367 9.0243
MPSE 1.1585 2.4700 2.1825 48.2430 0.981 0.999 0.933 0.968 1.000 1.000 11.7197 13.9649 7.1935 9.4884 8.4992 10.0835

II MLE 0.5091 1.4705 1.3803 6.2896 0.882 0.904 0.952 0.972 0.852 0.879 7.5075 8.9457 4.0731 4.7164 6.2065 7.9626
MPSE 0.6501 1.6102 1.4739 11.2584 0.819 0.884 0.879 0.941 0.872 0.921 8.1991 9.7698 4.1810 5.0155 7.7134 9.2836

III MLE 0.4761 1.2684 1.1763 6.5649 0.884 0.901 0.951 0.980 0.863 0.889 6.6062 7.8718 3.5292 3.9908 5.9263 7.8474
MPSE 0.7402 1.5085 1.3151 7.5786 0.794 0.830 0.880 0.946 0.762 0.810 6.8053 8.1090 3.8706 4.3851 7.6029 8.7395

90 30 I MLE 0.5959 1.6542 1.5439 578.1747 0.995 0.999 0.926 0.973 0.960 0.993 39.8116 47.4385 4.3680 5.8244 8.7032 13.0382
MPSE 1.9477 4.1443 3.6599 92.9623 0.993 0.997 0.971 0.989 0.993 0.994 21.1916 25.2513 13.3096 17.7317 16.7376 21.7611

II MLE 0.4906 1.4154 1.3283 11.0245 0.927 0.957 0.936 0.971 0.879 0.925 9.3132 11.0974 3.9397 4.9083 5.1601 6.8605
MPSE 0.7042 2.1407 2.0226 18.0185 0.935 0.968 0.907 0.955 0.961 0.974 9.6563 11.5061 5.9713 7.9292 8.2926 10.5957

III MLE 0.4757 1.3199 1.2319 6.4675 0.853 0.868 0.923 0.963 0.838 0.860 6.6710 7.9490 3.5299 4.0224 6.3047 8.2042
MPSE 0.7228 1.5519 1.3740 22.4941 0.761 0.789 0.841 0.933 0.756 0.789 7.6263 9.0873 3.8362 4.3954 8.6009 9.8756

45 I MLE 0.7679 1.8526 1.6868 16.7857 0.924 0.967 0.935 0.960 0.867 0.929 10.9626 13.0628 5.0466 6.0529 6.7518 7.9911
MPSE 0.7659 1.8625 1.6986 22.6058 0.956 0.982 0.913 0.954 0.993 0.998 10.3255 12.3036 5.5173 7.0191 7.4759 8.5428

II MLE 0.4906 1.4154 1.3283 11.0245 0.927 0.957 0.936 0.971 0.879 0.925 9.3132 11.0974 3.9397 4.9083 5.1601 6.8605
MPSE 0.7042 2.1407 2.0226 18.0185 0.935 0.968 0.907 0.955 0.961 0.974 9.6563 11.5061 5.9713 7.9292 8.2926 10.5957

III MLE 0.4757 1.3199 1.2319 6.4675 0.853 0.868 0.923 0.963 0.838 0.860 6.6710 7.9490 3.5299 4.0224 6.3047 8.2042
MPSE 0.7623 1.5504 1.3507 5.5175 0.743 0.758 0.815 0.883 0.730 0.752 5.7410 6.8409 3.5793 4.0399 7.7226 8.7824

120 40 I MLE 0.4359 1.3912 1.3218 310.9260 0.993 0.998 0.927 0.977 0.965 0.995 36.2979 43.2516 3.5890 4.7918 7.7652 11.6100
MPSE 2.0980 4.1236 3.5517 74.2959 0.993 0.999 0.957 0.985 0.999 0.999 20.1701 24.0342 12.2001 15.7270 15.3475 19.4580

II MLE 0.3887 1.1832 1.1181 8.0259 0.938 0.960 0.953 0.970 0.912 0.934 8.3164 9.9096 3.4991 4.3424 4.8346 6.4128
MPSE 0.6002 1.8168 1.7156 9.4631 0.904 0.946 0.888 0.928 0.947 0.972 8.2119 9.7851 4.8670 6.1029 6.9430 8.3362

III MLE 0.4768 1.3247 1.2365 3.8351 0.841 0.864 0.908 0.946 0.827 0.848 5.6705 6.7568 3.4122 3.8899 5.8905 7.8273
MPSE 0.7150 1.5486 1.374 6.4243 0.735 0.764 0.827 0.906 0.721 0.752 6.1558 7.3351 3.6697 4.1618 7.9476 9.0376

60 I MLE 0.7380 1.7940 1.6360 11.0330 0.881 0.925 0.927 0.955 0.826 0.891 9.4204 11.2251 4.6917 5.5736 6.3382 7.5392
MPSE 0.7351 1.7792 1.6211 16.2822 0.882 0.959 0.859 0.929 0.985 0.998 9.2894 11.0690 4.8195 5.9825 7.1138 8.0387

II MLE 0.3755 1.2615 1.2049 3.5350 0.876 0.895 0.922 0.955 0.864 0.889 5.7190 6.8146 3.4595 4.0023 5.1222 7.1461
MPSE 0.5121 1.4524 1.3598 4.3560 0.775 0.798 0.822 0.858 0.760 0.805 5.7883 6.8971 3.4701 3.9968 6.6366 7.5603

III MLE 0.3508 1.2201 1.1692 2.8167 0.868 0.886 0.924 0.948 0.870 0.891 4.9482 5.8961 3.3201 3.7394 5.6565 8.0505
MPSE 0.6395 1.4759 1.3308 5.0395 0.762 0.786 0.813 0.869 0.740 0.770 5.3263 6.3467 3.4430 3.8458 8.3992 9.5109
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Table 2. Biases, RMSEs, simulated and theoretical variances, coverage probabilities, and interval lengths for estimates of λ under MLE and MPSE methods, schemes,
and sample size settings when (θ, λ, k1, k2) = (1, 1, 0.5, 2.5).

n m Scheme Method Bias RMSE SV TV

Coverage Probability Interval Length

ACIs PBCIs SBCIs ACIs PBCIs SBCIs

90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95%

60 20 I MLE −0.0259 0.7013 0.7012 10.8941 0.876 0.896 0.866 0.931 0.696 0.741 5.7425 6.8426 1.9928 2.4196 6.0500 12.5152
MPSE −0.4687 0.7799 0.6236 2.2966 0.632 0.669 0.545 0.688 0.335 0.376 2.9241 3.4843 1.4032 1.8422 39.5303 85.1898

II MLE −0.0436 0.5337 0.5322 1.3104 0.872 0.894 0.932 0.959 0.801 0.821 3.2401 3.8609 1.6731 1.9814 3.4877 6.8421
MPSE −0.3682 0.6518 0.5381 1.5939 0.665 0.690 0.713 0.808 0.525 0.550 2.9008 3.4565 1.3974 1.6855 29.1125 61.5077

III MLE −0.1092 0.4611 0.4482 0.8836 0.872 0.891 0.968 0.985 0.842 0.860 2.7305 3.2536 1.3701 1.5302 3.2052 5.5708
MPSE −0.2462 0.5656 0.5095 2.3485 0.766 0.789 0.907 0.981 0.701 0.716 3.1596 3.7649 1.3738 1.5146 15.1990 28.6715

30 I MLE −0.1884 0.5417 0.5081 1.1448 0.827 0.852 0.918 0.952 0.736 0.753 2.9307 3.4921 1.6748 1.9470 4.3638 9.1004
MPSE −0.5020 0.6615 0.4309 0.9256 0.625 0.658 0.545 0.673 0.368 0.426 2.2215 2.6471 1.0987 1.3201 23.0434 47.8713

II MLE −0.1015 0.4504 0.4390 0.6450 0.871 0.897 0.960 0.976 0.837 0.850 2.4324 2.8984 1.4362 1.6142 3.3942 6.7760
MPSE −0.3215 0.5731 0.4746 1.2688 0.717 0.733 0.805 0.875 0.594 0.624 2.6390 3.1446 1.2394 1.3917 21.5629 44.8002

III MLE −0.1445 0.4471 0.4233 0.8112 0.878 0.890 0.964 0.984 0.854 0.880 2.3480 2.7979 1.3284 1.4658 3.1875 5.8737
MPSE −0.3029 0.5616 0.4732 0.9727 0.753 0.786 0.879 0.937 0.675 0.708 2.4237 2.8880 1.2997 1.4226 13.1520 25.3170

90 30 I MLE −0.1264 0.5373 0.5225 10.5266 0.868 0.886 0.870 0.924 0.724 0.758 4.7686 5.6821 1.4818 1.8161 4.9763 11.4494
MPSE −0.4925 0.6969 0.4933 0.9019 0.644 0.678 0.492 0.652 0.323 0.382 2.3020 2.7430 1.1553 1.4463 36.2981 78.5665

II MLE −0.0939 0.4307 0.4206 0.8699 0.890 0.898 0.931 0.963 0.838 0.860 2.6797 3.1930 1.3595 1.6054 3.0108 6.1869
MPSE −0.3462 0.6003 0.4907 1.2387 0.692 0.719 0.735 0.812 0.546 0.580 2.4879 2.9645 1.2495 1.4498 25.9121 56.5771

III MLE −0.1375 0.4541 0.4330 0.7724 0.846 0.860 0.941 0.975 0.831 0.848 2.3558 2.8071 1.3169 1.4601 3.6791 6.9767
MPSE −0.2917 0.5663 0.4856 2.7117 0.734 0.755 0.834 0.917 0.688 0.715 2.6931 3.2091 1.2797 1.4114 14.9401 28.8706

45 I MLE −0.1599 0.4427 0.4130 0.8044 0.865 0.887 0.930 0.955 0.794 0.814 2.5124 2.9937 1.4330 1.6541 4.0449 9.1042
MPSE −0.3957 0.5683 0.4081 0.9208 0.737 0.764 0.603 0.742 0.448 0.521 2.2299 2.6571 1.0932 1.2703 24.0378 51.7806

II MLE −0.0884 0.4155 0.4062 0.5156 0.882 0.895 0.951 0.971 0.859 0.875 2.1478 2.5593 1.3063 1.4777 3.0725 6.5292
MPSE −0.2678 0.5398 0.4689 0.7992 0.741 0.771 0.810 0.865 0.658 0.685 2.2130 2.6369 1.2067 1.3298 16.8647 37.1743

III MLE −0.1399 0.4446 0.4222 0.5230 0.846 0.862 0.942 0.969 0.845 0.859 2.0227 2.4102 1.2727 1.4075 3.3637 6.7133
MPSE −0.3026 0.5690 0.4822 0.7511 0.725 0.745 0.806 0.872 0.679 0.706 2.0480 2.4404 1.2219 1.3393 12.1245 24.6868

120 40 I MLE −0.0874 0.3982 0.3887 3.2219 0.918 0.929 0.914 0.953 0.813 0.834 4.2872 5.1085 1.2904 1.5665 3.8521 8.5752
MPSE −0.4259 0.6266 0.4598 0.9176 0.727 0.759 0.555 0.697 0.394 0.462 2.3062 2.7480 1.1779 1.4342 37.8179 83.3458

II MLE −0.0702 0.3746 0.3681 0.6982 0.920 0.932 0.948 0.969 0.869 0.888 2.4587 2.9297 1.2372 1.4684 2.6195 5.5292
MPSE −0.2972 0.5470 0.4594 0.7218 0.748 0.769 0.755 0.835 0.593 0.637 2.2232 2.6491 1.2212 1.3820 20.8669 48.1147

III MLE −0.1468 0.4661 0.4426 0.4850 0.828 0.852 0.914 0.956 0.817 0.839 2.0141 2.3999 1.2646 1.4044 3.4975 7.1481
MPSE −0.2818 0.5678 0.4932 0.8955 0.717 0.737 0.819 0.895 0.667 0.698 2.1892 2.6086 1.2473 1.3674 13.5315 27.6546

60 I MLE −0.1579 0.4449 0.4161 0.5623 0.853 0.871 0.936 0.948 0.778 0.803 2.1629 2.5773 1.3514 1.5630 3.3464 7.6627
MPSE −0.3590 0.5484 0.4147 0.7158 0.721 0.750 0.633 0.749 0.516 0.571 2.0446 2.4362 1.0812 1.2354 19.3697 43.9689

II MLE −0.0912 0.4185 0.4086 0.3982 0.880 0.894 0.936 0.965 0.866 0.884 1.9106 2.2766 1.2261 1.4114 2.5967 5.5599
MPSE −0.2389 0.5294 0.4727 0.5179 0.748 0.778 0.800 0.845 0.678 0.710 1.9203 2.2882 1.1824 1.2952 12.5481 29.5514

III MLE −0.1167 0.4364 0.4207 0.3755 0.859 0.877 0.933 0.957 0.863 0.876 1.7916 2.1349 1.2350 1.3741 3.0821 6.4316
MPSE −0.2544 0.5414 0.4782 0.7173 0.740 0.769 0.806 0.863 0.706 0.734 1.9251 2.2939 1.2099 1.3139 11.5166 24.7538
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Table 3. Biases, RMSEs, simulated and theoretical variances, coverage probabilities, and interval lengths for estimates of k1 under MLE and MPSE methods, schemes,
and sample size settings when (θ, λ, k1, k2) = (1, 1, 0.5, 2.5).

n m Scheme Method Bias RMSE SV TV

Coverage Probability Interval Length

ACIs PBCIs SBCIs ACIs PBCIs SBCIs

90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95%

60 20 I MLE 0.0205 0.1166 0.1149 0.0862 0.970 0.980 0.912 0.974 0.915 0.942 0.6870 0.8186 0.4310 0.5235 0.4839 0.5953
MPSE −0.0820 0.1342 0.1062 0.0353 0.801 0.852 0.663 0.805 0.526 0.595 0.5028 0.5991 0.3327 0.4011 0.5667 0.6984

II MLE 0.0246 0.1178 0.1153 0.0247 0.965 0.971 0.908 0.968 0.912 0.937 0.4887 0.5824 0.4085 0.4920 0.3881 0.4815
MPSE −0.0614 0.1326 0.1176 0.0318 0.777 0.824 0.707 0.799 0.589 0.640 0.4826 0.5750 0.3270 0.3886 0.6004 0.7407

III MLE 0.0143 0.1139 0.1131 0.0244 0.960 0.982 0.952 0.979 0.923 0.947 0.4824 0.5748 0.4164 0.4994 0.4079 0.4988
MPSE −0.0547 0.1204 0.1074 0.0339 0.827 0.891 0.727 0.837 0.641 0.704 0.4710 0.5612 0.3328 0.3974 0.5691 0.6988

30 I MLE −0.00003 0.1090 0.1090 0.0242 0.936 0.954 0.949 0.977 0.894 0.921 0.4753 0.5663 0.4016 0.4829 0.3957 0.4941
MPSE −0.0818 0.1320 0.1037 0.0231 0.740 0.791 0.649 0.765 0.526 0.596 0.4320 0.5148 0.3054 0.3640 0.5339 0.6560

II MLE 0.0147 0.1049 0.1039 0.0184 0.945 0.968 0.962 0.986 0.919 0.941 0.4267 0.5085 0.3785 0.4537 0.3725 0.4669
MPSE −0.0533 0.1172 0.1044 0.0270 0.800 0.853 0.732 0.836 0.637 0.699 0.4435 0.5284 0.3151 0.3741 0.5870 0.7284

III MLE 0.0055 0.1045 0.1044 0.0200 0.943 0.966 0.961 0.983 0.914 0.940 0.4371 0.5209 0.3898 0.4662 0.3881 0.4750
MPSE −0.060 0.1183 0.1021 0.0207 0.814 0.862 0.709 0.811 0.625 0.704 0.4163 0.4961 0.3185 0.3802 0.5221 0.6434

90 30 I MLE −0.0060 0.0962 0.0961 0.1123 0.965 0.980 0.899 0.947 0.879 0.909 0.5649 0.6731 0.3310 0.4056 0.4150 0.5235
MPSE −0.0877 0.1314 0.0978 0.0187 0.757 0.821 0.595 0.742 0.492 0.588 0.4010 0.4777 0.2848 0.3383 0.4822 0.5959

II MLE 0.0041 0.0891 0.0891 0.0153 0.959 0.973 0.944 0.974 0.918 0.950 0.3883 0.4626 0.3187 0.3842 0.3236 0.4061
MPSE −0.0612 0.1156 0.0982 0.0206 0.776 0.814 0.685 0.801 0.590 0.668 0.3898 0.4645 0.2883 0.3397 0.5222 0.6553

III MLE 0.0050 0.1043 0.1043 0.0181 0.926 0.958 0.954 0.981 0.901 0.926 0.4102 0.4888 0.3567 0.4255 0.3723 0.4571
MPSE −0.0561 0.1176 0.1034 0.0379 0.782 0.830 0.695 0.793 0.614 0.692 0.4127 0.4918 0.3012 0.3577 0.5169 0.6393

45 I MLE −0.0079 0.0879 0.0876 0.0157 0.939 0.956 0.958 0.981 0.886 0.922 0.3860 0.4599 0.3202 0.3863 0.3430 0.4389
MPSE −0.0656 0.1118 0.0906 0.0198 0.791 0.832 0.658 0.771 0.574 0.650 0.3814 0.4545 0.2771 0.3264 0.5160 0.6433

II MLE 0.0020 0.0868 0.0868 0.0123 0.937 0.962 0.961 0.987 0.918 0.943 0.3489 0.4158 0.3057 0.3675 0.3208 0.4094
MPSE −0.0499 0.1067 0.0943 0.0141 0.792 0.838 0.726 0.822 0.651 0.717 0.3506 0.4177 0.2820 0.3327 0.4856 0.6184

III MLE −0.0054 0.0974 0.0972 0.0138 0.911 0.944 0.949 0.972 0.887 0.911 0.3664 0.4366 0.3290 0.3932 0.3496 0.4339
MPSE −0.0629 0.1166 0.0983 0.0154 0.761 0.813 0.661 0.781 0.591 0.658 0.3522 0.4196 0.2841 0.3376 0.4580 0.5703

120 40 I MLE −0.0068 0.0750 0.0747 0.0297 0.961 0.977 0.936 0.971 0.911 0.935 0.4850 0.5779 0.2712 0.3343 0.3456 0.4427
MPSE −0.0758 0.1138 0.0849 0.0296 0.803 0.845 0.614 0.749 0.561 0.651 0.3188 0.4424 0.2703 0.3188 0.4770 0.5926

II MLE −0.0018 0.0751 0.0751 0.0119 0.959 0.975 0.949 0.979 0.908 0.936 0.3409 0.4062 0.2668 0.3239 0.2846 0.3604
MPSE −0.0564 0.1063 0.0901 0.0122 0.798 0.834 0.694 0.801 0.638 0.716 0.3333 0.3971 0.2685 0.3156 0.4629 0.5912

III MLE −0.0085 0.0980 0.0977 0.0124 0.893 0.934 0.934 0.966 0.855 0.891 0.3513 0.4187 0.3162 0.3774 0.3333 0.4123
MPSE −0.0608 0.1147 0.0973 0.0147 0.745 0.801 0.639 0.761 0.581 0.648 0.3420 0.4076 0.2786 0.3298 0.4410 0.5492

60 I MLE −0.0134 0.0831 0.0820 0.0110 0.915 0.938 0.962 0.976 0.886 0.915 0.3303 0.3936 0.2690 0.3392 0.2997 0.3893
MPSE −0.0607 0.1066 0.0877 0.0145 0.794 0.830 0.653 0.769 0.586 0.676 0.3383 0.4031 0.2606 0.3063 0.4714 0.6012

II MLE −0.0028 0.0808 0.0808 0.0093 0.926 0.945 0.936 0.986 0.909 0.936 0.3054 0.3639 0.2956 0.3258 0.2860 0.3701
MPSE −0.0458 0.1002 0.0891 0.0099 0.811 0.843 0.728 0.829 0.682 0.744 0.3040 0.3623 0.2636 0.3109 0.4270 0.5568

III MLE −0.0058 0.0893 0.0891 0.0104 0.907 0.934 0.948 0.977 0.891 0.922 0.3212 0.3828 0.2950 0.3544 0.3168 0.3987
MPSE −0.0528 0.1071 0.0932 0.0133 0.775 0.824 0.688 0.796 0.634 0.703 0.3194 0.3806 0.2712 0.3212 0.4309 0.5436
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Table 4. Biases, RMSEs, simulated and theoretical variances, coverage probabilities, and interval lengths for estimates of k2 under MLE and MPSE methods, schemes,
and sample size settings when (θ, λ, k1, k2) = (1, 1, 0.5, 2.5).

n m Scheme Method Bias RMSE SV TV

Coverage Probability Interval Length

ACIs PBCIs SBCIs ACIs PBCIs SBCIs

90% 95% 90% 95% 90% 95% 90% 95% 90% 95% 90% 95%

60 20 I MLE 0.6476 2.1429 2.0438 799.6467 0.926 0.944 0.799 0.884 0.686 0.715 27.5454 32.8224 4.6489 6.1307 3.2278 4.4588
MPSE 1.6315 3.8176 3.4532 11237.8567 0.717 0.763 0.439 0.468 0.011 0.025 156.9906 187.0659 3.3400 4.6308 1.6358 2.3169

II MLE 1.2396 11.6931 11.6331 201.9433 0.922 0.950 0.852 0.908 0.830 0.870 9.0112 10.7375 13.6168 25.9921 4.2802 6.0535
MPSE 0.9219 7.0399 6.9826 306.0344 0.693 0.746 0.819 0.912 0.443 0.483 16.6572 19.8483 16.1510 25.5369 14.2154 20.8737

III MLE 0.1879 0.8841 0.8643 2.7991 0.918 0.933 0.925 0.964 0.844 0.873 4.7715 5.6856 2.8612 3.5015 3.7722 5.0116
MPSE −0.4435 0.9007 0.7844 5.8470 0.749 0.788 0.740 0.847 0.506 0.566 4.7713 5.6854 2.3634 3.0062 6.7877 8.3374

30 I MLE 0.5048 3.5106 3.4759 89.5004 0.905 0.935 0.882 0.935 0.803 0.825 8.0739 9.6207 5.2846 7.8838 3.7502 5.9971
MPSE −0.3260 2.1812 2.1577 290.4231 0.679 0.745 0.649 0.806 0.342 0.397 9.4979 11.3174 4.3859 6.1236 10.7204 19.0847

II MLE 0.1901 0.9542 0.9356 1.9722 0.928 0.961 0.925 0.961 0.861 0.882 4.0332 4.8059 3.3851 4.3530 3.3190 4.3767
MPSE −0.2780 3.3666 3.3568 19.6644 0.716 0.774 0.734 0.864 0.512 0.556 4.5154 5.3804 2.7641 3.7970 5.9304 7.3852

III MLE 0.0944 0.7682 0.7628 2.2496 0.905 0.931 0.949 0.980 0.855 0.881 3.8915 4.6370 2.4958 3.0114 3.380 4.4879
MPSE −0.4482 0.8011 0.6643 2.3555 0.726 0.769 0.710 0.852 0.465 0.527 3.5206 4.1950 1.9582 2.3915 5.2654 6.3605

90 30 I MLE 0.2168 1.6280 1.6143 268.0650 0.920 0.942 0.870 0.907 0.730 0.765 15.1632 18.0680 3.1935 4.4634 2.3448 3.2803
MPSE 0.9220 2.8608 2.7095 6578.0861 0.704 0.761 0.524 0.568 0.040 0.049 103.0262 122.7633 3.4523 4.5596 1.7061 2.2548

II MLE 0.1809 1.6521 1.6430 3.5281 0.924 0.942 0.921 0.957 0.847 0.875 4.2767 5.0961 4.7466 7.9312 7.9312 3.9330
MPSE 0.2942 5.8219 5.8174 134.6474 0.723 0.774 0.764 0.875 0.495 8.5754 2.7564 10.2182 8.9059 15.4862 8.8977 11.9155

III MLE 0.0301 0.7257 0.7255 1.9610 0.893 0.920 0.948 0.980 0.813 0.844 3.8076 4.5370 2.3642 2.8546 3.4836 4.6047
MPSE −0.4818 0.8282 0.6740 4.4913 0.700 0.736 0.657 0.798 0.457 0.508 3.8475 4.5846 1.9020 2.3272 5.8993 7.1361

45 I MLE 0.0334 1.3061 1.3063 1.9707 0.916 0.942 0.937 0.969 0.836 0.856 3.4029 4.05478 2.9738 4.0230 2.7397 3.5298
MPSE −0.4614 1.1833 1.0901 7.9140 0.745 0.799 0.664 0.803 0.454 0.518 3.3114 3.9458 2.8628 4.1403 4.1754 5.5585

II MLE 0.1022 0.7414 0.7346 1.2658 0.915 0.935 0.932 0.972 0.866 0.887 3.3202 3.9562 2.4999 3.1301 2.8718 3.8351
MPSE −0.3923 0.7761 0.6699 1.5797 0.737 0.771 0.716 0.831 0.521 0.582 3.0845 3.6754 1.9877 2.4741 4.4696 5.5755

III MLE 0.0313 0.6664 0.6660 1.3216 0.883 0.907 0.954 0.979 0.829 0.852 3.2229 3.8403 2.1113 2.5251 3.2130 4.3086
MPSE −0.4053 0.7512 0.6328 2.2431 0.690 0.739 0.673 0.781 0.471 0.531 3.0733 3.6621 1.7104 2.0472 5.0583 6.0815

120 40 I MLE 0.0174 0.9179 0.9182 114.7870 0.942 0.967 0.943 0.967 0.828 0.861 7.4521 8.8798 2.5404 3.5996 2.0323 2.7701
MPSE 0.9355 3.0149 2.8676 7073.9895 0.757 0.813 0.587 0.633 0.074 0.102 98.5786 117.4637 3.5884 4.6392 1.8161 2.3250

II MLE 0.0888 0.7694 0.7647 1.4408 0.942 0.957 0.942 0.960 0.893 0.908 3.5549 4.2359 2.6127 3.6599 2.5220 3.3739
MPSE −0.2204 2.1249 2.1145 15.4263 0.754 0.803 0.770 0.873 0.543 0.590 4.0797 4.8612 4.7061 8.1435 5.1811 6.5631

III MLE −0.0041 0.6426 0.6429 1.2151 0.871 0.882 0.943 0.971 0.811 0.837 3.2022 3.8157 2.0929 2.5174 3.1433 4.1771
MPSE −0.4260 0.7505 0.6181 2.4055 0.690 0.734 0.683 0.801 0.476 0.534 3.2585 3.8828 1.7546 2.1144 5.3033 6.4131

60 I MLE −0.0469 0.6845 0.6832 0.8540 0.902 0.965 0.931 0.972 0.824 0.854 2.7698 3.3004 2.3472 2.6493 2.3999 3.0758
MPSE −0.4831 0.7608 0.5880 0.6381 0.729 0.785 0.639 0.782 0.489 0.550 2.3324 2.7792 2.2398 2.9790 3.0650 3.8445

II MLE 0.0661 0.6988 0.6960 0.9486 0.899 0.917 0.915 0.966 0.845 0.876 2.8992 3.4546 2.1480 0.4268 2.5581 3.4659
MPSE −0.3348 0.7421 0.6626 1.0728 0.741 0.782 0.696 0.790 0.543 0.595 2.7099 3.2291 1.7989 2.1868 3.9867 5.0456

III MLE 0.0626 0.6601 0.6574 1.1208 0.874 0.896 0.943 0.967 0.830 0.848 2.9159 3.4745 1.9597 2.3273 3.1331 4.2888
MPSE −0.3042 0.7236 0.6569 2.5021 0.708 0.746 0.699 0.807 0.536 2.9996 0.4862 3.5742 1.6542 1.9551 5.3832 6.4870
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• The bootstrap methods PBCI and SBCI yielded better coverage probabilities compared
to the ACIs under small sample sizes. However, the ACIs became more reliable as n
increased. This is particularly evident in Tables 1 and 3.

• Table 5 shows that both metrics decreased as the sample size increased, which supports
the increase in the goodness-of-fit of the model. MPSEs achieved slightly lower Dmax

values in high sample regimes, especially for Scheme I and Scheme II, indicating better
tail fitting.

• For practical reliability or lifetime modeling where data are often censored, MPSE pro-
vides a viable alternative when computational resources permit. However, MLE remains
competitive and simpler to implement for large datasets with moderate censoring.

Table 5. Values of the goodness-of-fit metrics Dabs and Dmax under MLE and MPSE methods, schemes,
and various sample size settings.

n m Scheme Method Dabs Dmax

60 20 I MLE 0.037484 0.058611
MPSE 0.037628 0.062696

II MLE 0.038710 0.085759
MPSE 0.038943 0.093097

III MLE 0.041867 0.077463
MPSE 0.041426 0.073920

30 I MLE 0.033392 0.057331
MPSE 0.032773 0.058286

II MLE 0.034547 0.071775
MPSE 0.033407 0.072819

III MLE 0.036544 0.066731
MPSE 0.035099 0.063115

90 30 I MLE 0.030586 0.047267
MPSE 0.031274 0.051878

II MLE 0.032061 0.070481
MPSE 0.033459 0.085145

III MLE 0.034868 0.064245
MPSE 0.033978 0.061292

45 I MLE 0.027188 0.045607
MPSE 0.027369 0.047850

II MLE 0.027983 0.058228
MPSE 0.027448 0.060047

III MLE 0.029714 0.054114
MPSE 0.028887 0.051944

120 40 I MLE 0.024731 0.038716
MPSE 0.025734 0.043584

II MLE 0.025810 0.061435
MPSE 0.026724 0.070966

III MLE 0.030927 0.056803
MPSE 0.030741 0.055427

60 I MLE 0.023444 0.039579
MPSE 0.023259 0.040299

II MLE 0.024293 0.051462
MPSE 0.024105 0.052123

III MLE 0.025727 0.047440
MPSE 0.025116 0.046130

7. Real Data Analysis
In this application, real-life datasets were analyzed using a GLE CRs model to illustrate

the estimation methods proposed under PT-IIRC.
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7.1. Radiation Dose Effects in Male Mice

The data in Table 6 are based on an experiment similar to that conducted by [38] at
Oak Ridge National Laboratory. In this study, data were obtained from a group of male
RFM strain mice living in a conventional laboratory environment. These mice received a
radiation dose of 300 roentgen at 35 to 42 days (5 to 6 weeks) of age, and the experiment
continued until all mice had died. The cause of death of each mouse was determined by
autopsy and classified into three categories: thymic lymphoma, reticulum cell sarcoma
(RCS), and all other causes (OCs) combined into a single category. This study focused
specifically on two causes: RCS and OCs. In total, the dataset consists of 77 observations,
with 38 deaths attributed to RCS and 39 deaths attributed to OCs. Biologists believe that
both RCS and thymic lymphoma are lethal and operate independently of each other and
other causes of death. Thus, the basic assumptions of the GLE CRs model are reasonably
well satisfied for this analysis.

Table 6. CRs of mortality data.

Cause Mortality Data (Days) K-S p-Value

RCS
317, 318, 399, 495, 525, 536, 549, 552, 554, 557, 558, 571, 586, 594, 596,
605, 612, 621, 628, 631, 636, 643, 647, 648, 649, 661, 663, 666, 670, 695,
697, 700, 705, 712, 713, 738, 748, 753.

0.0705 0.9847

OCs
40, 42, 51, 62, 163, 179, 206, 222, 228, 249, 252, 282, 324, 333, 341, 366,
385, 407, 420, 431, 441, 461, 462, 482, 517, 517, 524, 564, 567, 586, 619,
620, 621, 622, 647, 651, 686, 761, 763.

0.0922 0.8949

The Kolmogorov–Smirnov (K-S) test was used to assess the goodness of fit of the
proposed model for the two identified failure causes. Assuming that the latent failure
times follow independent GLE distributions, the following hypotheses were tested: the
null hypothesis (H0), stating that the data follow the GLE distribution, and the alternative
hypothesis (H1), stating that the data do not follow the GLE distribution.

The preliminary analysis involved calculating the statistic K-S, which measures the
maximum distance between the empirical distribution function and the corresponding
fitted distribution. The associated p-values for each failure cause were also computed to be
relatively higher than the α = 0.05, and there was insufficient evidence to reject the null
hypothesis H0, indicating that the data are consistent with the GLE distribution.

To further illustrate these findings, Figures 1 and 2 show the empirical and estimated
CDFs alongside the probability–probability (P-P) plots for each cause of failure. Visual
inspection reveals a close alignment between the empirical and fitted distributions, sug-
gesting that the GLE distribution is appropriate for analyzing the given dataset.
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Figure 1. The empirical and fitted CDFs due to RCS and OCs for mortality data.
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Figure 2. The P-P plots due to RCS and OCs for mortality data.

The HRF shape plays a crucial role in identifying the suitable distribution of the data.
To achieve this, a valuable graphical tool known as the total time on test (TTT) plot was
utilized to examine the HRF’s shape; refer to [39]. Figure 3 presents the TTT plot. The
patterns observed for the RCS and OCs exhibit a characteristic bathtub-shaped HRF.
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Figure 3. The empirical scaled TTT curves due to RCS and OCs for mortality data.

There were n = 77 observations in the data. We generated a sample from the original
data with m = 30 and censoring scheme R1 = R2 = · · · = R17 = 2, R18, . . . , R30 = 1. The
PT-IIRCCR sample is shown in Table 7.

Table 7. The generated data from mortality data.

i 1 2 3 4 5 6 7 8 9 10
xi 40 42 163 252 259 282 318 333 341 366
δi 2 2 2 2 2 2 1 2 2 2
Ri 2 2 2 2 2 2 2 2 2 2

i 11 12 13 14 15 16 17 18 19 20
xi 399 495 524 525 552 554 586 594 612 621
δi 1 1 2 1 1 1 2 1 1 2
Ri 2 2 2 2 2 2 2 1 1 1

i 21 22 23 24 25 26 27 28 29 30
xi 636 643 648 651 663 670 700 713 761 763
δi 1 1 1 2 1 1 1 1 2 2
Ri 1 1 1 1 1 1 1 1 1 1

In the study, m1 = 15 deaths were attributed to RCS, while m2 = 15 deaths occurred
due to OCS. Progressive censoring techniques in such experimental settings play a crucial
role in gaining insight into tumor development in mice. Specifically, at the time of death of a
particular subject, a subset of the remaining mice can be randomly selected and withdrawn
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from the experiment. Conducting autopsies on these censored subjects can yield valuable
information about the temporal progression of cancer.

Tables 8 and 9 provide a summary of the estimated parameters for the mortality data.
The estimation approaches considered included MLEs and MPSEs, along with interval
estimation techniques. The interval estimates incorporated lower and upper ACIs derived
from MLE (ACI-ML) and MPSE (ACI-MPS), as well as PBCIs and SBCIs.

Table 8. Parameter point estimates for the mortality data.

Parameters

Method θ λ k1 k2 F̄(564) h(564)

MLE Est. 1.8066816 0.4473752 3.2671931 1.6220040 0.6059205 2.8038673
SE 1.2674910 0.5151578 0.1174626 0.3195094 0.0655567 1.2042588

MPSE Est. 1.4694844 0.3303009 2.3518408 1.3485608 0.6437666 1.9990157
SE 1.3483867 0.4530570 0.1328226 0.4196769 0.0818694 1.1925718

Table 9. Parameter interval estimates for the mortality data.

Par. ACI-ML ACI-MPS PBCI SBCI
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)

θ (0.45679, 7.14576) (0.24328, 8.87607) (1.06932, 2.25061) (1.07118, 2.54167)
λ (0.04683, 4.27406) (0.02246, 4.85803) (0.38429, 0.81085) (0.18414, 0.71070)
k1 (3.04490, 3.50572) (2.10540, 2.62712) (2.41810, 6.07592) (1.33489, 5.19941)
k2 (3.04490, 3.50572) (0.73278, 2.48180) (1.12030, 3.15065) (0.56607, 2.67823)
F̄(564) (0.49014, 0.74905) (0.50174, 0.82599) (0.33610, 0.83124) (0.32698, 0.84208)
h(564) (1.20828, 6.50651) (0.62088, 6.43614) (1.11497, 5.38407) (0.64801, 4.96565)

As indicated by the parameter estimates of the mortality data presented in Tables 8 and 9,
the MLE method provided a higher estimate for k1, the shape parameter corresponding
to RCS, than the MPSE method. Similarly, for k2, the shape parameter corresponding to
the OCs, the MLE method also yielded a higher estimate compared to the MPSE method.
A consistent pattern emerged across both estimation methods, where the values of the k1

estimators were consistently higher than the values of the k2 estimators.
This indicates a stronger influence of RCS on mortality compared to other causes,

aligning with the laboratory findings reported by [38], where RCS accounted for the highest
proportion of deaths in the conventional laboratory environment. Furthermore, the HRF
for the RCS group increased in later stages of life, reflecting a late-occurring disease pattern.
The higher shape parameter estimate aligns well with the observed late-stage mortality
due to RCS, thus supporting the biological interpretation that RCS predominantly affects
older mice, consistent with the bathtub-shaped HRF pattern.

In terms of interval estimation methods, ACIs yielded the widest and longest intervals
for the unknown parameters compared to PBCIs and SBCIs. This broader range may
indicate that ACIs capture greater variability in the data, which can be advantageous when
a more conservative estimate is required. In contrast, PBCIs and SBCIs produced narrower
and shorter intervals, reflecting their superior precision in estimating parameters. Among
these two, the SBCIs were observed to be slightly longer than the PBCIs. This marginal
increase in interval length arises from the SBCIs’ additional consideration of variance,
which enhances the robustness of the estimates. Consequently, SBCIs are particularly
suitable for datasets exhibiting non-normal characteristics, offering a balance between
precision and reliability.
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Figures 4 and 5 illustrate that the objective functions are unimodal, indicating that the
MLEs and MPSEs of θ, λ, k1, and k2 are unique.
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Figure 4. The profile log-likelihood function of the parameters for the mortality data.
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Figure 5. The profile log-MPS function of the parameters for the mortality data.

Figure 6 illustrates the density and trace plots of parameter estimations for mortality
data based on 8000 bootstrap iterations. The density plots exhibit sharp peaks, highlight-
ing a strong concentration of parameter estimations around their modal values, which
underscores the robustness of these estimates. The trace plots display stable convergence,
indicative of efficient sampling by the bootstrap method and suggesting reliable exploration
of the parameter space.
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Figure 6. Density and trace plots of bootstrap samples based on the mortality data.

Figures 7 and 8 illustrate the interval estimates for the SF and the HRF using different
types of confidence interval. At the reference point, the SBCIs exhibited the widest intervals
for the SF, while the ACIs-MPS showed the broadest range for the HRF, indicating higher
uncertainty in hazard estimation. In contrast, the ACIs-ML yielded the shortest interval
for the SF, and the PBCIs provided the narrowest range for the HRF, suggesting greater
precision. In general, SBCIs demonstrate balanced performance in both functions.
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Figure 7. Interval estimates of F̄(x) for mortality data.
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Figure 8. Interval estimates of h(x) for mortality data.

7.2. Breaking Strength of Jute Fibers

Jute fibers are widely used in various applications, including the textile industry, to
produce hessian cloths, ropes, and bags, as well as automotive components, geotextiles,
and composite materials, because of their eco-friendly and biodegradable nature. Their
mechanical properties, particularly their breaking strength measured in megapascals (MPa),
are crucial because they directly influence durability and load-bearing capacity. Unlike
traditional CRs models that focus on time to failure, this study adopted a novel approach
in which the latent variables represent the breaking strength rather than time. In materials
like jute fibers, failure typically occurs when a certain stress level exceeds the capacity of
the material, making the precise stress level more critical than the time to failure. This
stress-based analysis allows for the identification of critical stress thresholds, the prediction
of mechanical performance under various loading conditions, and the understanding of
stress-induced failure mechanisms. Based on a real-world dataset presented in Table 10
by [40], two distinct gauge lengths, 10 mm, and 20 mm, were examined and classified as
cause 1 and cause 2, respectively. This classification enables a focused analysis of how
different gauge lengths influence failure patterns, providing essential information for
optimizing jute fiber applications in industrial processes and enhancing product durability.

Before further analysis was conducted, it was crucial to assess whether the given
datasets could be appropriately modeled using the GLE distribution. The data represent
the breaking strength corresponding to the 10 mm and 20 mm gauges. To evaluate the
suitability of the GLE distribution, the K-S test was performed. The resulting p-values do
not suggest significant evidence to reject H0, indicating that the GLE distribution serves
as a suitable model for these data. To provide additional support for these findings,
Figures 9 and 10 depict the empirical and estimated CDFs, together with the P-P plots for
each cause of failure. A visual examination of these plots shows a strong correspondence
between the empirical data and the fitted distributions, further confirming that the GLE
distribution effectively models the given dataset.
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Table 10. CRs of breaking strength data.

Cause Breaking Strength in MPa K-S p-Value

10 mm

43.93, 50.16, 101.15, 123.06, 108.94, 141.38, 151.48, 163.40, 177.25,
183.16, 212.13, 257.44, 262.90, 291.27, 303.90, 323.83, 353.24, 376.42,
383.43, 422.11, 506.60, 530.55, 590.48, 637.66, 671.49, 693.73, 700.74,
704.66, 727.23, 778.17.

0.1062 0.8526

20 mm

36.75, 45.58, 48.01, 71.46, 83.55, 99.72, 113.85, 116.99, 119.86, 145.96,
166.49, 187.13, 187.85, 200.16, 244.53, 284.64, 350.70, 375.81, 419.02,
456.60, 547.44, 578.62, 581.60, 585.57, 594.29, 662.66, 688.16, 707.36,
756.70, 765.14.

0.1445 0.5122
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Figure 9. The empirical and fitted CDFs due to gauge length 10 mm and 20 mm.
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Figure 10. The P-P plots due to gauge length 10 mm and 20 mm.

In Figure 11, the breaking strength data for the jute fibers at 10 mm and 20 mm gauge
lengths indicate a bathtub-shaped HRF. The TTT plot supports this observation. This
characteristic shape reflects a more severe weakening of the fibers over time, suggesting
distinct phases of failure: an initial phase of early failures, a period of relative stability, and
a final phase of increasing failure rates due to cumulative damage.

The generated PT-IIRCCR sample from complete data with m = 28, where m1 = 14
failures due to 10 mm and m2 = 14 failures due to 20 mm, is shown in Table 11. A key
aspect of our analysis is that the dataset was generated using the PT-IIRC scheme with a
censoring scheme defined as R1 = R2 = · · · = R24 = 1, R25 = · · · = R28 = 2. Therefore,
the sequential removal of observations corresponds to progressively increasing stress levels
at which fibers fail, providing a stress-driven interpretation of the shape parameters rather
than a time-based one.
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Figure 11. The empirical scaled TTT curves due to gauge length 10 mm and 20 mm.

The use of this censoring scheme is particularly relevant in the context of jute fibers,
where failure predominantly occurs when a specific stress threshold is surpassed. The
progressive removal of observations at each stress level allows for a more granular under-
standing of how fibers respond to incremental stress, leading to more precise estimates of
the shape parameters k1 and k2.

Table 11. The generated data from jute fibers breaking strength data.

i 1 2 3 4 5 6 7
xi 43.93 45.58 108.94 119.86 151.48 187.13 212.13
δi 1 2 1 2 1 2 1
Ri 1 1 1 1 1 1 1

i 8 9 10 11 12 13 14
xi 284.64 350.70 353.24 376.42 419.02 422.11 530.55
δi 2 2 1 1 2 1 1
Ri 1 1 1 1 1 1 1

i 15 16 17 18 19 20 21
xi 578.62 581.60 590.48 594.29 662.66 671.49 688.16
δi 2 2 1 2 2 1 2
Ri 1 1 1 1 1 1 1

i 22 23 24 25 26 27 28
xi 693.73 700.74 704.66 707.36 756.70 765.14 778.17
δi 1 1 1 2 2 2 1
Ri 1 1 1 2 2 2 2

Tables 12 and 13 present the point and interval estimates of the shape parameters k1

and k2 for the 10 mm and 20 mm gauge length datasets, respectively. The results reveal
several key findings regarding the behavior of these estimates. The MLE method provided
higher estimates for both k1 and k2 compared to the MPSE method.

More importantly, the estimates for k2 were consistently higher than those of k1 in
both estimation methods. This indicates a stronger influence of the 20 mm gauge length,
highlighting that longer gauge lengths are associated with stress accumulation effects,
leading to an increased HRF as the stress level increases. The higher value of the estimate
k2 reflects the late-onset nature of failures at 20 mm, where cumulative stress weakens
the fiber structure, making it more susceptible to failure at higher stress levels. These
results are consistent with previous studies [40,41], which demonstrated that the crack
strength of jute fibers decreases with increasing gauge length due to cumulative defects
and stress concentration.

The ACIs provided the widest and longest intervals, indicating higher variability in
the parameter estimates. This broader range suggests that ACIs offer more conservative
estimates, potentially capturing greater uncertainty within the data. In contrast, PBCIs and
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SBCIs yielded shorter intervals, reflecting greater precision in parameter estimation; both
bootstrap methods emphasized the parameter k2 more than k1, supporting the interpreta-
tion that the 20 mm gauge length is associated with a more critical stress-response behavior
compared to the 10 mm gauge.

Table 12. Parameter point estimates for jute fibers breaking strength data.

Parameters

Method θ λ k1 k2 F̄(467) h(467)

MLE Est. 1.0649347 0.3537278 1.3611129 1.4458612 0.7132374 1.4322185
SE 1.0970217 0.5484403 0.1102315 0.3564816 0.0671520 0.8355113

MPSE Est. 0.9844127 0.2407661 1.0916850 1.1493903 0.6930129 1.3078735
SE 0.8743975 0.3937047 0.4127796 0.9801625 0.1123376 0.8822372

Table 13. Parameter interval estimates for jute fibers breaking strength data.

Par. ACI-ML ACI-MPS PBCI SBCI
(Lower, Upper) (Lower, Upper) (Lower, Upper) (Lower, Upper)

θ (0.14141, 8.01995) (0.17263, 5.61372) (0.66060, 1.48975) (0.61803, 1.51252)
λ (0.01694, 7.38622) (0.009766, 5.9360) (0.28728, 0.64115) (0.16394, 0.54301)
k1 (1.16134, 1.59525) (0.52029, 2.29059) (1.01174, 2.54653) (0.55730, 2.16630)
k2 (0.89179, 2.34419) (0.21607, 6.11427) (1.05006, 2.89971) (0.49299, 2.40067)
F̄(467) (0.59305, 0.85778) (0.50438, 0.95219) (0.42444, 0.88203) (0.44615, 0.91279)
h(467) (0.45650, 4.49338) (0.34864, 4.90627) (0.64995, 2.10609) (0.66449, 2.12497)

Such findings are crucial for industrial applications, as they suggest that a 20 mm
gauge length can represent a critical threshold where the resistance of the material to
stress declines significantly. Understanding these dynamics allows for more accurate
modeling and improved material design, ensuring enhanced durability and performance
of jute-fiber-based products in practical use cases.

Figures 12 and 13 demonstrate the unimodality of the objective functions, confirming
the uniqueness of the MLEs and MPSEs for the parameters θ, λ, k1, and k2.
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Figure 12. The profile log-likelihood function of the parameters for jute fibers breaking strength data.
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Figure 13. The profile log-MPS function of the parameters for jute fibers breaking strength data.

Figure 14 illustrates the density and trace plots of the parameter estimations for the
jute fibers breaking strength data based on 8000 bootstrap iterations. The density plots
exhibit sharp peaks, highlighting a strong concentration of parameter estimations around
their modal values, which underscores the robustness of these estimates. The trace plots
display stable convergence, indicating efficient sampling by the bootstrap method, and
suggest a reliable exploration of the parameter space. This comprehensive analysis helps
to confirm the precision and reliability of the statistical modeling applied to the breaking
strength of jute fibers.

Significant variations were observed when comparing the three types of confidence
interval estimates—ACIs, PBCIs, and SBCIs. For the SF shown in Figure 15, the ACIs-ML
yielded the narrowest interval, while the SBCIs produced the widest, indicating varying
levels of precision between methods. In contrast, for the HRF in Figure 16, the ACIs showed
the widest intervals, reflecting greater uncertainty, while the PBCIs and SBCIs produced
the most concentrated estimates, suggesting improved stability and reduced variance.
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Figure 14. Density and trace plots of bootstrap samples based on jute fibers breaking strength data.
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Figure 15. Interval estimates of F̄(x) for jute fibers breaking strength data.
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8. Conclusions
This work establishes the first inferential framework that unites the flexible GLE

distribution with PT-IIRCCR by sharing rate parameters across both latent failure times
while allowing their shape parameters to differ. In addition, the two latent failure times
are assumed to be independent and to each follow a GLE distribution. This assumption
reflects the belief that competing causes operate separately while maintaining a consistent
probabilistic structure suitable for modeling diverse hazard behaviors.

A comprehensive simulation was conducted to evaluate the performance of MLE and
MPSE methods under varying sample sizes and censoring schemes. The results reveal
that estimation accuracy improves significantly with increasing sample size, as both bias
and RMSE decrease. Among the censoring schemes, Scheme I consistently provided the
most reliable estimates due to its higher information content. In contrast, Scheme III, being
less informative, often yielded wider confidence intervals and greater variability. MPSE
demonstrated notable robustness under small-sample and highly censored conditions,
particularly when coupled with bootstrap-based confidence intervals, which outperformed
asymptotic ones in such settings. However, MLE remained an efficient and reliable choice
for large samples and moderate censoring. Furthermore, goodness-of-fit statistics such
as Dabs and Dmax support the suitability of the proposed model, especially under MPSE.
The methodology was also validated on two real datasets—biomedical data and industrial
data—where the fitted parameters achieved high confidence and demonstrated strong
model performance. These findings highlight the robustness and practical relevance of the
proposed statistical framework in both theoretical and applied reliability settings.

Looking ahead, the framework can be extended to more than two competing risks,
enriched with copula or frailty structures to allow dependence, linked to covariates by
letting λ or θ vary with time-dependent clinical or loading factors, equipped with Bayesian
or hierarchical estimation to stabilize inference under extreme censoring, and embedded
in sequential Monte Carlo filters for real-time updating, thus opening new avenues for
adaptive clinical trials and IoT-based condition monitoring.
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