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Abstract

Crossover trials are specifically designed to evaluate treatment effects within individual
participants through within-subject comparisons. In a standard AB/BA crossover trial,
participants are randomly allocated to one of two treatment sequences: either the AB
sequence (where patients receive treatment A first and then cross over to treatment B after
a washout period) or the BA sequence (where patients receive B first and then cross over to
A after a washout period). Asymptotic and approximate unconditional test procedures,
based on two Wald-type statistics, the likelihood ratio statistic, and the score test statistic
for the odds ratio (OR), are developed to evaluate the equality of treatment effects in this
trial design. Additionally, confidence intervals for OR are constructed, accompanied by
an approximate sample size calculation methodology to control the interval width at a
pre-specified precision. Empirical analyses demonstrate that asymptotic test procedures
exhibit robust performance in moderate to large sample sizes, though they occasionally
yield unsatisfactory type I error rates when the sample size is small. In such cases, ap-
proximate unconditional test procedures emerge as a rigorous alternative. All proposed
confidence intervals achieve satisfactory coverage probabilities, and the approximate sam-
ple size estimation method demonstrates high accuracy, as evidenced by empirical coverage
probabilities aligning closely with pre-specified confidence levels under estimated sample
sizes. To validate practical utility, two real examples are used to illustrate the proposed
methodologies.

Keywords: AB/BA crossover trial; approximate unconditional method; confidence interval;
odds ratio; sample size determination

MSC: 62F03; 62F25

1. Introduction

In a parallel-group trial design, each participant is randomly assigned to receive
a single experimental treatment. This methodology serves as a cornerstone of clinical
research, particularly in medical and health science investigations, due to its ability to isolate
treatment effects through randomization. By contrast, crossover trials employ a distinct
approach wherein each participant sequentially receives multiple experimental treatments
under controlled conditions, enabling within-subject comparisons while minimizing inter-
individual variability. The design’s methodological strength stems from its ability to isolate
treatment effects through paired within-subject comparisons, enhancing both statistical
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precision and resource efficiency in clinical investigations (Hills and Armitage [1]; Fleiss [2];
Senn [3]). It can significantly reduce both costs and required sample sizes due to within-
patient comparison (Sever et al. [4]). For example, in a study by Ménard et al. [5], a crossover
design with alternating 2-week active treatment phases and 2-week placebo washout
periods was employed to assess antihypertensive efficacy. Their findings indicated that a
reduction of 5 mmHg in diastolic blood pressure between active treatment and placebo
could be detected with 27 clinic patients and 20 self-monitored home patients under usual
statistical risk (@« = 0.05, B = 0.10). At the conclusion of the 3-month follow-up period,
each participant could continue receiving the treatment that was the most effective and
the best tolerated. This demonstrates that implementing a crossover trial design (with
15-day washout periods between active treatments) combined with precise blood pressure
recording not only minimizes the number of patients required for hypertension trials
but also enables personalized treatment optimization for individual patients. Recent work
by Grenet et al. [6] established that when within-patient correlation ranges from 0.5 to 0.9,
crossover trials require only 5-25% as many participants as parallel-group trials to achieve
equivalent statistical power for detecting interaction effects.

Crossover trials are commonly utilized in clinical research to compare treatments for
chronic diseases. This design is particularly valuable when evaluating new versus existing
therapies, as seen in conditions such as asthma and hypertension. The choice of sequences
in crossover designs depends on treatment number, sequence length, and trial objectives.
The simplest design is the AB/BA crossover, where participants are randomized to either
AB or BA sequences to receive two treatments. For the AB treatment group, patients first
receive treatment A and then cross over to treatment B after a washout period; for the BA
treatment group, patients first receive treatment B and then cross over to treatment A after
a washout period. The AB/BA crossover design is also known as a simple crossover or
2 x 2 design (Jones and Kenward [7]). Due to its simplicity, the AB/BA crossover design
constitutes a substantial portion of crossover trials in practice (Hills and Armitage [1];
Senn [3,8]; Mills et al. [9]). For example, Fava and Patel [10] reported that over half of
72 crossover trials in a survey of 12 major U.S. pharmaceutical companies used this design
(Jones and Kenward [11]).

Significant and productive research has focused on AB/BA crossover trial designs.
Under the assumption that carryover effects are absent (typically ensured by an adequate
washout period eliminating the impact of the first-stage treatment on the second stage),
Kershner and Federer [12] compared the variances for direct, residual, and cumulative
treatment effects in two-treatment crossover designs. They considered variance estimates
for the second-order residual effects and the interaction effects between period and first-
order residuals. To analyze ordinal categorical data from AB/BA crossover trials, Ezzet and
Whitehead [13] fitted a random effects model and used the Newton—-Raphson algorithm
for maximum likelihood estimation. For binomial data, Becker and Balagtas [14] devel-
oped likelihood-based methods for hypothesis testing and parameter estimation using
two models: a log-linear model for marginal response probabilities and a linear model for
log-odds ratios. For AB/BA crossover trials with continuous data, Jaki, Pallmann, and
Wolfsegger [15] developed three parameter estimation methods and derived correspond-
ing confidence intervals assuming a normal distribution. Lui and Chang [16] addressed
methodological issues in hypothesis testing and parameter estimation for AB/BA crossover
trials with ordinal outcomes.

Recently, Lui [17] investigated methods for testing inequality, non-inferiority, and equiv-
alence of treatment effects across continuous, ordinal, binomial, and count data types.
The author also provided interval estimation methods for the mean difference between
two treatments and explored sample size estimation formulas using the power of the tests.
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Furthermore, the findings on AB/BA crossover designs were extended to crossover designs
involving multiple treatments. Li et al. [18] developed a likelihood ratio test and score test
for assessing non-inferiority or equivalence specifically based on the square root of the odds
ratio in binomial data in AB/BA crossover trials. Lui [19,20], Lui and Chang [21] developed
large-sample and exact small-sample testing procedures for equivalence and non-inferiority
assessments of binomial and ordinal categorical data in incomplete block crossover designs.
Using Monte Carlo simulations with maximum likelihood estimation, Zhu and Lui [22]
quantified the effects of violated normality assumptions for random effects on hypothesis
testing and parameter estimation in logistic regression models analyzing binomial data
in AB/BA crossover designs. Although extensive research exists on treatment effects in
AB/BA crossover trials, there remains a need to investigate equivalence testing based
on odds ratios (OR), develop corresponding confidence intervals, and establish sample
size determination methods based on interval precision. Focusing on binomial outcome
data without carryover effects, this paper introduces OR-based equivalence test statistics
and procedures; specifically, approximate unconditional test procedures are developed for
small-sample applications. We also develop confidence interval methods for the OR and
establish sample size determination techniques with controlled interval precision.

This paper is organized as follows. Model and parameter estimations are presented in
Section 2, and the hypothesis test statistics and test procedures for the equivalence test based
on OR are provided in Section 3. Confidence interval construction and sample size, which
control the interval width, are given in Sections 4 and 5, respectively. The performance of
the proposed methods is evaluated by simulation studies in Section 6. Two examples based
on real data about two new devices delivering salbutamol and relieving heartburn are
analyzed in Section 7. We summarize our conclusions and a brief discussion in Section 8.

2. Model and Parameter Estimation

In this article, we consider the two-period two-treatment or AB/BA crossover trial
design for comparing two treatments. Suppose that n; patients are randomly assigned to
receive the treatment with the order AB (i.e., Group 1 (g = 1)), in which patients receive
treatment A at the first period and then receive treatment B at the second period, and 7,
patients are randomly assigned to receive the treatment with the order BA (i.e., Group 2
(g = 2)), in which patients receive treatment B at the first period and then receive treatment

A at the second period. After an adequate wash-out period, we assume that there is
Y(g)

no carry-out effect. Let Y;®’ = 1 if the ith patient in the zth period in Group g has the

positive response of interest, and Yi(zg )

denote the number of patients among 7, patients in Group g with the response vector

= 0; otherwise, (i = 1,2,--- ,ng,2,¢ = 1,2), ngf)

(Yi(lg) =, Yi(zg) = ¢) (r,c = 0,1). Then, the random frequencies {nﬁf)}nc:al follow the
multinomial distribution with parameters ng and {nﬁf ) }re—0,1, where nﬁf ) denote the cell
probability that a randomly selected patient from the gth group has the response vector
(Yi(lg ) = r, Yi(zg ) = c). The data structure is given in Table 1.

The results (0, 0) and (1, 1) imply that there is no significant difference between the two
groups. Therefore, the results (0, 1) or (1, 0) are of greater interest. The ratio of probabilities
in the cell (0, 1) to the cell (1, 0) in Group g is néﬁ) / 71%) (g = 1,2). Obviously, the two
probability ratios, i.e., 7'[81) / 71%) and né%) / 71%) should be equal if there is no significant
difference between the two treatments; otherwise, it means that the treatment effects of the
two treatments are different. Let

1 1 1 2
_ 7((()1)/ ”%0) _ 7-[(()1)”%0) (1)
¢= T U

2, (2
Tty / T 10 7ot
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Table 1. Data structure of the AB/BA crossover trial.

AB Sequence

Period 2
1 0 Total
Period 1 1 n(i) (7‘[(})) n(})) (71'%)) n(?)
0 A ry) g i) o
Total n (11) n (é ) 1
BA Sequence
Period 2
1 0 Total
Period 1 ! my(m) g () )
0 ng (1) o (760) ny
Total ”Flz) n.(g) 1o

Obviously, ¢ = 1 denotes that there is no significant difference between the two
treatment effects. Therefore, we are interested in the following hypothesis testing:
Hy:¢ =1versus Hy : ¢ # 1.
Letm = ( n @ 1 1) (2 (2) (2)  (2)

Moo o1 Mg » M1 - Moo - o1 » Mo 1 ) be the collection of the observed fre-

quencies in Table 1, with (n[()})),n%),nél),nﬁ)) M(nq; n(%), néi), 7'[%0), ”ﬁ)) (n(%), n%),

n((ﬁ), ”51)) ~ M(np; 71(%), néi), 71&2)), 7151)) where ¥, .c101} nﬁc) =1,¢=12r1c=0,1,M

denotes the multinomial distribution. The likelihood function based on the observed data
m is given by

n '1’12 ”rc
L(m; nﬁc)) e 1211 e 0,1} 1( ), ngcg) ,

TC'

where ) 7'1?,(,‘?) =1lg¢g=12and } n§§) = ng,8 = 1,2 are the two constraints of
r,ce{0,1} r,ce{0,1}

the parameter. And then, the log-likelihood function based on the observed data m is
given by

L=C+ ”(()o) log n(l) (1) 1 log 7181) + ng()) log 7T§O) + ”51) log n(l) + ”(()0) log TK(()(Z))—I—

+ n((n) log 71(()1) + ngo) log 7r(2) (2) | log ng?,

()

where C; is a constant that does not involve the unknown parameters. The maximum

likelihood estimators (MLEs) {n(g) r,c =0,1,¢ = 1,2} and ¢ of the parameters {7{5? )
r,c =0,1,¢ = 1,2} and ¢ are given by the following:

1 2 1 2
A8 _ nyd) and & = ﬂ‘—(gl)ﬂ—go) _ ”((n) go) 3)
=, P= Lo o
g o' o1 Mo Moy

Similar to Li etal. [18],let M; =1 — 7'[(()(1)) — 7'[8) and M, =1 — 7'[(()(2)) — ng?, then we

can re-parameterize the log-likelihood function as
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(1)

(2)
1 2 1 ¢(My — myy ) My
I (m; ¢, 7f§0>, ”(()0)/ ”%1% ”(()0)/ ”51)) = "(()1) log( ) = )
mo +¢(My — my)
(2)
7T M]
+ g o @ " &)
+ (P(Mz — T3 )

+ n(%) log ”(()o) + ”go) log ”go) + nﬁ) log ni?

) + ”(()o) log 71,

)+ log ) )

2 2
+ ”(()1) log(M, — ”io)) +Cy.
This log-likelihood function contains six parameters (¢, 7110) , 71(%) , 718), n(()é), 7[11)) where
¢ is the interest parameter. Given the value of ¢, the constrained maximum likelihood
estimator (CMLE) of 71%) can be obtained by solving the following equation:

no g m g () (1 - )

mo-mg omg g pim - )

=0, ©)

where m; = (n%) + néll V/nq, my = (n%) + n )/nz Let A = (¢ — 1)(71(()? + n%))

B= mz(n%) — n((ﬁ)) mz(n((i) + n%) + an )4) and C= 4)(7110 + ”50))”12/ then the above
equation is given by A(n:io)) + B(7‘[§ )) + C = 0. Therefore, when A # 0, the CMLE f[%)
of ngo) given the value of ¢ can be given by 7'(50 = (—B— VB> —4AC)/(2A) (please refer

to Appendix A for details); otherwise, 77%0) = —(C/B, and then the CMLEs of the other
parameters given ¢ are given by

S0y Pm A @)m o ()
0T ) -2y 10\ T ) -(2)
s, (¢) + p(ma — T (¢)) T (¢) + p(ma — 7, (‘P))
(1) (1) (2)
7y (9) = ma = A (9), 70 (9) = T A (9) = T A (9) = T, ©
2)
w7 (9) = Ik,

respectively. Specially, when ¢ = 1, the CMLEs of the parameters 71(()1), 71%), né%), ”&0) are

given by
S (mg wmidyma (e
10 n()+n()+n()+n() 01 m2 !
10 10 01 01 7)
~(2)
(1 oM (2 (2
”50) = 71312 , 7T(()1) =my — 77%0)-

3. Hypothesis Testing
3.1. Test Statistics

For the hypothesis testing Hy : ¢ = 1 versus H; : ¢ # 1, we consider the following
test statistics.

(i)  Wald-type test statistic (Ty,1)
Letc=(1,-1,-1,1),and B = (log(n((n)) log(ngo)) log(nr((n)) log(m; 2 )))’, then the
above hypothesis is equivalent to the following hypothesis test:

Hp:c'B=0versus Hy : /B # 0.
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The estimator of g is given by § = (log(ﬂ&)),log(ﬂ%)),log(ﬂ((ﬁ)),log(ﬁ%)))’. Using the

delta method, it is easily shown that the covariance matrix of f is given by

(1)

177r01 1
— = 0 0
nlnéi) m
1 1—7'1.'(1)
— ar 0 0
A 1 7T
L ="Var(B) = 110 @ ) . (8)
01
0 0 —
27001
1 n®
0 0 -l T
1y n )
27Ty

Var(B) can be estimated by replacing the parameters with their MLEs given by Equation (3),
which is given by

1 1 1
T a 0 0
o 1 1 1
N “w o om0 0
Y =Var(B) = 10 11 a1 . )
0 0 L—a L
o 1 1 1
0 0 mo G
10

Therefore, the Wald test statistic for testing Hy : ¢/ = 0 is given by

(B> _ (<P

cVar(f)e  Sc’

Under the null hypothesis Hy : ¢/ = 0, Ty is asymptotically distributed as the x? distri-
bution with one degree of freedom when min{#n,n2} — o (please refer to Appendix B
for details).
(ii)  Wald-type test statistic (Tyy)

Let ﬁéi), ﬁ%), ﬁ'(()?, 7’(%) be the constrained MLEs of the parameters 71(()1), 7'5%), n(%),
7'5%) under Hy : ¢/ B = 0. The variance of  can be estimated by replacing the parameters
with their CMLEs given in Equation (7), i.e., £ = Var(B|Hp). Therefore, another Wald-type
statistic for testing Hy : ¢/ = 0 is given by

where o
1—7"'[01 1 0 0
l’llﬁ.'[(ﬁ) m
1 1—ﬁ(1)
e
~ — A 1 N1
¥ = Var(B|Hp) = o _(2)
0 o o _1
72 ny
2781
12
0 o -1l ~l0
1y o7t 2)
270

Under the null hypothesis, Ty is asymptotically distributed as the x? distribution with one
degree of freedom when min{ny,n,} — oo (please refer to Appendix B for details).
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(iii)  Likelihood ratio test statistic (T})

The likelihood ratio statistic for testing the hypothesis Hy : ¢ =1 versus Hy : ¢ # 1
can be given by
A(2) ~(1) ~(1) A(2) _(1) ~(1) ~(2)
= 2{la(m; ¢, 77%0 'n(()O)'ngl)' (()o)rng ) = b(m;1, "%o)r”(()o)/ §1) (()0) (1))}

—-2{n1010g<n&3>+—néﬁlog< As) + niy log(A)) + niy log(#5)))

(1 1 _(2 2
- ”go) log(n§0)) ”((n) log(7t, 7! )) ”go) log(ngo)) ”(()1) log(7t, 7! ))}
Under the null hypothesis Hy : ¢ = 1, T; is asymptotically distributed as a chi-square
distribution with one degree of freedom when min{ny,n,} — oo.

(iv)  Score test statistic (Ts.)

Taking the partial derivative of the log-likelihood function given in Equation (4) with
respect to ¢, we can obtain the following score function:

5, = 6M¢HNJ%%ﬂ?n$JﬁU:n@_}%?+%%M®—ﬂ%>
d¢ ¢ ”10 + (M, — 71%))

According to the general theory of score test (Rao [23]), the score test statistic for testing
Hy : ¢ = 1 can be given by
V1
Toe = S0V ) 2l ) =) =)
where I'! is the first main diagonal element of the inverse of the Fisher information matrix
(please refer to Appendix C for details). Under the null hypothesis Hy : ¢ = 1, Ty is
asymptotically distributed as a standard normal distribution when min{ny,n,} — co.

3.2. Test Procedures
3.2.1. Asymptotic Test Procedure

Assume that )(ilx is the upper a quantile of the chi-square distribution with one
degree of freedom, and z, /, is the upper a/2 quantile of the standard normal distribution.
For the asymptotical test procedure, we reject the null hypothesis Hy : ¢ = 1 at the
significance level « when t; > X%lx(i = wl,w2,1), or |ts| > z, /2. It is well known that the
asymptotic test procedure is easily implemented; however, it usually does not perform
well for small sample size designs or sparse data structures. Therefore, we consider the
following approximate unconditional test procedure.

3.2.2. Approximate Unconditional Test Procedure

Similar to Tang et al. [24], we consider the approximate unconditional test procedure
when sample size is small. Let
— — (W W) 1) 1) 2) (2) (2) (2)y.
Q = {m = (noy’, 1oy’ Mg 111’ oo+ Mg+ g M)

0< ”(()o)f”%)/”(()l)r”51) <n,0< néo),n%),ng),ngl) <mnp},

where () is the set of all possible observations given N and 7. Given the observed value
ti(i = wl,w2,1,sc), we find all possible m such that the test statistic T; satisfies T; > t; for
i=wl,w2,1or|Ts| > |ts|. For each m satisfying T; > t; (i = wl,w2,1) or |Tsc| > |tsc|, we
calculate the probability under Hy : ¢ = 1 by using the corresponding likelihood function
value. The approximate unconditional p-value is computed by
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pAU =Pr(T; > tilp = 1, 0¥ = A¥)) (i = wl, w2, 1)
= Y Lmg=1rf)

meQ(T;>t;)

or
AU = Pr(|Tye| > [tscl|p = 1, 7S = 7F)

- Y Lmgp=1,79),
meQ(|Tsc| > [tsc|)
If pZAU < w (i = wl,w2,1,sc), then the null hypothesis Hy : ¢ = 1 is rejected at the nominal
level a.

4. Confidence Interval

As pointed in several articles, for example, Alhija and Levy [25], Odgaard and
Fowler [26], Sun et al. [27], Dunst and Hamby [28], and Fritz et al. [29], it is necessary to
include some measures of effect size and confidence intervals for all primary outcomes,
which is recommended in editorial guidelines and methodological recommendations of
several prominent educational and psychological journals. Indeed, based on the Publica-
tion Manual of the American Psychological Association [30], it is well documented that
confidence intervals are more informative than simple hypothesis tests, and are the best
reporting strategy for the description of location and precision of the statistic. Therefore,
we investigate confidence interval construction for ¢ in this section.

4.1. Wald CIs

Let n; = {5 and n; = {X, and the variance in ¢ B can be given by Var(c'f) =
c'Var(B)c, where ¢ = (1,—1,—1,1) and g = (log(ﬁéi)),log(ﬁ%)),log(ﬁg)),log(ﬁ%)))’.
If we estimate the covariance matrix Var(f) by the unconstrained MLEs given in (3), then
the variance in ¢/f can be estimated by

A — A 1 1 1 1 1
Var(c'B) = c'Var(B)c = ( ;r)( "6 + NGO + NG + A(z))
T Ty Ty 17

According to the Central Limits Theorem,

(¢B—log9) _ VN(¢p ~10g9)
oVarBe  Jatn (st 14 1
VevmBre JOnG+ gt St o)

is asymptotically followed as the standard normal distribution. Therefore, the 100(1 — «)%
confidence interval for log ¢ can be given by

) = €8 202/ Var e, B+ 20 o/ Var B

Then, the 100(1 — «)% confidence interval for ¢ is given by [¢;, pu] = [exp(]),exp(u)],
which is denoted as Cl;.
Let ﬁ%) (¢), ﬁ((ﬁ) (¢), ﬁ((ﬁ) (¢), and ﬁ%) (¢) are the constrained MLEs of parameters

71%), 7‘[&), 71(()?, and n%é) given ¢. The variance of ¢/ given ¢ can be estimated by

Var(c'Bl¢p) = ¢'Var(Bl¢)c
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where ) " 1
. (011) - 0 0
nl”(]l (4)) 1
_1 1_7."'%) (¢) 0 0
R I
¢ -7 (¢) 1
0 0 madg) ™
ey
0 0 1 1 ”(120) (¢)
"2 nzﬁw (¢)

According to the Central Limits Theorem,

cp—logp _ VN(c'f —log¢)
— 1 1 1 1 1
Vevarble)e \/ CCoe T e T e T e

is asymptotically followed as the standard normal distribution. Therefore, the lower and
upper confidence limits for ¢ can be calculated by solving the equation

N(c'B —log¢)?
(1+7)( (1l + ~(1} + (21) +— )

ﬁm) (¢) g (9) riy

where n((n) (¢), ﬁ%) (¢), ﬁ((ﬁ) (¢) and 7%%) (¢) are the constrained MLEs of 71(()1), nﬁ(l)) , 77(()?) and

7150) given by (6) and (7). The 100(1 — «)% confidence interval for ¢ is denoted as ¢, $u],
where 0 < ¢y < ¢, < +00. No closed form exists; an iterative algorithm, for example, the
Newton-Raphson iterative algorithm can be used to find the solutions. This CI is denoted
as CI».

2
< Xt (10)

4.2. CI Based on Likelihood Ratio Test T;
The likelihood ratio statistic for testing the null hypothesis Hy : ¢ = ¢y is given by

T, = 2{la(m; , nm ,ﬁé&fé ’ né&m%?)
— L (m; o, 72 (90), 755 (90), 7 (), A8 (90), 72 (o)) }-

Since T asymptotically follows the chi-square distribution with one degree of freedom
when N — oo under Hy, then the 100(1 — «)% confidence interval for ¢ is given by [¢;, ¢ ],
where 0 < ¢ < ¢, < +0c0 are the smaller and the larger roots of the following equation
with respect to ¢:

2{ly(m; ¢, 7[10 ’ ﬁéé), ﬂgl)' ﬁé%))' ﬂgl))

(11)
— la(m; o, 7T10 (4’0) noo (4’0) 7711 (‘P ) 7700 (4’0) (4’0))} < X%,ou

Similar to that of Wald ClIs, no closed form exists; an iterative algorithm (e.g., Newton-
Raphson algorithm) can be used to find the solutions. This CI is denoted as CI;.
4.3. CI Based on Score Test Ty

Differentiating the log-likelihood function given in (4) with respect to ¢, we obtain the
following score function:

e ik s s P s T L T <né? +n§%3><Mz - o)

d¢ ¢ 7(10 + (M — 71%))

Sp =
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Let I(¢, 7110 , néé), 7151), 71(%), 7tﬁ)) be the Fisher information matrix, which can be given by

1 2 L1 Iz
I(¢, ”go)f ”((Jo)/ ngl)' 7T((Jo)/ ”gl)) = , (13)
L1 I»
(1) (1), (1) (2)y2
921 n (nyy 4179 ) (Mp—775) ;. . .
where [j] = E(—%%) = — -9 4~ 0 2 10 10° [, =1 1isab x 1 matrix and I, is a
11 ( Frg ) 2 (nié)Jrqb(szn%)))z 12 21 22

5 x 5 symmetric matrix.
According to the general theory of efficient scores (Rao [23]), the score statistic for
testing Hy : ¢ = ¢y is given by

Tsc(90) = S(p\/ITl'lP:(Poﬁ%) (90), 7289 (90,7237 (o), 785 (), 717 ()

where I = (I; — I 12_21 Ir1) ! is the first main diagonal element of the inverse of the Fisher
information matrix, Ty is asymptotically distributed as the standard normal distribution
under Hy : ¢ = ¢p when N — co. Therefore, the 100(1 — «)% confidence interval for ¢ is
given by [¢;, ¢, ], with the lower limit ¢; and the upper limit ¢, can be obtained by solving
the following equation:

Tsc(¢0) = zas2, Tsc(Po) = =22, (14)

respectively. The solutions for the equations in (14) can be obtained by the secant method
(Traub [31]), and this CI is denoted as Clg.

5. Sample Size Determination

It is an important step in clinical trials to determine the required number of participants.
In this section, we investigate the determination of sample sizes for equivalence evaluation
based on ¢ in AB/BA crossover trials. Lui and Chang [32]; Li et al. [18] have investigated
the determination of the sample size from the perspective of testing hypothesis, so we find

the sample size that can control the width of a confidence interval with a pre-specified
N

Trr-

We investigate sample sizes that can control the width of the confidence interval (¢;, ¢u)

confidence level. Letny : np =1 :randny +n, = N, ie, ny = %r and n; =

within 2w with a pre-specified confidence level 1 — g, i.e., the sample size N satisfies the
following condition:

{N:pu— ¢ < 2w}

No closed form exists since confidence intervals CI;, CI; and Cls. would be obtained
via iterative algorithms. The following search algorithm can be used to find the approxi-
mate solution.

Step 1. For given 71(()(1)), 7'[5?, 7'((%), 71%), nﬁ), r, ¢ and N, generate K random

) 1 1) 1 @ (2 @ (2 1) 1) (1) (1
Samples m = (n(()O)’ ”go)' ”(()1)' ”gl)' ”(()o)r ”go)f ”(()1)f ”51))f where (”éo)'”go)f”((n)'”gl)) ~

M(7N; 7T(()o)f 7T((n)f ”gtl))' ”%1)) and (n(%), n%), ”(()i)' ”ﬁ)) ~ M(rN; ”((Jo)f 7T(()l)’ 7T§(2)), ”51))
2 1 _ (1)

. 2 2 2 1 o (1—71 )

with 71(()1) =1.0— 71(()0) 7'[51) - 7'[50), ”go) = —10 . J:; e 11 e

Step 2. Based on each sample generated in Step 1, compute the confidence intervals

r+1 T+r

using equations given in Section 4 and approximate the interval width by averaging the
widths obtained from the K samples, which is denoted as 2w*(N).

Step 3. Repeat Steps 1 and 2 via smaller (or larger) N if the 2w*(N) is less (or greater)
than 2w.

Step 4. Repeat Step 3 until the approximate half-interval-width w*(N) is close to w,
i.e, N=min{N : |[w*(N) — w| < 0.001}. The resulting N is the approximate sample size.

The sample sizes of Wald ClIs, CI based on T;, and CI based on T;. obtained by the
above algorithm are denoted as Ny,1, Ny, N; and N, respectively.
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6. Simulation Studies
6.1. Empirical Study for Hypothesis Testing

In this section, we investigate the performance of various test procedures for the
hypothesis testing Hy : ¢ = 1 versus H; : ¢ # 1 proposed in Section 3. We consider
the following sample size designs: three balanced sample size designs, i.e., (i) moderate
sample size ny = ny = 100; (ii) large sample size n; = ny = 150; (iii) large sample size
n1 = np = 200 and three unbalanced sample size designs, i.e., (iv) moderate sample size
n1 = 50 and np = 100; (v) large sample size n; = 150 and np = 100; (vi) large sample
size n1 = 200 and 1y = 250. We do not consider the approximate unconditional methods
for moderate to large sample sizes due to the extremely large number of possible values
form = (n(%), n%), n((ﬁ), n%) , n(%), ng(z)), ng), ng?). However, the comparisons between
the asymptotic (AS) and approximate unconditional (AU) methods are considered for
small sample settings, including (vii) n; = np = 10 and (viii) n;y = np = 15. For each
sample size design, we consider twelve different settings for the nuisance parameters
(71(%), 7{9, n(%), 7rﬁ), ngé)) to investigate the performance of the various test procedures,
and it is given in Table 2.

Table 2. Parameter settings for the hypothesis testing Hy : ¢ = 1 versus Hp : ¢ # 1.

Par.  (ny) ) )y my))  Par (m) i my) my )
A (0.5,0.25, 0.4, 0.35, 0.10) Ay (0.5,0.20, 0.4, 0.10, 0.25)
Ay (0.5,0.25, 0.4, 0.35, 0.15) Ag (0.5,0.20, 0.4, 0.10, 0.30)
As (0.4,0.25, 0.4, 0.25, 0.15) Ag (0.5,0.20, 0.2, 0.30, 0.30)
Ay (0.4,0.25, 0.4, 0.25, 0.20) Ao (0.5,0.20, 0.2, 0.20, 0.30)
As (0.5,0.20, 0.5, 0.20, 0.15) An (0.5,0.20, 0.2, 0.20, 0.40)
Ag (0.5,0.20, 0.4, 0.10, 0.20) A (0.3,0.25, 0.4, 0.30, 0.15)

First, we examine the behavior of the actual test size, that is, the actual type I error rate
of the testing procedure. For each sample size design and parameter setting, we generate
M = 5000 observed samples for all test statistics. For the asymptotical test procedures,
the empirical type I error rate for a given test T;(i = w1, w2,1,sc), at significance level
« = 0.05 for the settings under consideration, is simply estimated by (the number of
rejections of Hy by test T; at the a level)/ M when ¢ = 1. The results for moderate to large
sample sizes are displayed in Figure 1. According to the Reviewer’s suggestion, we report
the CMLEs and the MLEs of parameters 71(%), nﬁ) , ﬂ((ﬁ), 71%), 71(%), ﬂﬁ), n((ﬁ), 71%) under
small, moderate and large sample size designs via the online Supplemental Materials,

respectively. Note that the CMLEs of parameters 71(%) , 7rﬁ), n(%) and ﬂﬁ) are the same

as their MLEs; we only report the results of parameters 71(()%), 71%), néi) and ﬂ%). For the
approximate unconditional test procedures, the actual type I error rate at the « level can be
obtained by

YTy (m);a}fexp(a(m;¢ = 1,2y, 7y, nly), ), n2))).
m

where I{T;(m);a} = 1 when the null hypothesis is rejected at a level, and I{T;(m);a} =0
otherwise. According to Tang et al. [24], a test is liberal if its actual type I error rate exceeds
0.06, conservative if it falls below 0.04, and robust if it lies within the interval [0.04, 0.06] at
0.05 significant level. We summarize the results for n; = n, = 10 and are n; = n, = 15in
Table 3.
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Table 3. The actual type I error rates (percent) of various test procedures for testing Hp : ¢ = 1 at
a = 0.05 under n; = np = n.

Tun T2 T Tsc
n Par. AS AU AS AU AS AU AS AU
Aq 0.06 3.02 3.38 4.04 1.90 4.93 0.64 4.97
Ay 0.12 3.02 3.32 4.04 1.50 4.93 0.90 5.11
Aj 0.24 4.14 5.04 5.45 2.90 5.51 1.44 5.79
Ay 0.44 4.14 5.52 5.45 2.36 5.51 1.28 5.89
As 0.10 3.94 4.98 5.06 2.50 5.48 1.58 5.74
10 Ag 0.62 3.67 5.24 4.59 2.96 5.03 2.00 5.33
Ay 0.60 4.51 4.86 5.26 3.62 5.25 1.92 5.55
Ag 0.32 491 4.84 5.42 2.74 5.06 1.96 5.38
Ag 0.32 4.81 5.42 5.49 2.74 5.13 1.98 5.46
A 0.40 4.42 6.08 5.12 3.20 5.18 3.00 5.42
A 0.40 5.24 4.68 5.34 294 4.83 2.36 5.12
Aqp 0.24 4.23 5.32 5.44 3.16 5.45 1.86 5.74
Aq 0.22 5.06 5.16 6.51 3.30 4.72 1.84 5.03
Ap 0.40 4.05 5.80 5.30 2.92 4.72 2.14 5.08
As 1.20 5.26 8.26 5.85 4.92 5.99 3.72 6.06
Ay 1.22 5.26 7.92 5.85 4.46 5.99 2.84 6.08
As 0.82 4.99 7.34 5.88 4.08 5.67 2.84 591
15 Ag 1.42 4.64 7.26 5.33 4.44 5.67 4.04 5.69
Ay 1.44 5.44 7.14 5.69 4.46 5.85 3.32 5.85
Asg 1.24 5.82 6.76 5.75 4.38 5.66 3.68 5.70
Ag 1.40 5.78 7.10 5.75 4.44 5.74 3.82 5.72
A 1.94 5.33 7.10 5.68 4.56 5.70 3.74 5.49
A1 1.12 5.91 5.94 5.61 4.16 5.36 3.50 5.28
A1 1.38 5.29 7.54 5.75 5.04 5.98 3.54 6.00
Asymptotic test method Asymptotic test method
OmmrET IO TaT ET
W7 B W7 Wl

0. 060

0. 055 4

0. 050

Type | Error

0.045 4

0. 040

e

T
ny=n; =100

T
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T
ny=n; =200

0.070 o
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ﬁ
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(a) Balanced sample size design (b) Unbalanced sample size design

Figure 1. Boxplots of actual Type I errors for various test procedures under (a) balanced sample
size designs: ny = ny = 100,150,200 and (b) unbalanced sample size designs: n; = 50,1, = 100;
ny = 150, np = 100; n; = 200, 1, = 250.

For the actual power performance of various test procedures, we consider the above
sample size designs and the above nuisance parameter settings and ¢; = 0.5, 0.8, 1.2,
1.5(0.5)3.5, where a(b)c denotes the value is from a to ¢ with step size b. For the asymptotical
test procedures, the empirical power for a given test T;(i = wl,w2,1,sc), at significance
level & = 0.05 for the settings under consideration, is estimated by (the number of rejections
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of Hy by test T; at the a level)/ M when ¢ = ¢;. The simulation results for moderate to large
sample sizes are displayed in Figure 2. For the approximate unconditional test procedures,
the actual power at the « level can be obtained by

ZI{T

1) (2 (2
), ”(()o)f ”gl)/ 7T(()o)f T[il)

D‘} exp(lz(m,(p ¢1/7T1() ))}

We only reported the simulation results for the sample size design n; = ny = 15 by
Figure 3 due to the space limitation. According to Figures 1 and 2, we can observe that the
asymptotical test procedures based on all test statistics perform well in the sense that the
empirical type I errors are close to the nominal level under large sample sizes, and T, has
a slightly inflated type I error under some moderate sample sizes (e.g., n; = 50, 1, = 100).
All test procedures have similar empirical powers under moderate to large sample sizes,
except that T;;» has slightly more power than the other test procedures. As expected,
the empirical powers increase in all test procedures with the increase in the absolute
difference between ¢ = 1 and ¢;. When the sample size is large (e.g., sample sizes n; = 200
and ny = 250), four test statistics have similar performance; when the sample size increases,
as expected, these four testing procedures are asymptotically equivalent. According to
Table 3 and Figure 3, since the sample size is very small, the power performance was
not satisfactory in some cases for both asymptotical and approximate unconditional test
procedures. However, approximate unconditional procedures usually outperform the
asymptotic test procedures in the sense that their empirical type I errors are closer to the
nominal level and have higher powers under these small sample sizes. Therefore, when the
sample size is small, the approximate unconditional test procedures based on these four
test statistics are recommended for practical applications.

1o =y =100 o =n; =150 1o =n; =200
lOon mT O M Omw mT !
R Tee .. Ml ! W HT @“q
0.8 08 08 4900
0°00
0.6 0.6 0.6
g o e g % ?!* 0%00
0.4 f?* 0.4 i*’ [?*TTOOOO 0.4 %00 400
oy ihab @ :
o
0.2 %] o 0.2 0.2 ?g*i
gted ’
Fosiens O eSes,000 #8igag.
00 0.5 0.8 1.2 15 2.0 25 3.0 35 0o 0.5 0.8 1.2 1.5 2.0 25 3.0 35 00 0.5 0.8 1.2 15 2.0 2.5 3.0 35
¢ ¢ )
(a) Balanced sample size design
1o Ny =50,n; =100 o £y =150, n, = 100 1o Ny =200, n; =250
O mn 07 W7 o mn [?TH
W7 M W7. M W7 M ?TH
08 08 08 W 000
0.6 ! 0.6 Y 0.6 o %9 °
g * 19 = = ° o
0.4 o 0.4 *ii 0.4 o ° o
" b @Tﬂ : % oiof
02 @ ?F %] g! 02 M 02 @I
£ ° £
S5 % ¥ gF*eoBap F*=iss
0.0

0.0

(b) Unbalanced sample size design

Figure 2. Boxplots of the actual powers for various test procedures for testing Hp : ¢ = 1 versus Hj :
¢ = ¢ # 1ata = 0.05 under (a) balanced sample size designs: n; = ny = 100,150,200 and
(b) unbalanced sample size designs: 11 = 50,1, = 100; n; = 150, np = 100; n; = 200, np = 250.
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Figure 3. Comparison of empirical powers between asymptotic methods and approximate uncondi-
tional methods under small sample size design n; = ny = 15.

6.2. Empirical Study for Confidence Interval

In this section, we investigate the performance of these Cls for ¢ under various
settings. The same parameter settings as those in Section 6.1 are considered. Four sample
size designs were also considered, i.e., (i) ny = ny = 100; (ii) ny = ny = 200; (iii) n; = 150
and ny = 100; (iv) n; = 200 and np; = 250. Under each sample size setting and each
parameter combination, the empirical coverage probability, the empirical coverage width
and the left and right non-coverage probability of the confidence interval are calculated by
repeated simulation K = 5000 times. The three indices are calculated as follows:

(i) Empirical coverage probability (ECP)

K
ECP = 2 Y- 1{# € [4y(m ), ¢, (m )]},
k=1

where [¢;(m®)), ¢, (m¥))] is the confidence interval of ¢ at the kth replication, I(-) is the
indicator function, m®k) = (n(%), n%) , n((ﬁ) , nﬁ), n(()%)), n%), n((ﬁ), nﬁ) )(k). Since the empirical
coverage probability is defined as the proportion that the K confidence interval includes the
true value of the interest parameter, then the closer the empirical coverage probability is to

the nominal confidence level (e.g., 95%), the better the performance of the proposed method.

(i) Empirical coverage width (ECW)
1 K
ECW = 2 ) {¢ € [pu(m™) — ¢ (m))]}.
k=1

It is obvious that a small empirical coverage width suggests a better confidence interval
procedure if coverage can be maintained.
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(iii) Left and right non-coverage probability (LNCP, RNCP)
LNCP = © i 1{¢ < ¢y(m®))},RNCP = © f 1{¢ > ¢u(m®)}.
K3 , K&

Since left and right non-coverage probabilities are calculated as the proportions that the
lower limit is above and the upper limit is below the true parameter value, respectively, so
the confidence interval is regarded as having satisfactory interval location if the confidence
interval procedure has equal left and right non-coverage probabilities.

Note that when n&) =0or n%) =0or n((ﬁ)

=0or n%) = 0, the variance Var(c'B)
is undefined and its corresponding test statistics are undefined, so all Wald CIs are un-
defined. In this case, we use the commonly used adjustment for sparse data structures
in contingency table analysis by adding 0.5 to each cell. For space limitations, we only
present the simulation results for balanced sample sizes (11,1,) = (100,100), (200, 200)
and unbalanced sample sizes (111, 1,) = (150, 100) in Tables 4-6, respectively. When the
sample size is large, we can observe that (i) all CIs perform well in the sense that their
empirical coverage probabilities are very close to the nominal confidence level; (ii) all CIs
have satisfactory interval locations due to producing approximately symmetrical left-right
non-coverage probabilities; (iii) similar interval widths for all CIs. However, when the
sample size is not large (e.g., n1 = ny = 100), Cl,, based on the Wald statistic appears
to perform poorly in some parameter settings, for example, Ay, Ag, A9 and Aj;. Also,
there is a slightly unbalance is observed in terms of left and right non-coverage probabil-
ities and their expected confidence width is relatively wider than other CIs under those
parameter sittings.

Table 4. The empirical coverage probability (percent), empirical coverage width, left and right non
coverage probabilities (percent) of 95% confidence interval under sample size (11, 1) = (100,100).

ClLy Cly ol f CI,

Par. ECP(L,R)ECW ECP(L,R)ECW ECP(L,R)ECW ECP(L,R)ECW
¢ =05
Al 95.18 (2.50, 2.32) 1.68 94.02 (2.40, 3.58) 4.66 94.48 (2.56, 2.96) 1.68 94.66 (2.72,2.62) 1.64
A2 95.98 (2.40, 1.62) 1.93 93.08 (1.84, 5.08) 2.07 94.56 (2.52,2.92) 1.94 94.92 (2.76,2.32) 1.85
A3 95.18 (2.4, 2.38) 1.25 94.14 (2.32, 3.54) 3.97 94.60 (2.4, 2.96) 1.25 94.88 (2.52,2.60) 1.23
A4 95.88 (2.02,2.10) 1.35 94.64 (1.90, 3.46) 1.39 95.08 (2.08, 2.84) 1.34 95.36 (2.22,2.42) 1.32
A5 95.26 (2.36, 2.38) 1.45 94.20 (2.16, 3.64) 1.50 94.70 (2.42, 2.88) 1.45 94.78 (2.62, 2.60) 1.43
A6 95.34 (2.66, 2.00) 1.19 94.46 (2.56,2.98) 1.23 94.98 (2.64,2.38) 1.19 95.06 (2.70, 2.24) 1.18
A7 95.88 (2.22,1.90) 1.21 94.04 (1.96, 4.00) 1.21 95.08 (2.14,2.78) 1.20 95.38 (2.40,2.22) 1.19
A8 96.04 (2.26,1.70) 1.31 92.22 (1.66, 6.12) 1.28 94.62 (2.06,3.32) 1.28 95.20 (2.4, 2.36) 1.28
A9 95.56 (2.42,2.02) 1.30 92.20 (1.82,5.98) 1.26 94.46 (2.30, 3.24) 1.27 94.92 (2.58,2.50) 1.27
A10 95.90 (2.16,1.94) 1.16 94.52 (1.68,3.80) 1.16 95.44 (2.08,2.48) 1.14 95.48 (2.32,2.20) 1.14
All 96.26 (2.46,1.28) 1.38 90.78 (1.36, 7.86) 1.30 94.48 (2.16, 3.36) 1.33 95.04 (2.68,2.28) 1.34
Al2 95.46 (2.16,2.38) 1.25 94.58 (2.10, 3.32) 1.55 94.90 (2.24,2.86) 1.26 95.12 (2.30, 2.58) 1.23
¢ =08

Al 95.24 (2.52, 2.24) 2.80 94.14 (2.52, 3.34) 3.09 94.64 (2.72, 2.64) 2.86 94.76 (2.72, 2.52) 2.73
A2 95.36 (2.48, 2.16) 2.93 93.34 (2.50, 4.16) 4.33 9452 (2.76,2.72) 3.01 94.88 (2.70, 2.42) 2.83
A3 95.04 (2.46, 2.50) 2.02 94.38 (2.66, 2.96) 2.13 94.64 (2.62, 2.74) 2.04 94.78 (2.58, 2.64) 1.99
A4 95.26 (2.40, 2.34) 2.08 94.46 (2.64, 2.90) 2.21 94.84 (2.60, 2.56) 2.10 94.94 (2.60, 2.46) 2.04
A5 95.30 (2.38, 2.32) 2.29 94.44 (2.64,2.92) 2.46 94.78 (2.56, 2.66) 2.32 95.02 (2.54, 2.44) 2.25
A6 95.24 (2.68,2.08) 1.97 94.54 (2.98,2.48) 2.19 94.88 (2.86, 2.26) 2.01 94.96 (2.80, 2.24) 1.93
A7 95.58 (2.28,2.14) 1.90 94.56 (2.40, 3.04) 2.00 95.22 (2.34, 2.44) 1.91 95.34 (2.44,2.22) 1.87
A8 95.24 (2.40, 2.36) 1.98 93.86 (2.32, 3.82) 2.03 94.64 (2.50, 2.86) 1.97 94.86 (2.54, 2.60) 1.95
A9 95.56 (2.22,2.22) 1.96 94.28 (2.14, 3.58) 2.01 95.10 (2.30, 2.60) 1.95 95.26 (2.36,2.38) 1.93
A10 95.66 (2.36, 1.98) 1.81 94.50 (2.54, 2.96) 1.91 95.16 (2.50, 2.34) 1.82 95.38 (2.44,2.18) 1.78
All 95.70 (2.28, 2.02) 2.00 92.30 (1.84, 5.86) 1.99 94.68 (2.24,3.08) 1.98 94.94 (2.54,2.52) 1.96
A12 95.24 (2.04,2.72) 1.97 94.58 (2.26, 3.16) 2.10 94.90 (2.22,2.88) 1.99 95.04 (2.20, 2.76) 1.94
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Table 4. Cont.
Cl1 Cl,» CI, CIl,.
Par. ECP(L,R)ECW ECP(L,R)ECW ECP(L,R)ECW ECP(L,R)ECW
p=12
Al 95.10 (2.54, 2.36) 4.69 94.14 (0.12, 5.64) 5.03 94.40 (3.00, 2.60) 5.04 94.72 (2.80, 2.48) 4.50
A2 95.18 (2.56, 2.26) 4.37 93.68 (2.70, 3.62) 5.11 94.52 (2.94, 2.54) 4.55 94.78 (2.76, 2.46) 4.24
A3 95.12 (2.40, 2.48) 3.19 94.44 (2.72,2.84) 3.58 94.74 (2.60, 2.66) 3.26 94.84 (2.54,2.62) 3.14
A4 95.22 (2.52,2.26) 3.11 94.48 (2.88, 2.64) 3.40 94.70 (2.78,2.52) 3.16 94.86 (2.62, 2.52) 3.06
A5 95.36 (2.36, 2.28) 3.54 94.46 (2.84, 2.70) 3.96 94.92 (2.66, 2.42) 3.63 95.04 (2.54,2.42) 3.48
A6 95.38 (2.44, 2.18) 3.23 94.62 (2.68, 2.70) 3.85 94.82 (2.94, 2.24) 3.39 94.96 (2.72,2.32) 3.15
A7 95.64 (2.20,2.16) 2.94 94.80 (2.76, 2.44) 3.30 95.16 (2.54, 2.30) 3.01 95.28 (2.38, 2.34) 2.89
A8 95.22 (2.38, 2.40) 2.93 94.44 (2.60, 2.96) 3.13 94.80 (2.52, 2.68) 2.96 94.84 (2.54, 2.62) 2.88
A9 95.64 (2.14, 2.22) 2.90 94.82 (2.40, 2.78) 3.10 95.20 (2.34, 2.46) 2.93 95.32 (2.32, 2.36) 2.86
A10 95.52 (2.26,2.22) 2.80 94.88 (2.72,2.40) 3.17 95.10 (2.56, 2.34) 2.87 95.30 (2.38, 2.32) 2.75
All 95.50 (2.44, 2.06) 2.89 94.24 (2.44, 3.32) 3.00 95.08 (2.56, 2.36) 2.90 95.14 (2.58, 2.28) 2.84
Al12 94.98 (2.64, 2.38) 3.03 94.38 (2.98, 2.64) 3.31 94.68 (2.84, 2.48) 3.08 94.78 (2.72, 2.50) 2.98
Table 5. The empirical coverage probability (percent), empirical coverage width, left and right non-
coverage probabilities (percent) of a 95% confidence interval under sample size (11, 12) = (200, 200).
Cl Cly» CI CIs,
Par. ECP(L,R)ECW ECP(L,R)ECW ECP(L,R)ECW ECP(L,R)ECW
¢ =05
Al 94.90 (2.70, 2.40) 0.97 94.42 (2.56, 3.02) 0.97 94.64 (2.72,2.64) 0.97 94.72 (2.78, 2.50) 0.96
A2 95.48 (2.14, 2.38) 1.07 94.54 (2.00, 3.46) 1.08 95.14 (2.12,2.74) 1.06 95.18 (2.26, 2.56) 1.05
A3 94.48 (2.90, 2.62) 0.78 94.12 (2.76, 3.12) 0.78 94.22 (2.90, 2.88) 0.77 94.34 (2.98, 2.68) 0.77
Ad 95.38 (2.28, 2.34) 0.81 94.80 (2.08, 3.12) 0.81 95.20 (2.28, 2.52) 0.81 95.20 (2.36, 2.44) 0.81
A5 95.58 (2.42, 2.00) 0.87 95.00 (2.20, 2.80) 0.87 95.12 (2.38, 2.50) 0.86 95.44 (2.44,2.12) 0.86
A6 95.14 (2.44,2.42) 0.74 94.72 (2.34,2.94) 0.75 94.98 (2.46, 2.56) 0.74 95.02 (2.52,2.46) 0.74
A7 95.32 (2.64, 2.04) 0.76 94.78 (2.32,2.90) 0.76 95.16 (2.48, 2.36) 0.76 95.18 (2.70, 2.12) 0.75
A8 95.34 (2.74,1.92) 0.82 94.86 (2.28, 2.86) 0.81 95.08 (2.66, 2.26) 0.81 95.06 (2.84,2.10) 0.81
A9 95.42 (2.52,2.06) 0.82 94.68 (2.02, 3.30) 0.81 94.96 (2.40, 2.64) 0.81 95.08 (2.66, 2.26) 0.81
A10 95.32 (2.52, 2.16) 0.73 94.62 (2.24, 3.14) 0.73 94.98 (2.44, 2.58) 0.73 95.04 (2.58, 2.38) 0.73
All 95.94 (2.22,1.84) 0.85 94.88 (1.48, 3.64) 0.83 95.52 (2.06, 2.42) 0.84 95.52 (2.44,2.04) 0.84
A12 94.88 (2.58, 2.54) 0.77 94.20 (2.56, 3.24) 0.78 94.52 (2.58, 2.90) 0.77 94.66 (2.62,2.72) 0.76
¢ =08
Al 94.98 (2.76, 2.26) 1.57 94.26 (2.92,2.82) 1.62 94.70 (2.80, 2.50) 1.58 94.86 (2.80, 2.34) 1.56
A2 95.36 (2.18, 2.46) 1.60 94.56 (2.36, 3.08) 1.66 94.92 (2.34,2.74) 1.61 95.06 (2.36, 2.58) 1.59
A3 94.90 (2.74, 2.36) 1.23 94.56 (2.84, 2.60) 1.25 94.70 (2.82,2.48) 1.24 94.70 (2.88,2.42) 1.23
A4 95.84 (2.08, 2.08) 1.24 95.54 (2.18, 2.28) 1.27 95.66 (2.20, 2.14) 1.25 95.70 (2.20, 2.10) 1.24
A5 95.58 (2.24, 2.18) 1.36 95.22 (2.38,2.40) 1.38 95.38 (2.36, 2.26) 1.36 95.38 (2.38,2.24) 1.35
A6 94.88 (2.56, 2.56) 1.19 94.60 (2.72,2.68) 1.23 94.74 (2.62, 2.64) 1.20 94.76 (2.60, 2.64) 1.19
A7 94.90 (2.40,2.70) 1.18 94.42 (2.40, 3.18) 1.19 94.70 (2.46,2.84) 1.18 94.76 (2.46,2.78) 1.17
A8 95.08 (2.56, 2.36) 1.23 94.56 (2.42,3.02) 1.23 94.66 (2.58, 2.76) 1.22 94.88 (2.60, 2.52) 1.22
A9 95.04 (2.66, 2.30) 1.23 94.66 (2.50, 2.84) 1.24 94.82 (2.64,2.54) 1.23 94.82 (2.78,2.40) 1.22
A10 95.28 (2.52,2.20) 1.13 94.84 (2.56, 2.60) 1.15 95.14 (2.58,2.28) 1.14 95.16 (2.62,2.22) 1.13
All 95.04 (2.76, 2.20) 1.25 94.28 (2.32,3.40) 1.24 94.60 (2.68,2.72) 1.24 94.84 (2.78,2.38) 1.23
Al12 94.62 (2.66,2.72) 1.21 94.16 (2.84, 3.00) 1.24 94.38 (2.78,2.84) 1.22 94.46 (2.74,2.80) 1.21
$=12
Al 94.78 (2.70, 2.52) 2.48 94.00 (3.26, 2.74) 2.64 94.36 (2.98, 2.66) 2.51 94.46 (2.88, 2.66) 2.45
A2 95.12 (2.42, 2.46) 2.40 94.80 (2.66, 2.54) 2.53 94.88 (2.62, 2.50) 2.43 95.00 (2.50, 2.50) 2.38
A3 94.80 (2.48, 2.72) 1.90 94.42 (2.74,2.84) 1.97 94.60 (2.58, 2.82) 1.91 94.64 (2.52,2.84) 1.89
A4 95.20 (2.44, 2.36) 1.85 94.88 (2.70, 2.42) 1.90 94.98 (2.58, 2.44) 1.86 95.02 (2.54,2.44) 1.84
Ab 95.30 (2.32, 2.38) 2.05 94.82 (2.64,2.54) 2.12 95.00 (2.52, 2.48) 2.07 95.08 (2.44, 2.48) 2.04
A6 95.18 (2.54, 2.28) 1.87 94.76 (3.12,2.12) 2.00 94.90 (2.84, 2.26) 1.90 94.92 (2.70,2.38) 1.86
A7 95.36 (2.52,2.12) 1.78 94.98 (2.92,2.10) 1.85 95.18 (2.70, 2.12) 1.80 95.30 (2.58,2.12) 1.77
A8 95.14 (2.62, 2.24) 1.80 94.82 (2.78,2.40) 1.84 94.96 (2.70, 2.34) 1.80 95.06 (2.66, 2.28) 1.79
A9 94.94 (2.54,2.52) 1.81 94.52 (2.72,2.76) 1.85 94.80 (2.60, 2.60) 1.82 94.84 (2.62,2.54) 1.80
A10 95.32 (2.24,2.44) 1.71 94.74 (2.74,2.52) 1.77 95.08 (2.42,2.50) 1.72 95.16 (2.34, 2.50) 1.70
All 95.00 (2.46, 2.54) 1.78 94.54 (2.48,2.98) 1.80 94.78 (2.54,2.68) 1.78 94.88 (2.56,2.56) 1.76
A12 95.00 (2.44, 2.56) 1.83 94.54 (2.72,2.74) 1.88 94.82 (2.56,2.62) 1.84 94.84 (2.52,2.64) 1.82
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Table 6. The empirical coverage probability (percent), empirical coverage width, left and right non-
coverage probabilities (percent) of a 95% confidence interval under sample size (11, n3) = (150,100).

Clyn Cly I, CIy,
Par. ECP(L,R)ECW ECP(L,R)ECW ECP(L,R)ECW ECP(L,R)ECW
$=05
Al 95.36 (2.16, 2.48) 1.41 94.04 (2.10, 3.86)1.47 94.62 (2.24, 3.14) 1.41 94.94 (2.34,2.72) 1.39
A2 95.38 (2.12, 2.50) 1.66 93.86 (1.74, 4.40)1.78 94.78 (2.38,2.84) 1.73 94.98 (2.34, 2.68) 1.60
A3 95.20 (2.08, 2.72) 1.08 94.44 (2.02, 3.54)1.09 94.84 (2.10, 3.06) 1.07 94.90 (2.18,2.92) 1.06
Ad 95.06 (2.34, 2.60) 1.17 94.02 (2.46,3.52)1.25 94.50 (2.48, 3.02) 1.18 94.56 (2.54,2.90) 1.15
A5 95.24 (2.40, 2.36) 1.26 94.32 (2.48, 3.20)1.32 94.78 (2.58, 2.64) 1.26 94.90 (2.58,2.52) 1.23
A6 95.14 (2.64, 2.22) 1.01 9452 (2.52, 2.96)1.01 94.82 (2.66, 2.52) 1.00 94.82 (2.84, 2.34) 1.00
A7 95.36 (2.46, 2.18) 1.02 94.80 (2.32,2.88)1.03 95.14 (2.44, 2.42) 1.02 95.22 (2.54,2.24) 1.01
A8 95.06 (2.54, 2.40) 1.11 94.20 (2.18, 3.62)1.12 94.60 (2.50,2.90) 1.10 94.72 (2.70,2.58) 1.09
A9 96.00 (2.08, 1.92) 1.09 94.82 (1.78, 3.40)1.10 95.22 (2.04, 2.74) 1.09 95.50 (2.28, 2.22) 1.08
A10 95.52 (2.50, 1.98) 0.97 94.68 (2.22, 3.10)0.97 95.08 (2.48, 2.44) 0.97 95.24 (2.58, 2.18) 0.96
All 95.78 (2.60, 1.62) 1.14 94.26 (1.94, 3.80)1.14 95.02 (2.50, 2.48) 1.12 95.20 (2.78,2.02) 1.12
Al2 95.16 (2.40, 2.44) 1.13 94.22 (2.64, 3.14)1.21 94.64 (2.58,2.78) 1.14 94.80 (2.64, 2.56) 1.11
¢ =08
Al 95.40 (2.22, 2.38) 2.32 93.96 (2.54, 3.50) 2.47 94.82 (2.42, 2.76) 2.34 94.86 (2.80, 2.34) 1.56
A2 95.48 (2.26, 2.26) 2.52 94.24 (2.02, 3.74) 2.79 94.80 (2.68, 2.52) 2.63 95.06 (2.36, 2.58) 1.59
A3 95.58 (2.22,2.20) 1.75 94.66 (2.34, 3.00) 1.80 95.18 (2.28, 2.54) 1.75 94.70 (2.88,2.42) 1.23
Ad 94.52 (2.32, 3.16) 1.80 93.48 (2.90, 3.62) 1.97 94.14 (2.54, 3.32) 1.83 95.70 (2.20, 2.10) 1.24
A5 95.02 (2.42, 2.56) 1.98 94.02 (2.70, 3.28) 2.14 94.52 (2.56, 2.92) 2.01 95.38 (2.38, 2.24) 1.35
A6 94.70 (2.46, 2.84) 1.60 94.04 (2.66, 3.30) 1.66 94.40 (2.56, 3.04) 1.61 94.76 (2.60, 2.64) 1.19
A7 95.22 (2.30, 2.48) 1.59 9450 (2.42, 3.08) 1.63 94.92 (2.46, 2.62) 1.59 94.76 (2.46,2.78) 1.17
A8 95.04 (2.46, 2.50) 1.67 94.44 (2.56,3.00) 1.72 94.74 (2.52,2.74) 1.67 94.88 (2.60, 2.52) 1.22
A9 94.70 (2.50, 2.80) 1.65 94.02 (2.52, 3.46) 1.71 94.40 (2.56, 3.04) 1.66 94.82 (2.78,2.40) 1.22
A10 95.46 (2.06, 2.48) 1.49 95.08 (2.08, 2.84) 1.53 95.26 (2.06, 2.68) 1.50 95.16 (2.62,2.22) 1.13
All 95.08 (2.52, 2.40) 1.67 94.18 (2.50,3.32) 1.71 94.68 (2.54,2.78) 1.67 94.84 (2.78,2.38) 1.23
Al2 95.22 (2.30,2.48) 1.78 94.48 (2.68, 2.84) 1.94 94.72 (2.64, 2.64) 1.80 94.46 (2.74,2.80) 1.21
p=12
Al 95.36 (2.40, 2.24) 3.65 93.94 (2.72, 3.34) 4.03 94.78 (2.62, 2.60) 3.71 94.46 (2.88, 2.66) 2.45
A2 95.12 (2.18, 2.70) 3.74 93.72 (2.18, 4.10) 4.22 94.60 (2.52, 2.88) 3.93 95.00 (2.50, 2.50) 2.38
A3 95.18 (2.52, 2.30) 2.69 94.42 (2.68,2.90) 2.84 94.74 (2.60, 2.66) 2.71 94.64 (2.52,2.84) 1.89
Ad 94.80 (2.30, 2.90) 2.72 94.18 (2.84, 2.98) 2.99 94.56 (2.50, 2.94) 2.77 95.02 (2.54, 2.44) 1.84
A5 95.40 (2.02, 2.58) 2.95 94.76 (2.40, 2.84) 3.21 95.10 (2.16, 2.74) 3.00 95.08 (2.44, 2.48) 2.04
A6 94.88 (2.58, 2.54) 2.59 94.28 (3.08, 2.64) 2.84 94.56 (2.78, 2.66) 2.64 94.92 (2.70, 2.38) 1.86
A7 94.66 (2.10, 3.24) 2.39 94.26 (2.36, 3.38) 2.51 94.42 (2.28, 3.30) 2.42 95.30 (2.58,2.12) 1.77
A8 94.78 (2.52, 2.70) 2.47 94.28 (2.72, 3.00) 2.60 94.44 (2.66, 2.90) 2.49 95.06 (2.66,2.28) 1.79
A9 95.54 (1.80, 2.66) 2.42 95.06 (2.08, 2.86) 2.54 95.38 (1.92, 2.70) 2.44 94.84 (2.62, 2.54) 1.80
A10 95.18 (1.86, 2.96) 2.25 94.62 (2.18, 3.20) 2.37 94.90 (2.00, 3.10) 2.28 95.16 (2.34, 2.50) 1.70
All 95.14 (2.50, 2.36) 2.43 94.56 (2.84, 2.60) 2.54 94.86 (2.68, 2.46) 2.44 94.88 (2.56, 2.56) 1.76
Al2 95.48 (2.24, 2.28) 2.70 94.32 (2.84, 2.84) 2.96 94.80 (2.54, 2.66) 2.74 94.84 (2.52, 2.64) 1.82

6.3. Empirical Study for Sample Size Determination

In this section, we investigate the performance of approximate sample size estimation
methods that can control the width of a confidence interval within a pre-specified width
at a given confidence level. For each setting of ¢, 71%), 71(%), ngi), néé), n%? and r values,
the approximate sample sizes Ny,1, Ny, Nj and N are obtained via the algorithm proposed
in Section 5. K = 5000 random samples are generated in the numerical algorithm. In order
to investigate the accuracy of the estimated sample sizes, ECP and ECW of various CIs are
calculated based on the estimated sample sizes. For given combinations of the parameters
and a confidence interval CI;, sample size N;, where i = w1, w2,1, sc is determined. Based
on the sample size, M = 5000 random samples for m are generated and confidence intervals
are computed. The empirical coverage probabilities and empirical coverage widths based
on the M = 5000 samples are obtained.
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We consider different settings in our simulation study to study the effects of various
factors. (i) To investigate the impact of ¢, we consider various values of ¢ ranging from 0.5
to 1.5 with step size 0.1, with 7t} = 05, 7\ = 0.25, 7lp) = 0.4, 1) = 0.35, half-width
w=03,and (a) r = 0.9, 72} = 0.1;(b) r = 0.9, 72 = 0.05; () r =1, 72 = 0.1;(d) r = 1,

(2)

13y = 0.05. The simulation results are available in Figure 4. (ii) To investigate the effect of
1, we considered various r values ranging from 0.1 to 1 with step sizes 0.1, with ﬂ(()é) =05,
all) =02, 7y = 04, 712 = 0.3, half-width w = 0.15, and (a) ¢ = 0.2, 7l = 0.15;
) ¢ =03, 1Y = 0.15; () ¢ = 0.2, 71 = 0.1; (d) ¢ = 0.3, 72} = 0.1. The simulation
results are available in Figure 5.
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Figure 4. Plot of sample sizes, ECPs(%) and ECWs of CIs against ¢ with 7'6(%) = 0.5, 7'68) = 0.25,
a2 = 04, 712 = 035, half-width w = 0.3, and (a) r = 0.9, 72 = 0.1; (b) r = 0.9, 72 = 0.05;
@©r=1,72 =01;@r=1 72 =005
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The simulation results indicate that (i) the required sample size increases with the
increase in ¢ and decreases with the increase in 7; (ii) based on the estimated sample sizes,
the ECPs of all Cls are very close to the pre-specified confidence level, and the half-interval
widths are also well controlled.
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Figure 5. Plot of sample sizes, ECPs(%) and ECWs of Cls against r with 7'[&)) = 0.5, Tl’ﬁ) = 0.2,
7 =04, 712 = 0.3, half-width w = 0.15, and (a) ¢ = 0.2, \2) = 0.15; (b) ¢ = 0.3, 7|2 = 0.15;
©¢ =027 =01;(d) ¢ =03, 72 = 0.1.

7. Real Example
7.1. Example of Two New Devices Delivering Salbutamol

To demonstrate the practicality and effectiveness of the proposed methods, we first
consider an example of the AB/BA crossover test conducted by 3M Riker to compare the
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applicability of two new inhalation devices (A and B) in patients using standard inhalation
devices to deliver salbutamol (Ezzet and Whitehead [13]). The response of the patient is
either ‘yes’ or ‘no’, and neglecting the missing results of very few patients; the frequency of
known reactions in patients is summarized in Table 7.

Table 7. Frequency of patient responses in a cross-over study of salbutamol inhalation devices A
and B.

AB Sequence

Period 2
1 0 Total
1 26 41 67
Period 1 0 15 57 72
Total 41 98 139
BA Sequence
Period 2
1 0 Total
1 38 16 54
Period 1 0 32 54 86
Total 70 70 140

1" represents ‘Yes’ response; ‘0" represents ‘No’ response.

Assume that there is no significant difference between the preferences for device B
and A, i.e.,, we are interested in the hypothesis testing: Hy : ¢ = 1 versus Hy : ¢ # 1.
Based on the observed data, the MLE of the interest parameter ¢ is ¢ = 0.1829, and MLEs
of iy, 7ly), 72 and 72 are given by #(}) = 0.1079, #{}) = 0.2950, 2 = 0.2286 and

7%%) = 0.1143 according to Euqgation (3). The CMLEs of 71(()1), 71%), 71(()? and ngé) are given

by 7)) = 01821, 7l = 0.2208, (> = 0.1549 and 73 = 0.1879 according to Equation (7).
The p-values of the asymptotic test procedures are based on Ty,1. Ty, T; and Ty, are less than
0.001. The corresponding 95% confidence intervals for Cl,,;, Cl,;», CI; and Cl are [0.0788,
0.4248], [0.0710, 0.4041], [0.0767, 0.4163] and [0.0792, 0.4222], respectively. Therefore, we
would reject the null hypothesis, i.e., there is a significant difference in patient preference
rates between devices A and B, this conclusion is consistent with Li et al. [18]. Let ¢ = 0.2,
7 = 04100, 7)) = 0.1871, 3} = 0.3857, 712 = 02714, 73} = 0.1143 and r = 1, we
consider the sample size determination, and the desired sample sizes based on Cl;;;, Clyy,
CI; and ClI,, for controlling the interval width within 2w = 0.3 are Ny,1 = 441, Ny, = 423,
N; = 429, N, = 438, respectively. The corresponding empirical coverage probabilities are
95.36%, 94.80%, 95.08%, and 95.10%, respectively.

7.2. Example of Relieving Heartburn

Koch etal. [33] investigated an AB/BA crossover trial for comparing the efficacy of
active drugs and placebo in relieving heartburn after two symptomatic meals (two meals
corresponding to two cycles) from two centers. At each center, 30 patients participated in
this trial, of which 15 were randomly assigned to the (A:P) sequence group (treated with
active medication for heartburn in the first meal and placebo in the second meal), and the
other 15 were assigned to the (P:A) sequence group (treated with placebo in the first meal
and active medication in the second meal). The allocation of sequence groups adopts a
double-blind method. The interval between each patient’s two periods (two meals) in the
crossover design is several days, which is considered long enough to rule out any residual
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effects of treatment. The frequency data on whether or not the patient experienced relief
within 15 min of the first dose of treatment in Center 2 are given in Table 8.

Table 8. Data on the first and second phase first dose response in a cross-design clinical trial for the
relief of heartburn in center 2.

Period II
Sequence Period I R NR Total

R 0 7 7

AP NR 1 7 8
Total 1 14 15

R 0 3 3
P:A NR 10 2 12
Total 10 5 15

R = Relief, NR = No Relief. A:P = active treatment for Period 1 and placebo for Period 2. P:A = placebo treatment
for Period 1 and active for Period 2.

Suppose that there is no significant difference in the efficacy of active drugs and
placebo, i.e., we consider the hypothesis testing Hy : ¢ = 1. With the data from Table 8,
we have (f) = 0.0430, the MLEs of ng), 71%) , né%) and 71%) are given by ﬁéi) = 0.0667,
A\t = 0.4667, 22 = 0.6667 and 7Y = 0.2000 according to Euqation (3), and the CMLEs
of 15, 7tl), 72 and 712 are given by 7Y = 0.2794, 7l}) = 0.2540, 72 = 0.4540 and
ﬁ%) = 0.4127 according to Equation (7). Since the sample size is very small, we consider
both the asymptotic and approximate unconditional test procedures for the hypothesis
testing Hy : ¢ = 1; the asymptotic test p-values based on test statistics Tyy1. Ty, T7 and Ty,
are 0.0127, 0.0015, 0.0047, 0.0063, and the corresponding approximate unconditional test
p-values are 0.0048, 0.0077, 0.0040, 0.0036, respectively.

Obviously, the p-values of test procedures based on test statistics Ty, T2, T; and Ty
are less than 0.05, so these p-values strongly support a significant difference in heartburn
relief between active treatment and placebo. Moreover, 95% ClIs, i.e., Cl;,1, Clyp, CI; and
ClI, are [0.0079, 0.5609], [0.0, 0.3747], [0.0054, 0.4597] and [0.0094, 0.5018], respectively. Let
¢ =01, 7\) = 04412, 7)) = 0.0294, 7} = 0.1471, 72 = 0.0294, 7 = 0.2059 and
r = 1, with the half interval width w = 0.05, the desired sample sizes are N;; = 605,
Ny2 = 587, N; = 596, Nsc = 602, respectively. The corresponding empirical coverage
probabilities are 95.12%, 94.60%, 94.74%, and 95.26%, respectively.

8. Conclusions and Discussion

The equivalence test of odds ratio (OR) in an AB/BA crossover study with binary
outcomes is considered in this article, two test procedures, including the asymptotical
and approximate unconditional test procedures based on four test statistics, i.e., two Wald
type test statistics, likelihood ratio test statistic and score test statistic are proposed to test
the equivalence hypothesis. Four confidence intervals for the OR and the corresponding
sample sizes, which can control the width of a confidence interval with a pre-specified
confidence level, are developed. Simulation results indicate that the asymptotical test
procedures based on four test statistics perform well when the sample size is not small, and
the approximate test procedures can produce close to the nominal level even if the sample
size is very small (e.g., 11 = np = 10 or n; = np = 15). Confidence intervals derived
from the score test statistic, likelihood ratio statistic, and Wald-type test statistics generally
perform satisfactorily in terms of coverage. Take into account that in small sample sizes,
the Wald CI based on Ty, performs poorly under certain parameter settings. In general,
sample size estimation methods can be recommended for practical applications in the sense
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B? —4AC = m3[(
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Ny — ”(()?) ‘P(”(()l) + ”go) + ”50) + ”10 )

that the empirical coverage probabilities are close to the pre-specified confidence level
under the estimated sample sizes.

Under the assumption that there is no carryover effect or stage effect in an AB/BA
crossover design, we considered the equivalence test, confidence interval and sample size
determination based on OR for the treatment effects of two treatments. Python 5.4.1 codes
that implement the proposed methodologies and calculations are available from the second
author by request. However, the carryover effect and/or period effect may exist in some
trials with binary outcomes. Therefore, statistical inference for the treatment effects in the
crossover trials with carryover effect and/or period effect will be considered in the future.
In this article, we provide some estimation methods for sample size determination which
can control the width of a confidence interval, but we do not take the cost into account for
the sample size estimation, it also may be the interest topic in the future research.
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Appendix A. Derivation of the CMLE frl(g) of 71'1(0) Given ¢

The CMLE 7%%) of 7'(%) is the root of the following quadratic equation
ARDY +BrY 4 c=o. (A1)

where A = (¢ — 1)(718%) + n%)), B= mz(n%) - ng)) - mg(n((ﬁ) + n%) +2n%)), C= 47(71%) +

ng(z)))m% with my = (”((n) + n%))/nl, my = (”(()1) + ng(z))) /ny. Therefore, we have

—4p(¢p — 1)(ngy) +ny)) (nig) +ny) yn3

2
nm>+¢<%1+#” 1@ + 13— 20 — nl) (1 + nf) +n) + nZ)g)

_mz{[(”m
—4(nl) + 0l + nD)g? + (i) + )y + 0}

= m3{¢*(nfy — %>+wwm+%wﬁuﬂb+m$

+n

(2)
10

)(n

&+ g+ (nly) —niiH?y

Obviously, B? — 4AC is aways not less than 0, which indicates that the quadratic equation
about 7t%), ie., A<7r§2))2 + Bn(é) + C = 0 must have roots. Moreover, it is easily seen
that 4AC = ¢(¢p — 1)(n) + n3) (') + n2ym2, so |B| > VBT—4AC if ¢ > 1, and
|B| < VB2 —4ACif ¢ < 1.

Casel: ¢ >1
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In this case, A > 0, B < 0and —B F v B? — 4AC > 0, the quadratic Equation (A1) has
two positive roots:

— /B2 —4AC )and (—B+ /B2 —4AC)/(2A

Dueto 0 < 7'[(()0), n((ﬁ), 7r§0), 7151) <1and 71(()0) + né?) + 7T§O) + ”51) =1, the CMLE 7r<2) of
7150) should be the smaller positive root, i.e., 71%) = (—B— VB> —4AC)/(2A).

Case2: ¢ <1

In this case, since A < 0, then (—B — v/B? — 4AC) <0and (—B+ vB%—4AC) > 0.
The quadratic Equation (A1) has a positive root (—B — VB2 —4AC)/(2A) and a negative
root (—B+ VB2 —4AC)/(2A))). Due to ”go) > 0, then the CMLE 7'(%0) of 7150) should be
A\ = (~B+ VB2 —4AC)/(24A).

To sum up, when A # 0, the CMLE 7%%) of ngé) is given by ﬁ%) = (-B—
VB2 —4AC)/(2A). When A = 0, Equation (A1) becomes Bngé) + C = 0, it has a sin-
gle root ﬁg) =—-C/B.

Appendix B. Derivation of the Asymptotical Distribution of the Test
Statistic Twl(TwZ)

Let () = (7'5((&), 7'(%))/ @ = (n(()?, nio)) the corresponding MLEs of 7r(1) and 7r(?)
are #(1) and #( , respectively. Under the regularity conditions 7'[(%), 7'[%), n((n), 7'58), 71(()0),
71%) , 71(()1), ng? > 0, the MLEs #(1) and #(? of the multinomial distribution parameter
vectors (1) and 7r(2) are asymptotically distributed as the normal distributions when

min{ny,ny} — oo, that is
J(aD — 70y 2 Ny 0,20), 2 = diag(n@) — 7D i =1,2.

Let ’3( = (log 71(()1), log n(l)) ﬁ(2> = (log 7'((()?, log 71%) )/. According to the delta method,
we have

(i)

) ) 01 _1

V(B = ) S N0,z z) = | T =12

1-m

Therefore, we have
5 @
3 — :8(1) ,B(l) d N %Zﬁ 02x2
B-B= < g2 |7\ g2 | Ni(04x1, %), X = O;Xz 1x@ |

' Be — ' Be 2 N(0,¢'sc)

Thus,

Since 25;') = diag(#)) — A0 (A")" is the consistent estimator of 25;') fori = 1,2,
and g(x) = log(x) is a continuously differentiable function, then the estimator of X, which
is obtained by replacing the parameters (i.e., né?, 7'[%), n(()i), 71%)) with their MLEs or their
constrained MLEs under Hy : ¢ = 1, is the consistent estimator of X. Therefore, under the

null hypothesis Hy : ¢'B = 0, we have

= (Bc)/ V'S5 LN N(0,1), Zy = ('Bc)/V c'%c LN N(0,1).
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When min{ny,n} — c0. Then T,; = Z? and Ty = Z3 are asymptotically distributed as
the x? distribution with one degree of freedom.

Appendix C. Derivation of Score Test Statistic
Differentiating (¢, 7'[00),7'(8),71(()0),nﬁ),n%)) respect to ¢, n(()g)), 7'58), 71(()(2)), ng?,

and 7T§0) yields

(1)

oy _ Ny (Mo ”( ))("(()1)"‘”50)) _ 7.[(2))
% ¢ 10 +¢(M2 107
e _ e ool | ol o)
o T e T
IS
oD 7l M;
S I
orD 7l M
o o bl o e gl )
o ety o) o T ety o)
Differentiating gg, alz aj:(()zo) ailé), ail((%)/ ailfl with respect to ¢, 7Too)fnﬁ)' n(()o),ng),
and 7'[%), respectively, and ylelds
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2
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Thus, the Fisher information matrix is given by

I I I I I I
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Under Hy : ¢ = 1, we have the Fisher information matrix
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and its inverse matrix is given by

o2 13 14 15 gl
21 22 (23 24 125 26
Bl 32 33 34 3% 36
A1 42 43 44 45 46
151 152 153 154 155 156
161 162 163 164 165 166

_ 2) (1) _(1) _(2) _(
I (¢, 77%0)/ ”(()o)r 7751)1 ”(()o)r ”51)) =

where
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