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Abstract

Indefinite integrals of products of exponential functions, power functions and generalized
hypergeometric functions of some types are considered. Necessary and sufficient conditions
are established for the algebraic independence of large sets of such functions (for various
parameters) and their derivatives, as well as their values. All the algebraic relations between
these functions are written out explicitly.

Keywords: generalized hypergeometric functions; algebraic independence; Siegel’s
method; E-functions
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1. Introduction
This work is devoted to the development and generalization of the results of references [1,2].
Let A be the set of all algebraic numbers, L{ω1, . . . , ωn} be the linear space over Q

generated by numbers ω1, . . . , ωn ∈ C, C[z±1] be the ring C[z, z−1], and C⟨v1, . . . , vn⟩ be
the differential field obtained by joining to C analytical functions v1, . . . , vn.

The Siegel–Shidlovsky method (see [3–5]) remains to this day one of the main tran-
scendental number theory methods. This method allows us to prove the transcendence
and algebraic independence of the values of the so-called E-functions (see [3–5]). The set
of E-functions is a ring, which is closed with respect to differentiation, integration and
substitutions of the argument z by αz for α ∈ A. To apply the method, it is necessary to
know the algebraic properties of the functions under consideration.

A well-known example of E-functions is the general hypergeometric E-functions

l φq (⃗ν; λ⃗; αzq−l), where

l φq (⃗ν; λ⃗; z) = l+1Fq

(
1, ν1, . . . , νl
λ1, . . . , λq

∣∣∣∣z) =
∞

∑
n=0

(ν1)n . . . (νl)n

(λ1)n . . . (λq)n
zn,

(ν)0 = 1, (ν)n = ν(ν+ 1) . . . (ν+ n− 1), 0 ⩽ l < q, ν⃗ = (ν1, . . . , νl) ∈ Ql , λ⃗ ∈ (Q \Z⩽0)
q,

α ∈ A.
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K. Siegel ([3], § 2) formulated the conjecture that every E-function that is the solution
of the linear differential equation with coefficients from C(z) coincides with a polynomial
P in z and a finite set of hypergeometric E-functions.

In reference [6], J. Fresan and P. Jossen proved that in the general case Siegel’s con-
jecture is incorrect (for a more detailed history of the issue, see, for example, [1,6–8]).
Consequently, there is a need for methods that allow one to establish algebraic indepen-
dence over C(z) of E-functions that are not expressed through hypergeometric E-functions
using arithmetic operations.

Reference [1] considered the following functions:

Vλ,α(z) = eαz
∫ z

0
e−αt φλ(t)dt = z +

(
α +

1
λ + 1

)
z2

2
+ . . . ,

where λ ∈ C \Z<0, α ∈ C, φλ(z) is a function introduced by A.B. Shidlovsky,

φλ(z) = 1F1

(
1

λ + 1

∣∣∣∣z) = 1 +
∞

∑
n=1

zn

(λ + 1) . . . (λ + n)
= λz−λez

∫ z
tλ−1e−tdt.

In the last equality, we use the notation of A.B. Shidlovsky (see [5], Ch. 5, § 2): if
f (z) = ∑∞

n=0 anzn is an analytic function, then

λz−λ
∫ z

tλ−1 f (t)dt = a0 + λ
∞

∑
n=1

an

λ + n
zn, λ ∈ C \Z<0.

“The Shidlovsky integral” λ
∫ z tλ−1 f (t)dt for λ = λ0 /∈ Z<0 can be found as integral

λ
∫ z

0 tλ−1 f (t)dt with parameter λ, Reλ > 0, if the parameter λ is replaced with λ0 in the
final result.

Reference [2] considered more general functions

Vλ,ν,α(z) = νz−νeαz
∫ z

tν−1e−αt φλ(t)dt = 1 +
(

α +
ν

λ + 1

)
z

ν + 1
+ . . . , (1)

where λ, ν ∈ C \Z<0, α ∈ C, satisfying the equations

y′′ +
(
−α − 1 +

λ + ν + 1
z

)
y′ +

(
α − ν + (λ + 1)α

z
+

λν

z2

)
y =

λν

z2 .

In this case, Vλ,α(z) = zVλ,1,α(z), Vλ,0,α(z) = eαz, and Vλ,ν,α(0) = 1. Some functions
Vλ,ν,α(z) may coincide with polynomials in exponential functions, power functions, and
functions φµ(γz) (see Lemma 2 of this paper). The following theorem is also valid.

Theorem 1 (see [2], Theorem 2). E-functions Vλ,ν,α(z) and V′
λ,ν,α(z) are algebraically dependent

over C(z) if and only if ν = 0, or α ∈ Q, λ ∈ Z, ν ∈ Z>λ, or α = 1, ν − λ ∈ Z \ {0}, or
α = 1, λ = 0, or α = 2, ν = 2λ, or α ̸= 1, ν − λ = k ∈ Z⩾2,

λ
k−1

∑
n=0

(1 − k)n αn+1

(2 − λ − k)n (α − 1)n = 0, (2)

or ν = 2λ − k, k ∈ Z⩾3, α = 2,

k−1

∑
n=0

(2λ − k)n

2n(λ − k)n+1
= 0, (3)



Axioms 2025, 14, 572 3 of 12

or ν = 2λ + k, k ∈ Z⩾3, α = 2,

k−1

∑
n=0

2n(1 − λ − k)n

(1 − 2λ − k)n+1
= 0. (4)

In this paper, we find necessary and sufficient conditions for algebraic independence
and dependence of functions Vλ,ν,α(ξz), V′

λ,ν,α(ξz) for various parameters together with
functions φµ(γz), and power and exponential functions. From this, we can draw conclu-
sions about the algebraic properties of the values of these functions. The main result is the
following theorem.

Theorem 2. Let λi, νi ∈ C \ Z<0, ξi ∈ C \ {0}, αi ∈ C, i = 1, . . . , m, µk ∈ C \ Z,
γk ∈ C \ {0}, k = 1, . . . , n, µk − µl /∈ Z for γk = γl , k ̸= l; the numbers β1, . . . , βp ∈ C, as
well as ζ1, . . . , ζq ∈ C, are linearly independent over Q, ζ1 ∈ Q, n, p ∈ Z⩾0, m, q ∈ N. Then,
2m + n + p + q functions

Vλ1,ν1,α1(ξ1z), V′
λ1,ν1,α1

(ξ1z), . . . , Vλm ,νm ,αm(ξmz), V′
λm ,νm ,αm

(ξmz),

φµ1(γ1z), . . . , φµn(γnz), eβ1z, . . . , eβpz, zζ1 , . . . , zζq (5)

are algebraically dependent over C if and only if at least one of the following conditions is met:

1. νi = 0, or λi ∈ Z, ξi ∈ L{β1, . . . , βp}, or λi ∈ Z, νi ∈ Z>λ, ξi ∈ L{αiξi, β1, . . . , βp},
or λi ∈ Z, νi − µj ∈ Z, νi − µk ∈ Z, αiξi = γj, (αi − 1)ξi = γk, or λi − µj ∈ Z,
ξi = γj for some 1 ⩽ i ⩽ m, j, k ∈ {1, . . . , n};

2. λi = 0, αi = 1, or λi − νi ∈ Z \ {0}, αi = 1, or λi ̸= νi, νi ∈ Z, αi = 1,
ξi ∈ L{β1, . . . , βp}, or λi ̸= νi, αi = 1, νi − µk ∈ Z, ξi = γk, for some 1 ⩽ i ⩽ m,
1 ⩽ k ⩽ n;

3. νi − λi = k ∈ N, αi ̸= 1 and either equality (2) is true for λ = λi, k ⩾ 2, or λi − µj ∈ Z,
αiξi = γj for some 1 ⩽ i ⩽ m, 1 ⩽ j ⩽ n;

4. λi − λl ∈ Z, ξi = ξl , or λi, λl ∈ Z, ξl ∈ L{ξi, β1, . . . , βp} for some 1 ⩽ i < l ⩽ m;
5. λi ̸= νi, λl ̸= νl , αi = αl = 1 and either νi, νl ∈ Z⩾0, ξl ∈ L{ξi, β1, . . . , βp}, or

νi − νl ∈ Z, ξi = ξl for some 1 ⩽ i < l ⩽ m;
6. λi + λl = νi = νl , ξi + ξl = ξiαi = ξlαl for some i, l ∈ {1, . . . , m};
7. λi + λl − νi = r ∈ Z \ {0}, νl − νi = s ∈ Z⩾0, ξi + ξl = ξiαi = ξlαl and either νi ∈ Z,

ξi + ξl ∈ L{β1, . . . , βp}, or νi − µk ∈ Z, ξi + ξl = γk, 1 ⩽ k ⩽ n, or for r > 0

αiλiλl

r

∑
k=1

(1 − λi)r−k (1 − λl)k−1

(αi − 1)k −

−λiλl

ω−1

∑
k=0

(νi)k (1 − λi)r−k−1

αk
l (1 − αl)−k

+ (−1)rλl

s−1

∑
k=ω

(νi)k (αl − 1)k

(λi + 1)k−r αk
l
= 0, (6)

ω = min(r, s), and for r < 0

αi

−r−1

∑
k=0

(r − λi + 1)k

(λl + 1)k (1 − αi)−k + λl

s−1

∑
k=0

(νi)k (αl − 1)k

(λi − r)k+1 αk
l
= 0, (7)

for some i, l ∈ {1, . . . , m}.

Empty sums are set to zero everywhere.
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It is easy to see that, under condition 7, αi ̸= 1, αl ̸= 1, (1 − αl)
−1 = 1 − αi; hence,

for s = 0, it follows that it is symmetric with respect to indices i and l. Note that conditions
6 and 7 can be combined. Note also that the constraints on the parameters λ for specific
values of k, following from equalities (3) and (4), can be obtained with a smaller amount of
computations from, respectively, (6) and (7), setting s = 0, i = l.

2. Auxiliary Statements
The function φλ(z) is a solution of the following equation:

y′ =
(

1 − λ

z

)
y +

λ

z
(8)

(see [5], Ch. 5, § 2). The following identities hold:

φ0(z) = ez, (9)

φλ(z) =
zl

(λ + 1) . . . (λ + l)
φλ+l(z) + 1 +

l−1

∑
n=1

zn

(λ + 1) . . . (λ + n)
, (10)

where l ∈ N, and
V′

λ,ν,α(z) =
(

α − ν

z

)
Vλ,ν,α(z) +

ν

z
φλ(z). (11)

Without reducing generality, we set ζ1 = 1/b, b ∈ N.

Lemma 1 (see [5], Ch. 5, § 3; [9], Lemma 4; [10], Lemma 7). Under the conditions of Theorem 2,
functions (5) are algebraically independent over C.

Taking into account identities (9) and (10), the conditions of Lemma 1 are necessary
and sufficient.

Lemma 2 (see [2], Theorem 1). Let λ, ν ∈ C \Z<0, α ∈ C, k ∈ N. Then,

Vλ,0,α(z) = eαz; (12)

V0,ν,α(z) = ez φν((α − 1)z); (13)

Vk,ν,α(z) =
k!(1 − α)k

(1 − ν)k
ez φν((α − 1)z) + ck φν(αz) + Pk φk(z) + P̃k, (14)

ν /∈ {1, . . . , k}, ck ∈ Q(ν, α), Pk, P̃k ∈ Q(ν, α)[z], Pk ̸≡ 0;

Vλ,ν,1(z) =
ν

ν − λ
φλ(z)−

λ

ν − λ
φν(z), ν ̸= λ; (15)

Vλ,λ+1,α(z) =
1

1 − α
(φλ+1(z)− αφλ+1(αz)), α ̸= 1;

Vλ,λ+k,α(z) = ck φλ+k(αz) +
1
z

Pk φλ(z) +
1
z

P̃k, α ̸= 1, (16)

ck ∈ Q(λ, α), Pk, P̃k ∈ Q(λ, α)[z−1], Pk ̸≡ 0;

Vλ, 2λ, 2(z) = φ2
λ(z); (17)

Vλ,2λ−k,2(z) =
(k − 2λ)(−z)k

2(−λ)k+1
φ2

λ(z) + Pk φλ(z) + P̂k φ2λ−k(2z) + P̃k, (18)
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λ /∈ {0, 1, . . . , k}, Pk, P̃k ∈ Q(λ)[z], Pk ̸≡ 0, P̂k ∈ Q(λ);

Vλ,2λ+k,2(z) =
(λ + 1)k−1(2λ + k)

2zk φ2
λ(z) +

1
z

Pk φλ(z) + P̂k φ2λ+k(2z) +
1
z

P̃k, (19)

λ ̸= 0, Pk, P̃k ∈ Q(λ)[z−1], Pk ̸≡ 0, P̂k ∈ Q(λ).

Lemma 3. Let λ, ν ∈ C \Z<0, α ∈ C, k ∈ Z⩾0. Then,

Vλ+k,ν,α(z) =
(λ + 1)k(1 − α)k

(λ − ν + 1)k
Vλ,ν,α(z) + ν

k−1

∑
n=0

(−λ − k)n (1 − α)n

(ν − λ − k)n+1
φλ+k−n(z)+

+ α

(
k−1

∑
n=0

(−λ − k)n+1 (1 − α)n

(ν − λ − k)n+1

)
φν(αz), (20)

if ν /∈ {λ + 1, . . . , λ + k};

Vλ,ν,α(z) =
(λ − ν + 1)k

(λ + 1)k(1 − α)k Vλ+k,ν,α(z) + ν
k

∑
n=1

(λ − ν + 1)n−1

(λ + 1)n (1 − α)n φλ+n(z)−

− α

(
k−1

∑
n=0

(λ − ν + 1)n

(λ + 1)n (1 − α)n+1

)
φν(αz), (21)

if α ̸= 1;

Vλ,ν−k,α(z) =
(ν − k)(1 − α)k zk

(λ − ν + 1)k ν
Vλ,ν,α(z) + (ν − k)

k−1

∑
n=0

(−λ)n (1 − α)n

(ν − λ − k)n+1
φλ−n(z)−

− λ

(
k−1

∑
n=0

(ν − k)n (α − 1)n

(ν − λ − k)n+1 αn

)
φν−k(αz) + R, R ∈ Q(λ, α)[z], (22)

if ν /∈ {0, λ + 1, . . . , λ + k}.

Proof of Lemma 3. Identities (20) and (22) are, respectively, identities (25) and (26) from
the article ref-Gorelov2. Identity (21) is obtained similarly from ([2] equality (20)) by
induction on k.

Lemma 4. Let λ1, λ2, ν ∈ C \ Z<0, λ1 + λ2 = ν, α1, α2 ∈ C, ξ1, ξ2 ∈ C \ {0}, ξ1 + ξ2 =

= ξ1α1 = ξ2α2. Then,

λ2Vλ1,ν,α1(ξ1z) + λ1Vλ2,ν,α2(ξ2z) = νφλ1(ξ1z)φλ2(ξ2z). (23)

Proof of Lemma 4. If we divide both sides of equality (23) by e(ξ1+ξ2)z = eξ1α1z = eξ2α2z

and z−ν, differentiate with respect to z and divide by zν−1e−(ξ1+ξ2)z, then, taking into
account (1) and (8), we get the correct identity λ2 φλ1(ξ1z) + λ1 φλ2(ξ2z) = λ1 φλ2(ξ2z)+
+λ2 φλ1(ξ1z). Having performed these operations in reverse order, in view of Vλ,ν,α(0) = 1,
we arrive at (23).

Identity (23) with λ1 = λ2 = ν/2, ξ1 = ξ2 = 1, α1 = α2 = 2 goes over to (17).
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Lemma 5. Let λ1, λ2, ν ∈ C \Z<0, λ1 + λ2 − ν = r ∈ Z \ {0}, α1, α2 ∈ C, ξ1, ξ2 ∈ C \ {0},
ξ1 + ξ2 = ξ1α1 = ξ2α2 (it follows from this that αi ̸= 1). Then, if r > 0, then

(−λ2)r+1

(α1 − 1)r Vλ1,ν,α1(ξ1z) + (−λ1)r+1Vλ2,ν,α2(ξ2z) =

= −ν(−ξ1z)r φλ1(ξ1z)φλ2(ξ2z) + νλ2

(
r

∑
n=1

(1 − λ2)n−1(−ξ1z)r−n

(α1 − 1)n

)
φλ1(ξ1z)+

+ νλ1

(
r

∑
n=1

(1 − λ1)r−n(−ξ1z)n−1

)
φλ2(ξ2z)−

− νλ1λ2

r

∑
n=1

(1 − λ2)n−1

(α1 − 1)n

r−n

∑
m=1

(1 − λ1)r−n−m(−ξ1z)m−1−

− α1λ1λ2

(
r

∑
n=1

(1 − λ1)r−n(1 − λ2)n−1

(α1 − 1)n

)
φν((ξ1 + ξ2)z). (24)

If r < 0, then

(α1 − 1)−r

(λ2 + 1)−r−1
Vλ1,ν,α1(ξ1z) +

1
(λ1 + 1)−r−1

Vλ2,ν,α2(ξ2z) = ν(ξ1z)r φλ1(ξ1z)φλ2(ξ2z)−

− ν

(
−r−1

∑
n=0

(α1 − 1)n(ξ1z)r+n

(λ2 + 1)n

)
φλ1(ξ1z)− ν

(
−r−1

∑
n=0

(ξ1z)r+n

(λ1 + 1)n

)
φλ2(ξ2z)+

+ ν
−r−1

∑
n=0

(α1 − 1)n

(λ2 + 1)n

−r−n−1

∑
m=0

(ξ1z)r+n+m

(λ1 + 1)m
+

+ α1

(
−r−1

∑
n=0

(α1 − 1)n

(λ1 + 1)−r−n−1(λ2 + 1)n

)
φν((ξ1 + ξ2)z). (25)

Proof of Lemma 5. Let λ0 = ν − λ2 = λ1 − r. If λ0 ̸∈ Z<0, then according to (23)

λ2Vλ0,ν,α1(ξ1z) + λ0Vλ2,ν,α2(ξ2z) = νφλ0(ξ1z)φλ2(ξ2z). (26)

Let λ1 + λ2 − ν = r > 0. Then, λ1 − λ0 = r ∈ N and from identity (21) follows

Vλ0,ν,α1(ξ1z) =
(1 − λ2)r

(λ1 − r + 1)r(1 − α1)r Vλ1,ν,α1(ξ1z)+

+ ν
r

∑
n=1

(1 − λ2)n−1

(λ1 − r + 1)n(1 − α1)n φλ1−r+n(ξ1z)−

− α1

(
r

∑
n=1

(1 − λ2)n−1

(λ1 − r + 1)n−1(1 − α1)n

)
φν(ξ1α1z).

Substituting this expression into (26), multiplying the resulting equality by
(−1)r(λ1 − r + 1)r = (−λ1)r and using (10), after simple transformations, we obtain
(24). Identity (24) is also valid in the case of λ1 − r ∈ Z<0, since for fixed r, ξ1, ξ2 all terms
included in it are continuous in λ1 and λ2.

Let λ1 + λ2 − ν = r < 0. Then, λ0 − λ1 = −r ∈ N, ν − λ1 + r = λ2 and according
to (20)
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Vλ0,ν,α1(ξ1z) =
(λ1 + 1)−r(1 − α1)

−r

(−1)−r(λ2)−r
Vλ1,ν,α1(ξ1z)+

+ ν
−r−1

∑
n=0

(r − λ1)n(1 − α1)
n

(λ2)n+1
φλ1−r−n(ξ1z)+

+ α1

(
−r−1

∑
n=0

(r − λ1)n+1(1 − α1)
n

(λ2)n+1

)
φν(ξ1α1z).

Substituting this expression into (26), dividing the resulting equality by (λ1 + 1)−r and
using (10), we obtain (25). Lemma 5 is proved.

Identities (24) and (25) generalize, respectively, (18) and (19).
If functions (5) are algebraically independent over C, then it is convenient to carry out

algebraic operations with them formally, as with the variables

u1, . . . , un, x1, . . . , xp, z1, . . . , zq (27)

corresponding to them. In addition, the operation of differentiation of rational functions
depending, respectively, on

eβ1z, . . . , eβpz, zζ1 , . . . , zζq (28)

and (5), with respect to z, corresponds to the operators

D =
p

∑
j=1

β jxj
∂

∂xj
+

q

∑
j=1

ζ j
zj

zb
1

∂

∂zj
,

D1 = D +
n

∑
i=1

((
γi −

µi

zb
1

)
ui +

µi

zb
1

)
∂

∂ui
.

Let P be a polynomial in variables (27). Then, zb
1D1P is also a polynomial in variables (27).

Lemma 6 (see [10], Lemma 5). Let function (28) be algebraically independent over C, and P ̸≡ 0
be a polynomial in p + q variables x1, . . . , xp, z1, . . . , zq with coefficients from C. Then, the
polynomial zb

1DP is divisible by P if and only if

P = σxk1
1 . . . x

kp
p zb1

1 . . . z
bq
q , σ ∈ C \ {0}, ki, bi ∈ Z⩾0. (29)

Lemma 7. Let function (5) be algebraically independent over C, and let P ̸≡ 0 be a polynomial in
n + p + q variables (27) with coefficients from C. Then, the polynomial zt1

1 . . . z
tq
q xs1

1 . . . x
sp
p D1P,

where ti, si ∈ Z⩾0, t1 ⩾ b, is divisible by P if and only if P has the form (29).

Proof of Lemma 7. Let the polynomial P contain at least one variable ui, 1 ⩽ i ⩽ n, i.e.,

P = Psus
i + · · ·+ P1ui + P0, Ps ̸≡ 0, s ⩾ 1,

where Ps, . . . , P0 are polynomials in all variables (27) except ui. Then,

D1P =
(

D1Ps + s
(

γi −
µi
z

)
Ps

)
us

i + . . .

can be treated as a polynomial in ui with coefficients from the field of rational functions
over C in all variables (27) except ui. Because the degrees in ui of the polynomials D1P and
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P are equal, their quotient is equal to the quotient of dividing the coefficients of us
i and

does not depend on ui. Therefore,

D1P
P

=
D1Ps

Ps
+ s
(

γi −
µi
z

)
,

whence P = σPsesγizz−sµi , σ ∈ C \ {0}. Hence, P does not contain the variables

u1, . . . , un (30)

(both in the case of γi ∈ L{β1, . . . , βp}, µi ∈ L{ζ1, . . . , ζq}, and otherwise) and in view of
Lemma 6 has the form (29).

Lemma 8 (see [11,12]). Let F be a differential field of meromorphic functions containing the field
C, and ψ1, . . . , ψm be functions whose derivatives belong to F. Then, ψ1, . . . , ψm are algebraically
dependent over F if and only if α1ψ1 + · · ·+ αmψm ∈ F for some α1, . . . , αm ∈ C, |α1|+ · · ·+
|αm| ̸= 0.

3. Proof of Theorem 2
The sufficiency of condition 1 of Theorem 2 follows from identities (9)–(14), con-

dition 2—from (9)–(11), (13), (15), condition 3—from (10), (11), (16), condition 4—from
(9)–(11), condition 5—from (9)–(11), (15), and conditions 6 and 7—from Lemmas 4 and 5
and identities (10), (11), (22).

To prove the necessity of the conditions of the theorem in view of (1) and (11), it
suffices to find out when m integrals

∫ ξiz

0
tνi−1e−αit φλi (t)dt, i = 1, . . . , m (31)

are algebraically independent over the field F = C
〈

φµ1(γ1z), . . . , φµn(γnz), eβ1z, . . . , eβpz,

zζ1 , . . . , zζq
〉

, where, changing (if necessary) the numbers µk, γk, βk, ζk, p, q, n and the
numbering of the functions, we now set λi /∈ Z for i ⩽ κ, λi ∈ Z for i > κ, κ ⩽ m,
µi = λi, γi = ξi, i = 1, . . . ,κ, −ξiαi = ∑k ci,kβk, ξi = ∑k c̃i,kβk, νi − 1 = ∑k bi,kζk,
µj = ∑k b̃j,kζk, ci,k, c̃i,k, bi,k, b̃j,k ∈ Z.

If we assume that the integrals (31) are algebraically dependent over F, then according
to Lemma 8

m

∑
i=1

ai

∫ ξiz

0
tνi−1e−αit φλi (t)dt =

P
Q

, (32)

where ai ∈ C, ∑i |ai| ̸= 0, P, Q are polynomials over C in functions (5). Differentiating
equality (32), we obtain

m

∑
i=1

aiξ
νi
i zνi−1e−ξiαiz φλi (ξiz) = (P/Q)′.

Replacing functions (5) in this equality with variables (27), we have

a1ξν1
1 zb1,1

1 . . . z
b1,q
q xc1,1

1 . . . x
c1,p
p u1 + · · ·+ aκξνκ

κ zbκ,1
1 . . . z

bκ,q
q xcκ,1

1 . . . x
cκ,p
p uκ+

+ R =
QD1P − PD1Q

Q2 , R ∈ C[x1, . . . , xp, z1, . . . , zq]. (33)
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Set (P, Q) = 1. Then, from (33) it follows that the polynomial zt1
1 . . . z

tq
q xs1

1 . . . x
sp
p D1Q for

some ti, si ∈ Z⩾0, t1 ⩾ b is divisible by Q. Hence, according to Lemmas 7 and 1, Q has the
form (29) and does not contain the variables (30).

Let us ask ourselves whether the polynomial P is a linear function of the variables (30).
Suppose that

P/Q = Psus
k + Ps−1us−1

k + · · ·+ P0, Ps ̸≡ 0, s ⩾ 2, 1 ⩽ k ⩽ n,

where Ps, Ps−1, . . . , P0 are polynomials in the variables

x±1
1 , . . . , x±1

p , z±1
1 , . . . , z±1

q (34)

and (30), except for uk. Because

D1(P/Q) =
(

D1Ps + s
(

γk −
µk
z

)
Ps

)
us

k + . . . ,

Then, from (33)

D1Ps + s
(

γk −
µk
z

)
Ps = 0, Ps = c1zsµk e−sγkz, c1 ∈ C \ {0},

D1Ps−1 + (s − 1)
(

γk −
µk
z

)
Ps−1 + c1sµkzsµk−1e−sγkz = δaiξ

νi
i zνi−1e−ξiαiz, (35)

where 1 ⩽ i ⩽ κ, and δ ̸= 0 only in the case of i = k ⩽ κ, s = 2, γk = ξk, µk = λk.
Substituting functions (5) instead of variables (27) into (35), we get a differential equation,
the general solution of which has the following form:

Ps−1 = cz(s−1)µk e−(s−1)γkz − c1sµkz(s−1)µk e−(s−1)γkz
∫

zµk−1e−γkzdz+

+ δakξ
νk
k zλk e−γkz

∫
zνk−λk−1eγk(1−αk)zdz, c ∈ C.

Because c1sµk ̸= 0, the obtained equality contradicts Lemma 1 (as well as Lemma 7
from [10]), with the exception of the case µk ∈ N, which is impossible, and the case s = 2,
γk = ξk, αk = 2, 2λk − νk ∈ Z, specified in conditions 6 and 7 of Theorem 2.

Therefore, we can limit ourselves to the case when the degree of the polynomial P in
(32) with respect to each of the variables (30) is less than or equal to 1.

Let us assume that, with respect to the set of variables (30), the polynomial P has
degree s ⩾ 2. Without reducing generality, we can assume that P/Q includes a monomial

A1 = P1u1 . . . us, P1 ̸≡ 0,

where P1 is a polynomial in variables (34). Then,

D1 A1 =
(

DP1 +
(

γ1 −
µ1

z
+ · · ·+ γs −

µs

z

)
P1

)
u1 . . . us + . . . ,

DP1 +
(

γ1 −
µ1

z
+ · · ·+ γs −

µs

z

)
P1 = 0,

P1 = c1zµ1+···+µs e−(γ1+···+γs)z, c1 ∈ C \ {0}.

If P/Q includes other monomials of degree s, for example,

As+1 = Ps+1u2 . . . usus+1, . . . , An = Pnu2 . . . usun,
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then, similarly,

Ps+1 = cs+1zµ2+···+µs+µs+1 e−(γ2+···+γs+γs+1)z, . . . , Pn = cnzµ2+···+µs+µn e−(γ2+···+γs+γn)z,

where cs+1, . . . , cn ∈ C. Consider also the monomial

A0 = P0u2 . . . us.

By equating the coefficients of u2 . . . us in (33), in the case s > 2 we obtain

DP0 +
(

γ2 −
µ2

z
+ · · ·+ γs −

µs

z

)
P0+

+ c1µ1zµ1+···+µs−1e−(γ1+···+γs)z + cs+1µs+1zµ2+···+µs+µs+1−1e−(γ2+···+γs+γs+1)z+

+ · · ·+ cnµnzµ2+···+µs+µn−1e−(γ2+···+γs+γn)z = 0. (36)

Equation (36) has the general solution

P0 = czµ2+···+µs e−(γ2+···+γs)z − c1µ1zµ2+···+µs e−(γ2+···+γs)z
∫

zµ1−1e−γ1zdz−

− cs+1µs+1zµ2+···+µs e−(γ2+···+γs)z
∫

zµs+1−1e−γs+1zdz−

− · · · − cnµnzµ2+···+µs e−(γ2+···+γs)z
∫

zµn−1e−γnzdz, c ∈ C.

Since c1µ1 ̸= 0, this equality contradicts Lemma 1 (as well as Lemma 7 from [10]), except
for the case µ1 ∈ N and the case µ1 − µi ∈ Z, γ1 = γi, which are impossible. If s = 2, then
equating the coefficients of u2 in (33), instead of (36), we get

DP0 +
(

γ2 −
µ2

z

)
P0 + c1µ1zµ1+µ2−1e−(γ1+γ2)z+

+ c3µ3zµ2+µ3−1e−(γ2+γ3)z + · · ·+ cnµnzµ2+µn−1e−(γ2+γn)z =

= δaiξ
νi
i zνi−1e−ξiαiz, 1 ⩽ i ⩽ m, (37)

and δ ̸= 0 only in the case γ2 = ξi, µ2 = λi. Equation (37) has the general solution

P0 = czµ2 e−γ2z − c1µ1zµ2 e−γ2z
∫

zµ1−1e−γ1zdz−

− c3µ3zµ2 e−γ2z
∫

zµ3−1e−γ3zdz − · · · − cnµnzµ2 e−γ2z
∫

zµn−1e−γnzdz+

+ δaiξ
νi
i zµ2 e−γ2z

∫
zνi−µ2−1e(γ2−ξiαi)zdz, c ∈ C,

where c1µ1 ̸= 0, which is impossible due to Lemma 1 except for the already considered
cases µ1 ∈ N and µj − µk ∈ Z, γj = γk, as well as the case γ2 = ξi, µ2 = λi, −γ1 =

ξi(1 − αi), µ1 + µ2 − νi ∈ Z. By swapping u1 and u2, we obtain in the last case γ1 = ξl ,
µ1 = λl , −γ2 = ξl(1 − αl), µ1 + µ2 − νl ∈ Z. Hence λi + λl − νi ∈ Z, νi − νl ∈ Z,
ξi + ξl = ξiαi = ξlαl , which corresponds to conditions 6 and 7 of Theorem 2.

Therefore, if conditions 6 and 7 of Theorem 2 are not satisfied, then the polynomial P
has degree 1 with respect to the set of the variables (30), and

P/Q = B1u1 + · · ·+ Bnun + B,
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where B1, . . . , Bn, B are polynomials in the variables (34). Hence, the right side of equality
(33) has the following form:(

B′
1 +

(
γ1 −

µ1

z

)
B1

)
u1 + · · ·+

(
B′

n +
(

γn −
µn

z

)
Bn

)
un +

µ1

z
B1 + · · ·+ µn

z
Bn + B′.

If λi /∈ Z for some 1 ⩽ i ⩽ m and condition 4 of Theorem 2 are not satisfied, then Bi ̸≡ 0,
µi = λi, γi = ξi. Then,

B′
i +
(

γi −
µi
z

)
Bi = aiξ

νi
i zνi−1e−ξiαiz.

This equation has a solution

Bi = czλi e−ξiz + a1ξizλi e−ξiz
∫

zνi−λi−1eξi(1−αi)zdz, c ∈ C,

which is impossible due to Lemma 1, except for the cases νi − λi ∈ N and αi = 1. Theorem 2
is proved.

4. Conclusions
1. Theorem 2 has a functional–theoreticformulation, but from it, using A.B. Shidlovsky’s

theorem [5], one can easily derive conditions that are necessary and sufficient for the
algebraic independence of the values of the functions under consideration at alge-
braic points. This yields new examples of transcendental numbers and algebraically
independent sets of numbers.

2. Due to the cumbersomeness of Formulas (13)–(19) and (23)–(25), it was appropriate
to check them with a computer for typos. For this purpose, the Wolfram Mathematica
computer algebra system was used, which allows one, in particular, to perform
arithmetic operations with rational numbers absolutely accurately. In recent decades,
this system (as well as MathCAD, Maple, and others) has been widely used both in
theoretical and purely applied research (see, for example, refs. [13–15]). To check any
equality for typos, it is enough to select the parameters of all the functions included
in it as rational, and then compare the coefficients of the Taylor expansions of the left
and right sides of this equality in powers of z up to N, where N is a sufficiently large
natural number.
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