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Abstract

Indefinite integrals of products of exponential functions, power functions and generalized
hypergeometric functions of some types are considered. Necessary and sufficient conditions
are established for the algebraic independence of large sets of such functions (for various
parameters) and their derivatives, as well as their values. All the algebraic relations between
these functions are written out explicitly.

Keywords: generalized hypergeometric functions; algebraic independence; Siegel’s
method; E-functions

MSC: 11J91

1. Introduction

This work is devoted to the development and generalization of the results of references [1,2].

Let A be the set of all algebraic numbers, L{wy,...,wy} be the linear space over Q
generated by numbers wy, ..., w, € C, C[z*!] be the ring C[z,z71], and C(vy,...,0v,) be
the differential field obtained by joining to C analytical functions v, ..., v,.

The Siegel-Shidlovsky method (see [3-5]) remains to this day one of the main tran-
scendental number theory methods. This method allows us to prove the transcendence
and algebraic independence of the values of the so-called E-functions (see [3-5]). The set
of E-functions is a ring, which is closed with respect to differentiation, integration and
substitutions of the argument z by az for « € A. To apply the method, it is necessary to
know the algebraic properties of the functions under consideration.

A well-known example of E-functions is the general hypergeometric E-functions
194(V; A; wz97!), where

— 1,1/1,...,1/1
194(V; A 2) :l+1Fq( My

Wo=1 Wp=v(v+1)...(vH4n—-1),0<I<q, 7= (1n,...,1) €Q, A € (Q\Zp)",
a € A.
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K. Siegel ([3], § 2) formulated the conjecture that every E-function that is the solution
of the linear differential equation with coefficients from C(z) coincides with a polynomial
P in z and a finite set of hypergeometric E-functions.

In reference [6], J. Fresan and P. Jossen proved that in the general case Siegel’s con-
jecture is incorrect (for a more detailed history of the issue, see, for example, [1,6-8]).
Consequently, there is a need for methods that allow one to establish algebraic indepen-
dence over C(z) of E-functions that are not expressed through hypergeometric E-functions
using arithmetic operations.

Reference [1] considered the following functions:

%4 z —ut 1 22
= t= — =+
Via(z) =e /0 e Mo ()dt=z+ (a+ 1112 +...,

where A € C\ Zg, « € C, ¢,(z) is a function introduced by A.B. Shidlovsky,

_ 1 _ c- z" oAz [Fam
¢A(Z)_1F1(A+1Z>_1+7;(A+1)...(/\+n)_)\Z e/t e 'dt.

In the last equality, we use the notation of A.B. Shidlovsky (see [5], Ch. 5, § 2): if
f(z) = Yo anz" is an analytic function, then

z =)
A [T A1 _ an__n
Az / ALE () de —a0+Ar;A+nz ., AeC\Zw.
“The Shidlovsky integral” A [*#'~1f(t)dt for A = Ay ¢ Z.o can be found as integral
A foz tA=1£(t)dt with parameter A, ReA > 0, if the parameter A is replaced with A in the
final result.
Reference [2] considered more general functions

Z
—v _az v—1 _—at v z
= = —_— ] +... 1
Vava(z) = vzl _/t e “oa(t)dt 1+(“+A+1>u+1+ , )

where A, v € C\ Z.y, a € C, satisfying the equations

A+v+1 v+ A+1)a  Av Av
" o ATV LA S vmATha AV _ W
y+< x—1-+ Z >y+<zx . +22>y o

In this case, V) 4(z) = zVi14(2), Vapa(z) = €*%, and V,,,(0) = 1. Some functions
Vv« (2) may coincide with polynomials in exponential functions, power functions, and
functions ¢, (yz) (see Lemma 2 of this paper). The following theorem is also valid.

Theorem 1 (see [2], Theorem 2). E-functions V), ,(z) and V)’W . (2) are algebraically dependent
over C(z) ifand only ifv = 0,0ra € Q, A € Z, v € Zop,ora =1, v—A € Z\ {0}, or
a=1,A=00ra=2, v=2A0ra#1, v—A=k &€ Zs,

k=1 (1—k), a"*!
AP ey s e TR @
orv=2A—k, k€Zs3, a=2,
k—zl A=K _ 3
oA =Ky
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orv=2A+k k€ Zz3, a=2,

k=1 An/1 _ x _
2'(1-A—Ku _, ”

In this paper, we find necessary and sufficient conditions for algebraic independence
and dependence of functions V) ,,4(¢z), Vy , ,(¢z) for various parameters together with
functions ¢, (z), and power and exponential functions. From this, we can draw conclu-
sions about the algebraic properties of the values of these functions. The main result is the
following theorem.

Theorem 2. Let A;,v; € C\Z<0, ¢i € C\{O}, o €C, i=1,...,m u € C\Z,
e € C\{0}, k=1,...,n, ux —w € Z for vk = 1, k # I; the numbers Bq,...,Bp € C, as
well as {1, ..., {4 € C, are linearly independent over Q, {1 € Q, n,p € Zxo, m,q € N. Then,
2m+n+p+q functions

V/\l,vl,lxl (612), V)lxl,vl,al ((:12), cey V)\m,vm,txm (‘:mz)/ V),\m,vm,am ((:;’mz),

P (112), s Py (Y02), ez, ePrE, 28 Z (5)
are algebraically dependent over C if and only if at least one of the following conditions is met:

1. vi=00r A\;€Z, G el{B,....Bpt or Ai €L, vi € Loy, & € L{a;Gi, B1,...,Bp},
or i €7, vi—pi €7, vi—pu €%, wigi =7, (-1 =y, 0r Aj—pj €Z,
§i = forsome 1<i<m, jke{l,...,n};

2. A =0 a=10r Aj—v; € Z\{0}, a =1, 0r N\ #v;, v; €EZ, wa; =1,
G e L{B1,....BpLor Aj #vi, aj =1, vi—ux € Z, & = Yy, forsome 1 <i<m,
1<k<n

3. vi—A; =k € N, a; # 1and either equality (2) is true for A = A;, k > 2, or Ai— 4 €Z,
le-(ji:'y]-forsome 1<i<m, 1<j<m

4. Ai—=MN €L, =78 0r A, A €Z,8 € L{C;, B1,...,Bp} forsome 1 <i<I<m;

5. A #F v, N #Fv, a; = = 1and either vj,v; € Zxo, & € L{C;, B1,...,Bp}, or
Vi—v €Z, ¢ =G forsomel <i<I<m

6. A+A=vi=v, &+ = =y forsome il € {1,...,m};

7. At A —vi=reZ\{0}, vy—v; =5 € Zso, &+ & = &in; = &y and either v; € Z,
Gi+&el{By....Bptor vi—u €Z, &+ = 1<k<morfor r>0

r — . —
“i/\i/\l 2 (1 Al)l’*k (1 Al)k*l _

k=1 (i — 1)k
Sk (1= Ak © Wi (= 1)k
—AiA Z i s i r—k— + (_1)r)\l l—k =0, (6)
= o (1—a)” k= (Mi+ Dy

w = min(r,s), and for r <0

—r—1 s—1 k
(r—Ai+ 1) (vi)i () — 1)
i Y A ) =0, 7
‘ k=0 (A + 1)k (1 - D‘i)fk lk:() (/\z‘ - 7’)k+1 0‘;{ @

for somei,l € {1,...,m}.

Empty sums are set to zero everywhere.
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It is easy to see that, under condition7, a; # 1, a; #1, (1— ocl)’l =1 — a;; hence,
for s = 0, it follows that it is symmetric with respect to indices i and I. Note that conditions
6 and 7 can be combined. Note also that the constraints on the parameters A for specific
values of k, following from equalities (3) and (4), can be obtained with a smaller amount of
computations from, respectively, (6) and (7), settings = 0,7 = [.

2. Auxiliary Statements

The function ¢, (z) is a solution of the following equation:

(2 A
y—<1 Z)y+z (8)

(see [5], Ch. 5, § 2). The following identities hold:

po(z) = ¢, )
Zl 1-1 1
P& = ™ L G ey a0
where [ € N, and
Vipa(2) = (2= 2 ) Vana(2) + Z9a(2). (1)

Without reducing generality, weset {1 =1/b, b € N.

Lemma 1 (see [5], Ch. 5, § 3; [9], Lemma 4; [10], Lemma 7). Under the conditions of Theorem 2,
functions (5) are algebraically independent over C.

Taking into account identities (9) and (10), the conditions of Lemma 1 are necessary
and sufficient.

Lemma 2 (see [2], Theorem 1). Let A, v € C\Zy, « € C, k € N. Then,

Vr0a(z) = €% (12)
Voua(z) = Epul(a — 1)2); (13)
Via® = S (- 02) b ez B+ R (9
v {1,...,k}, ¢ € Qv,a), Py, By € Q(v,)[z], Py £0;
Vina(d) = L) - A —pu(e), VA (15)
Viriia(®) = 1o (pr1(2) — agrn(a2)), a#1;
Virka(®) = prelaz) + L Pega(2) + 2Py a1, 16)

Cx € Q()\,DC), P, pk € Q()\,N)[Z_l], Py ;7é 0;

Vior2(z) = 93 (2); (17)

k—2M)(—z)k 5 5
Vior—k2(z) = (2(/\))5{“'2)90%(2) + Pega(z) + Pepaa—(22) + Py, (18)
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A¢{0,1,...,k}, P, B e QA)[z], P #0, B € Q(A);

(A+1)1(2A+ k)
27k

A#0, Pklpk € Q(A){Zil]/ P #0, ﬁk € @(A)

1 " 1~
Vaor+k2(z) = Pi(z) + ng(PA(Z) + Peganr1k(22) + “Pe (19)

Lemma3. Let A,v € C\Z.o, a € C k € Z>. Then,

_ Nk —1 o\
Vistaate) = CFDOZ ) 45 QA0 o)

n=0 (
k-1 _ —a)"
(—0( /Ev —kZ\nilk()lnH“) )qb(M), “

if veg {A+1,..., A+k};

_ k _
Vava(z) = mw%m n;l /\+ 1V+ U a)n Pryn(z)—
if a#1
(=K1 - )k Zk (=) (1= )"
Vv ka( ) ()L—V—i—l)ki/ /\v,lx(z)'i‘(v_k)ngo(y_/\_k)n+l q)/\fn(z)_

k-1 _ a—1)"
J\(Z e ey )‘Pukmz)m, ReQAw)E, @)

if v {0,A+1,..., A+k}.

Proof of Lemma 3. Identities (20) and (22) are, respectively, identities (25) and (26) from
the article ref-Gorelov2. Identity (21) is obtained similarly from ([2] equality (20)) by
inductionon k. [

Lemma 4. Let A, Ay, v € (C\Z<0/ M+A=v, a,ap € C, §1,8 € (C\{O}, C1+3C =
= 610(1 = 62“2- Then,

M2V v (812) + MV, (622) = voa, (612) 92, (522). (23)

Proof of Lemma 4. If we divide both sides of equality (23) by e(é1762)z = ¢f1taz — plataz
and z7Y, differentiate with respect to z and divide by 2V 1e=(G1462)2  then, taking into
account (1) and (8), we get the correct identity A2¢y, (§12) + A1), (822) = A1@a,(522)+
+A20), (¢1z). Having performed these operations in reverse order, in view of V, ,, ,(0) =1,
we arrive at (23). O

Identity (23) with Ay = Ay =v/2, {1 =82 =1, a1 = ap = 2 goes over to (17).



Axioms 2025, 14, 572 6 of 12

Lemmab5. Let Ay, Ay, v € C\Zog, M +Ay—v=reZ\{0}, a,a0 € C, &1,8 € C\ {0},
$1+ & = &1aq = Goan (it follows from this that a; # 1). Then, if r > 0, then

MVMW@Z) (~A1)r1 Vi (22) =

= —v(=312) 92, (812) 91, ($22) +W\z<i 1_Az(lr;_i(l_)flz)r_n>¢A1(§12)+

+vAq (i (1 — Al)rn(_glz)nl> Pr, ((:22)_

n=1

—1//\1/\2 i (1 /\2 n—1 il(l _/\l)r—n—m(_glz)m_l_

n=1 (Dé] o 1) m=1

s ( y, L= Aol = Ao)us ) oo (@1 +8)2). (24)

| (0(1 — 1)”

Ifr <0, then

mv/\wm(@ﬂ + WV/\Z,VM(@Z) =v(812)" ¢a, (612) P, (G22) —
—r—1 _ 1) r+n —r—1 r+n
—v ( r;) (0‘1 (Az)—’_(fl)i) ) Pr (':12) -V ( Z (()ilz-zl)n> PA, (§22)+

E (g - 1) TS (G

+Ungo(}\2+1) ; A1+1)

—r—1 (D( _ 1)
o < n;J (A1 + 1)_:_n_1(,\2 1), > Pu((C1+C2)z). (25)

+

Proof of Lemma 5. Let A\¢g = v — Ay = Ay — . If Ay € Z o, then according to (23)
A2V w0 (612) + AoV, v, (822) = vpy(812) P2, (822). (26)

Let A1 + Ay —v =r> 0. Then, Ay — Ag =r € N and from identity (21) follows

— ),
V/\O,v,oq (glz) = (}\ — ﬁlJr 1) 2()1 “ )r V/\],V,lX] (512)“1‘
(1—A2)n

v Z A1—r+1) (1 w )”wl_H"(glz)_

y (1 — /\Z)nfl
I <;§1 (M =r4+1),-1(1—ag)" > pv(G1012).

Substituting this expression into (26), multiplying the resulting equality by
(=1)"(Ay —r+1), = (—Aq1), and using (10), after simple transformations, we obtain
(24). Identity (24) is also valid in the case of A1 —r € Zy, since for fixed r, &1, ¢ all terms
included in it are continuous in A and A,.

Let Ay +A; —v=7r<0.Then, Ay —A; = —r €N, v—A; +r = Ay and according

to (20)
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V/\o,v,oq(glz) = ()\1 (‘i‘_ll))_rr((l)\z_)“:)r VA1,v,a1(glz)+

(= AD)n(1 = ag)"

—I—vz

—r—1 _ —aq )
+a1< Y (r=2A)up1 (1 —aq) )%(Clﬂélz)-

Pr—r—n(812)+

Substituting this expression into (26), dividing the resulting equality by (A1 +1)—, and
using (10), we obtain (25). Lemma 5 is proved. O

Identities (24) and (25) generalize, respectively, (18) and (19).
If functions (5) are algebraically independent over C, then it is convenient to carry out
algebraic operations with them formally, as with the variables

Uty en Un, X100, Xp, 215+ 4,2 (27)

corresponding to them. In addition, the operation of differentiation of rational functions
depending, respectively, on
ePrz L ePrr 28 Fba (28)

and (5), with respect to z, corresponds to the operators
D=3 Bixi 5+ 18 5,
=

n
Hi pi\ o
Dy =D+ B B2
1 ;((% le,>ul lej> aui

Let P be a polynomial in variables (27). Then, zll’ D1 P is also a polynomial in variables (27).

Lemma 6 (see [10], Lemma 5). Let function (28) be algebraically independent over C, and P # 0
be a polynomial in p + q variables x1,...,Xp, z1,...,2q with coefficients from C. Then, the
polynomial zX DP is divisible by P if and only if

P=oxft Ayl 2l g e\ {0}, kb€ Zso. (29)
Lemma 7. Let function (5) be algebraically independent over C, and let P # 0 be a polynomial in
n + p + q variables (27) with coefficients from C. Then, the polynomial z? e z;qxil . x;” D1 P,
where t;,s; € Z>o, t1 = b, is divisible by P if and only if P has the form (29).
Proof of Lemma 7. Let the polynomial P contain at least one variable u;, 1 <i < n,ie,
P:PSuf++Plul+P0/ Ps¢0/5>1/

where P, . .., Py are polynomials in all variables (27) except u;. Then,

i
DP = (DlPs +s(% - Zl)Ps)uf .

can be treated as a polynomial in u; with coefficients from the field of rational functions

over C in all variables (27) except u;. Because the degrees in u; of the polynomials D1 P and
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P are equal, their quotient is equal to the quotient of dividing the coefficients of u; and
does not depend on u;. Therefore,

22 B8 - 4)

whence P = oP,e57%z7 %, ¢ € C\ {0}. Hence, P does not contain the variables
ui,..., Uy (30)

(both in the case of v; € L{B1,...,Bp}, #i € L{C1,...,{y}, and otherwise) and in view of
Lemma 6 has the form (29). O

Lemma 8 (see [11,12]). Let [ be a differential field of meromorphic functions containing the field
C,and yn, . .., P be functions whose derivatives belong to IF. Then, 1, ..., Py, are algebraically
dependent over IF if and only if a1y + - - - + aupy, € F for some ay, ..., a0 € C, |ag| +--- +
|am| # 0.

3. Proof of Theorem 2

The sufficiency of condition 1 of Theorem 2 follows from identities (9)—(14), con-
dition 2—from (9)—(11), (13), (15), condition 3—from (10), (11), (16), condition 4—from
(9)-(11), condition 5—from (9)—(11), (15), and conditions 6 and 7—from Lemmas 4 and 5
and identities (10), (11), (22).

To prove the necessity of the conditions of the theorem in view of (1) and (11), it
suffices to find out when m integrals

Giz
/ ti-le it ()dt,  i=1,...,m (31)
0

are algebraically independent over the field F = (C<(py1 (112) s Pu, (Yn2), ePrz . ePrz,

Z0,. ..,z§ﬂ>, where, changing (if necessary) the numbers py, Yk, Bk, Ok, p,q, 1 and the
numbering of the functions, we now set A; ¢ Z for i < 5, A; € Zfor i > 3, »x < m,
pi = A, i =G i =100 =G = YCigPr G = LiCikPr vi—1 = Libixle
#i = Lk bixlrs CiksCik big bjx € Z.

If we assume that the integrals (31) are algebraically dependent over I, then according
to Lemma 8

n Giz P
a; | tiTleTg, (Hdt = —, 32
Ya / o (it = 5 (32)
where a; € C, Y ;|a;| # 0, P,Q are polynomials over C in functions (5). Differentiating
equality (32), we obtain

m
i Vi—1,—Gin; o) =
)_aidj2 e ) (8z) = (P/Q).
i=1
Replacing functions (5) in this equality with variables (27), we have
b b c b, byg c; %,
118z, ...qu’qxil’l coxpun a8z Lz Ty ...x; PUs+

QDyP - PD1Q

+R= a—

ReClxy,...,xp,z1,...,24). (33)
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Set (P, Q) = 1. Then, from (33) it follows that the polynomial z? . z;q Xt x;’“ D1 Q for
some t;,s; € Zxo, t; = bis divisible by Q. Hence, according to Lemmas 7 and 1, Q has the
form (29) and does not contain the variables (30).
Let us ask ourselves whether the polynomial P is a linear function of the variables (30).
Suppose that

P/Q=Pu+Pqui '+---+P, P #0, s>2, 1<k<n,

where P, P;_1, ..., Py are polynomials in the variables

+1 +1 41 +1
XY e Xy 20,2y (34)

and (30), except for uy. Because
Dy(P/Q) = (D1PS + s(’yk - %)Ps>u,i ..,
Then, from (33)

Dy P + s(’yk — %)PS =0, Py = ¢12%Mke ™, ¢ € C\ {0},

DiP; 1+ (s—1) (yk - %)Ps,l + crspz T leTIME = (Saié‘;./iz”f_le_éi“fz, (35)

wherel < i < »,and 6 # Oonly inthecaseof i = k < 5, s =2, v = G, Mk = Ak
Substituting functions (5) instead of variables (27) into (35), we get a differential equation,
the general solution of which has the following form:

P,y = cz("Dikg=(-1mez _ Cls‘ukz(sfl)ﬂke*(sfl)ﬁkz/Zﬂkfle*wzdz_k

+ (Sakgzkz)‘ke*“”z /z”k*’\k*le”(lf"‘k)zdz, ceC.

Because sy # 0, the obtained equality contradicts Lemma 1 (as well as Lemma 7
from [10]), with the exception of the case y; € N, which is impossible, and the case s = 2,
Yk = Ck, &k = 2, 2Ax — Vi € Z, specified in conditions 6 and 7 of Theorem 2.

Therefore, we can limit ourselves to the case when the degree of the polynomial P in
(32) with respect to each of the variables (30) is less than or equal to 1.

Let us assume that, with respect to the set of variables (30), the polynomial P has
degree s > 2. Without reducing generality, we can assume that P/Q includes a monomial

A1:P1u1...us, P] 7_é0,
where P; is a polynomial in variables (34). Then,

DA, = (DP1+(71—%+~~~+’ys—%)Pl)ul...us—i-...,

S U _Hs\p —
DP+ (-2 4+ +0-E)p =0,
Py = ozttt (4 m)z o e €\ {0

If P/Q includes other monomials of degree s, for example,

Asy1 = Popqup oo usligyq, .., Ap = Pyuip .. usly,
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then, similarly,

PS+1 — CS+1Z}‘2+"'+F5+VS+1e_(')’2+"'+')’s+'75+1)2, e, Pn — CnZH2+"'+H5+Hne_(72+"'+’)’s+"/n)zl

where ¢y 1, ..., ¢, € C. Consider also the monomial
AO = P0u2 ... U
By equating the coefficients of 5 . .. us in (33), in the case s > 2 we obtain
_k _ ks
DR+ (12— B+ 0= )R+

+ ozttt Tl (b s)z o bR e (ot st re)z

4ot CnVnzyz-i-n._ws—i-yn—16—(72+m+75+%1)z =0. (36)
Equation (36) has the general solution
Py = gt tisg= (1t 1)z oy et g (1ot )2 / -1,z gy
_ CsHys+lzﬂz+~--+;lse*(72+--~+vs)z /ZVS+1*16*75+1ZdZ_

[ Cﬂyﬂz#2+'"+yse*('Yz+--.+"fs)z /z]’lﬂilei’ynzdzl [ C

Since c1p1 # 0, this equality contradicts Lemma 1 (as well as Lemma 7 from [10]), except
for the case 1 € N and the case yy — y; € Z, y1 = 7;, which are impossible. If s = 2, then
equating the coefficients of u; in (33), instead of (36), we get

DPO —+ (f)/z — %)PO + Clylzﬂl+ﬂ2_le_(71+72)z+
+ capigztatis e (2 F18)2 oLy oy T (Tt Te)Z

= 0a;&)izvi e T6%E, 1 <i<m, (37)

and ¢ # 0 only in the case vy, = ¢;, pp = A;. Equation (37) has the general solution

PO — Czl’£2€7’)’22 — Clylzi’l2€7,yzz /Z]’l171677'lzdz_
— c3pzzt2e 2% / 23 ey — o — 2t 12 /zP‘nfle*%Zdz-i-

+ ba;¢} zM2e” 12 /Zvi_yz_le(”_éi“f)zdz, ceC,

where c1p11 # 0, which is impossible due to Lemma 1 except for the already considered
cases yi1 € Nand pj —pp € Z, vj = vy, as well as the case 12 = ¢;, p2 = Aj, —71 =
¢i(1—w;), u1+ p2 —v; € Z. By swapping uq and up, we obtain in the last case y; = ¢,
1= A, —72 = C:l(l—l)(l), U1+ pp—v; € Z. Hence Aj + A —v; € Z, vi—v; € Z,
¢i + ¢ = Cin; = 17, which corresponds to conditions 6 and 7 of Theorem 2.

Therefore, if conditions 6 and 7 of Theorem 2 are not satisfied, then the polynomial P
has degree 1 with respect to the set of the variables (30), and

P/Q:Blul+"'+Bnun+B/
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where By, ..., By, B are polynomials in the variables (34). Hence, the right side of equality
(33) has the following form:

/ _n . / _Hn a2l Y /
(5 () (5 (e ) B e
If A; ¢ Z for some 1 < i < m and condition 4 of Theorem 2 are not satisfied, then B; # 0,
Hi = /\l’, Yi = gi- Then,

B; + (’Yz‘ - %)Bi = aii,‘}”'zvf‘le‘gi"‘iz.

This equation has a solution
B; = czlie %% + alg‘iz’\"e*g"z/z’/"*/\"*legf(lf“")zdz, ceC,

which is impossible due to Lemma 1, except for the cases v; — A; € Nand a; = 1. Theorem 2
is proved.

4. Conclusions

1.  Theorem 2 has a functional-theoreticformulation, but from it, using A.B. Shidlovsky’s
theorem [5], one can easily derive conditions that are necessary and sufficient for the
algebraic independence of the values of the functions under consideration at alge-
braic points. This yields new examples of transcendental numbers and algebraically
independent sets of numbers.

2. Due to the cumbersomeness of Formulas (13)—(19) and (23)—(25), it was appropriate
to check them with a computer for typos. For this purpose, the Wolfram Mathematica
computer algebra system was used, which allows one, in particular, to perform
arithmetic operations with rational numbers absolutely accurately. In recent decades,
this system (as well as MathCAD, Maple, and others) has been widely used both in
theoretical and purely applied research (see, for example, refs. [13-15]). To check any
equality for typos, it is enough to select the parameters of all the functions included
in it as rational, and then compare the coefficients of the Taylor expansions of the left
and right sides of this equality in powers of z up to N, where N is a sufficiently large
natural number.
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