|§| axioms

Article

Oscillation Criteria for Hybrid Second-Order Neutral Delay
Difference Equations with Mixed Coefficients

Ganesh Purushothaman !

check for

updates
Academic Editors: Valery Y. Glizer
and Patricia J. Y. Wong

Received: 6 June 2025
Revised: 14 July 2025
Accepted: 16 July 2025
Published: 25 July 2025

Citation: Purushothaman, G.;
Poornavel, S.; Chatzarakis, G.E.;
Thandapani, E. Oscillation Criteria for
Hybrid Second-Order Neutral Delay
Difference Equations with Mixed
Coefficients. Axioms 2025, 14, 571.
https://doi.org/10.3390/
axioms14080571

Copyright: © 2025 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

, Subbarayan Poornavel >

, George E. Chatzarakis >*© and Ethiraju Thandapani *

Department of Mathematics, St. Joseph’s College of Engineering, Chennai 600119, India;
purushothamang@stjosephs.ac.in

Department of Mathematical Sciences, Saveetha School of Engineering, Chennai 602105, India;
poornavels.sse@saveetha.com

Department of Electrical and Electronic Engineering Educators, School of Pedagogical and Technological
Education, Marousi, 15122 Athens, Greece

Ramanujan Institute for Advanced Study in Mathematics, University of Madras, Chennai 600005, India;
ethandapani@yahoo.co.in

Correspondence: gea.xatz@aspete.gr

Abstract

This paper explores the oscillatory behavior of a class of second-order hybrid-type neutral
delay difference equations. A novel approach is introduced to transform these complex
trinomial equations into a simpler binomial form by utilizing solutions from an associated
linear difference equation. By employing comparison techniques and summation-averaging
methods, we establish new oscillation criteria which guarantee that all solutions exhibit
oscillatory behavior. Our findings extend to an existing oscillation theory and are appli-
cable even to non-neutral second-order equations. A couple of examples are presented to
highlight the impact and novelty of the obtained results.

Keywords: trinomial difference equation; neutral; second-order; binomial form; oscillation
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1. Introduction

Neutral difference equations form a significant class of functional equations charac-
terized by the presence of highest-order difference terms, both with and without delays
or advances. These equations generalize classical difference equations by incorporating
neutral terms that involve the unknown sequence or its differences at shifted arguments.
Owing to their broad applicability, neutral difference equations have been extensively
studied across various fields, including economics, population dynamics, control systems,
circuit theory, and signal processing (see, for example, the monographs [1-3] and the
paper [4]).

In recent decades, considerable attention has been devoted to both linear and non-
linear neutral difference equations. As discrete analogs of differential equations, they
offer a robust framework for modeling processes that evolve in discrete time or are
represented by discrete data. A central focus has been the investigation of qualitative
properties of solutions—particularly stability, boundedness, and oscillation—which are
essential for understanding the dynamics of the modeled systems (see, for instance, the
monographs [2,3,5]).

Oscillation theory, in particular, seeks to identify conditions under which solutions of
difference equations exhibit periodic or oscillatory behavior. While extensive research has
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addressed neutral difference equations with positive coefficients, relatively little attention
has been paid to those involving both positive and negative coefficients. Nevertheless,
such equations arise in various contexts, including population dynamics with delayed and
resource-dependent regimes, economic systems with delayed investment or consumption,
circuit theory with delayed feedback, and signal processing and control systems with
memory effects. The limited attention is largely due to the analytical challenges posed by
mixed coefficients, which complicate the derivation of oscillation criteria.

This paper addresses this gap by investigating the oscillatory behavior of a broad
class of second-order hybrid-type neutral difference equations featuring both positive and
negative coefficients. Specifically, we consider the equation of the form

A(pu(p)A0(p)) — P1(p)d(p +1) + ¢2(p)d(a(p)) =0, p > po >0, 1)

where A denotes the forward difference operator defined by Af(p) = 6(p + 1) — 0(p) and
0(p) = d(p) + b(p)d(T(p)). We assume the following conditions:

(A1) {u(p)}, {¢1(p)} and {¢2(p)} are sequences of positive real numbers with Z y(lp) =
=0

©0;
(A2) {b(p)} is a non-negative real sequence with 0 < b(p) <d < 1;
(A3) {c(p)}, {t(p)} are sequences of integers such that 7(p) < p —land o(p) < p—1

with g}glgo o(p) = ggrt}o T(p) = .

A solution of Equation (1) is a real sequence 6(gp) that satisfies the equation for all
sufficiently large o and for which sup |6(p)| : p > ©® > 0 forall ©® > g.

We adopt the standard definition of oscillation: a non-trivial solution is said to be
oscillatory if it is neither eventually positive nor eventually negative. Equation (1) is said to
be oscillatory if all of its solutions are oscillatory.

Equation (1) encompasses both the second-order neutral delay difference equation

A(u(p)A8(p)) + ¢2(p)d(c(p)) =0, 2)

and the unstable-type neutral difference equation

Au(p)A8(p)) — ¢1(p)d(p +1) = 0. 3)

Accordingly, we classify Equation (1) as a hybrid-type neutral difference equation. The
oscillatory properties of Equations (2) and (3) have been extensively studied in the literature:
see [6—13] for linear neutral terms, refs. [5,14,15] for sublinear terms, and [16-20] for
superlinear terms. It is important to note that the solution spaces of Equations (2) and (3)
are fundamentally different. Let S denote the set of all non-oscillatory solutions. For
Equation (2), we define:

S=5y,

where, for a positive solution é(g), the sequence satisfies:

0(p) € S1 = 0(p) >0, u(p)Ad(p) >0, Au(p)Ad(p)) <0.

In contrast, for Equation (3), the set S is given by:

S=5yUS,,
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where, for a positive solution é(g), the sequence satisfies:

0(p) € So = 0(p) >0, u(p)Ad(p) <0, A(u(p)A0(p)) >0,

0(p) €S2 = 0(p) >0, u(p)Ad(p) >0, A(u(p)Ad(p)) > 0.

Thus, for Equation (1), which includes both positive and negative terms, the structure of
the non-oscillatory solution space is not immediately evident.

A common strategy in oscillation theory for trinomial difference equations is to
omit one of the terms (see [21-23]). Omitting the negative term in Equation (1) yields
the inequality:

A(n(9)88(9)) + $2(9)8(0()) sgn () > 0, @

which contradicts the typical inequality associated with Equation (2). Similarly, omitting
the positive term leads to:

A(u(p)A8(p)) — ¢1(p)d(p + 1) sgnd(p) <0, (5)

which again conflicts with standard analytical conditions. Consequently, relatively few studies
have addressed Equation (1), which includes both positive and negative components.

In [1,5,6,24], the authors examined the oscillation and non-oscillation of the first-order
neutral difference equation:

A(6(p) = b(p)d(p — 1)) + P1(p)0(p — 1) — 2(p)d(p — 12) =0, (6)

using fixed-point methods and summation-averaging techniques.
Furthermore, second-order neutral difference equations of the form:

A*(8(p) + Ab(p)3(p — 1)) + ¢1(p)d(p — 1) — p2(p)d(p — ) =0, @)

where A = £1, were studied in [25,26]. Notably, the theory of non-oscillation appears more
developed than that of oscillation. For example, in [26], under the condition:

o0 p—1
Y Y. als) < oo,

P=(2s=T—T1+T2

the authors used comparison and summation-averaging methods to establish criteria
ensuring that every solution is either oscillatory or tends to zero asymptotically.

In [27-31], the following second-order neutral difference equation, or its special cases,
was studied:

A(u(p)A0(p) + Ab(0)0(p — 1)) + P1(9) f(3(p — 7)) — ¢2(0) f(6(p = 12)) =0, (8)

where A = +1. By assuming the inequality:

$1(p) —P2(p—2+1) >M >0, 9)

the authors derived several conditions under which every solution is either oscillatory or
asymptotically tends to zero.

Observe that the equations considered in [25-31] involve deviating arguments in both
the positive and negative terms. However, Equation (1) contains a positive term with
delay and a negative term without delay. Therefore, Equation (1) studied in this paper is
fundamentally different from those previously examined in the literature.
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Furthermore, we employ a novel method to transform the trinomial equation into a
binomial form, which allows for a clear identification of the structure of non-oscillatory
solutions of the transformed equation. Hence, this transformation is crucial for establishing
oscillation criteria for Equation (1).

By applying comparison techniques and the summation averaging method, we de-
rive several sufficient conditions ensuring the oscillation of all solutions of the trans-
formed binomial-type equation, which in turn guarantees the oscillation of all solutions of
Equation (1). Two illustrative examples are provided to demonstrate the applicability and
robustness of the main results.

2. Preliminary Results

This section presents several preliminary results that serve as foundational tools for
proving our main theorems. The key findings, detailed in Section 3, establish connections
between the solution properties of the second-order neutral delay difference equation
given by (1) and those of an associated auxiliary second-order linear difference equation of
the form:

Apu(p)AZ(p)) —1(p)l(p+1) =0, > po. (10)

The initial result is derived from an alternative formulation of the linear difference operator:

L(0(p)) = A(u(p)A0(p)) — ¢1(0)0(p + 1), (11)

in terms of a positive solution () of (10). It is well-known that if u(p) and ¢1(p) are
positive real sequences, then Equation (10) is non-oscillatory. Note that Equation (1) can be
written in an equivalent form as:

A(u(p)A0(p)) — ¢1(p)0(p +1) + P1(p)b(p)0(T(p +1)) + ¢2(p)d(c(p)) =0.  (12)

Lemma 1. Assume that (10) has a positive solution of {{(¢)}. Then, the operator (11) can be

represented as

1

L0() = 7 ()0 + 08 ().

Proof. Using a difference calculus, we find that

L(8(p)) = 1)A<u<mg<p>Ae<p> — u()8()AL(0))

Clp+1
= A(u()20(0)) ~ Au()88(0) S

= A(u(p)A0(p)) — ¢r1(p)0(p + 1),

where we have used the positive solution of (10). The proof of the lemma is complete. [

Lemma 2. Let {{(p)} be a positive solution of (10). Then, Equation (1) or (12) can be written in
the form

A(B(p)AP(p)) + (o + 1)p1(0)b(p)d(T(p +1)) + {(p + 1)p2(p)d(c(p)) =0,  (13)

where

Blp) = u(p)l(p)l(p+1), P(p)= -

Proof. The proof is obvious from Lemma 1. O
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For the purposes of our investigation, it is advantageous to consider (13) in its canoni-
cal form; accordingly, we shall assume henceforth that

1 d 1
B e fo el D)

(14)

HMg

Next, we present the structure of nonoscillatory solutions of (10) using Discrete Knesers
Theorem 1.7.11 of [1].

Lemma 3. Suppose that condition (A1) holds. Then, the Equation (10) possesses a principal
solution {r(p)} such that

r(p) >0, Ar(p) <0, A(u(p)Ar(p)) >0, forall p> .

In addition, it admits a non-principal solution {v(p)} satisfying

o(p) >0, Av(p) >0, Au(p)Av(p)) >0, forall p> po.

Next, we study the behavior of solutions of (1) with the help of the equivalent representation (13).

Lemma 4. Let {{(p)} be a positive solution of (10) that satisfies condition (14). If {6(p)} isa
positive solution of (1), then the associated sequence {(p)} fulfills the following condition

P(p) >0, Blp)Ap(p) >0, A(B(p)Ap(p)) <0, (15)
forall o > py.

Proof. Let {J(p)} be an eventually positive solution of (1), say, (p) > 0,6(7t(p)) >0
and é(c(p) > 0 for all p > g for some o1 > . Then, by the definition of 6(p),
we see that 6(p) > 0 for all p > 1. Since {(p) > 0 for all p > o, we find that
B(p) = u(©)Z(p)i(p+1) > 0and y(p) = §4 > 0forall p > pp > . From (13), we
see that A(B(p)Ay(p)) < 0 for all p > pp and the condition (14) clearly implies that
B(p)Ap(p) > 0forall p > gy. The proof of the lemma is complete. [

Next, we find the relation between {5(p)} and {¢(p)}.

Lemma 5. Let {{ ()} be a positive solution of (10) satisfies (14). Then,

3(p) > L()E(R)Y(0), p > 02 > o1, (16)
where
(o) = (1-b(0) 5552,

Proof. From the definition of () and its monotonicity behavior, we see that

L(p)y(p) = 0(p) = d(p) +b(p)d(T(p)),

that is,

So,

which ends the proof. O
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Before presenting our next results, let us define

Qi1(p) =¢(p +1)b(p)p1(p)¢(t(p))E(T(p)),

Q2(p) =¢(p + )2(p)(c(p))E(c(p)),

() =min{7(p), ()}, Qs(p) = Qi(p) + Q2(p)
p—1 1

Q(p) :s:zg;o %

Lemma 6. Suppose that {{(p)} is a positive solution of (10) satisfying condition (14). Then, the
equation (1) exhibits oscillatory behavior provided that

AB(p)AY(9)) + Qa(p)p(1(9)) = 0,0 > po, (17)

is oscillatory.

Proof. Assume the contrary that {J(p)} is an eventually positive solution of (1), say,
d(p) > 0,6(t(p)) > 0,6(c(p)) > 0forall p > p1 > po and the corresponding function
is0(p) > O forall p > 1 > po. Then, by Lemma 4, we determine that ¢ (p) = % >0
and satisfies condition (15) for all p > 1 > po. Using (16) in (13), we find that {¢(p)} is a
positive and increasing solution of

A(B(p)AP(p)) + Q3(p)P(v(p)) <O.

However, by Lemma 1 of [32], the associated Equation (17) also admits a positive solution,
thereby leading to a contradiction, which concludes the proof. O

3. Oscillation Results

In this section, we establish oscillation criteria for Equation (1) with the aid of
Equation (17). We begin with the following theorem.

Theorem 1. Let {(gp)} be a positive solution of (10) such that (14) holds. If

Y Qalp) = oo, (18)

p=Io

then Equation (1) is oscillatory.

Proof. Assume the contrary that {J(p)} is an eventually positive solution of (1), say,
4(p) > 0,6(c(p)) > 0and §(t(p)) > 0 for all p > pq for some p; > . Then, the
corresponding function is 0(p) > 0,0(c(p)) > 0and 0(7(p)) > 0 for all p > ©g. From
Lemma 2, the function ¥(p) = zgzg > 0 and satisfies condition (15). Since {¢(p)} is
increasing, there exists a constant M > 0 such that ¢(p) > M > 0 for all p > @y > 0.
Using this in (17) and then summing it from g, to p, we find

i M(Q2(s) + Q1(s)) < B(92)A¥(2) — Blp +1)AY(p +1).

S=n
As p — oo, we see that

o]

Y M(Qa(p) + Qi(p)) < B(p2)Ap(p2) < oo

P=2
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which contradicts (18). The proof of the theorem is complete. [

Remark 1. Note that the above theorem is independent of delay argument, so it holds for delay or
advanced equations.

Next, we derive oscillation criteria for Equation (1) when the condition (18) fails
to hold.

Theorem 2. Let {{(p)} be a positive solution of (10) such that (14) holds. If the first-order delay
difference equation

Aw(p) + Q3(p)Q(r(p))w(r(p)) =0, (19)

is oscillatory, then Equation (1) is oscillatory.

Proof. Assume the contrary that {d(p)} is an eventually positive solution of (1), say, §(p) >
0,6(t(p)) > 0and d(c(p)) > 0forall p > p1 > . Then, the corresponding function
6(p) > 0,0(c(p)) > 0and 8(7(p)) > 0 for all p > ;. From Lemma 2, the function
P(p) = b(p ; > 0 and satisfies condition (15). From the monotonicity of B(p)Ay(p),

{(p
we have
o—1
vo) = T LD > aponyo) )
S=§1

and so

$(0)\  Q0)BO)AY(o) — ¥()
A(nm)‘ Q0o+ DRl ~

which implies {¢(p)/Q(p)} is decreasing. Using (20) in (17), we find that w(p) =
B(p)Ap(p) > 0 satisfies the inequality

Aw(p) + Q3(p)Q(r(p))w(r(p)) < 0.

Then. by Lemma 2.7 of [4], we see that the Equation (19) also has a positive solution. This
contradiction ends the proof. [

Next, we provide explicit criteria for the oscillation of Equation (19).

Corollary 1. Let {{ ()} be a positive solution of (10) such that (14) holds. If

, (21)

Q| =

-1
lim inf pz Qs(s)Q(7(s)) >
I s=qlp)

then Equation (1) is oscillatory.

Proof. In light of condition (21), Theorem 2.2 from [33] ensures that Equation (19) is
oscillatory. Consequently, the result follows directly from Theorem 2, which completes
the proof. O

Corollary 2. Let {{(p)} be a positive solution of (10), such that (14) holds. If y(p) = o — k, k is
a positive integer and

p—1 k k+1
plgrgoinf Y. Qs(s)Q(s — k) > () , (22)

s=p—k

then Equation (1) is oscillatory.
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Proof. In view of condition (22) and Lemma 7.6.1 of [1], it is easy to see that Equation (19)
is oscillatory and the conclusion follows from Theorem 2. This completes the proof. [

Theorem 3. Let {{(p)} be a positive solution of (10) such that (14) holds. If y(p) = p — k, k is
a positive integer and

p—k—1 p—1

lim sup{ 1 Z Qs(s (s—k)+ Y, Q(s)Qs —k)

p—0 s=p s=p—k

OB Y Q)51 (29
s=p

for some o1 > g0 + k, then (1) is oscillatory.

Proof. Suppose that Equation (1) is not oscillatory. Then, by Theorem 2, Equation (17)
is also non-oscillatory. Therefore, we may assume that it admits an eventually positive
solution {¢(p) }, with ¢(p) > Oforall p > 1 > o + k, such that condition (23) is satisfied.

Summing (17) yields
1

Ap(p) = Bo) . Z Q3(s)p(s —k).
Summing once more gives
Z ( Z Q(t
5= @1
p—1 p—1 p—1 1 00
Z Z Qs(t + ) B ; ). Qs
s= pl 5=p1 t=p

Employing a summation-by-parts formula, we have

o—1 )
0) > T Qs(6)0s +1)pls — k) + Qo) L st b,
S=¢1 =
Hence,
p—k—1 p—1
Y Qs(6)Qs £ Dps —K) £ Q0 —K) Y. Qs(t)p(t—k)
5= t=p—k
Qlp— k) Y st — k).
t=p

Because of the fact that ¥(p)/Q(gp) is decreasing and () is increasing, the previous

inequality yields
p—k—1
Plo—k) > Z Qs(5)0(s +1)Q(s — k)
p 5=p1
Z Qs(s)Qs — k) + Q(p = k)p(p — k) ) Qs(s).

s=p—k 5=g
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Dividing the last inequality by ¢(p — k), we have
po—k—1
12{ J L Qe+ k)
S=¢1
+ Z Qs(s)s — k) +Q(p — k) ) Qs(S)},
s=p—k S=¢
this yields a contradiction, thereby completing the proof of the theorem. [
Theorem 4. Let {(gp)} be a positive solution of (10) such that (14) holds. If
1
hm infQ(p Z Qs(s (v(s)) > -, (24)
5=p (S> 4

then Equation (1) is oscillatory.

Proof. Assume that Equation (1) is not oscillatory. Then, by Theorem 2, Equation (17) is
also non-oscillatory. Accordingly, we assume that it admits an eventually positive solution
{p(p)}, with ¢(p) > 0forall p > p; > ¢y, such that condition (24) holds.

Since ;p) () is decreasing and y(p) < p — 1, we find that

Q(y(p))
P(v(p)) = W%’)(@)- (25)
Using (25) in (17) gives
(Boop(e) + 0s(0) T p(0) <0, @)
Define,
w(p) = BB

Then, w(p) > 0 and

_AB(p)AY(p)  Ble+1)Ap(p+1)
Awle) ==00) TSI EES A
)O(’r(@)) _w(p+DHw(p)

Q(p) B(p)

Summing the last inequality from g to oo, we find that

(1) | & wls)wls +1)
522,93 as) "L pe @)

Let lim in Q(p)w(p) = M > 0. Multiplying (27) by Q(p) and using (24), we obtain

p—r00

1
M> o+ M?, (28)

since Q(gp SZ;J aE)06 T 1) B) = 1. The inequality in (28) is not possible and, therefore,
the proof of the theorem is complete. [J
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Remark 2. Note that there are many explicit oscillation criteria available in the literature (see the
monographs [1,5] and the references cited therein) for the Equation (17), from which we can deduce
many oscillation criteria for the studied Equation (1).

4. Examples

This section presents two concrete numerical examples that demonstrate the validity
of the main results. In population models, Equations (29) and (31) describe scenarios in
which the growth rate is influenced by both the current population size and its past values.
These equations incorporate terms that promote growth (positive terms) as well as those
that inhibit it (negative terms).

Example 1. Consider the second-order neutral hybrid-type difference equation

Apa0(0) = 0o+ D) + Ao+ 1+ 500 =1) =0,0>3, @)

where gy > 0and 0(p) = 6(p) + %5(89 —-1).

1 1
Here, j(9) = o, blp) = 5, 91(0) = 5, 9a(9) =0 (20 -+ 1+ =5 ). Now, the
auxiliary Equation (10) takes the form
1
AMpAi(p) = ——30(p+1) = 0,0 > 1. (30)

(p+2)

The sequence {{(p)} = {;} is a positive solution of (30) and 6(p) = - ! satisfies condition

+1
(14). Further

B (VD o
and Q3(p) ~ 0 + (qo + 4) 5 Condition (18) becomes

> d 1 1 1

pZ::C% Qs(p) = KJZ_:?’(’JO(p + ?) + W) = 9,

that is, condition (18) holds if qo > 0. Therefore, by Theorem 1, Equation (29) is oscillatory. In fact,
forqo =1, wesee that {6(p)} = {(—1)¥} ={—1,+1, —1,+1, —1,+1, ...} is one such oscillatory
solution of (29).

Example 2. Consider the second-order neutral hybrid delay difference equation

2p+1 14
A2°A6(p)) — (5(@+1)+?2§’5(p—1) =0,p>2 (31)
where 0(p) = 5(p) + 16(p —1).
The auxiliary equation is
o+1
A27AL(p)) — —5—C(p+1) =0. (32)

1 41
The sequence {(p) = % is a positive solution of (32) and 6(p) = 355"
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Further,
1 120711 1 21
E(p) = grQl(@) = 5p+1°3 73 30p-1 2729’
1 14,1 1 14 1
op Lt 2 L
Q(0) =557 325351~ 920
44 1
= __.— O(p) ~ 2°.
Qalp) = 5755 and Q(p)
The condition (18) is not satisfied but condition (21) becomes
o a4 44 1
S — - — —
oo inf Z T TR T
Hence, Equation (31) is oscillatory by Corollary 1. In fact, {6(p)} = {(-1)¢} =
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5. Conclusions

In this study, we have investigated the oscillatory behavior of solutions of the hybrid
second-order neutral delay difference equation, Equation (1). The proposed criteria are
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behavior of complex discrete systems.

Author Contributions: All authors were involved in the preparation of this manuscript and have
collectively agreed to its submission to this journal. Methodology: G.P.,, S.P.,, G.E.C. and E.T.; Investi-
gation, G.P,, S.P, G.E.C. and E.T.; Writing—original draft: G.P., S.P. and E.T.; Writing—review and
editing, G.E.C. and E.T. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.
Data Availability Statement: Data are contained within the article.

Acknowledgments: The authors would like to thank the reviewers and the editor for making
suggestions that greatly helped to improve the content of the paper. Furthermore, the authors declare
that during the preparation of this manuscript, ChatGPT (GPT-4) was used for language editing and
grammar correction.The authors have reviewed and edited the output and take full responsibility for
the content of this publication.

Conflicts of Interest: The authors declare no conflicts of interest.

1.  Agarwal, R.P. Difference Equations and Inequalities; Marcel Dekker: New York, N, USA, 2000.

2. Gopalsamy, K. Stability and Oscillations in Population Dynamics; Kluwer Academic Publiher: Boston, MA, USA, 1992.

3. Kocic, V.L.; Ladas, G. Global Asymptotic Behavior of Nonlinear Difference Equations of Higher Order with Applications; Kluwer Academic:
Dordrecht, The Netherlands, 1993.



Axioms 2025, 14, 571 12 of 13

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

Liu, B.; Chang, S.S. A stability criterian for a neutral difference equation with two delays. Proc. Natl. Sci. Counc. ROC 2001,
25, 40-44.

Agarwal, R.P,; Bohner, M.; Grace, S.R.; Regan, D.O. Discrete Oscillation Theory; Hindawi Publisher Corporation: New York, NY,
USA, 2005.

Zhou, Y. Oscillation of neutral difference equations. Kyungbook Math. J. 1990, 39, 283-291.

Behra, C.; Rath, R.; Mishra, P.P. Oscillation of superlinear/linear second order neutral difference equations with variable several
delays. J. Math. Eng. Manag. Sci. 2020, 5, 661-681.

Sun, Y.G.; Saker, S.H. Oscillation for second-order nonlinear neutral delay difference equations. Appl. Math. Comput. 2005,
163, 909-918. [CrossRef]

Migda, M.; Migda, ]. Nonoscillatory solutions to second order neutral difference equations. Symmetry 2018, 10, 207. [CrossRef]
Feng, L.; Han, Z. The distribution of generalised zeros of oscillatory solutions for second order nonlinear neutral delay difference
equations. Adv. Differ. Equ. 2019, 2019, 282. [CrossRef]

Tian, Y.; Cai, Y,; Li, T. Existence of nonoscillatory solutions to second order nonlinear neutral difference equations. J. Nonlinear Sci.
Appl. 2015, 8, 884-892. [CrossRef]

Tripathy, A.K.; Panigrahi, S. Oscillation in nonlinear neutral difference equations with positve and negative coefficients. Int. J.
Differ. Equ. 2010, 5, 251-265.

Wang, D.M.; Xu, Z.T. Oscillation of second-order quasilinear neutral delay difference equations. Acta Math. Appl. Sin. 2011,
27,93-104. [CrossRef]

Nazreen Banu, M.; Mehar Banu,S. New oscillation theorems for second order quasi-linear difference equations with sub-linear
neutral term. Adv. Differ. Equ. 2018, 2018, 472. [CrossRef]

Bohner, M.; El-Morshedy, H.A.; Grace, S.R.; Sager, I. Oscillation of second order nonlinear difference equations with sublinear
neutral terms. Math. Morav. 2019, 23, 1-10 [CrossRef]

Kamaraj, B.; Vasuki, R. Oscillation of second order difference equations with a superlinear neutral term. J. Adv. Math. Comput. Sci.
2017, 23, 1-10. [CrossRef]

Mehar Banu, S.; Nalini, S. Oscillation of second order difference equation with several super-linear neutral terms. Adv. Differ. Equ.
2018, 2018, 345. [CrossRef]

Grace, S.R.; Graef, J.R. Oscillation theorems for the second order delay difference equations with superlinear neutral terms.
Georgian Math. ]. 2021, 28, 725-731. [CrossRef]

Nithyakala, G.; Ayyappan, G. Oscillation theorems for second-order nonlinear difference equations with advanced superlinear
neutral term. . Anal. 2022, 30, 1475-1484. [CrossRef]

Karpuz, B. Some oscillation and nonoscillation criteria for neutral dely differnce equations with positive and negative coefficients.
Comput. Math. Appl. 2009, 57, 633-642. [CrossRef]

Grace, S.R.; Alzabut, J. Oscillation results for nonlinear second order difference equations with mixed neutral terms. Adv. Differ.
Equ. 2020, 2020, 8. [CrossRef]

Thandapani, E.; Kavitha, N.; Pinelas, S. Oscillation cirteria for second order nonlinear neutral difference equation of mixed type.
Adv. Differ. Equ. 2012, 2012, 4. [CrossRef]

Grace, S.R. Oscillatory behavior of of second order nonlinear difference equations with mixed neutral terms. Biomed. J. Sci. Tech.
Res. 2022, 47, 38645-38649.

Shen, W.; Ge, W. Oscillation of neutral difference equation with positive and negative coefficients. Comput. Math. Appl. 2004,
47,1647-1657. [CrossRef]

El-Morshedy, M.A. New oscillation criteria for second order linear difference equations with positive and negative coefficients.
Comput. Math. Appl. 2009, 58, 1988-1997. [CrossRef]

Karpuz, B.; Ocalan, O.; Yildiz, M.K. Oscillation of a class of difference equations of second order. Math. Comput. Modell. 2009,
49,912-917. [CrossRef]

Padhi, S.; Qian, C. Oscillation of neutral delay difference equations of second order with positive and negative coefficients. Math.
Slovaca 2009, 59, 455-470. [CrossRef]

Thandapani, E.; Thangavelu, K.; Chandrasekaran, E. Oscillatory behavior of second-order neutral difference equations with
positive and negative coefficients. Electron. J. Differ. Equations 2009, 2009, 145.

Selvarangam, S.; Madhan, M.; Thandapani, E. Oscillation theorems for second order nonlinear neutral type difference equations
with positive and negative coefficients. Rom. J. Math. Comput. Sci. 2017, 7, 1-10.

Jinfa, C. Existence of a nonoscillatory solution of a second-order linear neutral difference equation. Appl. Math. Lett. 2007,
20, 892-899. [CrossRef]

Shoukaku, Y. Oscillation criteria of second order differential equations with the positive and negative coefficients. Hacet. . Math.
Stat. 2022, 51, 970-980. [CrossRef]


http://doi.org/10.1016/j.amc.2004.04.017
http://dx.doi.org/10.3390/sym10060207
http://dx.doi.org/10.1186/s13662-019-2220-3
http://dx.doi.org/10.22436/jnsa.008.05.38
http://dx.doi.org/10.1007/s10255-011-0043-4
http://dx.doi.org/10.1186/s13662-018-1932-0
http://dx.doi.org/10.5937/MatMor1901001B
http://dx.doi.org/10.9734/JAMCS/2017/34912
http://dx.doi.org/10.1186/s13662-018-1806-5
http://dx.doi.org/10.1515/gmj-2021-2091
http://dx.doi.org/10.1007/s41478-022-00413-1
http://dx.doi.org/10.1016/j.camwa.2008.10.078
http://dx.doi.org/10.1186/s13662-019-2472-y
http://dx.doi.org/10.1186/1687-1847-2012-4
http://dx.doi.org/10.1016/j.camwa.2004.06.012
http://dx.doi.org/10.1016/j.camwa.2009.07.078
http://dx.doi.org/10.1016/j.mcm.2008.11.001
http://dx.doi.org/10.2478/s12175-009-0139-y
http://dx.doi.org/10.1016/j.aml.2006.06.021
http://dx.doi.org/10.15672/hujms.779452

Axioms 2025, 14, 571 13 of 13

32. Thandapani, E.; Ravi, K.; Graef, ].R. Oscillation and comparison theorems for half-linear second-order difference equations.
Comput. Math. Appl. 2001, 42, 953-960. [CrossRef]

33. Chatzarakis, G.E.; Pinelas, S.; Stavroulakis, I.P. Correction to: Oscillations of difference equations with several deviated arguments.
Aequationes Math. 2018, 92, 1195-1200. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


http://dx.doi.org/10.1016/S0898-1221(01)00211-5
http://dx.doi.org/10.1007/s00010-018-0581-4

	Introduction
	Preliminary Results 
	Oscillation Results 
	Examples
	Conclusions
	References

