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Abstract

To characterize a phenomenological model of a mechanical oscillator, it is important to know
the properties of the envelope of the three main physical motion variables: deviation from
equilibrium, velocity, and acceleration. Experimental data show that friction forces restrict
the shape of these functions. A linear, exponential, or more abrupt decay can be observed
depending on the different physical systems and conditions. This paper aimed to contribute
to clarifying the role that some types of friction forces play in these shapes. Three types of
friction—constant sliding friction, pressure drag proportional to the square of velocity, and
friction drag proportional to velocity—were considered to characterize the line connecting
the maxima and minima of displacement for a generic mechanical harmonic oscillator. The
ordinary differential equation (ODE), describing the harmonic oscillator simultaneously
containing the three types of dissipative forces (constant, viscous, and quadratic), was
numerically solved to obtain energy dissipation, and the extrema of both displacement and
velocity. The differential equation ruling the behavior of the amplitude, as a function of the
friction force coefficients, was obtained from energy considerations. Solving this equation,
we obtained analytical functions, parametrized by the force coefficients that describe
the oscillator tail. A comparison between these functions and the predicted oscillator
ODE extrema was made, and the results were in agreement for all the situations tested.
Information from the velocity extrema and nulls was enough to obtain a second function
that rules completely the ODE solution. The correlations obtained allow for the reverse
operation: from the identified extremum data, it was possible to identify univocally the
three friction coefficients fitting used in the model. Motion equations were solved, and some
physical properties, namely energy conservation and work of friction forces, were revisited.

Keywords: friction; harmonic oscillator; damped oscillator

MSC: 70-10

1. Introduction
In a recent paper [1], the authors introduce a phenomenological model to describe the

motion of a physical pendulum oscillator based on the product of a modulating function and
a sinusoidal time phase function to characterize angular deviation: θ(t) = θ0(t) cos(φ(t)).
This model can be applied to a simpler linear oscillator, provided we know the properties of
the envelope of the three main physical motion variables: deviation from the equilibrium,
velocity, and acceleration. Experimental data show that the friction forces completely
restricted the shape of these functions: linear, exponential, or a more abrupt decay, can be
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observed depending on the different physical systems and conditions. This paper aimed to
contribute to clarify how some different types of friction forces influence those shapes.

First, we will summarize the characteristics of the friction forces. The force of friction,
of which the direction is always opposed to velocity, was applied along the surface of
the contact of two bodies, impeding their relative motion. A distinction is usually made
between dry (external) and viscous (internal) friction. Dry friction is the interaction between
the surfaces of the two bodies. Viscosity is the interaction between layers of a fluid that are
moving with respect to one another.

The dry friction considered is constant and occurs as the result of the plastic deforma-
tion of the two bodies. We designate it by FConst = µTheomg, with µTheo the dimensionless
kinetic friction coefficient.

The internal viscous forces must be separated into two components: pressure re-
sistance, or drag, and friction drag. The resistance force is determined by the pressure
difference at the front and rear edges of a body in a steam of fluid.

It depends on the density of the fluid, the square of the velocity, and the effective cross-
section. We designate it by FQuad = βTheov2, with βTheo = Cb

Ab
2 ρ(kg/m) as the quadratic

coefficient. The factor Cb mostly depends on the shape of the body, with typical values
Cb = 1.1 for a round disk, Cb = 0.4 for a sphere, and Cb = 0.004 for a drop-shaped body.

The friction drag is determined by the forces of internal friction due to the large
velocity gradient in the boundary layer. It depends on the viscosity, the velocity, and the
size of the body. We designate it by FVisc = λTheov, where λTheo = DbηSb(kg/s) is the
viscous coefficient. Factor Db is dimensionless (e.g., Db = 6π for a sphere), η is the coefficient
of internal friction or viscosity of the fluid, and Sb is a characteristic dimension of the body.

At very low velocities, friction drag, which is proportional to the first power of the
velocity, will be considerably greater than pressure drag, which is proportional to the square
of the velocity. At higher velocities, the opposite will be true. To clarify the limits of low and
high velocities, they are defined according to the global criterion, i.e., the Reynolds number,
indicating the ratio of the pressure drag to the friction drag: Re =

Frd
Ff d

∼= Sbρv
η , extensively

used in hydro- and aerodynamics. When Re < 1, the pressure drag can be neglected, and
only the friction drag is considered. For higher values of Reynolds numbers, only the
pressure drag is considered, with the friction drag being neglected. The coexistence of these
two forces is usually avoided.

Usually, in school textbooks, the only friction force considered acting on the mechanical
oscillator is friction drag, proportional to velocity. This happens because, of the three types
of friction, proportional to the first three powers of speed (0, 1, and 2), this is the only
one with a mathematical expression that allows for a simple global didactic solution of
the differential equation of movement. However, neglecting the constant dry friction has
consequences in the description of the model. First, it has a natural important physical
handicap, predicting a perpetual motion: the oscillations stop only after an infinite amount
of time, and it is well known that the real physical oscillator stops after a relatively short
time. Second, it is experimentally observed that the slope of the envelope line describing
the decay of amplitude maxima, for small deformations, is linear instead of exponential. To
overcome this difficulty, it is necessary to include more than one friction force.

In references [2–10], several authors approached this problem using different approx-
imate technics, specially adding together the dry and viscous forces. This was also the
case for references [3,9,11]. The constant force is addressed, for example, in references [4,7].
The quadratic force is addressed, for example, in references [8,10]. The three forces are
separately discussed in reference [2]. Reference [1] provides the motivation for this phe-
nomenological model used. References [5,6,12] provide the historical view of the scientific
wealth existing in the use of the physical pendulum as a model. The models of nonlinear
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oscillators and their behavior in the presence of friction forces do not fit the purpose of this
manuscript. They can be followed by different authors (see, for example, references [13,14]).

In this paper, we discuss the contribution of the three friction force types, individually
and together.

To obtain a consistent comparison, all the examples plotted have the same initial
conditions: t = 0 ⇒ x = x0= 1 m ∧ v = v0 = 0 .

2. Notation
Let us consider the usual mechanical oscillator: a particle of mass m acted by an elastic

force, of constant K, and a global dissipative force FDiss, containing the three types of drag.
For a deviation x from the equilibrium position, the oscillator motion ordinary differential
equation ODE [1] is

m
d2x
dt2 = −Kx − FDiss with FDiss = µTmg

v
|v| + λTv + βTv|v| ; v =

dx
dt

(1)

The total energy is

ET =
1
2

mv2 +
1
2

Kx2 (2)

and the power equation is obtained multiplying Equation (1) by v:

dET
dt

= −FDiss·v (3)

For simplicity, let us consider that the motion of the particle starts at x(0) = x0

with null velocity v(0) = 0. In order to obtain an equation independent of the physical
characteristics of the oscillator and the initial position, we used the natural frequency

ω0 =
√

K
m and, instead of using time t and position x, we changed to two new variables:

the relative deviation r(t) = x(t)
x0

and a phase time τ = ω0t, in radians. New derivatives

are now designed by
.
r = dr

dτ and Equation (1) becomes

..
r = − .

r − αDiss, with αDiss =
µT g
x0ω2

0

.
r∣∣ .
r
∣∣ + λT

mω0

.
r +

βTx0

m
.
r
∣∣ .
r
∣∣ and

.
r =

d(x/x0)

dτ
(4)

The new dissipative acceleration allows us to designate new dimensionless parameters:

µ =
µT g
ω2

0x0
, λ =

λT
mω0

, β =
x0βT

m
. (5)

Function (2) for the total energy becomes

ET = E0

( .
r2

+ r2
)

with the initial energy E0 =
1
2

Kx2
0 (6)

and the new equation for power is

d(ET/E0)

dτ
= −2αDiss.

.
r = −2µ

∣∣ .
r
∣∣− 2λ

∣∣ .
r
∣∣2 − 2β

∣∣ .
r
∣∣3. (7)

Equation (4) is the ODE with the new normalized drag coefficients (5) that will be
considered and solved numerically to obtain the extrema of both deviation and velocity.
Simultaneously, using relation (6), energy evolution is evaluated. The method used was
the fourth order Runge–Kutta with initial conditions r(0) = 1 and

.
r(0) = 0.

The solver software needed was built using the LabVIEW 2019 [15] platform, but any
other ODE solver containing peak and valley detectors can be used. The fitting software and
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plots were performed with ORIGIN 7.0 [16] program, but also, other equivalent programs
can be used.

3. Phenomenological Model
The aim of this study was to obtain an envelope-modulating function for the oscillator

amplitude, and its correlation to the friction coefficients. Assuming that the oscillator is
harmonic, we look for a solution given by the product of the modulating function and a
sinusoidal harmonic part. The simpler model possible is r(τ) = R(τ) cos(ετ), with ε = ω

ω0
.

This emphasizes the modulating functions ±R(τ), but has a handicap: it does not touch
the extrema of r(τ). These are obtained when

.
r (τ

)
= 0, i.e., at the nulls of velocity. These

nulls appear not when cos(ετ) = ±1, but when tg(ετ) =
.
R(τ)
εR(τ) ̸= 0.

On the other hand, we know that velocity vanishes, for a harmonic function, for every
constant half period. This property allows for the use of the simpler model for velocity
instead of the model on displacement. Therefore, the modulated harmonic function for
velocity should be

.
r(τ) = −V(τ) sin(ετ) (8)

The amplitude model we look for must satisfy Equation (4), and we assume that it can
be built with the combination of two sinusoids:

r(τ) = R1(τ) cos(ετ) + R2(τ) sin(ετ) (9)

A simple derivative of this equation gives the velocity in terms of functions
R1(τ) and R2(τ):

.
r(τ) =

( .
R1 + εR2

)
cos(ετ) +

(
−εR1 +

.
R2

)
sin(ετ) (10)

Comparing Expressions (10) and (8), the relations between R1(τ), R2(τ) and V(τ) are

.
R1 + εR2 = 0 and V(τ) = εR1 −

.
R2 (11)

Notice that the first condition must be verified for all τ:

R2(τ) = −1
ε

.
R1(τ) (12)

The nulls of the velocity mean that sin(ετ) = 0 and imply that the ith extrema of
amplitude are

rextrema(τi) = ±R1(τi) (13)

Functions ±R1(τ) are in fact the continuous functions passing through all the extrema
of deviation. Knowing R1(τ) and using relation (12), one can obtain R2(τ) and build a
general solution (9) for displacement.

Solutions for velocity can be obtained using the second condition of (11): V(τ) = εR1 −
.
R2.

Notice that this function, V(τ), is a modulating function and does not pass through the
extrema of velocity given by the nulls of acceleration, but only touches

.
r(τ). Notice that

the extrema of velocity do not correspond to nulls of deviation. Nevertheless, due to the
characteristics of Equation (4), we expect that the function connecting the velocity extrema
to be the same type as the one for deviation. In fact, we should have Vextrema(τj) = R1

(
τj
)
.

Notice that these τj correspond to the extrema of velocity, and are therefore different from
the τi that correspond to the extrema of displacement.
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4. Energy Calculations
Both energy and amplitude studies can be performed simultaneously. Defining the

total normalized energy as EN(τ) =
E(τ)
E0

, we rewrite Equations (6) and (7) as follows:

EN =
.
r2

+ r2 (14)

dEN
dτ

= −2µ
∣∣ .
r
∣∣− 2λ

∣∣ .
r
∣∣2 − 2β

∣∣ .
r
∣∣3 (15)

By numerically solving Equation (4), we can also compute the normalized energy
function from Equation (15).

Notice that if we consider the instants of displacement extrema, the energy is only due
to the elastic force, and it is expected for the normalized energy function at these instants to
be equal to the square of amplitude:

Eextrema
N (τ) = R2

1(τ) (16)

This simple property allows for a way to anticipate the mathematical structure of the
extremum function R1(τ). Using Equation (16) to describe the global behavior of energy,
we obtain a new way to write the energy loss:

dEN(τ)

dτ
∼=

dEextrema
N (τ)

dτ
= 2R1(τ)

dR1

dτ
(17)

This expression follows the extremum line and neglects the details of energy variation
inside each half period.

To obtain the same result, but using Equation (15), it is necessary to integrate over half
a period:

dEN(τ)

dτ
≃ ∆EN(τ)

π/ε
= −2ε

π

τ+π/ε∫
τ

(
µ
∣∣ .
r
∣∣+ λ

∣∣ .
r
∣∣2 + β

∣∣ .
r
∣∣3)dτ (18)

4.1. Integral Calculation Using the Velocity Extrema

To solve implicitly the integral in (18), we must ignore the amplitude variation during
the half period of integration and consider only the sinusoidal variation associated with the
dissipative force. Instead of the local form V(τ) = εR1 −

.
R2, it is necessary to use a constant

amplitude within the half period. The appropriate form should be the corresponding
extrema that we already know: Vextrema(τ) = R1(τ).

τ+π/ε∫
τ

(
µ
∣∣ .
r
∣∣+ λ

∣∣ .
r
∣∣2 + β

∣∣ .
r
∣∣3)dτ =

1
ε

π∫
0

(
µR1(τ) sin(θ) + λR2

1(τ) sin2(θ) + βR3
1(τ) sin3(θ)

)
dθ =

≃ µ

ε
R1(τ)

π∫
0

sin(θ)dθ +
λ

ε
R2

1(τ)
π∫
0

sin2(θ)dθ +
β

ε
R3

1(τ)
π∫
0

sin3(θ)dθ =

=
2µ

ε
R1(τ) +

π

2
λ

ε
R2

1(τ) +
4
3

β

ε
R3

1(τ)

(19)

Using this result in Equations (17) and (18), we obtain an equation for function R1(τ):

dR1

dτ
= − 2

π
µ − 1

2
λR1 −

4
3π

βR2
1 (20)

This is the fundamental equation needed to extract the extrema tail. We will use
three new constant parameters, A, B, and C, to characterize the second order polynomial of
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Equation (20). They are univocally related to each one of the coefficients, and allow for a
clearer identification of the polynomial roots:

dR1

dτ
= −

(
AR2

1 + BR1 + C
)
⇐
(

C =
2µ

π
B =

λ

2
A =

4β

3π

)
4.2. Integral Calculation Using the Mean Velocity of the Undamped Oscillator

The result obtained in Section 4.1 can be achieved by using a different approach: the
mean velocity of the undamped oscillator during each half period must be like the damped
situation and, therefore, the first order differential equation for velocity is:

.
r2

+ r2 = R2
1

R1 stands for both amplitude and velocity extrema. A simple equation for velocity is
obtained, and its mean values can be calculated as follows:

∣∣ .
r
∣∣ = √R2

1 − r2 ⇒
∣∣∣ .
r
∣∣∣ = 1

π

π∫
0

∣∣ .
r
∣∣dτ =

2R1

π

We also need the mean values of the square and the cube of velocity:

∣∣∣ .
r
∣∣∣2 =

1
π

π∫
0

∣∣ .
r
∣∣2dτ =

1
π

+R1∫
−R1

∣∣ .
r
∣∣dr =

1
π

+R1∫
−R1

√
R2

1 − r2dr =
R2

1
2

;

∣∣∣ .
r
∣∣∣3 =

1
π

π∫
0

∣∣ .
r
∣∣3dτ =

1
π

+R1∫
−R1

∣∣ .
r
∣∣2dr =

1
π

+R1∫
−R1

(
R2

1 − r2
)

dr =
4R3

1
3π

The three results are identical to those obtained in Section 4.1.
In the next sections, we will solve Equation (20) for several physical situations corre-

sponding to different combinations of acting forces.
For every combination, we will use the same range for the three dimensionless pa-

rameters: 0.001 ≤ µ ≤ 0.05, 0.001 ≤ λ ≤ 0.5, and 0.001 ≤ β ≤ 0.1. These intervals have
a correspondence to the real oscillator through Formula (5): 0.001mω2

0 ≤ µT ≤ 0.05mω2
0,

0.001mω0 ≤ λT ≤ 0.5mω0, and 0.001 m
x0

≤ βT ≤ 0.1 m
x0

.

5. Verification of the Exact Solution (µ = 0, λ ̸= 0, β = 0)
When only the viscous force is present, Equation (20), dR1

dτ = − 1
2 λR1, has a simple

solution: R1(τ) = e−
λ
2 τ .

Using relation (11), the other term and the velocity can be evaluated: R2(τ) =
λ
2ε e−

λ
2 τ

and V(τ) = 1
ε e−

λ
2 τ .

Converting to the usual coordinates (x,t), the known solutions are obtained: x = x0e−
λT
2m t
(

cos(ωt) + λT
2mω sin(ωt)

)
v = −ω2

0
ω x0e−

λT
2m t sin(ωt)

,

verifying the model.
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6. Application to an Oscillator with Coulomb and Viscous Forces
(µ ̸= 0, λ ̸= 0, β = 0)

This is a natural extension of the previous case. The presence of the constant Coulomb
force stops the oscillation naturally.

Equation (20) for this case takes the form dR1
dτ = −(BR1 + C), and its solution is

R1(τ) =
(

1 + C
B

)
e−Bτ − C

B .
The mathematical model necessary to adjust the oscillator data requires two parame-

ters, P1 and P2:
R1(τ) = (1 + P2)e−P1τ − P2

After the fit, the friction coefficients are µ = π
2 P1P2 and λ = 2P1. The function

obtained is

R1(τ) =

(
1 +

4µ

πλ

)
e−

λ
2 τ − 4µ

πλ
(21)

This function must be always positive and, therefore, the movement ends when
τf inal = 2

λ ln
(

1 + πλ
4µ

)
. The oscillator stops after n = int

[
ε

πλ ln
(

1 + πλ
4µ

)]
oscillations,

because the system does not have enough energy to cross the Coulomb barrier threshold.
Notice that this barrier corresponds to the slope of R1(τf inal). This slope,

(
dR1
dτ

)
τf inal

= − 2µ
π ,

is proportional to the force coefficient.
The constant ε = ω

ω0
can be evaluated by measuring the period from the several

parameters sets and was verified to satisfy ε =

√
1 −

(
λ
2

)2
.

Figures 1 and 2 show the results of function R1(τ) and the numerical solution of
Equation (4) for several combinations of parameters (µ, λ). The model adjusts very well in
all tested cases, and numerical data are indistinguishable from model in both figures. To
estimate the error, we compute the relative error (rext − R1)/rext for the case λ = 0.1 and
µ = 0.005, which is plotted in Figure 3. This error is less than 0.003%.

Figure 1. Deviation extremum modulus for several values of λ, with β = 0 and µ = 0.001. The model
used adjusts all cases very well, and the numerical data are indistinguishable from the model.
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Figure 2. Deviation extremum modulus for several values of λ, with β = 0 and µ = 0.005. The model
used adjusts all cases very well, and the numerical data are indistinguishable from the model.

Figure 3. The evaluated error of R1 model, in percentage, for the largest parameters of Figure 2
(λ = 0.1 and µ = 0.005). The error is always less than 0.003%.

Using expression (12), we obtain R2(τ):

R2(τ) =
λ

2ε
R1(τ) +

2µ

πε
=

λ

2ε

(
1 +

4µ

πλ

)
e−

λ
2 τ , (22)

and the general solution for displacement becomes

r(τ) =
[(

1 +
4µ

πλ

)
e−

λ
2 τ − 4µ

πλ

]
cos(ετ) +

[
λ

2ε

(
1 +

4µ

πλ

)
e−

λ
2 τ

]
sin(ετ) (23)
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We verify that the velocity extrema modulus lay on the same function R1(τ), but we
are interested on the velocity envelope, given by function V(τ), that can be evaluated
directly using Expression (8):

V(τ) = εR1(τ)−
.
R2(τ) =

1
ε

(
1 +

4µ

πλ

)
e−

λ
2 τ − 4µε

πλ
(24)

Therefore, the general solution for velocity can be written as

.
r(τ) =

[
−1

ε

(
1 +

4µ

πλ

)
e−

λ
2 τ +

4µε

πλ

]
sin(ετ) (25)

The normalized energy function decreases after each cycle, following the amplitude
square damping at the extrema, as expected. Figure 4 shows the EN(τ) function, along
with the r(τ) and

.
r(τ) extrema.

Figure 4. The energy EN(τ) function. The extrema of the amplitude and the velocity are plotted. The
line connecting the extrema corresponds to R1(τ), i.e., Equation (20). The thin line crossing the EN(τ)

function corresponds to R2
1(τ).

7. Oscillator with Only the Quadratic Turbulent Force
(µ = 0, λ = 0, β ̸= 0)

In this case, the ODE (4) contains only one dissipative term:

..
r = −r − β

.
r
∣∣ .
r
∣∣ (26)

We separated this case because there is no analytical solution and, as we will see, the
predicted mathematical expression for the envelope differs from the usual exponential
model. The period for this case must also be studied.

• The envelope when the quadratic turbulent force is present

Equation (20) takes the form dR1
dτ = −AR2

1 and has the solution R1(τ) =
1

1+Aτ .
The mathematical model necessary to adjust the oscillator data requires only one

parameter, P1:

R1(τ) =
1

1 + P1τ
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After the fit, the friction coefficient is β = 3π
4 P1. The type of function obtained

is hyperbolic:

R1(τ) =
1

1 + 4β
3π τ

(27)

The solutions of ODE (26) for values 0.001 ≤ β ≤ 0.1 are plotted in Figure 5. The
agreement between the numeric data and function (27) is very good for the entire range of
parameter β tested.

Figure 5. Oscillator with only turbulent friction. The adjusting model is hyperbolic, i.e., Equation (27),
not exponential.

By using expression (12), we obtain R2(τ):

R2(τ) =
4

3πε
βR2

1(τ) =
4

3πε β(
1 + 4

3π βτ
)2 (28)

The general solution for displacement becomes

r(τ) =
1

1 + 4
3π βτ

cos(ετ) +
4

3π β(
1 + 4

3π βτ
)2 sin(ετ) (29)

Notice that the frequency ratio, represented by ε, can be a little smaller than unity for
large β and amplitude values.

• The period when the quadratic turbulent force is present

Equation (26) can be transformed and integrated once to obtain the nulls of velocity
and the half period.

For the first half period, with our initial conditions, we can write
..
r = −r + β

.
r2, because

the velocity is negative.

Transforming acceleration into a space derivative,
..
r = 1

2
d
( .

r2
)

dr , this equation takes the

form
d
( .

r2
)

dr − 2β
.
r2

= −2r.
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The two terms on the left side can be joined using the transformation
d
(

e−2βr .
r2
)

dr = e−2βr

(
d
( .

r2
)

dr − 2β
.
r2
)

.

The resulting equation is
d
(

e−2βr .
r2
)

dr = −2re−2βr, that can be integrated:

.
r2

= −2e+2βr
∫ r

1
re−2βrdr

The integral on the right side can be performed, given
∫ r

1 re−2βrdr

=
1

4β2

[
e−2β(1 + 2β)− e−2βr(1 + 2βr)

]
.

Finally, we obtain the solution for velocity:

.
r = −

√
2

2β

√
1 + 2βr − Ae+2βr with A =

1 + 2β

e2β

Constant A is close to unity when parameter β is small but, for the highest value used,
β = 0.1, A = 0.9825.

Besides r = 1, the other null of velocity, r2, must be obtained from the transcendent
equation 1 + 2βr = Ae+2βr.

This value corresponds to the first minimum of deviation and, inverting relation (27),
we obtain the half period.

The usual way to obtain the first half period is to integrate the velocity equation
(Table 1):

τ =
∫ r

1

dr

−
√

2
2β

√
1 + 2βr − Ae+2βr

⇒ T
2
=

2β√
2

∫ 1

r2

dr√
1 + 2βr − Ae+2βr

Table 1. This table presents the first minimum of deviation, evaluated using the Newton–Raphson
method, and the first half period, using the R1 model, for five values of parameter β.

β First Minimum r2 First Half Period

0.1 −0.882190 1.00157 × π

0.2 −0.788539 1.00563 × π

0.3 −0.711950 1.01148 × π

0.4 −0.647967 1.01867 × π

0.5 −0.593624 1.02685 × π

Numeric data for the period are also extracted from acceleration Equation (26) or
velocity equation. In Figure 6, the results for the period are shown for several β values.
It was verified that the movement is not always periodic: for smaller values of β, the
oscillation keeps the natural period 2π but, for the largest values of β, the period starts
from a value 0.13% higher and ends, after approximately 60 oscillations, with τ0 = 2π.



Axioms 2025, 14, 554 12 of 18

Figure 6. Period evolution of a system with turbulent force. For β = 0.1, the period starts at a
value 0.13% higher, but rapidly approaches the natural value 2π. Notice that the whole phase scale
presented, 400 rad, corresponds to 63 oscillations.

8. Oscillator with the Quadratic Plus Constant Dry Force
(µ ̸= 0, λ = 0, β ̸= 0)

Including the dry force to the last item, the ODE (4) has now two dissipative terms:

..
r = −r − µ

.
r∣∣ .
r
∣∣ − β

.
r
∣∣ .
r
∣∣ (30)

Equation (20) for this case (λ = 0) takes the form

dR1

dτ
= −C − AR2

1 with the solution: R1(τ) =
1 −

√
C
A tg

(
τ
√

AC
)

1 +
√

A
C tg

(
τ
√

AC
) (31)

An alternative form can be used defining parameters θ1 and θ2:

tgθ1 =

√
A
C

and θ2 =
√

AC ⇒ R1(τ) =
tg(θ1 − θ2τ)

tg(θ1)
(32)

After the fit, the friction coefficients are µ = π
2

θ2
tg(θ1)

; β = 3π
4 θ2tg(θ1).

The function obtained is a tangent type, and we notice that the movement ends when
τ = θ1

θ2
.

Equation (30) was solved for 0.001 ≤ µ ≤ 0.05 and 0.001 ≤ β ≤ 0.1. Some of the
results are plotted in Figure 7, and very good agreement was achieved for all cases with the
model deduced.

Using (12), we obtain the second function R2(τ):

R2(τ) = − 0.637µ

cos2(θ1 − θ2τ)
(33)

and the general solution for displacement:

r(τ) =
tg(θ1 − θ2τ)

tg(θ1)
cos(ετ)− 0.637µ

cos2(θ1 − θ2τ)
sin(ετ) (34)
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Figure 7. Oscillator with quadratic and constant friction. The adjusting model is a tangent-like
function, i.e., Equation (32), and agreement is very good for all the tested cases.

9. Oscillator Containing Viscous and Quadratic Forces
(µ = 0, λ ̸= 0, β ̸= 0)

The ODE (4) has two dissipative terms:

..
r = −r − λ

.
r − β

.
r
∣∣ .
r
∣∣ (35)

Equation (20) for this case (µ = 0) takes the form

dR1

dτ
= −B − AR2

1 with the solution: R1(τ) =
e−Bτ

1 + A
B (1 − e−Bτ)

(36)

The mathematical model necessary to adjust the oscillator data requires two parame-
ters, P1 and P2:

R1(τ) =
e−P1τ

1 + P2(1 − e−P1τ)

After the fit, the friction coefficients are β = 3π
4 P1P2 and λ = 2P1.

Equation (35) was solved for 0.001 ≤ λ ≤ 0.1 and 0.001 ≤ β ≤ 0.1. Some of the results
are shown in Figure 8.

By using Equation (12), we obtain R2(τ):

R2(τ) =
A + B

ε

R1(τ)

1 + A
B (1 − e−Bτ)

, (37)

and the general solution for displacement:

r(τ) =
e−Bτ

1 + A
B (1 − e−Bτ)

cos(ετ) +
A + B

ε

R1(τ)

1 + A
B (1 − e−Bτ)

sin(ετ) (38)
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Figure 8. Oscillator with the viscous plus a quadratic friction force. The adjusting model is a combined
exponential, Equation (35), and agreement with the numeric data is very good for all the tested cases.

10. Oscillator with the Three Friction Forces (µ ̸= 0, λ ̸= 0, β ̸= 0)
In this case, the ODE (4) does not simplify; all the terms must be included.

Equation (20) for this general case predicts three types of solutions depending on the
values of the parameters:

dR1

dτ
= −

(
AR2

1 + BR1 + C
)

(39)

The second-order polynomial may have real or complex roots, which leads to different
types of mathematical solutions. We used three new constants, A, B, and C, to separate
these roots, and the three different solution types are due to the discriminant signal: B2

greater, less or equal to 4AC.
Defining new constants, K1 = B

2A = 3πλ
16β and K2 = C

A = 3µ
2β , we must separate the

three conditions.
For simplicity, the approximate constant 8

π

√
2
3 ≃ 2.08 is used.

10.1. The Frontier Case: B2 = 4AC ⇒ λ = 2.08
√

µβ

There exists a special solution for Equation (38) when B2 = 4AC:

K2
1 = K2 ⇔ λ = 2.08

√
µβ ⇒ R1(τ) =

1 − B
2

(
1 +

√
C
)

τ

1 + A
(

1 +
√

C
)

τ
(40)

Using (12), we obtain R2(τ): R2(τ) =
(1+

√
C)(A+

√
AC)

ε(1+A(1+
√

C)τ)
2 .

10.2. When the Viscous Force Is Dominant: λ > 2.08
√

µβ

The solution for Equation (39) when B2 > 4AC is mathematically of the exponential type:

K2
1 > K2 ⇔ λ > 2.08

√
µβ; ∆ =

√
B2 − 4AC ; K =

2A + B − ∆
2A + B + ∆

⇒ R1(τ) =
1

2A

(
−B + ∆

1 + Ke−∆τ

1 − Ke−∆τ

)
(41)
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To adjust the oscillator data, one needs four parameters, with three being linearly independent.

We used
[

P1 = K1, P2 =
√

K2
1 − K2, P3 = ∆, P4 = K = 1+P1−P2

1+P1+P2

]
:

R1(τ) = −P1 + P2
1 + P4e−P3τ

1 − P4e−P3τ

After the fit, the friction coefficients are µ = π
4

P3
P2

(
P2

1 − P2
2
)
, λ = 2 P1P3

P2
, β = 3π

8
P3
P2

.

Using (12), we obtain the second function: R2(τ) =
K∆2e−∆τ

εA(1−Ke−∆τ)
2 .

10.3. When the Turbulent or Constant Forces Together Are Dominant: λ < 2.08
√

µβ

The solution for Equation (39), when B2 < 4AC, is of the tangent type:

K2
1 < K2 ⇔ λ < 2.08

√
µβ; ∆ =

√
4AC − B2 ; tgθ0 =

2A + B
∆

⇒ R1(τ) =
1

2A

(
−B + ∆tg

(
θ0 −

∆
2

τ

))
(42)

To adjust the oscillator, data are needed for the four parameters: three independent
plus one dependent.

We used
[

P1 = K1, P2 =
√

K2
1 − K2, P3 = ∆, P4 = θ0 = arctg

(
1+P1

P2

)]
:

R1(τ) = −P1 + P2tg
(

P4 −
P3

2
τ

)
After the fit, the friction coefficients are, as before, µ = π

4
P3
P2

(
P2

1 − P2
2
)
, λ = 2 P1P3

P2
,

β = 3π
8

P3
P2

.

Using (12), we obtain the second function: R2(τ) =
∆2

4εA cos2(θ0− ∆
2 τ)

.

Equation (4) was solved for 0.001 ≤ µ ≤ 0.1, 0.001 ≤ λ ≤ 0.1, and 0.001 ≤ β ≤ 0.1.
Some of the examples satisfy model (41) and the others satisfy model (42). We chose
six examples of each type and plotted it in Figure 9 (model 42) and Figure 10 (model 41). All
the examples show very good agreement between the models and the calculated extrema.

Figure 9. Oscillator in the presence for the three friction forces. The coefficients used in these
six examples correspond to the case λ < 2.08*sqrt (µβ). The adjusting model is a tangent; agreement
is very good for all the tested examples.
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Figure 10. Oscillator in the presence of the three friction forces. The coefficients used in the
six examples shown correspond to λ > 2.08*sqrt (µβ). The adjusting model is exponential; agreement
is very good for all the tested cases.

11. Conclusions
This work shows that the linear oscillator containing the usual three damping forces

can be suitably characterized using a phenomenological model based on the extremum
amplitude function.

We used a generic mechanical oscillator of mass m and elastic constant K, with initial

conditions x(0) = x0 and velocity v(0) = 0. The natural frequency was ω0 =
√

K
m , and

was assumed to be the presence of three types of friction forces:

1. Constant dry friction: −µR
v
|v| , latter characterized by constant µ = µR

Kx0
;

2. Viscous drag: −λRv, latter characterized by constant λ = λR
mω0

;

3. Turbulent drag: −βRv|v|, latter characterized by constant β = x0βR
m .

The index R was used to designate the force coefficients (µR, λR, βR), while the non-
indexed designated acceleration coefficients (µ, λ, β).

Five different physical situations were considered and solved. For each case, a conve-
nient extremum function was found:

1. Quadratic force neglected

The mathematical model necessary to adjust the oscillator data requires two parame-
ters, P1 and P2:

R1(τ) = (1 + P2)e−P1τ − P2

After the fitting process, the friction coefficients obtained are µ = π
2 P1P2 and λ = 2P1.

2. Quadratic force only

The mathematical model necessary to adjust the oscillator data requires one parameter, P1:

R1(τ) =
1

1 + P1τ

After the fitting process, the friction coefficient obtained is β = 3π
4 P1.

3. Viscous force neglected
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The mathematical model necessary to adjust the oscillator data needs two parameters,
θ1 and θ2:

R1(τ) =
tg(θ1 − θ2τ)

tg(θ1)

After the fitting process, the friction coefficients obtained are µ = π
2

θ2
tg(θ1)

;

β = 3π
4 θ2tg(θ1).

4. Constant force neglected

The mathematical model necessary to adjust the oscillator data requires two parame-
ters, P1 and P2:

R1(τ) =
e−P1τ

1 + P2(1 − e−P1τ)

After the fitting process, the friction coefficients obtained are β = 3π
4 P1P2; λ = 2P1.

5. Three friction forces present:
(

A = 4β
3π ; B = λ

2 ; C = 2µ
π

)
# The frontier case: B2 = 4AC ⇒ λ = 2.08

√
µβ

R1(τ) =
1 − B

2

(
1 +

√
C
)

τ

1 + A
(

1 +
√

C
)

τ

# When the viscous force is dominant, λ > 2.08
√

µβ

R1(τ) = −P1 + P2
1 + P4e−P3τ

1 − P4e−P3τ

After the fitting process, the friction coefficients obtained are µ = π
4

P3
P2

(
P2

1 − P2
2
)
,

λ = 2 P1P3
P2

, β = 3π
8

P3
P2

# When the turbulent or constant forces together are dominant, λ < 2.08
√

µβ

R1(τ) = −P1 + P2tg
(

P4 −
P3

2
τ

)

After the fitting process, the friction coefficients obtained are, as before,
µ = π

4
P3
P2

(
P2

1 − P2
2
)
, λ = 2 P1P3

P2
, β = 3π

8
P3
P2

.
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