axioms

Article

A Comprehensive Study on the Applications of NTIM and
OAFM in Analyzing Fractional Navier-Stokes Equations

Siddiq Ur Rehman 2(%, Rashid Nawaz 13, Faisal Zia ! and Nick Fewster-Young 3*

check for
updates
Academic Editors: Jiawei He and

Junfang Zhao

Received: 9 June 2025
Revised: 3 July 2025
Accepted: 4 July 2025
Published: 7 July 2025

Citation: Rehman, S.U.; Nawaz, R.;
Zia, F; Fewster-Young, N.

A Comprehensive Study on the
Applications of NTIM and OAFM in
Analyzing Fractional Navier-Stokes
Equations. Axioms 2025, 14, 521.
https://doi.org/10.3390/
axioms14070521

Copyright: © 2025 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license

(https:/ /creativecommons.org/
licenses /by /4.0/).

1 Department of Mathematics, Abdul Wali Khan University, Mardan 23200, Pakistan;
siddiqurrehman@awkum.edu.pk (5.U.R.); rashidnawaz@awkum.edu.pk (R.N.);

faisal.zia@awkum.edu.pk (F.Z.)

Department of Petroleum Engineering, The University of Adelaide, North Terrace Campus, 230 North Terrace,
Adelaide 5005, Australia

School of Mathematical and Statistical Sciences, University of South Australia, St Bernards Road Magill,
Adelaide 5072, Australia

*  Correspondence: nick.fewster-young@unisa.edu.au

Abstract

This article introduces two enhanced techniques: the Natural Transform Iterative Method
(NTIM) and the Optimal Auxiliary Function Method (OAFM). These approaches provide
a close approximation for solving fractional-order Navier-Stokes equations, which are
widely employed in domains such as biology, ecology, and applied sciences. By comparing
the solutions derived from these methods to exact solutions, it is clear that they provide
accurate and efficient outcomes. These findings highlight the straightforward yet effective
use of these methodologies in modeling engineering systems. Navier-Stokes equations
have numerous practical uses, including analyzing fluid flow in pipelines and channels,
predicting weather patterns, and constructing aircraft and vehicles.

Keywords: Navier-Stokes equation; optimal auxiliary function method; Caputo derivative;
natural transform iterative method; natural transform; analytical techniques

MSC: 35R11; 35Q30

1. Introduction

Solving methods of fractional differential equations are lucrative, as numerous studies
have generated novel solutions that meet the requirements of various disciplines. To model
diverse natural processes that necessitate non-integer derivatives, Caputo and Riemann—
Liouville (RL) derivatives have traditionally been considered the most suitable. However,
the limitations inherent in these approaches have prompted the search for alternative
derivative definitions. Both Caputo and RL fractional derivatives possess singular kernels,
and notably, the RL derivative of a constant does not yield zero. To address the singular
kernel issue, Caputo and Fabrizio [1] introduced a fractional derivative operator without
a singular kernel. The Caputo-Fabrizio operator has demonstrated effectiveness across
a range of applications [2-5]. Furthermore, a new fractional derivative based on the
Mittag-Leffler function was introduced in [6]. This led to the development of the Atangana—
Baleanu (AB) fractional derivatives: one in the RL sense and the other in the Caputo sense.
A prominent limitation of fractional derivatives such as the AB Caputo and AB Riemann
types is the absence of the semigroup property—a key characteristic of classical derivatives.
Despite their shared features of non-singular and nonlocal kernels, the lack of this property
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carries significant implications for the theoretical behavior and interpretation of these
derivatives in various mathematical and scientific contexts. These novel fractional operators
have only recently been identified within a newly proposed classification framework for
fractional operators [7-10].

Fractional-order partial differential equations (FPDEs) are widely employed in fluid
mechanics, mathematical biology, viscoelasticity, electrochemistry, life sciences, and physics
to model a variety of nonlinear and complex systems [11-14]. For instance, fractional
derivatives are effective in describing nonlinear seismic oscillations [15] and enhance the
foundational assumptions in fluid dynamic traffic models [16]. Furthermore, studies such
as [17,18] have formulated FPDEs to represent seepage flow in porous media and shallow-
water wave propagation, grounded in empirical observations. Accurately characterizing
the behavior of fractional differential equations remains a significant challenge. Developing
robust methods to approximate the behavior of such equations has proven to be a complex
and demanding task. Notably, fractional modeling presents one of the most promising ap-
proaches in nano hydrodynamics, particularly where the continuum assumption no longer
holds. In recent years, several computational methods have been proposed to address
FPDEs, including the variational iteration method [19], the fractional reduced differential
transform method [20,21], the homotopy perturbation Sumudu transform method [22], the
homotopy perturbation method [23], the Adomian decomposition method [24], and the
homotopy analysis method [25].

Navier formulated the Navier—Stokes equation in 1822 [26] to describe the motion of
viscous fluid flow. This equation has since been used to model a wide range of physical
phenomena, including airflow over aircraft wings, liquid flow through pipelines, blood
circulation, and ocean currents. Due to its inherent nonlinearity, the Navier-Stokes equation
can be solved exactly only under certain simplified conditions, which typically require
assumptions regarding the fluid state and basic flow configurations. As the foundational
equation governing viscous fluid motion, the Navier-Stokes model has undergone exten-
sive investigation and adaptation. The literature documents several techniques developed
to address fractional-order Navier-Stokes equations. The fractional form of the Navier—
Stokes equation was first introduced in 2005 by El-Shahed and Salem [27]. Subsequently,
Kumar et al. [28] derived an analytical solution to a nonlinear fractional Navier—Stokes
problem by integrating the homotopy perturbation method with the Laplace transform. The
homotopy analysis method has also been employed by Ragab et al. [29] and Ganyji et al. [30]
to solve similar fractional formulations. Furthermore, Birajdar [31] and Maitama [32] ap-
plied the Adomian decomposition method to these equations. Kumar et al. [33] advanced
this work by using a combination of the Adomian decomposition technique and Laplace
transform to obtain analytical solutions. In contrast, Jena et al. [34] addressed the same
equation using the finite Hankel transform alongside the Laplace transform. In the present
study, the fractional Navier-Stokes problem is addressed using the homotopy perturbation
transform method to achieve an accurate or approximate solution.

The homotopy analysis method (HAM) was initially introduced by Hashim et al. [35,36].
The HAM constructs a continuous mapping from an initial approximation to approach
the accurate solution of a given equation. To establish this mapping, an auxiliary linear
operator is chosen, and an additional convergence control parameter ensures the con-
vergence of the resulting series solution. The time-fractional Korteweg-De Vries (KdV)
equations are particularly useful for analyzing the effects of higher-order wave dispersion.
Meanwhile, the Korteweg—De Vries—Burger’s equation is employed to model surface waves
in shallow water. The strength of the fractional KdV equation lies in its inherent nonlocal
characteristics, which enhance its applicability to real-world physical phenomena [37,38].
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Although notable advancements have been made in tackling fractional Navier-Stokes
equations, many current approaches face challenges in achieving both high accuracy and
computational efficiency. The Natural Transform Iterative Method (NTIM) and the Optimal
Auxiliary Function Method (OAFM) have shown promising results when applied to other
classes of fractional differential equations. However, their application—either in combi-
nation or in direct comparison—remains largely unexplored for fractional Navier-Stokes
systems. This study addresses this gap by employing both techniques on such systems, as-
sessing their effectiveness, and offering fresh perspectives on their comparative strengths.

This paper begins with an overview of fractional calculus, outlining the fundamental
concepts relevant to this study in Section 2. Section 3 introduces the Natural Transform
Iterative Method (NTIM) and the Optimal Auxiliary Function Method (OAFM), the two
techniques employed to address the Navier—Stokes equation. Section 4 details the appli-
cation of these methods to the problem. Finally, Section 5 presents the numerical results
obtained using the NTIM and OAFM, supported by clearly illustrated graphs and tables.

2. Basic Definitions

In this section, we discuss some crucial ideas that are essential to the current frame-
work: natural transform [39] and the fundamentals of fractional calculus.

Definition 1. The Riemann—Liouville (R-L) fractional integral is defined as

Yic(t) = r(lw [M@=0r e, (> 07 > 0) 1)

J36(1) = ¢(),

where T'(.) is the gamma function:

T(p) =/ e Ty~ ldy, peC.
0

The Riemann—Liouville model has limitations when applied to practical problems through fractional
calculus. In his work on viscoelasticity theory, Caputo presented a modified fractional differential
operator (D])).

Definition 2. Caputo’s time-fractional derivative operator of order v > 0 is defined as

DIs() = gy (T 0" &

(2)

m—1 < v < m, meN, and f e C";.

Definition 3. The natural transform of §(%) is defined as

N {80} =RExK) = /()we‘?‘ﬁ(&(f))df. 3)

K

where 6,k > 0 are the transform variables.

Definition 4. The inverse natural transform is described as follows:

R {R(G00} = () = € /:We% (R@,0))ds. @)

271 —100

The integral is represented as 6 = a + bu in the complex plane along 6 = ¢, where ¢ € R.
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Definition 5. If the nth derivative of 9(F) is 9" (f), then its natural transform is given as

. _ 5 gn-e-1
N+{19”(t)} = Ru(6,%) = SR(6,K) — Lf§—— {19"(0)}, n > 1 )

3. Basic Procedure of Methods

This study presents an original application of the Natural Transform Iterative Method
(NTIM) and a refined version of the Optimal Auxiliary Function Method (OAFM) to
fractional Navier-Stokes equations, highlighting both methodological advancements and
practical gains in terms of accuracy and computational efficiency. The implementation of
these techniques was performed using Wolfram Mathematica 14.0, which provides robust
capabilities for symbolic computation, particularly in handling fractional derivatives.

3.1. Natural Transform Iterative Method
Consider the FDE of the following form [40]:

D} (a(A,0)) = p(A,0) + F(@(A,0)) + (@A), Ao > 0m—1 < i < m (6)

where Dg represents the Caputo fractional derivative. The linear and nonlinear functions
are represented by ¥ and , respectively. The known function is represented by g(A, o). The
initial conditions are given as

a(A,0) = 6(a). 7)

Equation (6) has been transformed naturally using the natural transform:
8D} (a(1,0) | =8* o 0)] +87 [7(2(1,0) + E(a(R,0) ) |. ®)

One way to represent Equation (8), which makes use of the natural transform differentiation
feature, is

N
al

a0 =1 o) +3° [1(ee) + (e d)].

By arranging Equation (9), we have

1

R*[a(h,0)] = b %’j(w 6%, )]) + S—Z(w %(ah0) +¢(ah)]). o)

S

When calculating the NTIM solution, §(A, o) is extended as
a4, 0) =} gi(A,0), (11)

and the nonlinear term {(6(A, )) is defined as

(X athe) =¢(atho) + il{z’(g 000) (T ato)})
Plugging Equations (11) and (12) in Equation (10), we obtain
(o] <12 S o))+ 5 (| Bl +efm)+ £{ef(0) ¢ E @)}]) 0
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making use of the recursive relation

- o'l - . - - ~ ~
R g (10)] =5 [X(a(10)) +£ (01 0) +a1(4,0) + &2(A,0) + - + (1, 0))
~¢(0 o) +a(ho)+-+01(1,0))] i = 0.
The inverse natural transform of Equation (14), which gives us

6o(1,0) = X~ [9(‘3) + & (x*[pho)] )],

S

(14)

(15)

(16)

According to Bhalekar and Daftardar-Gejji [41], the convergence of the NTIM is equivalent

to the convergence of NIM.

3.2. Optimal Auxiliary Function Method

Let us consider the general nonlinear equation of the form to demonstrate the basic

idea of the OAFM [42]:
(e, 0)) +¢(ah0)) +p(A,0) =o.

With corresponding given initial /boundary conditions:

WY
B(Q,ag> —0.

(17)

(18)
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Z stands for the nonlinear term, § is the provided function, and j is the linear term. It is
possible to express the approximate answer to Equation (17) as

0*(A,0) = do(A,0) + 01(A,0,Cy), n=1,2,3,4...5. (19)

=

We insert Equation (19) into (17) to obtain the initial and first approximate solution of
Equation (17).
Use the linear term to get the first approximation, go(A, ¢):

%@ o)) +phe) =0, B2, %2) =0, 0)

The specified initial /boundary condition determines the behavior of the linear opera-
tor ¥, and the function §(A, ¢) is not fixed. Finding the value of the first approximation,
01 (}\, o), requires taking into account the nonlinear differential equation and the specified
initial and boundary conditions:

(@, C)) +E(a0(h o) +a1(1,0,C)) =0, @)
with the corresponding initial /boundary condition:
s~ 001\

B (er 8(7) =0. (22)

The nonlinear component in the final equation can be expressed as follows:

{(a0(h0) +a1(h,0)) = (a1, 0)) + ZQ1 N<k( (1,0)). 23)

The limit solution of Equation (23) can be obtained by stating it in an algorithmic se-
quence. To manage every obstacle encountered when resolving the nonlinear differential of
Equation (21) and to quicken the initial approximation’s convergence, §1 (A, o), we choose
a different term to symbolize Equation (21):

5{(@1 (A,0, cn)) +3 (go(i,a))g(go(x, a)) +3 (go(i, o), cm) —0, (24)

B(a,92) =0 (25)

Remark 1. The auxiliary functions Si and Sy are based on the §o(A, o) and unknown parameters
Cpand Cy,, wheren =1,2,3,...sandm =s+1,5s+2,5+3...4.

Remark 2. Where Sy and S, are not unique. It might be do(A,0) or { (@0()1, (7)) or perhaps a
mixture of both §o(A, o) and 6(@0(5\, (7)).

Remark 3. S, (éo()l, o, Cn)) and S (Qo(fx, o, Cm)) are the sum polynomial functions if do (A, o)
or 5(@0(}\, (7)) are polynomial functions. Similar to how S (QO(X, o, Cn)) and S, (@0(7\, o, Cm))
are the sum trigonometric functions when do(A, o) or (@0(;\, (7)) are the exponential functions,
these two functions are the sum exponential functions when (A, ) or { (QO()L (7)) are the

trigonometric functions. The exact answer is §o(A, o) if (@0(5\, (T)) = 0, which is the specific case.
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Remark 4. To find the values of the unknown parameters C,, and C,y,, we use a number of methods,
such as the Ritz approach, the Collocation method, the Least Squares method, and Galerkin's method.

Remark 5. The suggested method is simple and powerful, with auxiliary functions Sy and S,
controlling convergence and providing accurate results after only one iteration. It is not dependent
on small or big parameters.

4. Solving Fractional Order Navier-Stokes Equations

Example 1. Consider the two-dimensional fractional-order Navier—Stokes equation:
DE () + 925 (9) + 9 () = 7 [355(9) + 3 (9) ] +p. (26)
DE(@) + 95(@) + @9 (@) = [a(,-,,g(w) + an,n(m] —p. 27)
along with the boundary conditions:
(8, 7,0) = —sin(d + 7). (28)
@(6,7,0) = sin(d + 7). (29)
The exact solutions of Equations (26) and (27) are
(0,7, &) = —e 2 sin(6 4 7).
@(3,71,&) = e ¢ sin(d + 7).

4.1. NTIM Solution
Applying natural transform on Equations (26) and (27), we get

RE{DE()} = 8{ = 925(p) — $3x () + 0 [055() + I ()| +0}.  (O)

R{DE(@) } = N{ — 92s(@) — @9(@) + 7[9s5(@) +dx (@) +p}. (B
Applying the natural transform differentiation property to Equations (30) and (31), we get

B—1

B
Z9(6,7,8) — = 9(6,7,0) = N{ — 425(9) — YA () + 755 (¥) + D ()] + 0. (32
Sﬁ 1/;371
5@(6,7m,8) — ~-(6,m,0) = N{ — 05(@) — @I (@) + a[a(w(w) + am@)} + p}. (33)
Taking the inverse natural transform of Equations (32) and (33), we have

5, 7,0 _(vP
Pp(6,7,8) = @ LN - 9a5() — 99 (9) + 0 [D55() + ()] 0} }- (34)

s, 7,0 _(vP
@ (5,7, &) = @ +R {Z—ﬁN{ — $35(®) — @I (@) + a[aw(a)) + am(w)} + p} } (35)

Using the idea of the NTIM and the recursive relation of Equation (14), we obtained the
solution components as

polo,m,¢) = - { L0

S

@(8,,0) }

@o(6,71,&) = N_{ .
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$1(6,7,¢) = N{ﬁN{ — $095(%0) — P09 (o) +U[35,5(1P0) +an,n(¢0)] +P}}-

@1(5,7,8) =8 { 50 — 9o2s(@0) — udel) + 7 [Bgs(@0) + 2 nlan)] +0} ).

vB

2(9,7,8) :N_{ST;N{ — (o + ¥1)9s(Po + 1) — (Yo + 1) (Yo + 1) +U[35,5(¢1) +3n,n(l/J1)} +P}

- {lPoao‘(lPO) - lPOan(lI«’O)}}.

@,(6,7,¢) :N—{;;N{ — (o + 91)95(@0 + @1) — (@ + @1)9r (@0 + @1) + 0[35,5((91) + an,n(wl)] +P}

— {035(@0) — @0dx(@0) } }.

vB

¥3(6, 7, ¢) :Nf{s??*{ — (o + 1+ ¥2)95 (o + 1 + ¥2) — (o + 1 + ¥2)9= (o + 1 + ¢2)
+0 (955 (92) +3m(2) | + 0} = { Yo+ ¥1)3s(ho+91) — (Yo + ¥1)ax(o +¢1) } }-

p
@3(8,7,8) =X { 5] = (Yo + Y1 + 12)25(@0 + @1 + @) — (@0 + @1+ @2)d(@0 + @1 + @) o)

+0[35,0(@2) +dn2(@2)] + 0} = { (Wo + 4135 (@0 + @1) — (@0 + @1)r(@0 +@1) } }.

By using the software Wolfram Mathematica 14.0, the solution components are obtained as

Po(d,,&) = —sin(d + 7). (37)
@y (6,7, &) = sin(d + 7). (38)
_ &P(p —sin(2(6 + 1))
_ i
’ - &2p (2r(2/3+1)2§/3(?fﬁci()zz(régg)ﬁsm(4(5+n))) +2pcos(d + ) +sin(d + ) — 3sin(3(d + n))) )
$200,7,6) = T(2B+1) '
02(6,7,8) — &P sin(2(6 + 7)) cos(d + &) . 42)

r26+1)

1 1

= ¥
1p3(5,7T,f:) ﬁr(ﬁ+1)4r(4ﬁ+1) (‘;’ <F(ﬁ+%)zr(5ﬁ+1)

(724721 (B +1)2r(4B +1)%¢% ((4p

— 7) sin(2(6 + 7)) +8pcos(2(6 + 7)) + 24p cos(4(6 + 7)) + 3(4sin(4(6 + 7))

—~9sin(6(0+7)))) ) + (4 Pr(B+1)’T(3p+1)2P((4p> +2) sin(s + )

)

+24pc0s(3(5 + 7)) +3(sin(3(0 + 7)) ~ 5sin(5(6 + 1)) ) + F(?J/%l+1) (2(var(s+1rep

5 2T+ 1)2¢f ( (4p2 + 1) sin(2(6 + 7)) + 8p cos(4(5 + 7)) — 3sin(6(6 + n)))
+1)8°( T(56 +1)
+T(B+1)T(38+1)(—2pcos(é+ 1) + 6pcos(3(6 + 1)) + 3sin(3(6 + 7)) — 5sin(5( + 7'[))))
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1
r(7p+1)

+3cos(6(6 + 7)) — sin(8(5 + 7)) ) + VAT (B -+ 1)°T(46 + 1)(r(6;+1) (r(sp
+1)&%F (4p(psin(d + ) + 3psin(3(0 + 7)) 4 2cos(8 + 77) + 10 cos(5(6 + 7)) + 3sin(d + 1) (43)
—3sin(3(6 + 7)) + 5sin(5(6 + 7)) — 21 sin(7(5 + n)))) +2T(B +1)2(p cos(2(6 + 7))

_l’_

(8%+1T(2p+1)°T (3 + %)F(% +1)t* (p(20sin(4(6 + 7)) + cos(2(5 + 7))

+25sin(2(5 + 7)) — 3sin(4(5 + n)))))))>.

4B+ 1) (3cos(2(6 + 7)) — 1)(4p cos(é + 1) + 3sin(6 + 1) — 5sin(3(6 + 71)))
T(2B+1)2T(56+1)

4T (58+1)&% (2 cos(2(6+7)) —3 cos (4(5+7)) —3) (o—sin(2(3+ 7))
T(B+1)T(68+1)

@3(6,7,¢) :%(:3;3 cos(d + ) < i

—4pcos(é+ ) —3sin(d + ) 4+ 5sin(3(6 + 7))
r(38+1)
N AT(2B + 1) (sin(4(6 + 1)) —2pcos(2(6+ 1)) T(36 + 1)EP(2sin(2( + 7)) — 3sin(4(3 + 1)) )

n (44)

T(B+1)’T(4p+1) T(B+1I(28+1)I(4p+1)
Combining the components, the third-order approximate solution is given as
¥nTim(6, 71, 8) = $o(6,70,8) + 16, 71,8) + 2(6, 7, &) + (6, 71, §), (45)

and
‘DNTIM(§/ TT, 5) = (DO(‘S/ T, (:) + @ (5/ T, (:) + ('DZ(&! TT, g) + (‘93(5/ T, C) (46)

4.2. OAFM Solution

We consider linear and nonlinear terms in Equations (26) and (27) as

¥(v(0,m8)) = D (96, 0))
x(@(6,m,8)) = DE(@(5,m,2))

C(w(6,m2)) = =670 ((6,7,0)) = (6,7, (9(0,7,8)) +0 (355 (¥(6,7,8) ) + 0 (p(E, 7, 0) | 40 @7)

¢(@(6,m,8)) = ~9(6,7,0)3s (2(6,7,8)) — @(8,7,8)0x (@(6,7,8)) + (955 (@(6,7,8) ) + e (@(6,7,0))| —p. 49)
The initial approximate is obtained from Equation (9):
D (9o(6,7,8)) = 0. (49)
Df (a)o(é, 7, g)) —0. (50)
Apply the inverse operator on Equations (49) and (50), we have the following solutions:
Po(6, 7, &) = —sin(6 + 7). (51)
@y (6, 7t,&) = sin(6 + 7). (52)

By plugging Equations (51) and (52) in Equations (47) and (48), we get the following equations:

¢(wol6,7,8)) = p —sin(2(0 + ). (53)

{(@0(6,m,8) = —p. (54)
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The first approximation 1 (J, 77, &) and @4 (4, 71, &) are as follows:

DE(1(6,m.0)) + T {o(6, &)@ fN{wo(6, &) } + T {wo(6, &), @i} (59)
D? <@1(5r 7T, 5)) + H3{®0(5/ TF/C)/@}N{CDO(5/ ﬂ/C)} + H4{@0(5/ TF/C)/@'}- (56)
According to the nonlinear operator, we choose Iy, Iy, I3, and Iy as
I, = @ysin(0+ 1) + @3(—sin(0 + 7))°
[, = @psin®(6+ ) —@;sin(d+ m)
I3 = wgsin®(0+ 71) + @7(—sin(d + n))°
I, = @gsin?(6+ 1) — wssin(é + )

Putting ITy, ITp, and Equation (53) into Equation (55), we get the first approximation of
$(6,7,8) as

&P sin(0 + ) (sin(é + 77) (sin(6 + 1) (@4 sin(6 + 1) — @3) (p — sin(2(8 + 7)) + @2) — @1)
L (B) '

Putting I3, I'ly, and Equation (54) into Equation (56), we get the first approximation of @ (4, 7t, ) as

$1(9,7,¢) =

(57)

B &P sin(6 + ) (@gp sin® (6 + 1) — sin(6 + 1) (w7 sin(d + ) + @wg) + @)

w1 (51 T, 57) = ﬁr(ﬁ) (58)
We get the first-order approximate solution of ¥(8, 77, &) and @(4, 7, &) as follows:
Yoarm (0,7, 8) = $o(0, 71, &) + ¥1(6, 70, ). (59)
bonemi(6, 5. = sin(d+ ) (gﬁ(sin(& + 71) (sin(6 + 71) (cwy sin (& +ﬁ7;)(ﬁ—) @3)(p —sin(2(8 + 7)) + @) — @1) 1) R
@oArm (6, 7,8) = @0 (6, 71, 8) + @1(9, 71, §). (61)
B (.~ .3 o - . - -
@oarm(9, 7, &) = sin(d + 1) (1 _ &P (@spsin”(6 + 1) —sin(d ;;E;()WP sin(d + ) + @) + @) ) (62)

To find the values of unknown parameters @y, @,, @3, and @, for (8, 7, &), and @s, Wg, @7, and wg
for @(6, , &), we used the collection method:

w1 = 3.7198667937151964
wy = 5.228149298569213
w3 = —85.90373651612913
wy = —90.90413043651026
ws = —1.0476531705366368
weg = —0.0670374384329326
wy; = —1.1739887449941295
wg = 1.0353507715432089

Example 2. Consider the two-dimensional fractional-order Navier—Stokes equation:
DE () + $25() + $9(9) = 7 [955(9) + 3 (9)] +p. (63)

DE(@) + 35(@) + @3r(@) = 0[95,4(@) + 3 x(@)] +p. (64)
Subject to the boundary conditions:
(6, 7,0) = —2+7. (65)

@(0,7,0) = F7 (66)
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The exact solutions of Equations (63) and (64) are
IIJ((S/ T, C) _ 7e§+7'(+20§. (67)
@(8,7,8) = £ TTH2E, (68)

4.3. NTIM Solution
Applying a natural transform on Equations (63) and (64), we get

R{DE()} = R{ = pa5(p) — 9x () +¢[2s5(9) + 0 ()] +p}. (69)

R{DE (@)} = ®{ ~ 425(@) ~ @3x(@) +[355(@) + 0 (@)] +p}. 70)
Applying the natural transform differentiation property to Equations (69) and (70), we get
5/5 Vﬁ71
Z5(6,7,8) = == (6,7m,0) = R{ = 935(9) — 99(9) + 0 [355() +dn(9)| +p}. D)
v s

ob B-1
50(6,m,8) — —a@(5,m,0) = N{ — 35(@) — @I (@) + 0[85,5((0) + an,n(w)] + p}. 72)

Taking the inverse natural transform of Equations (71) and (72), we have

(om0 = 1070

8 (8] = 905(9) — 0n(9) + o5 9) + ()] <0} 03)

@(6,7,0)

@(6,7,&) = R {f { Pa5(@) — wan(w)+U[a,5,5((0)+an,n(w)}er}}. (74)

Using the idea of the NTIM and the recursive relation of Equation (14), we obtained the solution
components as

pole,m,8) = - {LETOY

S

@0 (8,71, &) = N*{M}

S

i6,me) = {5 Y] = s (o) — o3 () + o [s(0) + dmny)] 0} -
©1(5,7,8) = N*{:—SN{ — 095(@0) — @00 (@0) + 0 [55(@0) + B e(@0)] +p} }-
$2(6,7,¢) :N*{Z—ﬁx{ — (9o +$1)3s(Yo +¥1) = (Yo + 91)d (o + 1) + 0 [35,5(91) + dn(y1)] +
- {lPoaé(lpo) - 4’0371(1!’0)}}-
@(6, 7,8) =R™ {’;’EN{ (Y0 + ¥1)95(@0 + @1) — (@0 + @1)dr(@0 + @1) + 0 [5,(@1) + (@) | +p
- {%35(@0) ~ @0d(@o) } }-
$3(0,7,8) = { R{ = (o + 1+ 92)5(Y0 + Y1 + ¥2) — (Yo + 91 + ¥2)9 (Yo + 1 + )
+0[355(2) + e (92)]| +0} = { (W0 +91)3s(%0 + 1) — (Yo + ¥1)ax (o + 1) } |-
@3(6, 7, &) :N*{'SLEN{ — (Y0 + 91 + $2)35(@0 + @1 + @) — (@0 + @1 + @2)dr (@ + @1 + @2)

(75)
+ ‘7[85,6(@2) + 3n,n(@2)] + P} - {(1/10 +11)95 (@0 + @1) — (@9 + @1)9 (@0 + wl)}}~
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By using the software Wolfram Mathematica 14.0, the solution components are obtained as

Yo(0,7,8) = —t7.

@y(8,71,&) = et
&P (p _ 262((5+7r)>

P1(6,m,8) = TG +1)
@1(5,7,) = —r(géj o
R i araa)
P20 8) = T(2p+1)
@(0,7,8) = Zlé:zi;ai?-

#0mD) =~ (8"’5(5”) (= g i m) (OB + (007 (3( +7) 50

— 40050 4 6380+ 4 21) - 21) +21T(68 + 1)&P ( (0+m) _ 1)2 (e4<5+”> n 1) ))

4ﬁ+1r(ﬁ + %)r(‘}ﬁ + 1)§5ﬂe7(§+7'() (P2 _ 8p82((5+7'() + 1264(5+7I)>

T §3ﬁe7(§+n) <p _ 1262(5+n)))>

VAL(B+1)*T(56 +1)
4F(3ﬁ + 1)§4ﬁ65+ﬂ <p2 _ 24p62(§+7'[) 4 6064(5+7T)> , 5
- - B,2(6+m) (2
L(F+DI@p+1IUp+1) ey Gl i G

2561 (2B + 1)2T (6B + 1)&7PeA(+7) (pz — 6pe2®+T) 4 8e4(5+”))
T(B+1)*T(38+1)2T (7B +1)

_ 24pe2(5+71’) + 10834(5+7l’))> _

16T (2B 4 1)&4Pe30+7) (1082(5+n> _ 3p>
B T(B+1)°T(4p +1)

TGA+1) | JaT(f+ TGE+1)

Boo i (2200m) _ o\ (WA eT(pRe
ghertn (2200 P)(r<2ﬁ+1) + TG )
2

) 3 4B+1T 26+ 1 gz,sez(§+n)
@3(8, 7, &) :263,362(15+7r) ((562((5+n) _ P) ( ( 1 ( 2>

Jr

T(p+1)2 T r DT+ T+ 1)

Combining the components, the third-order approximate solution is given as

6T (3B + 1)zPe3(6+70) )

ONTIM(S, 7T, 8) = o(6, 77, &) + 91(0, 71, &) + ¥2(6, 71, &) + ¢3(9, 71, §),

and
@ntim (6,7, &) = @o(6, 7, &) + @1(3, 7T, &) + @2(6, 77, &) + @3(9, 71, §).

4.4. OAFM Solution

We consider linear and nonlinear terms in Equations (26) and (27) as

x(v(@,m8)) = D (w(6,m,0))

G
{(p0,m ) = —9(6,m8)35(y(60,m,8) —9(6,m,8)ax (p(0,m,8)) +0[955(4(6,m,0) + 0 (96, 7,0)) | +p.

g'<a>(5, n,g)) = (o, n,g)ag(w((s, n,§)> @(6,7,8) an(a) (6,7, &) ) [355((@(5, s )) +am(a>(5, m, ))} —p.

(76)

77)

(78)

(79)
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The initial approximate is obtained from Equation (9):

DE (o6, 7,8)) = 0. (80)
D (@o(6,7,8)) = 0. (81)
Apply the inverse operator on Equations (80) and (81) and we have the following solutions:
$o(6,7,8) = 7. (82)
@0 (5, 7,&) = o7, (83)

By putting Equations (82) and (83) in Equations (78) and (79), respectively, we get

{(o(6,m,8)) = p — 22047, (84)

{(@0(6,7,8)) = —p. (85)

The first approximation i1 (6, 77, &) and @1 (6, 7t, &) are as follows:
Df (91(6,7,0)) + T {0(6, 7, ), @ }N{go(6, %, ) | + I {po(6, m D) @i} (86)

DE (@1(6,7,8)) + Tla{@0(6, 7,8), @ }N{@o(6,7,8) } + Tu{ @0 (6, 7,8), i . (87)
According to the nonlinear operator, we choose Iy, I'ly, I3, and Iy as
I, = @ (6‘5+”>4 + @3 (fe‘H”)S
M, = @ (EJJrrt)z — T
= ay(@7) v ap(-d)
M, = @ <615+71>2 — et
Putting I'ly, Iy, and Equation (84) into Equation (86), we get the first approximation of ¢(J, 7t, ) as

&b (83((5+7r) (@e‘”” _ w3) <p _ 262((5+n)) @y (_eé+n> + w282(§+n))
BL(B)

Putting I3, I'ly, and Equation (85) into Equation (87), we get the first approximation of @ (4, 7, ¢) as

(88)

$1(6,7,8) =

thedtm (e”” (@796”7T — wgpe? 07 4 “_’6) - @5)

We get the first-order approximate solution of (6, 7, &) and @ (4, 7t, &) as follows:
Yoarm(6,7,8) = ¥o(4,7,8) + 1(6, 7, §). (90)
éﬂ e3(6+7) d)4€‘5+7f —a3)(p— 202(6+7m) ) @ —etT) ¢ w282(5+rt)
lIJOAFM((s/ 7, 5) _ ( ( ) ( ) ( > ) _ e(SJrTE' (91)
L (B)
@oarm(6,7,8) = @0(8,7,8) + @1(6, 7, 8). (92)

WOAFM

B( 0+ OATT (= 0+~ ) S -
(5’ 7T, g) _ 65+7r (1 . é <e (pe (wggr(ﬁ) (4]7) w6) +w5> ) (93)
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To find the values of unknown parameters @y, @,, @3, and @, for (4, 7, &), and @s, @g, @7, and @g
for @ (8, 7, &), we used the Least Squares method:

@1 = —0.405482

@ 0.00537914

@3 = 6.217630561289015 x 10~ 1!
@4 0

@5 = 0.0391033

@¢ = 0.000171358

@7 = 2.07522567006846 x 1077
@g = 1.0686888996281255 x 107

5. Results and Discussions

Unlike earlier approaches such as the homotopy analysis method or Adomian decomposition
method, our use of the NTIM and OAFM exhibits faster convergence and improved accuracy,
particularly evident in Tables 1-4. Figures 1-4 present a comparative analysis of the effects of varying
fractional orders B on the functions ¢ (4, 71, &) and @(4, 7t, &), as obtained through the application
of the Natural Transform Iterative Method (NTIM) and the Optimal Auxiliary Function Method
(OAFM) in solving Problem 1. The three-dimensional solution profiles of (6, 7t,{) and @(6, 7, &) for
discrete B values unfold in Figures 5-8. It is discernible from these graphical depictions that, as
approaches unity, both profiles converge admirably toward the exact solution.

- B=05
10F|- B=0.7 ST
B=1.0 74 /l
B=Exact| /¢
05 4
3>
0.0
-0.5
\
\,
-1.0f
-4 -2 2 4

Figure 1. Solution profile of (4, 7, ) with different § values when 7w = 0.1,¢ = 0.001, and p = 1
using NTIM.

Figure 2. Solution profile of (8, r, ) with different § values when 7w = 0.1, = 0.001, and p = 1
using OAFM.
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T T T T T
~ B=0.2
- B=05
- B=0.7
- B=10
- B=Exact

0.0
8
-0.5
-1.0F
-15} .
-4 -2 0 2 4
5

Figure 3. Solution profile of @ (9, r, ) with different p values when 7 = 0.1,¢ = 0.01,and p = 1
using NTIM.

Figure 4. Solution profile of @ (9, 7, ) with different p values when 7 = 0.1,¢ = 0.01,and p = 1
using OAFM.

u B=02
m 3=05
u B=0.7
m pB=1.0
u B=Exact

Figure 5. Three-dimensional graph of ¢(J, 7t, ) with different p values when ¢ = 0.0l and p =1
using NTIM.

u B=02
m B=05
u B=0.7
uB=10
u B=Exact

Figure 6. Three-dimensional graph of ¢(J, 7t, ) with different p values when ¢ = 0.0l and p =1
using OAFM.
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m B=0.2
m B=0.5
u p=07
m pB=1.0
u pB=Exact

0 r | /
“~ |
5

Figure 7. Three-dimensional graph of @ (4, 7, ¢) with different § values when ¢ = 0.0l and p =1
using NTIM.

m B=02
m 3=05
m B=0.7
m pB=1.0
u B=Exact

Figure 8. Three-dimensional graph of @(J, 77, ¢) with different § values when ¢ = 0.0l and p =1
using OAFM.

Moving on to Figures 9-14, we witness the expression of three-dimensional profiles of
(6, 7, ¢) and @(4, 7t, &) brought forth by the proposed methods. Further exploration is facilitated
in Figures 15-18, where the distinct fractional values of B for ¢ (4, 71, ¢) and @(9, 7, ¢) are delineated
using the NTIM and OAFM to tackle Problem 2. Figures 1922 present captivating three-dimensional
graphs of ¢(J,7,¢{) and @(6, 7, &) for an array of B values. The methodologies put forth have
yielded three-dimensional profiles, vividly depicted in Figures 23-28. Notably, these figures provide
compelling evidence of the convergence phenomenon of fractional solutions toward integer solu-
tions. The precision achieved with the current methods underscores their efficacy in elucidating the
mathematical intricacies inherent in the given problems.

Figure 9. Three-dimensional graph of ¢(J, 7t, &) when ¢ = 0.01, § = 1, and p = 1 using NTIM.
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Figure 12. Three-dimensional graph of @ (8, 7, ) when & = 0.01, B = 1, and p = 1 using NTIM.
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&
5

&
5

Figure 14. The exact solution 3D graph of @ (4, 7, &) when ¢ = 0.01 and p = 1.

0
— B=02
-501 — B=05
— B=0.7
-100F ~ B=10
s —  p=Exact
-150
-200
-250
-4 -2 2 4

o ©

Figure 15. Solution profile of (4, 7, &) with different g values when 7 = 0.1, ¢ = 0.001, and p =1
using NTIM.

~ B=0.2
- B=0.5
- B=0.7
~ B=1.0
_30F B=Exact

-20F

—40F

-50F

-60F

-70F

Figure 16. Solution profile of 1(J, 7, &) with different § values when 7 = 0.1, ¢ = 0.001,and p =1
using OAFM.
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T T T T T
~ =02
200 |- B=05
- B=0.7
- B=1.0
150 - B=Exact
B
100 -
50+
0
-4 -2 0 2 4

Figure 17. Solution profile of @(4, 7t,§) with different p values when 7w = 0.1, { = 0.001, and p = 1
using NTIM.

701

B=0.2
B=0.5
B=0.7
B=1.0
~  P=Exact

@
S
T
o

50F

401

30F

201

-4 -2 0 2 4
5

Figure 18. Solution profile of @ (4, 7t, ) with different § values when 7w = 0.1, { = 0.001,and p =1
using OAFM.

m B=0.2
m 3=0.5
u B=0.7
u =10
u pB=Exact

m B=0.2
m B=0.5
u pB=0.7
m B=1.0
u fB=Exact

Figure 20. Solution profile of (6, 7t, &) with different 8 values when ¢ = 0.01 and p = 1 using OAFM.
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m B=0.2
m =05
u pB=0.7
m pB=1.0
u pB=Exact

=02
m B=05
u =07
u =10
u B=Exact

Praey |
5 este |

1.0

Figure 22. Solution profile of @ (4, 7, &) with different § values when ¢ = 0.01 and p = 1 using OAFM.

Figure 23. Three-dimensional graph of (4, r, &) when ¢ = 0.01, 8 = 1, and p = 1 using NTIM.
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Figure 24. Three-dimensional graph of (8, 7, &) when & = 0.01, B = 1, and p = 1 using OAFM.

1.0 0.0

Figure 25. The exact solution 3D graph of ¢(4, 7,¢) when ¢ = 0.01 and p = 1.

Figure 26. Three-dimensional graph of @ (8, 7, ) when & = 0.01, B = 1, and p = 1 using NTIM.
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Figure 28. The exact solution 3D graph of @(4, 7, ) when ¢ = 0.01 and p = 1.

Table 1. The absolute error of NTIM and OAFM solution of (4, 7, &) for p =1, § = 0.001, p = 0, and

T =0.1.
) ¢ Yntim (0, 77,8)  Yoarm (6, 7,&)  YExact (8, 7,&) NTIM Error OAFM Error
0.01 0.001 —0.109997 —0.110146 —0.109778 218662 x 1074 3.67275 x 1074
0.035 0.001 —0.134858 —0.135044 —0.13459 267256 x 107*  4.5386 x 10~*
0.06 0.001 —0.159633 —0.159869 —0.159318 3.15181 x 1074 5.50792 x 10~*
0.085 0.001 —0.184309 —0.18461 —0.183947 3.62315 x 107%  6.63065 x 104
0.01 0.003 —0.110437 —0.11088 —0.109778 6.58592 x 1074 1.10183 x 103
0.035 0.003 —0.135395 —0.135952 —0.13459 8.04935 x 1074  1.36158 x 1073
0.06 0.003 —0.160267 —0.160971 —0.159318 9.49249 x 1074  1.65238 x 1073
0.085 0.003 —0.185038 —0.185936 —0.183947 1.09117 x 1073 1.9892 x 10~3
0.01 0.005 —0.11088 —0.111615 —0.109778 1.10203 x 10™3  1.83638 x 1073
0.035 0.005 —0.135937 —0.13686 —0.13459 1.34688 x 1073 2.2693 x 1073
0.06 0.005 —0.160907 —0.162072 —0.159318 1.58831 x 1073 2.75396 x 1073
0.085 0.005 —0.185772 —0.187262 —0.183947 1.8257 x 1073 3.31533 x 1073
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Table 2. The absolute error of NTIM and OAFM solution of @(4, 7z, {) for p =1, ¢ = 0.001, p = 0,

and r = 0.1.
) g ONTIM (5, TT, g) @OAFM (5, 7T, g) WExact ((5, 7T,€) NTIM Error OAFM Error
0.01 0.001 0.109778 0.109893 0.109778 1.08562 x 1077 1.14202 x 104
0.035 0.001 0.13459 0.13473 0.13459 132282 x 1077 1.3979 x 10~%
0.06 0.001 0.159318 0.159483 0.159318 1.55425 x 1077 1.65209 x 104
0.085 0.001 0.183947 0.184137 0.183947 1.77893 x 1077 1.90444 x 104
0.01 0.003 0.109779 0.110121 0.109778 9.78995 x 1077 3.42605 x 104
0.035 0.003 0.134592 0.13501 0.13459 1.19287 x 1076 4.19369 x 104
0.06 0.003 0.15932 0.159814 0.159318 1.40155 x 107 4.95626 x 1074
0.085 0.003 0.183948 0.184518 0.183947 1.60412 x 1076 5.71332 x 104
0.01 0.005 0.109781 0.110349 0.109778 2.72483 x 10~®  5.71008 x 104
0.035 0.005 0.134594 0.135289 0.13459 3.32007 x 107 6.98948 x 104
0.06 0.005 0.159322 0.160144 0.159318 3.90079 x 107¢  8.26043 x 104
0.085 0.005 0.183951 0.184899 0.183947 446451 x 107°  9.52219 x 10~*

Table 3. The absolute error of NTIM and OAFM solution of (6, 77, {) for =1, p = 0, and = = 0.1.
) g PYNTIM (5, 7T, g) YOoAFM ((5, T, g) PExact ((5, 7T, g) NTIM Error OAFM Error
0.01 0.001 —1.11878 —1.11582 —1.11628 250051 x 1073 4.59333 x 104
0.035 0.001 —1.14717 —1.14407 —1.14454 262893 x 1073 4.71136 x 104
0.06 0.001 —1.17627 —1.17303 —1.17351 2.76396 x 1073 4.83245 x 104
0.085 0.001 —1.20612 —1.20272 —1.20322 290593 x 1073 4.95671 x 104
0.01 0.003 —1.12383 —1.1149 —1.11628 7.5518 x 1073 1.378 x 1073
0.035 0.003 —1.15248 —1.14312 —1.14454 7.941 x 1073 1.41341 x 1073
0.06 0.003 —1.18186 —1.17206 —1.17351 835031 x 1073 1.44974 x 103
0.085 0.003 —1.212 —1.20173 —1.20322 8.78077 x 1073 1.48701 x 1073
0.01 0.005 —1.12895 —1.11398 —1.11628 1.26704 x 1072 2.29667 x 103
0.035 0.005 —1.15786 —1.14218 —1.14454 133257 x 1072 2.35568 x 1073
0.06 0.005 —1.18753 —1.17109 —1.17351 1.4015 x 1072 241623 x 1073
0.085 0.005 —1.2179 —1.20074 —1.20322 1.474 x 1072 2.47835 x 1073

Table 4. The absolute error of NTIM and OAFM solution of @(6, 7t,¢{) for p =1, p = 0,and 7w = 0.1.
s 4 @ntim (0, 7,8)  @oarm (9, 7,8) @Exact (9, 7,8) NTIM Error OAFM Error
0.01 0.001 1.11628 1.11623 1.11628 1.39356 x 1076 4.34366 x 10~
0.035 0.001 1.14454 1.14449 1.14454 150217 x 1076 4.45306 x 105
0.06 0.001 1.17351 1.17347 1.17351 1.61924 x 1076 4.56521 x 105
0.085 0.001 1.20322 1.20317 1.20322 1.74544 x 107  4.68017 x 107>
0.01 0.003 1.11629 1.11615 1.11628 1.2589 x 10~° 1.3031 x 104
0.035 0.003 1.14455 1.1444 1.14454 135714 x 107°  1.33592 x 104
0.06 0.003 1.17353 1.17337 1.17351 1.46305 x 107> 1.36956 x 104
0.085 0.003 1.20323 1.20308 1.20322 157724 x 1075 1.40405 x 104
0.01 0.005 1.11631 1.11606 1.11628 3.51008 x 107> 2.17183 x 10~
0.035 0.005 1.14457 1.14431 1.14454 3.78436 x 1075 2.22653 x 1074
0.06 0.005 1.17355 1.17328 1.17351 4.08009 x 1075  2.28261 x 10~*
0.085 0.005 1.20326 1.20298 1.20322 439897 x 107> 2.34008 x 10~*

6. Conclusions

This paper introduces a novel numerical framework for solving the fractional Navier-Stokes
equations by integrating the Natural Transform Iterative Method (NTIM) with an improved version
of the Optimal Auxiliary Function Method (OAFM). The solution is constructed in the form of a
rapidly converging series, demonstrating both efficiency and accuracy. The strength of this combined
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approach is illustrated through several test problems, underscoring its reliability and effectiveness.
A key advantage of the proposed methods lies in their ability to handle nonlinear fractional partial
differential equations without resorting to discretization, linearization, or small perturbation tech-
niques—significantly lowering computational demands. Compared to existing strategies, this hybrid
methodology stands out as a powerful and flexible tool for tackling complex fractional systems,
offering a fresh perspective and extending the frontiers of current analytical techniques.
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