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Abstract

This study applies the Conformable Laplace Adomian Decomposition Method (CLADM) to
solve generalized time-fractional Korteweg–de Vries (KdV) models, including seventh- and
fifth-order models. CLADM combines the conformable fractional derivative and Laplace
transform with the Adomian decomposition technique, offering analytic approximate solu-
tions. Numerical and graphical results, generated using MATLAB R2020a 9.8.0.1323502,
validate the method’s efficiency and precision in capturing fractional-order dynamics.
Fractional parameters ϱ significantly influence wave behavior, with higher orders yielding
smoother profiles and reduced oscillations. Comparative analysis confirms CLADM’s su-
periority over existing methods in minimizing errors. The versatility of CLADM highlights
its potential for studying nonlinear wave phenomena in diverse applications.

Keywords: nonlinear wave dynamics; time-fractional higher order KdV equations;
conformable laplace adomian decomposition method

MSC: 35R11; 35Q53

1. Introduction
The Korteweg–de Vries (KdV) model is a fundamental nonlinear partial differential

equation that arises in the study of shallow water waves, plasma physics, and other physical
systems. The KdV model is vital in understanding nonlinear wave dynamics across diverse
physical phenomena, including flood analysis, plasma waves, and ocean surface waves. In
ocean engineering, they are crucial for predicting tsunami wave evolution, understanding
internal waves in stratified fluids, and analyzing rogue waves, all of which are essential for
ensuring the stability of offshore structures and coastal protection. Furthermore, these mod-
els are particularly valuable for studying coastal wave dynamics and interactions between
offshore structures and waves, offering critical insights for designing resilient coastal and
marine infrastructure. Beyond fluid dynamics, the KdV model has significantly influenced
several scientific domains, such as optics, quantum field theory, general relativity, plasma
physics, and fluid mechanics. The origins of solitary wave research trace back to Russell’s
discovery in 1834, during their observations of water waves while working on canal boat
designs. Subsequent investigations by Boussinesq and Rayleigh in the 1870s provided criti-
cal insights that eventually led to the formulation of the classical KdV model by Korteweg
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and de Vries in 1895. Since then, various extensions and adaptations of the KdV model
have emerged, including the modified KdV (mKdV), fifth-order KdV, generalized KdV
and Hirota–Satsuma KdV equations. These variations have been introduced to address
complex physical scenarios and enhance the applicability of the original model [1].

The seventh-order KdV model extends the classical KdV framework by incorporating
higher-order dispersion and nonlinearity terms, enabling the modeling of more intricate
wave phenomena. Researchers have applied the Adomian Decomposition Method (ADM)
to approximate solutions of seventh-order KdV equations, enhancing the analytical tools
available for complex nonlinear differential Equations [2]. The Homotopy Analysis Method
(HAM) has also been utilized to derive approximate solutions, demonstrating the equation’s
role in advancing analytical techniques for higher-order nonlinear problems [3]. The
seventh-order KdV model has been analyzed to identify conservation laws, which are
crucial for understanding the invariants and symmetries of complex nonlinear systems [4].
Studies have explored generalized solitary wave solutions within the framework of higher-
order KdV models, including the seventh-order variant. These investigations contribute
to the broader understanding of solitary wave behavior in nonlinear systems [5]. Ozkan
derived exact solutions for the time-fractional seventh-order Sawada–Kotera–Ito model
using the exp-function, (G′/G)-expansion, and ansatz methods, yielding dark, bright,
and singular soliton solutions [6]. Mancas and Hereman investigated traveling-wave
solutions to fifth- and seventh-order KdV models using elliptic function methods. Their
research offers exact solutions that serve as benchmarks for numerical solvers and aid in
understanding the dynamics of nonlinear wave models [7]. Research has been conducted
on a seventh-order generalized KdV model and its fractional version in fluid mechanics
using symmetry analysis. This work aids in understanding the role of symmetries in the
solutions and conservation laws of higher-order KdV models [8].

The LADM has been employed to obtain numerical and approximate solutions for
certain fifth-order KdV equations. This method integrates Laplace transforms with Ado-
mian polynomials to efficiently manage nonlinear terms [9]. Studies have explored new
closed-form solutions of the time-fractional fifth-order KdV model using Lie group analysis
and the G′/G-expansion method, providing insights into the behavior of fractional-order
nonlinear systems [10]. The trial equation method has been utilized to the fifth-order KdV
equation to find exact solutions, aiding in the analysis of complex dynamic behaviors in
fractional calculus [11]. The extended complex method has been utilized to explore exact
solutions for the generalized fifth-order KdV model, providing insights into the equation’s
integrability and solution structures [12]. The authors investigated the nonlinear variable-
order fractional KdV equation, which models shallow water waves. They employed the
modified (G′/G)-expansion method to derive exact solitary wave solutions and traveling
wave solutions. The study contributes to the understanding of wave dynamics in shallow
water by providing analytical solutions to this fractional differential Equation [13]. The au-
thors investigated the generalized fifth-order KdV model, with fifth-order linear dispersion
and cubic nonlinearity terms. They employed the modified exp-function method to derive
exact traveling wave solutions, including solitary wave solutions. The study contributes to
the understanding of wave dynamics in shallow water by providing analytical solutions to
this nonlinear partial differential Equation [14]. The study explores the Kaup–Kupershmidt
(KK) model, a particular variant of the fifth-order KdV model. The authors formulated
the equation using a Lagrangian framework, derived associated conservation laws, and
determined exact analytical solutions for ocean gravity waves described by this equation.
This research provides valuable insights into the dynamics of waves in shallow water by
presenting both analytical solutions and conservation principles for the KK model [15]. The
authors proposed a robust fuzzy double parametric approach, specifically the q-Homotopy
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Analysis Shehu Transform Method (q-HAShTM), to solve the generalized fuzzy fractional
KdV equation. This method incorporates Hukuhara differentiability and Shehu transform
to handle uncertainties in the velocity profiles at various spatial positions [16].

Fractional KdV equations have been widely studied due to their significance in model-
ing nonlinear wave dynamics in various physical systems, including shallow water waves,
ion-acoustic waves in plasma, and optical solitons. Researchers have applied various
analytical and numerical techniques to study different forms of fractional KdV equations.
Kurulay and Bayram employed the Differential Transform Method (DTM) to obtain ap-
proximate analytical solutions for the fractional modified KdV (fmKdV) and fractional
KdV (fKdV) equations based on the Caputo fractional derivative [17]. Wang applied Lie
symmetry analysis to the time-fractional fifth-order KdV equation, transforming it into
an ordinary differential equation involving the Erdelyi–Kober fractional derivative [18].
Nazari-Golshan investigated the Space-Fractional Modified KdV (SFMKdV) equation using
the Modified G′/G-expansion method, showing how space-fractional parameters influence
ion acoustic wave propagation [19]. Alshammari investigated a fractional-order system
of KdV equations using the Modified Decomposition Method (MDM) and the New Itera-
tive Transform Method (NITM), demonstrating their effectiveness in obtaining accurate
analytical approximations while reducing computational costs [20]. Cao developed ef-
ficient finite difference schemes for solving the time-fractional KdV equation, proving
their unique solvability, boundedness, and high convergence order [21]. Yousif applied a
conformable-Caputo fractional nonpolynomial spline method, enhancing computational
efficiency for solving fractional KdV Equations [22]. Dwivedi and Sarkar developed a
Crank–Nicolson Fourier-spectral-Galerkin scheme, ensuring the preservation of integral in-
variants in long-term simulations of fractional KdV-type models [23]. Gu introduced a local
discontinuous Galerkin method with generalized alternating numerical fluxes, improving
numerical accuracy in fractional KdV models [24].

Moreover, while several studies have used fractional derivatives such as Caputo,
Riemann–Liouville, and Erdelyi–Kober, the use of conformable fractional derivatives
remains an area of active research due to their computational simplicity and ability to
approximate fractional-order behavior effectively. Khalil [25] introduced the conformable
fractional derivative (CFD), a modern extension of the traditional limit-based definition
of a derivative. Owing to its simplicity, this derivative has been extensively applied in
conjunction with various methods [26–29] across numerous contexts. This study employs
the Conformable Laplace Adomian Decomposition Method (CLADM) to solve generalized
time-fractional KdV models, focusing on seventh- and fifth-order models. Specifically, we
examine the fifth-order time-fractional KdV Sawada–Kotera (SK) model, the time-fractional
seventh-order KdV Sawada–Kotera–Ito (SKI) model, Kaup–Kuperschmidt (KK) model, and
Lax model. These models are highly significant for modeling nonlinear wave phenomena,
particularly in oceanography and ocean engineering, where they describe the propagation
of shallow water waves, solitons, and other dispersive wave behaviors. The fractional-order
derivatives in these equations provide a more accurate representation of complex physical
processes, such as wave dispersion and dissipation, which are vital for understanding ocean
dynamics and mitigating risks in coastal engineering projects. To validate our approach,
we compare the CLADM solutions with exact solutions both numerically and graphically,
demonstrating the method’s accuracy and efficiency. The CLADM is chosen for its ability
to handle nonlinear fractional differential equations effectively, offering advantages such
as reduced computational complexity, high precision in approximating solutions, and the
ability to provide analytical solutions in series form. This makes CLADM particularly well-
suited for solving complex fractional-order models like the ones studied here. Our work
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not only advances the theoretical understanding of these models but also provides practical
tools for analyzing real-world phenomena in oceanography and ocean engineering.

The remainder of this article is structured as follows. Section 2 discusses the concept of
CLADM for fractional PDEs. Section 3 applies CLADM to KdV models. Section 4 presents
the numerical results obtained by CLADM. Conclusions are outlined in Section 5.

2. Concept of CLADM for FPDEs
Definition 1 (see [25]). Given a function Ω : [0, ∞) → R, then the Conformable Fractional
Derivative of order ϱ is given by

(
TϱΩ

)
(τ) = lim

ϵ→0

Ω(τ + ϵ τ1−ϱ)− Ω(τ)

ϵ
,

for all τ > 0, ϱ ∈ (0, 1].

Definition 2 (see [30]). Let Ω is an n times differentiable at τ. Then, the conformable fractional
derivative of Ω of order ϱ is defined as:

(
Tϱ Ω

)
(τ) = lim

ϵ→0

Ω([ϱ]−1)
(

τ + ϵτ([ϱ]−ϱ)
)
− Ω([ϱ]−1)(τ)

ϵ
,

for all τ > 0, ϱ ∈ (n, n + 1], n > 0 and [ϱ] is the smallest integer greater than or equal to ϱ.

Let us next investigate the basic fractional Laplace transform [30].

Definition 3 (see [30,31]). Let ϱ ∈ (0, 1] and Ω : [0, ∞) → R be real valued function. Then, the
Laplace transform for fractional order ϱ is defined by:

Lϱ[Ω(τ)](s) =
∫ ∞

0
Eϱ(−s, τ)Ω(τ) dϱτ, (1)

where Eϱ(−s, τ) = exp
(
−s τϱ

ϱ

)
.

The Laplace transform in the conformable fractional-order sense is described as

Lϱ[D
(ϱ)
τ Ω(τ)] = sLϱ[Ω(τ)]− Ω(0), (2)

The usual and fractional Laplace transform has the following relation.

Theorem 1 (see [31]). Let Ω : [0, ∞) → R be a function, and if LϱΩ(τ)(s) = Θϱ(s) exists, then

Θϱ(s) = L
[
Ω
(
(ϱτ)1/ϱ

)]
(s), (3)

where L[G(τ)](s) =
∫ ∞

0 e−sτG(τ) dτ.

Theorem 2 (see [32,33]). If Ω(ξ, τ) = ∑∞
k=0 Φk(ξ)τ

k is a given series;

1. If ∃ 0 < σ < 1 such that ∥Φk+1∥
∥Φk∥

≤ σ, then the given series solution is convergent.

2. If ∃ σ > 1 such that ∥Φk+1∥
∥Φk∥

≥ σ, then the given series solution is divergent.

Consider the following FPDEs forms:

D
ϱ
τΩ(ξ, τ) +Dn

ξ Ω(ξ, τ) +R(Ω(ξ, τ)) +N (Ω(ξ, τ)) = g(ξ, τ), (4)
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where ξ > 0, τ > 0, 0 < ϱ ≤ 1.
The fractional derivative Dϱ

τ in Equation (4) is considered in the conformable sense in τ,
Dn

ξ is the highest-order classical derivative operator in ξ, R is other lower-order derivative
terms, N is the nonlinear term, and g(ξ, τ) is the sources term with the initial condition.

Ω(ξ, 0) = f (ξ), (5)

Applying the conformable Laplace transform Lϱ with respect to τ both sides of Equation (4),
we have

Lϱ[D
ϱ
τΩ] + Lϱ[D

n
ξ Ω] + Lϱ[R(Ω) +N (Ω)] = Lϱ[g(ξ, τ)], (6)

By applying property Equation (2) of conformable Laplace transform, Equation (6) becomes

sLϱ[Ω]− Ω(ξ, 0) + Lϱ[D
n
ξ Ω] + Lϱ[R(Ω) +N (Ω)] = Lϱ[g(ξ, τ)], (7)

Which can be written as,

Lϱ[Ω] =
1
s
[
Ω(ξ, 0) + Lϱ{g(ξ, τ)}

]
− 1

s
Lϱ[D

n
ξ Ω]− 1

s
Lϱ[R(Ω) +N (Ω)], (8)

In Equation (8), applying inverse Laplace transform in conformable sense, we have

Ω(ξ, τ) = L−1
ϱ

[
1
s
[
Ω(ξ, 0) + Lϱ{g(ξ, τ)}

]]
− L−1

ϱ

[
1
sLϱ

{
Dn

ξ Ω
}]

−L−1
ϱ

[
1
sLϱ{R(Ω) +N (Ω)}

]
, (9)

where the nonlinear term N (Ω) of Equation (4) is handled by applying ADM and the
solution is expressed as an infinite sum of series:

Ω(ξ, τ) =
∞

∑
k=0

Ωk(ξ, τ), (10)

N (Ω(ξ, τ)) =
∞

∑
k=0

Ak, (11)

where Adomian polynomials Ak are given by,

Ak =
1
k!

dk

dλk

[
N
(

k

∑
j=0

λjΩj

)]∣∣∣∣∣
λ=0

, k = 0, 1, 2, 3, . . . (12)

By substituting Equations (10) and (11) into Equation (9),

∑∞
k=0 Ωk = L−1

ϱ

[
1
s
[
Ω(ξ, 0) + Lϱ{g(ξ, τ)}

]]
− L−1

ϱ

[
1
sLϱ

{
∑∞

k=0 D
n
ξ Ωk

}]
−L−1

ϱ

[
1
sLϱ{R(∑∞

k=0 Ωk) + ∑∞
k=0 Ak}

]
,

(13)

When comparing both sides of Equation (13), we get the following recursive relation:

Ω0 = L−1
ϱ

[
1
s
[
Ω(ξ, 0) + Lϱ{g(ξ, τ)}

]]
, (14)

Ω1 = −L−1
ϱ

[
1
s
Lϱ

{
Dn

ξ Ω0

}]
− L−1

ϱ

[
1
s
Lϱ{R(Ω0) + A0}

]
, (15)

Ω2 = −L−1
ϱ

[
1
s
Lϱ

{
Dn

ξ Ω1

}]
− L−1

ϱ

[
1
s
Lϱ{R(Ω1) + A1}

]
, (16)
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In general, the relation can be written as

Ωk+1 = −L−1
ϱ

[
1
s
Lϱ

{
Dn

ξ Ωk

}]
− L−1

ϱ

[
1
s
Lϱ{R(Ωk) + Ak}

]
. (17)

where k = 0, 1, 2, 3, . . .

The solution Ω(ξ, τ) can be obtained from Equation (10).

3. Application of CLADM on KdV Time-Fractional Models
This study extends the CLADM to solve fifth-order time-fractional KdV models,

specifically the SK model. This model can be expressed in the form of the generalized
fifth-order time-fractional KdV equation:

D
ϱ
τΩ + η1 Ω2 Ωξ + η2 Ωξ Ωξξ + η3 Ω Ωξξξ + Ωξξξξξ = 0, (18)

where ϱ ∈ (0, 1] and ηi’s are arbitrary and nonzero parameters. The well-known Sawada–
Kotera model is obtained by setting η1 = 45, η2 = 15, η3 = 15 and η4 = 1 in
Equation (18) [34,35].

A general form of time-fractional seventh-order KdV model is written by [1]:

D
ϱ
τΩ + η1 Ω3 Ωξ + η2 Ωξ

3 + η3 Ω Ωξ Ωξξ + η4 Ω2 Ωξξξ + η5 Ωξξ Ωξξξ +

η6 Ωξ Ωξξξξ + η7 Ω Ωξξξξξ + Ωξξξξξξξ = 0, (19)

where ϱ ∈ (0, 1] and ηis are arbitrary and nonzero parameters.

Example 1. Consider the time fractional fifth-order KdV SK model:

D
ϱ
τΩ + 45 Ω2 Ωξ + 15 Ωξ Ωξξ + 15 Ω Ωξξξ + Ωξξξξξ = 0, (20)

where ϱ ∈ (0, 1] and subject to the initial condition

Ω(ξ, 0) = 2 δ2 sec h2(δξ). (21)

Solution: By applying CLADM on Equation (20) discussed in Section 2, we can have

Ω(ξ, τ) = − L−1
ϱ

[
1
sLϱ

(
Ω(ξ, 0) + Ωξξξξξ

)]
− L−1

ϱ

[
1
sLϱ

(
45 Ω2 Ωξ

+15 Ωξ Ωξξ + 15 Ω Ωξξξ

)]
,

(22)

Ωk+1 = −L−1
ϱ

[
1
sLϱ

(
Ω(ξ, 0) + Ωξξξξξk

)]
− L−1

ϱ

[
1
sLϱ(45 ∑∞

k=0 Ak

+15 ∑∞
k=0 Bk + 15 ∑∞

k=0 Ck)],
(23)

From the initial condition Equation (21), we get

Ω0(ξ, τ) = Φ0(ξ) = 2 δ2 sec h2(δξ), (24)

Ω1(ξ, τ) = Φ1(ξ)τ
ϱ =

64 δ7sech(δξ)2 tanh(δξ)τϱ

ϱ
, (25)

Ω2(ξ, τ) = Φ2(ξ)τ
2ϱ = −

512 τ2ϱδ12sech(δξ)2
(

3sech(δξ)2 − 2
)

ϱ2 , (26)



Axioms 2025, 14, 511 7 of 20

Ω3(ξ, τ) = Φ3(ξ)τ
3ϱ =

32768 δ17sech(δξ)4 tanh(δξ)τ3ϱ
(

cosh2(δξ)− 3
)

3ϱ3 , (27)

The solution of Equation (20) is obtained in the form of Equation (10).

The exact solution of Equation (20) is given by:

Ω(ξ, τ) = 2 δ2 sec h2
(

δξ − 16δ4τ
)

,

Example 2. Consider the time fractional seventh-order KdV KK model (by setting η1 = 2016,
η2 = 630, η3 = 2268, η4 = 504, η5 = 252, η6 = 147, η7 = 42 in Equation (19)):

D
ϱ
τΩ + 2016 Ω3 Ωξ + 630 Ωξ

3 + 2268 Ω Ωξ Ωξξ + 504 Ω2 Ωξξξ

+252 Ωξξ Ωξξξ + 147 Ωξ Ωξξξξ + 42 Ω Ωξξξξξ + Ωξξξξξξξ = 0, (28)

where ϱ ∈ (0, 1] and with initial condition

Ω(ξ, 0) =
δ2

3
− δ2

2
tanh2(δξ). (29)

Solution: By applying CLADM on Equation (28) discussed in Section 2, we will have

Ω(ξ, τ) = − L−1
ϱ

[
1
sLϱ

(
Ω(ξ, 0) + Ωξξξξξξξ

)]
− L−1

ϱ

[
1
sLϱ

(
2016 Ω3 Ωξ

+630 Ωξ
3 + 2268 Ω Ωξ Ωξξ + 504 Ω2 Ωξξξ + 252 Ωξξ Ωξξξ

+147 Ωξ Ωξξξξ + 42 Ω Ωξξξξξ

)]
,

(30)

Ωk+1 = − L−1
ϱ

[
1
sLϱ

(
Ω(ξ, 0) + Ωξξξξξξξk

)]
− L−1

ϱ

[
1
sLϱ(2016 ∑∞

k=0 Ak

+630 ∑∞
k=0 Bk + 2268 ∑∞

k=0 Ck + 504 ∑∞
k=0 Dk

+252 ∑∞
k=0 Ek + 147 ∑∞

k=0 Fk + 42 ∑∞
k=0 Gk)],

(31)

From the initial condition Equation (29), we get

Ω0(ξ, τ) = Φ0(ξ) =
δ2

3
− δ2 tanh2(δξ)

2
, (32)

Ω1(ξ, τ) = Φ1(ξ)τ
ϱ = −4 δ9 tanh(δξ)sech(δξ)2 τϱ

3ϱ
, (33)

Ω2(ξ, τ) = Φ2(ξ)τ
2ϱ = −

8 δ16sech(δξ)2
(

3sech(δξ)2 − 2
)

τ2ϱ

9ϱ2 , (34)

Ω3(ξ, τ) = Φ3(ξ)τ
3ϱ = −

128 δ23
(

cosh2(δξ)− 3
)

tanh(δξ)sech(δξ)4 τ3ϱ

81ϱ3 , (35)

The solution of Equation (28) is obtained in the form of Equation (10).

The exact solution of Equation (28) is given by:

Ω(ξ, τ) =
δ2

3
− δ2

2
tanh2

(
δξ +

4
3

δ7τ

)
.
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Example 3. Consider the time fractional seventh-order KdV SKI model (by setting η1 = 252,
η2 = 63, η3 = 378, η4 = 126, η5 = 63, η6 = 42, η7 = 21 in Equation (19)):

D
ϱ
τΩ + 252 Ω3 Ωξ + 63 Ωξ

3 + 378 Ω Ωξ Ωξξ + 126 Ω2 Ωξξξ + 63 Ωξξ Ωξξξ

+42 Ωξ Ωξξξξ + 21 Ω Ωξξξξξ + Ωξξξξξξξ = 0, (36)

where ϱ ∈ (0, 1] and with the initial condition

Ω(ξ, 0) =
4δ2

3
(2 − 3 tanh2(δξ)). (37)

Solution: By applying CLADM on Equation (36) discussed in Section 2, we will have

Ω(ξ, τ) = − L−1
ϱ

[
1
sLϱ

(
Ω(ξ, 0) + Ωξξξξξξξ

)]
− L−1

ϱ

[
1
sLϱ

(
252 Ω3 Ωξ

+63 Ωξ
3 + 378 Ω Ωξ Ωξξ + 126 Ω2 Ωξξξ + 63 Ωξξ Ωξξξ

+42 Ωξ Ωξξξξ + 21 Ω Ωξξξξξ

)]
,

(38)

Ωk+1 = − L−1
ϱ

[
1
sLϱ

(
Ω(ξ, 0) + Ωξξξξξξξk

)]
− L−1

ϱ

[
1
sLϱ(252 ∑∞

k=0 Ak

+63 ∑∞
k=0 Bk + 378 ∑∞

k=0 Ck + 126 ∑∞
k=0 Dk

+63 ∑∞
k=0 Ek + 42 ∑∞

k=0 Fk + 21 ∑∞
k=0 Gk)],

(39)

From the initial condition Equation (37), we get

Ω0(ξ, τ) = Φ0(ξ) =
4 δ2

(
2 − 3 tanh2(δξ)

)
3

, (40)

Ω1(ξ, τ) = Φ1(ξ)τ
ϱ = −2048 δ9 tanh(δξ)sech(δξ)2 τϱ

3ϱ
, (41)

Ω2(ξ, τ) = Φ2(ξ)τ
2ϱ = −

262144 δ16sech(δξ)2
(

sech(δξ)2 − 2
3

)
τ2ϱ

3ϱ2 , (42)

Ω3(ξ, τ) = Φ3(ξ)τ
3ϱ = −

268435456 δ23
(

cosh2(δξ)− 3
)

tanh(δξ)sech(δξ)4 τ3ϱ

81ϱ3 , (43)

The solution of Equation (36) is obtained in the form of Equation (10).

The exact solution of Equation (36) is given by:

Ω(ξ, τ) =
4δ2

3

(
2 − 3 tanh2

(
δξ − 256

3
δ7τ

))
.

Example 4. Consider the time fractional seventh-order KdV Lax model (by setting η1 = 140,
η2 = 70, η3 = 280, η4 = 70, η5 = 70, η6 = 42, η7 = 14 in Equation (19)):

D
ϱ
τΩ + 140 Ω3 Ωξ + 70 Ωξ

3 + 280 Ω Ωξ Ωξξ + 70 Ω2 Ωξξξ + 70 Ωξξ Ωξξξ

+42 Ωξ Ωξξξξ + 14 Ω Ωξξξξξ + Ωξξξξξξξ = 0, (44)

where ϱ ∈ (0, 1] and with the initial condition

Ω(ξ, 0) = 2δ2 sec h2(δξ). (45)
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Solution: By applying CLADM on Equation (44) discussed in Section 2, we will have

Ω(ξ, τ) = − L−1
ϱ

[
1
sLϱ

(
Ω(ξ, 0) + Ωξξξξξξξ

)]
− L−1

ϱ

[
1
sLϱ

(
140 Ω3 Ωξ

+70 Ωξ
3 + 280 Ω Ωξ Ωξξ + 70 Ω2 Ωξξξ + 70 Ωξξ Ωξξξ

+42 Ωξ Ωξξξξ + 14 Ω Ωξξξξξ

)]
,

(46)

Ωk+1 = − L−1
ϱ

[
1
sLϱ

(
Ω(ξ, 0) + Ωξξξξξξξk

)]
− L−1

ϱ

[
1
sLϱ(140 ∑∞

k=0 Ak

+70 ∑∞
k=0 Bk + 280 ∑∞

k=0 Ck + 70 ∑∞
k=0 Dk

+70 ∑∞
k=0 Ek + 42 ∑∞

k=0 Fk + 14 ∑∞
k=0 Gk)],

(47)

From the initial condition Equation (45), we get

Ω0(ξ, τ) = Φ0(ξ) = 2 δ2sech(δξ)2, (48)

Ω1(ξ, τ) = Φ1(ξ)τ
ϱ =

256 δ9sech(δξ)2 tanh(δξ) τϱ

ϱ
, (49)

Ω2(ξ, τ) = Φ2(ξ)τ
2ϱ = −

8192 δ16sech(δξ)2
(

3sech(δξ)2 − 2
)

τ2ϱ

ϱ2 , (50)

Ω3(ξ, τ) = Φ3(ξ)τ
3ϱ =

2097152 δ23
(

cosh2(δξ)− 3
)

sech(δξ)4 tanh(δξ) τ3ϱ

3ϱ3 , (51)

The solution of Equation (44) is obtained in the form of Equation (10).

The exact solution of Equation (44) is given by:

Ω(ξ, τ) = 2δ2 sec h2
(

δξ − 64δ7τ
)

.

4. Result and Discussion
This research investigates a fifth-order and a general seventh-order time-fractional

KdV model solved through the Laplace Adobian Decomposition Method (LADM) in a
conformable sense. By adjusting the parameters ηi’s in the seventh-order KdV model, the
study examines specific cases of the time-fractional SKI, KK, and Lax KdV models. The
primary objective is to explore their fractional nature, emphasizing dynamic properties and
the computational efficiency of the CLADM.

In addition to the analysis of convergence of the series solution, we calculated the
terms ψk using Theorem 2.

For the fifth-order KdV model solution, we obtained, ψ0 = ∥Φ1∥
∥Φ0∥

= 3.2 × 10−8 < 1,

ψ1 = ∥Φ2∥
∥Φ1∥

= 0.8 < 1, ψ2 = ∥Φ3∥
∥Φ2∥

= 4.2667 × 10−8 < 1.

Similarly, for the seventh-order KdV KK model solution, we have, ψ0 = ∥Φ1∥
∥Φ0∥

=

3.99 × 10−11 < 1, ψ1 = ∥Φ2∥
∥Φ1∥

= 6.6917 × 10−4 < 1, ψ2 = ∥Φ3∥
∥Φ2∥

= 3.5506 × 10−11 < 1.

Also, for seventh-order KdV SKI model solution, we have, ψ0 = ∥Φ1∥
∥Φ0∥

= 2.5664 ×

10−9 < 1, ψ1 = ∥Φ2∥
∥Φ1∥

= 0.0422 < 1, ψ2 = ∥Φ3∥
∥Φ2∥

= 2.2985 × 10−9 < 1.

For the seventh-order KdV Lax model solution, we have, ψ0 = ∥Φ1∥
∥Φ0∥

= 1.28× 10−9 < 1,

ψ1 = ∥Φ2∥
∥Φ1∥

= 0.0320 < 1, ψ2 = ∥Φ3∥
∥Φ2∥

= 1.7067 × 10−9 < 1.
Hence, all the obtained series solutions are convergent.
The results for the time-fractional fifth-order KdV model (Example 1) underscore the

adaptability of the CLADM Method. Table 1 illustrates the comparative analysis of solutions
by the CLADM and exact. Numerical comparison of absolute errors Table 2 demonstrate
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that the CLADM achieves superior accuracy compared to conventional methods such as the
HAM, particularly for higher fractional orders. Figure 1 superposes the surface produced
by the proposed CLADM scheme on the exact fractional KdV solution. The two surfaces
coincide so closely that they are visually indistinguishable at the plot’s resolution, with the
highest wave amplitude at the origin gradually tapering off with increasing spatial distance.
The fractional parameter ϱ significantly influences wave steepness and amplitude; as ϱ

approaches unity, the wave profiles become smoother, aligning with classical dynamics.
A 2D diagram, as shown in Figure 2a,b, showcasing the wave surface levels at various

ϱ values highlights the gradual flattening of waves as fractional effects diminish. Figure 3
illustrates the absolute error distribution of the numerical solution for the fifth-order
KdV equation over the spatial domain ξ ∈ [0, 20] and temporal interval τ ∈ [0, 30] with
parameter δ = 0.25. The graph demonstrates how the numerical approximation deviates
from the exact solution. It can be seen that the error remains consistently low throughout
the domain, with minor fluctuations over time and space.

Figure 1. Solution graph of time-fractional fifth-order KdV model by CLADM and Exact.
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Figure 2. Fifth-order KdV model when (a) δ = 0.1 and ξ = 10 and (b) δ = 1 and τ = 20.
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Figure 3. Absolute error graph of time-fractional fifth-order KdV model with δ = 0.25.

Table 1. CLADM numerical comparison of Ω(ξ, τ), with a KdV fifth-order fractional model, with
δ = 0.1.

ξ τ CLADM Exact Abs Error

ϱ = 0.2 ϱ = 0.5 ϱ = 0.7 ϱ = 1

−2 2 0.019214 0.019217 0.019218 0.019218 0.019218 3.47 × 10−22

4 0.019213 0.019216 0.019216 0.019216 0.019216 6.94 × 10−22

−1.5 2 0.019551 0.019554 0.019555 0.019555 0.019555 0.00

4 0.019550 0.019553 0.019553 0.019553 0.019553 3.47 × 10−22

−1 2 0.019798 0.019800 0.019800 0.019800 0.019800 0.00

4 0.019797 0.019799 0.019799 0.019799 0.019799 6.94 × 10−22

−0.5 2 0.019948 0.019949 0.019949 0.019949 0.019949 6.94 × 10−22

4 0.019948 0.019949 0.019949 0.019949 0.019949 6.94 × 10−22

0 2 0.020000 0.020000 0.020000 0.020000 0.020000 3.47 × 10−22

4 0.020000 0.020000 0.020000 0.020000 0.020000 3.47 × 10−22

0.5 2 0.019952 0.019951 0.019951 0.019951 0.019951 6.94 × 10−22

4 0.019952 0.019951 0.019951 0.019951 0.019951 3.47 × 10−22

1 2 0.019805 0.019803 0.019803 0.019803 0.019803 6.94 × 10−22

4 0.019805 0.019804 0.019804 0.019804 0.019804 6.94 × 10−22

1.5 2 0.019562 0.019559 0.019559 0.019559 0.019559 0.00

4 0.019563 0.019560 0.019560 0.019560 0.019560 3.47 × 10−22

2 2 0.019228 0.019224 0.019224 0.019223 0.019223 0.00

4 0.019229 0.019226 0.019225 0.019226 0.019226 3.47 × 10−22
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Table 2. CLADM numerical comparison of Ω(ξ, τ), with a KdV fifth-order fractional model, at ξ = 10
and δ = 0.15.

τ CLADM Exact Abs Error

ϱ = 0.2 ϱ = 0.5 ϱ = 0.7 ϱ = 1

0.1 0.026977 0.026873 0.026858 0.026851 0.026851 1.73 × 10−22

0.6 0.027034 0.026911 0.026888 0.026871 0.026871 1.73 × 10−22

1.1 0.027058 0.026933 0.026910 0.026892 0.026892 0.00

1.6 0.027074 0.026951 0.026929 0.026913 0.026913 5.20 × 10−22

2.1 0.027087 0.026967 0.026946 0.026933 0.026933 1.73 × 10−22

In the analysis of the KdV KK model (Example 2), absolute errors are calculated for
various time and space parameters and are compared against results obtained using the
exact solution. The comparative results Table 3 consistently highlight the precision of
the CLADM, demonstrating significantly lower errors. Furthermore, as shown in Table 4,
errors decrease with increasing fractional order, suggesting enhanced accuracy of wave
propagation models in near-classical regimes. The graphical analysis offers additional
insights into the wave behavior. For the Lax KdV model, a 3D visualization of approxi-
mate solutions and exact solution Figure 4 reveals that wave amplitude peaks at ξ = 0
and diminishes with increasing distance. Fractional order ϱ plays a critical role in wave
dynamics, as illustrated in Figure 5a, where higher ϱ values result in flatter wave profiles,
indicating reduced steepness. Additionally, the 2D diagram in Figure 5b demonstrates that
increasing ϱ leads to an enlargement in wave surface levels while dampening oscillations
with distance from the origin. Figure 6 presents the absolute error profile for the numerical
solution of the seventh-order KdV-KK equation over the spatial domain ξ ∈ [0, 20] and
time interval τ ∈ [0, 30] with parameter δ = 0.3. From the figure, it is evident that the error
remains extremely low throughout the entire domain. This demonstrates the high accuracy
and numerical stability of the computational scheme.

Figure 4. Solution graph of time-fractional KdV seventh-order KK model by CLADM and Exact.
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Table 3. CLADM numerical comparison of Ω(ξ, τ), with a KdV seventh-order KK fractional model,
with δ = 0.1.

ξ τ CLADM Exact Abs Error

ϱ = 0.2 ϱ = 0.5 ϱ = 0.7 ϱ = 1

−2 2 0.003139 0.003139 0.003139 0.003139 0.003139 0.00

4 0.003139 0.003139 0.003139 0.003139 0.003139 0.00

−1.5 2 0.003223 0.003223 0.003223 0.003222 0.003222 0.00

4 0.003223 0.003223 0.003223 0.003223 0.003223 0.00

−1 2 0.003284 0.003284 0.003284 0.003284 0.003284 0.00

4 0.003284 0.003284 0.003284 0.003284 0.003284 0.00

−0.5 2 0.003321 0.003321 0.003321 0.003321 0.003321 0.00

4 0.003321 0.003321 0.003321 0.003321 0.003321 0.00

0 2 0.003333 0.003333 0.003333 0.003333 0.003333 0.00

4 0.003333 0.003333 0.003333 0.003333 0.003333 4.34 × 10−20

0.5 2 0.003321 0.003321 0.003321 0.003321 0.003321 0.00

4 0.003321 0.003321 0.003321 0.003321 0.003321 0.00

1 2 0.003284 0.003284 0.003284 0.003284 0.003284 0.00

4 0.003284 0.003284 0.003284 0.003284 0.003284 0.00

1.5 2 0.003222 0.003222 0.003222 0.003222 0.003222 0.00

4 0.003222 0.003222 0.003222 0.003222 0.003222 0.00

2 2 0.003139 0.003139 0.003139 0.003139 0.003139 0.00

4 0.003139 0.003139 0.003139 0.003139 0.003139 0.00

Table 4. CLADM numerical comparison of Ω(ξ, τ), with a KdV seventh-order KK fractional model,
at ξ = 5 and δ = 0.15.

τ CLADM Exact Abs Error

ϱ = 0.2 ϱ = 0.5 ϱ = 0.7 ϱ = 1

0.1 0.002962 0.002962 0.002962 0.002962 0.002962 0.00

0.6 0.002962 0.002962 0.002962 0.002962 0.002962 1.73 × 10−22

1.1 0.002961 0.002962 0.002962 0.002962 0.002962 3.47 × 10−22

1.6 0.002961 0.002962 0.002962 0.002962 0.002962 1.73 × 10−22

2.1 0.002961 0.002962 0.002962 0.002962 0.002962 1.73 × 10−22
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Figure 5. KdV seventh-order KK model when (a) δ = 0.1 and ξ = 10 and (b) δ = 1 and τ = 20.
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Figure 6. Absolute error graph of time-fractional seventh-order KdV KK model with δ = 0.3.

For the KdV SKI model (Example 3), a similar trend is observed. Numerical compari-
son of distinct fractional order ϱ and absolute error Tables 5 and 6 validate the efficiency of
the CLADM over HAM [3], with reduced error magnitudes as fractional order increases.
The 3D solution Figure 7 further confirm the robustness of the CLADM. In Figure 8a,
higher ϱ values correlate with increased wave amplitudes. Additionally, the 2D graphs
in Figure 8b for fixed time periods highlight the same trends, underscoring the model’s
fidelity in capturing intricate wave dynamics. Figure 9 presents the absolute error profile
for the numerical solution of the seventh-order KdV-SKI equation over the spatial domain
ξ ∈ [0, 20] and time interval τ ∈ [0, 30] with parameter δ = 0.1. Compared to other
fifth- and seventh-order models, this result shows a relatively higher error, which can be
attributed to the lower dispersion strength.

Figure 7. Solution graph of time-fractional KdV seventh-order SKI model by CLADM and Exact.
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Table 5. CLADM numerical comparison of Ω(ξ, τ), with a KdV seventh-order SKI fractional model,
with δ = 0.1.

ξ τ CLADM Exact Abs Error

ϱ = 0.2 ϱ = 0.5 ϱ = 0.7 ϱ = 1

0.1 1 0.026663 0.026663 0.026663 0.026663 0.026663 1.37 × 10−10

2 0.026663 0.026663 0.026663 0.026663 0.026663 2.73 × 10−10

3 0.026663 0.026663 0.026663 0.026663 0.026663 4.10 × 10−10

0.5 1 0.026567 0.026567 0.026567 0.026567 0.026567 6.80 × 10−10

2 0.026567 0.026567 0.026567 0.026567 0.026567 1.36 × 10−9

3 0.026567 0.026567 0.026567 0.026567 0.026567 2.04 × 10−9

0.9 1 0.026344 0.026344 0.026344 0.026344 0.026344 1.22 × 10−9

2 0.026344 0.026344 0.026344 0.026344 0.026345 2.43 × 10−9

3 0.026344 0.026344 0.026344 0.026344 0.026345 3.65 × 10−9

1.3 1 0.025998 0.025998 0.025998 0.025998 0.025998 1.74 × 10−9

2 0.025998 0.025998 0.025998 0.025998 0.025998 3.47 × 10−9

3 0.025998 0.025998 0.025998 0.025998 0.025998 5.21 × 10−9

1.9 1 0.025256 0.025256 0.025257 0.025257 0.025257 2.47 × 10−9

2 0.025256 0.025256 0.025256 0.025256 0.025257 4.95 × 10−9

3 0.025256 0.025256 0.025256 0.025256 0.025257 7.42 × 10−9

Table 6. CLADM numerical comparison of Ω(ξ, τ), with a KdV seventh-order SKI fractional model,
at ξ = 10 and δ = 0.15.

τ CLADM Exact Abs Error

ϱ = 0.2 ϱ = 0.5 ϱ = 0.7 ϱ = 1

0.1 −0.013750 −0.013739 −0.013738 −0.013736 −0.013736 8.59 × 10−9

0.6 −0.013756 −0.013743 −0.013741 −0.013734 −0.013734 5.15 × 10−8

1.1 −0.013758 −0.013745 −0.013743 −0.013732 −0.013732 9.44 × 10−8

1.6 −0.013760 −0.013747 −0.013745 −0.013730 −0.013730 1.37 × 10−7

2.1 −0.013761 −0.013749 −0.013747 −0.013727 −0.013727 1.80 × 10−7
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Figure 8. KdV seventh-order SKI model when (a) δ = 0.1 and ξ = 10 and (b) δ = 1 and τ = 20.
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Figure 9. Absolute error graph of time-fractional seventh-order KdV SKI model with δ = 0.1.

In the KdV Lax model (Example 4), numerical comparison of absolute error
Tables 7 and 8 reinforce the reliability of the CLADM for complex fractional models. The
3D solution and error visualizations Figure 10 reflect the accuracy of the method, while
Figure 11a,b illustrates how the water surface level increases with higher fractional pa-
rameters. Figure 12 presents the absolute error profile for the numerical solution of the
seventh-order KdV-Lax equation over the spatial domain ξ ∈ [0, 20] and time interval
τ ∈ [0, 30] with parameter δ = 0.2. From the figure, it is evident that the error remains
extremely low throughout the entire domain.

Figure 10. Solution graph of time-fractional KdV seventh-order Lax model by CLADM and Exact.
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Table 7. CLADM numerical comparison of Ω(ξ, τ), with a KdV seventh-order Lax fractional model,
with δ = 0.1.

ξ τ CLADM Exact Abs Error

ϱ = 0.2 ϱ = 0.5 ϱ = 0.7 ϱ = 1

−2 2 0.019221 0.019221 0.019221 0.019221 0.019221 3.47 × 10−22

4 0.019221 0.019221 0.019221 0.019221 0.019221 3.47 × 10−22

−1.5 2 0.019556 0.019557 0.019557 0.019557 0.019557 3.47 × 10−22

4 0.019556 0.019557 0.019557 0.019557 0.019557 0.00

−1 2 0.019801 0.019801 0.019801 0.019801 0.019801 3.47 × 10−22

4 0.019801 0.019801 0.019801 0.019801 0.019801 6.94 × 10−22

−0.5 2 0.019950 0.019950 0.019950 0.019950 0.019950 0.00

4 0.019950 0.019950 0.019950 0.019950 0.019950 3.47 × 10−22

0 2 0.020000 0.020000 0.020000 0.020000 0.020000 3.47 × 10−22

4 0.020000 0.020000 0.020000 0.020000 0.020000 6.94 × 10−22

0.5 2 0.019950 0.019950 0.019950 0.019950 0.019950 6.94 × 10−22

4 0.019950 0.019950 0.019950 0.019950 0.019950 3.47 × 10−22

1 2 0.019801 0.019801 0.019801 0.019801 0.019801 0.00

4 0.019801 0.019801 0.019801 0.019801 0.019801 6.94 × 10−22

1.5 2 0.019557 0.019557 0.019557 0.019557 0.019557 3.47 × 10−22

4 0.019557 0.019557 0.019557 0.019557 0.019557 0.00

2 2 0.019221 0.019221 0.019221 0.019221 0.019221 3.47 × 10−22

4 0.019221 0.019221 0.019221 0.019221 0.019221 3.47 × 10−22

Table 8. CLADM numerical comparison of Ω(ξ, τ), with a KdV seventh-order Lax fractional model,
at ξ = 5 and δ = 0.15.

τ CLADM Exact Abs Error

ϱ = 0.2 ϱ = 0.5 ϱ = 0.7 ϱ = 1

0.1 0.002962 0.002962 0.002962 0.002962 0.002962 5.20 × 10−22

0.6 0.002962 0.002962 0.002962 0.002962 0.002962 0.00

1.1 0.002961 0.002962 0.002962 0.002962 0.002962 0.00

1.6 0.002961 0.002962 0.002962 0.002962 0.002962 0.00

2.1 0.002961 0.002962 0.002962 0.002962 0.002962 3.47 × 10−22
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Figure 11. KdV seventh-order Lax model when (a) δ = 0.1 and ξ = 10 and (b) δ = 1 and τ = 20.
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Figure 12. Absolute error graph of time-fractional seventh-order KdV Lax model with δ = 0.2.

5. Conclusions
This study demonstrates the effectiveness of the Conformable Laplace Adobian

Decomposition Method (CLADM) in solving generalized time fractional seventh-order
Sawada–Kotera–Ito, Kaup–Kuperschmidt, Lax, and the fifth-order KdV models. The re-
sults highlight the significant impact of fractional parameters on wave dynamics, with
increasing ϱ yielding smoother wave profiles and reduced oscillations, aligning closely
with classical integer-order behavior. Comparisons with existing methods, such as HAM
and HLM, confirm CLADM’s superior accuracy in minimizing absolute errors. Graphical
and numerical analyses validate its versatility in addressing complex fractional dynamics
and initial conditions across different models. In conclusion, CLADM is a reliable and
efficient approach for solving fractional-order nonlinear equations. It handles any problem
whose fractional operator admits a Laplace image and whose nonlinearity is analytic. That
spans single- and multi-term FODEs, time-fractional PDEs, coupled or delay systems,
integro-differential forms, and even variable-order kernels. Its adaptability suggests strong
potential for future research into multi-dimensional solitonic systems and other nonlinear
wave phenomena.
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