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Abstract

The focus of this paper is on three types of convexity: generalized uniform convexity,
®-convexity and superquadracity. The similar structures of these types of convexity are
such that the same processes can be applied to each one of them to obtain further refine-
ments of known inequalities.
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1. Introduction

Jensen’s inequality is a central inequality in many areas of mathematics. Of the
numerous applications of Jensen’s inequality,some are in the recent papers [1,2]. The aim
of this work is to further develop offshoots of this pivotal inequality.

The focus of this paper is on three types of convexity: generalized uniform convexity,
®-convexity and superquadracity. The similar structure of these types of convexity is

f(x) = f(u) = @(u)(x — u) + P(|x — ul). (1)

This common structure is such that when we apply the same processes on these types of
convexity, we get further refinements of known inequalities.

We start with quoting some known definitions and theorems.

The first type of convexity we deal with is generalized uniform convexity:

Definition 1 ([3]). Let [a,b] C R be an interval. A function f : [a,b] — R is said to be generalized
D-uniformly convex if there exists a function ® : [0,b — a] — R such that

tf(x) + (1= D) f(y)

for x,y €

> fltx+ (1 =ty) + 1= H)P(]x —y|) 2
[a,b] and t € [0,1].

holds. If, in addition, ® > 0, then f is said to be O-uniformly convex or uniformly convex
with modulus ®. In the special case where ®(|x — y|) = c(x —y)?, ¢ > 0, f is a called strongly
convex function.

Remark 1. In this paper we apply a more restricted definition of uniform convexity (used in
[Theorem 2.1] in [4]). A function f : [a,b] — R is said to be O-uniformly convex if there exists
a function ® : [0,b — a] — R where ® is increasing and vanishes only at ®(0) = 0, such that
(2) holds.
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Also, it is shown in [3,5] that the inequality

f(é)\,xr> < é)\r<f(xr) —<I><

)

holds when x, € [a,b],0 < A, <1,r=1,..,n, Y1 Ay = 1. It is easy to verify that (3) holds for
generalized uniformly convex functions and that in these cases (0) < 0.

n
Xr— ) Ajx;
j=1

Another inequality satisfied by uniformly convex functions is proved in [Theorem 2.3]
in [4] as follows:

Let f : [a,b] — R be an uniformly convex function with modulus ® : [0,b —a] —
Ry, {xx}i—; € [a,b] be a sequence and 7 be a permutation on {1,..,n} such that
Xr(1) < Xr(2) <. < Xrt(n)- Then, the inequality

n n n—1
Yo pef () — f(Z kak> >y pn(k)pn(k+1)q)<xn(k+1) - xn(k))/
=1 =1 ]

holds for every convex combination )}, pxxx of points x; € [a, b].

Remark 2. The functions f(x) = x", x > 0, n = 2,3... are uniformly convex on x > 0 with a
modulus ®(x) = x™, x > 0 (see [6]), (these functions are also superquadratic for any real p > 2).

Remark 3. In [Theorem 1, Inequality (23)] in [3], it is proved that the set of generalized uniformly
convex functions f defined on [a,b] € R and ® defined on [0, b — a] which are both continuously
differentiable, satisfy the inequality

fW) = fx) = f @y -0)+(y—x), @:[0,(b—a)] >R, “)
for x,y € [a,b]. In [Theorem 2.1] in [5], (4) is proved for uniformly convex functions.

Theorem 1 deals with strongly convex functions, that is, functions f for which ® = cx?,

c>0:

Theorem 1 ([7]). Let f : (a,b) — R be a differentiable and strongly convex function. Suppose
x = (x1,...,xn) € (a,b)" and a = (ay, ..., ay) is a nonnegative n-tuple with A, = Y  a; > 0.
Letx = A%l Yiqaixjand x; = (1 — Aj)x+ Aixj, Ay € [0,1],i € {1,...,n}. Then

0 =< Aiiuif(xi)7f(5c\i)7c<1*/\i)2(y*xi)2)
ni=1
1 o
_fng”i(l—Ai) f(x)|[x = xi
< LY afn) - - Vaf(E)
mi=1 ni=1
g Ll A0 (B ) e L a1 - A - )
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and

ialfxl 1; Z aif (1= A)X + Aix;)

1

/

ai(1—= A0 f (%) (%, —x——xazl— )2 (% — x))°

VM:

l
—_

IA
> 2|

hold.
The second type of convexity dealt with in this paper is ®-convexity.

Definition 2 ([8]). A real value function f defined on a real interval [a, b] is called ®-convex if
forall x,y € [a,b], t € [0,1] it satisfies

tf(x) + (1= 1) f(y) +tP((1 = ) |x —y[) + (1 - ) P(t|x —y])
2 f(tx+ (1 - t)!/)/

where @ : [0,b — a] — Ry, is called the error function.
In [Theorem 3.1] in [8] it is proved that

Corollary 1. Let f be a ®-convex function on [a,b), then there exists a function ¢ : [a,b] — R
such that for all x,u € [a, b],

fu) + (x —u)p(u) < f(x) + D(|u — x).

Also, when x, € [a,b],r=1,.,n,0< A, <1,r=1,..,n, ]*‘:1 Aj=1,
n
f Z ArXy Z Al flxp) + @ ,
r=1

The third type of convexity is superquadracity. It should be mentioned that there are

n
re 2 A
j=1

holds.

two different concepts of superquadracity, see for instance [9,10] and the references cited
there. The basic properties of superquadracity as used here were proved in [11] in 2004.
Since then, hundreds of works have been published on this subject.

Definition 3 ([11]). A function ¢ : I =[0,b) — R, b < co is superquadratic provided that for
all x € I there exists a constant C, € R such that

P(y) = ¢(x) + Caly —x) + 9(ly — x]) 5)
forall y € I. If the reverse of (5) holds, then ¢ is called subquadratic.

Remark 4 ([11]). If ¢ is superquadratic, then the inequality on I = [0,b) — R

() <ol 1)

holds for x, € I, A, >0, r=1,..,nand Y} ; A, =1.

n
= 2 A
=1
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Lemma 1 and Theorem 2 are about superquadracity and its relation to superadditivity.
In [12], Beckenbach deals with superadditivity inequalities, and in [13] Bruckner and
Ostrow deal with some function classes related to the class of convex functions. Following
these two important works, the authors of [11] deal with conditions that constitute the scale
of superquadracity. In this scale, the following is proved in [Lemma 3.1] in [11].

Suppose ¢ : [0,00) — R is continuously differentiable and ¢(0) < 0.If ¢’ is superad-
ditive or ¢’ (x)/x is non-decreasing, then ¢ is superquadratic.

Also in [Lemma 4.1] in [11], it is proved that a non-positive, non-increasing, superad-
ditive function is superquadratic.

In Section 2, by adding the definitions of H-superadditivity, we get theorems for
generalized uniformly convex functions and for ®-convex functions.

Lemma 1 ([Lemma 1] in [14]). Let f be continuously differentiable on [0,b) and f' be superaddi-
tive on [0, ). Then, the function D : [0,b) — R is defined by

D(y) = f(y) = f(2) = f'(2)(y —2) = f(ly = 2I) + £(0)

is nonnegative on [0, ), nonincreasing on [0, z) and nondecreasing on [z,b) for 0 < z < b..
Ifalso f(0) < 0, we have

fy) = f@) = flly—z2l) = f'(2)(y —2) = £(0) = f'(2)(y — 2).

Taking C(x) = f'(z), we see that f is superquadratic.

Theorem 2 ([Theorem 1] in [14]). Let f be continuously differentiable on [0, b) and f' be superad-
ditive on [0, ). Let a be a real n-tuple satisfying 0 < E{: a; <Y'qia,1<j<nY!",;a>0
and x; € [0,b),i=1,...,n be such that x; < xp < ... < x. Then,

a.

f(C)—f(O)—I—f’(C)(Y—C) A Z 1f(|x1_ |) A Z zf(xz)
n = =

holds for all ¢ € [0,b), where X = 4~ Y1) a;x;.

b. If, in addition, f(0) < 0,, then f is superquadratic and

n

4, L) 2 Fe) + F1(E)E =)+ - Vauf(l e

i=1 An i=1

In particular
1
An Z lf(xl)—f(x)+72 lf(lxl D (6)
1= 1=
c. If, inaddition, f > 0and £(0) = f (0) = 0, then f is convex increasing and superquadratic

and )
Z aif(|xi —cl|) >

An i=

1 n
A Y aif(xi) = f(c) = fle)(T—c) =
=1
We get the results in Sections 2 and 3 by using the following definition:

Definition 4. Let the functions g : [a,b] = Rand H : [0,b — a] — R be continuously differ-
entiable. The function g is named H-superadditive if for all x,y € [a,b] with x <y, when
the inequality

8(y) —g(x) 2 H(y — x)

holds.



Axioms 2025, 14, 501

50f 15

In Section 4, we prove the results on the difference between two normalized Jensen
functionals for superquadratic and uniformly convex functions.
The Jensen functional is

Jn(f, %, p) szf X;) (Z szz>
about which S. S. Dragomir proved the following.

Theorem 3 ([15]). Consider the normalized Jensen functional where f : C — R is a convex
function on the convex set C in a real linear space, x = (x1,...,x,) € C",and p = (p1,.... Pn),

q = (91,...,qn) are non-negative n-tuples satisfying Y.;" 1 pi = 1, Yi1q9i =1, pi, qi > 0,
i=1,..,n. Then

MJu(fix,q) 2 Jn(f, % p) 2 m]u(f, % q), 7)
provided that

m = min (Pi)/ M= max(pl) (8)
1<i<n \ 4 1<i<n \ {;
In [16], the following two theorems on normalized Jensen functionals are proven.

Theorem 4. Under the same conditions and definitions on p, q, X, m and M as in Theorem 3, if
is [0,a) or [0, 00) and f is a superquadratic function on I, then

Jn(f,x,p) —mJu(f,x,q) 9)
> mf( )1, ) + ﬁ(m - mcn)f( i ipjxj )
i= j=

Jn(f,%x,p) — MJu(f, %, q) (10)
< i(M% ( Z%x] ) ( i(pl )X >

i=1 i=1
Theorem 5. Letp = (p1, . Pn), where 0 < Z;'-:l pi<l i=1.,n Yl p=1q=
(1, qn), 0 < 2;:1 q;<1,i=1,.,n=1, Y q;=1and p # q. Denote

m:

(9 — pi

I
—

i

and

Yi o pi "o
m; = ]l 1P]’ m; = ]nlp], i=1,.,n (11)
Yi—14; j=i i
and
"= bl M= o L "

If x = (x1,...,Xn) is an increasing n-tuple in 1", where I is an interval in R, then

M*]n(f/X,CI) Z]n(f/x/P>2m*]n<f/x/q>, (13)
where f: 1 — R isa convex function on the interval I.

In Section 4, we replace the coefficients p; > 0, g; > 0, with 0 < Z;'»:l pi <1,
0 < Z}:l 9 <1l,i=1,.,n and m and M with m* and M*. In this way, we get results
resembling (9) and (10) in Theorem 4. There, we also extend Theorem 5 for functions that
are offshoots of convexity.
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The next sections are arranged as follows:

In Section 2, we extend the results in Theorem 2 to include the three sets of functions
that satisfy (1).

In Section 3, we extend the results in Theorem 1, there only on strongly convex functions,
to include also generalized uniform convexity, ®-convexity and superquadratic functions.

In Section 4, we improve the result of Theorem 4 regarding the difference between two
Jensen's functionals.

Section 5 shows some examples of the relations between superquadracity and some
other types of convex functions.

2. Improvement of Jensen—-Steffensen Inequality for Generalized
Uniformly Convex Functions and for ®-Convex Functions

Lemma 2 and Theorem 6 are related to generalized uniform convexity, where in
Theorem 6 f "is @' -superadditive. We prove this lemma and this theorem similarly to the
proofs of Lemma 1 and Theorem 2.

In Corollary 2, we deal with ®-convexity.

We prove, in detail, the results related to generalized uniform convexity.

Lemma 2. Let f be continuously differentiable on [a,b] and f' be & -superadditive. Let ® :
[0,b — a] — R be continuously differentiable and ®(0) < 0. Then, the function D : [a,b] — R
defined by

D(y) = f(y) = f(2) = f(2)(y —2) — P(ly — z|) (14)

is nonnegative on [a, b], nonincreasing on [a, z) and nondecreasing on [z,b) fora < z < b, and f
satisfies (4) (which includes the set of generalized uniformly convex functions).

Proof. Itis given that f’ is @’—superadditive, and ®(0) < 0, therefore, ifa <z <y < b, we
get that

0<z (f'(H) = f'(2) = @' (t —2))dt = f(y) — f(2) = f'(D)(y —2) — Py — 2)

and if 0 < a <y <z < b, then we get that

0<y (fi(2) = () = @' (z = 1))dt = f'(z)(z —y) = f(z) + f(y) — Pz~ y).

Together, these show that for any y,z € [a,b),

fy) = f@) = fi(2)y—2) = @(ly — z]) = 0,

so, we conclude that D is nonnegative on [4, b) and, according to Remark 3 f satisfies (4),
which includes generalized uniformly convex functions with @ : [0,b —a] — R.
From

D'(y) = f'(y) — f'(z) = @' (ly — z[)sgn(y — 2),

as [ is dD,—superadditive fora <y < zwehave

D'(y)=f(y)— f(z) + @ (z—y) <0

and similarly for z <y < b, we have

This completes the proof. [
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Now, we present the main results of this section, where we show that inequality (3) is
satisfied, not only for nonnegative coefficients but also when

] n n
0<Y o<y a5, j=1,.,m )Y a;>0 (15)
i=1 i=1 i=1

is satisfied (called Jensen-Steffensen coefficients) when x1 < xp < ... < xy.

Theorem 6. Let f be continuously differentiable on [a, b] and f' be @l—superadditive. Let also
®: [0,b — a] — R be continuously differentiable and ®(0) < 0. Let a be a real n-tuple satisfying
(15) and x; € [a,b],i =1, ..., n be such that x; < xp < ... < xy,. Then, f satisfies (4) and

n

F0)+£1(EF =)+ - V(i —e) < - Y af(x) (16

holds for all ¢ € [a, b], where A; = 2;11 aj,x = A%, Y aix;.

In particular, when c = A% Y aix;, we get the inequality

Ainiaif(xi) Zf(f)-f-Ainiaid)ﬂxi—ﬂ). (17)

i=1 i=1

If in addition f is uniformly convex and ® is convex, then

1 & , _
4, Daflx) (6~ f O F o) (18)
> j”lflaicwxi ) >0.

Proof. It was proved in [14] that x; < ¥ < x,. From Lemma 2, we get that f satisfies (4).

Let D(x;) = f(x;) = f(c) = f () (xi —¢) = ®(|x; — ¢]), i = 1,...,m.

From Lemma 2, we know that D(x;) > 0 foralli = 1, ..., n. Comparing c with x1, ..., X,
we must consider three cases.

Casel. x,<c<b:

In this case, x; € [0,c) for all i = 1,..,n, hence, according to Lemma 2,
D(x1) > D(x2) > ... > D(x,) > 0.

Denoting Ay = 0, we get that

a,-:Ai—A,-,l, i=1,..,n

and therefore

™=

ia,D(xi) =) (Ai—Ai_1)D(x;)
i '

1
1D(x1) + (Az - Al)D(xz) + ..+ (An — An_1)D(xn)
 A(D(x) ~ Dl(xis1)) + AuD(x) > 0

2
|

I
—

Case2. a<c<x
In this case, x; € (¢, b) foralli =1, ..., n, hence

0 < D(x1) <D(x2) < .. < D(xp).
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Denoting A, 1 = 0, we get that

and

Therefore

Case3. x1 <c<uxy

In this case, there exists k € {1,...,n — 1} such that x; < ¢ < x;1.
By Lemma 2, we get that

D(x1) > D(x2) > ...> D(x¢) >0

and
0 < D(x41) < D(xk12) < ... < D(xn),

and

From these three cases, we get that

éaimm - ; [F(x) = £(0) — £1(e)(xi — ©) — ®(|x; — c])]
0

v

and, therefore, (16) holds. When ¢ = %, then (17) holds.
It is given in this paper that if f is uniformly convex, then, by Remark 1, ® is increasing
and ®(0) = 0. If ® is also convex, we only need to show that under our conditions

1 n
— Y a®(|xi—c[) >0 (19)
An (o
holds.
We show that (19) holds in the case that x < ¢ < x4, k=1,..,n—1.
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We use the identity
n
Zai¢(|xi —cl) (20)
=) Ai(®P(c—x;) = @(c — xi41)) + A®(c — x) + A1 P (k11 —c)

+ i Aij(D(x; —c) —P(x;_1 —¢)).
i=k+2

As @ is nonnegative, convex and ®(0) = 0 it follows that fora < x; < x;,1 <¢,i=1,..,k—1,
D(c—x;) — P — xi41) = Pxip1 — x;) — P(0) = P(xj1 —x;) =2 0
andforc<x;_1<x;<b, i=k+2,..mn,
P(x;—c)—D(xj1—¢) > P(x; —x;_1) —P(0) = P(x; —x;_1) > 0.

Therefore, (19) is satisfied and, together with (16), we get that (18) holds.
Thus, the proof of Theorem 6 is complete. []

In order to show when Lemma 2 and Theorem 6 hold for ®-convex functions, we
prove the following theorem:

Theorem 7. Let f be a ®-convex function on I = [a, b] with an error function ®, f and O both be
continuously differentiable and ®(0) = @' (0) = 0. Then, f satisfies the inequality

flx) = f(u) = (u)(x —u) + O(|x —u), (21)
where ¢ = f/.
Proof. It is easy to verify from (21) that, because of the differentiability of f and ®, the
inequality
lim (@(X) — o) | ox —y)> < o(x) < lim <(P(y) —9(x) 9y — X)) 22)
y—=x— xX—=Yy xX—=Yy y—xt y—x y—x

holds. As ®(0) = 0, then %gr}c(ﬂ%;y) = 0 and, therefore, we get from (22) that

£ = Jim (P20 < g < im (PO=E) — .

y—=x~ X—Y y—xt y—Xx
Hence, f = @. The proof of the theorem is complete. [

Corollary 2. The results of Lemma 2 and (16) and (17) in Theorem 6 hold also when the function f
is ®-convex in case that Theorem 7 holds and, therefore, Corollary 1 holds for ¢ = f and ®(x) < 0.

3. Jensen-Type Results on Generalized Uniformly Convex, ®-Convex
and Superquadratic Functions

In this section, we deal with the same functions f : [4,b] — R as in Section 2, which
satisfy the following inequality:

fx) = f(u) = o(u)(x —u) + D(|x —uf), ®:[0,b—a] =R (24)
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We use an analogous technique to the proof of Theorem 1 and apply it on (24) to obtain
new results. Theorem 1 becomes a special case of the theorems proved in this section.

The cases included in (24) are

a. Superquadratic functions f where in (24) we replace ® with f and [a, b] with [0, b]
(see Definition 3);

b. Generalized uniformly convex functions f where in (24) we replace ¢ with f ' (see
Remark 3);

c. P-convex functions f where in (24) ® < 0 (see Corollary 1).

Theorem 8. Let f : (a,b) — R satisfy (24) with ® : [0,b—a] — R. Suppose x =
(x1, ., Xn) € (a,b)" and a = (ay,...,a,) is a nonnegative n-tuple with A, = Y ;a; > 0.
Letx = A%’ Yiqaixi, i€ {1,..,n}. Then

(25)
0 < | Valfx) — f®) - @(F -] - 4 L ale@IF -
mi=1 mi=1
< 4 L) - - 4 ()
Proof. Applying the triangle inequality ||u| — |v|| < |u — 7| to
fx) = fy) = @(jx —yl) = 9(y)(x —y) 2 0
satisfied by cases a., b. and c. above, we get
f(x) = f(y) = D(lx =y = loW)[x = yll] (26)
< f(x) = fly) = e(x—yD) — o) (x —y)|
fx) = fly) = @(lx —yl) — ¢(y) (x — ).
Settingy = Xand x = x;,i € {1,...,n}, we have
[1f (xi) = f(%) = (|7 = xi])| = [9(F)[|* — x| (27)
< ) = f(F) = o (X)(F — xi) — (7 — x1]) |

Now, multiplying (27) by a;, summing over i,i = 1,..,n and dividingby A, = Y./" ;4; > 0,

we get
1 ol x) = £5) = @07 5] = o1~ 28)
< LY alf(x) - £F) - pF)(F - ) - ®(F - x|
ni=1
= Aiiazf(xi)fiiazf(x)
mi=1 ni=1
1 "

Because )/ ; (X — x;) = 0, the inequalities (28) and (25) are the same and the proof of
the theorem is complete. [
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With the same technique as in Theorem 8 we get the other three theorems about
functions that satisfy (24), that is, superquadratic, generalized uniformly convex and
&d-convex functions.

Theorem 9. Let f : (a,b) — R satisfy (24) with ® : [0,b — a] — R. Suppose x = (x1, ..., Xn) €
(a,b)" and a = (ay, ..., ay) is a nonnegative n-tuple with A, = Y 1 a; > 0. Let ¥ = A% Y aix;
and X; = (1 — Aj)X+ Ajxj, A; € [0,1],i € {1, ...,n}. Then

0 < Ai ilaflf(xi) ~f(E) - (- A)([E—x])

1 L= Ale@) -
< Aii a;ifx; — Z 1f( i)
ni=1 ”z

g L (1= Ap(E)(E %)~ (1 - (7).

i=1
hold.
Similarly, we get an inequality that counterparts the Jensen inequality.
Theorem 10. Let f : (a,b) — R satisfy (24) with ® : [0,b — a] — R. Suppose x = (x1, ..., Xn) €

(a,b)" and a = (ay, ..., ay) is a nonnegative n-tuple with A, = Y a; > 0and ¥ = A%, Y aix;.
Then

(29)

™=
2
=
&

|
~
H

Il
-

<

- 2~
-

2

S

5

Il
—_

= 1 & -
) (xi = %) = o= ) (¥ — xi)).
ni=1
Proof. Inequality (24) forx =Xandy = x;,i € {1,...,n}, gives

fE) = fxi) 2 ¢(x:) (% = xi) + (T — x)-
Now, multiplying by 4;, summing over i, i = 1, ..., n and then dividing by A, > 0, we get

n n

FE) - 5 Laflx 2 (% - x) Ijnéaicbux—xin,

i=1 =1
which is equivalent to (29). [

Also, we get

Theorem 11. Let f : (a,b) — Rsatisfy (24) with ® : [0,b — a] — R. Supposex = (x1, ..., Xn) €
(a,b)" and a = (ay, ..., ay) is a nonnegative n-tuple with A, = Y!' 1 a; > 0and X = A% Y aix;.
Let A; € [0,1],i € {1,...,n}. Then the inequality

1 1 _
An,» aif (xi) = 4 ;ﬂz‘f((lff\i)xﬂ”\ixi)
< 1:11 ) a;(1—A)p(x)(x; — % ——ZadD (1=A)(x—x1)),
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holds.

Comment. Theorems 8, 9, 10 and 11 hold in the special case when f is a strongly
convex function where ®(|x — y|) = c(x — )%, ¢ > 0, as proved in ([Theorem 4] in [7]) and
quoted in Theorem 1.

4. Improvement of Jensen’s Functional for Superquadratic
and Generalized Uniformly Convex Functions

Theorem 12. Let f be continuously differentiable on [a,b), f' be & -superadditive and ®(0) < 0.
Let also @ : [0,b — a] — R, be continuously differentiable. Then, under the same conditions and
definitions on p, q, x, m* and M* as in Theorem 5, and assuming that x; < xj,q,i=1,..,n—1,
we get, for generalized uniformly convex functions, the inequalities

Jn(f,xp) —m*Ju(f,x,q) (30)
> m*q’( Z;(Qi — Pi)X;i ) + Z{(Pi - m*ﬁli)q’< Xj — Z;ijj )
i= i= j=
and
Jn(f,x,p) — M*Ju(f, %, q) (31)
< - E(M*%’ - Pi)q>< Xj — ;qjxj ) - <I>( E(Pi —4)X; )
1= = i=

Proof. As Y ! ,q;=1and1> 25:1 g; >0and x; < x;41,i =1,..,n —1 then, according
to Jensen—Steffensen theorem (see [14]), there is an integer k, 2 < k < n such that x;_; <
Y qixi < Xp.

The increasing (n + 1)-tuple y =(y1, ..., ¥u+1) is defined by

xl-, izl,...,k—l
vi= Yia4ix, i=k (32)
Xi_1, i=k+1,..,n+1
and
pi —m*q;, i=1,.,k—1
a; =< m¥, i=k (33)

pPi-1 — m*qi_l, i=k+1,.,n+1

where m* is defined in (11) and (12).
It is clear that (n 4 1) tuple a satisfies the inequalities

—

j n—+
0<Y a; <Y a;=1, j=1,.,n+1 (34)
1

i=1 i=

Therefore, (17) in Theorem 6 holds for the increasing (n + 1)-tuple y and a generalized
uniformly convex function f that its derivative is g -superadditive.
Hence

Y (pi — ma) f(x) + mf(jzlqixi> - f<; pixz-)

i=1
n+1 n+1

= ; dif (vi) — f<¥1 di!/i)
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n+1 n+1
> ) &®| |yi— ) dy;
i=1 j=1
n n n
= Y (pi—ma)®@| |xi = ) pjx| | +m®| |} (pi —qi)xi
i=1 =1 i=1
This completes the proof of (30).
The proof of (31) is similar:
We define an increasing (n + 1)-tuple z
Xi, i=1,.,s—1
=13 Tlapx, i=s (35)
Xi_1, i=s+1,.,n+1
and
qi—%, i=1,..,s—1
bi =< i=s (36)

pi

gi-1— 5, i=s+1,.,n+1,
where s satisfies x;_1 < Z}“:l pjxj < xs. As b; satisfies
n+1

j
0<Y bi<) bi=1 j=1,.,n+1,
i=1 i=1

and anll b; = 1. By using inequality (17), we get from (35) and (36) inequality (31). O

1

Corollary 3. Theorem 12 holds also for ®-convex functions that satisfy Theorem 7, that is, f and
® are continuously differentiable and ®(0) = &' (0) = 0.

Similarly we get
Theorem 13. Under the same conditions and definitions on p, q, x, m* and M* as in Theorem

12, if I is [0,a) or [0,00) and f is a superquadratic function on I, such that f is superadditive,
f(0) <0,and x1 < xp <, ..., < xyp, then

1

Jn(f,x,p) —m*Ju(f,x,q) (37)
> m*f< i(qi — Pi)Xi ) + i{(Pi - m*ﬂli)f< Xj — ipjxj )
i= i= j=
and
In(f,x,p) — M*Ju(f, %, q) (38)
< - zi(M*% - Pi)f( Xj — iqjxj ) —f< l(Pz’ —qi)x; >
i= j= —

Remark 5. It is clear that m* < 1,and M* > 1whenp # qand p; > 0,9; >0,i=1,...,n.
Therefore, Theorem 13 refines Theorem 4.

5. Examples: Relations Between Superquadracity and Some Other Types
of Convex Functions

The following examples, in addition to Remark 2, emphasize the relations between
superquadracity and other extensions of convexity. As shown in the examples, none of
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the three sets of convexity is completely included in another set. However, part of the
uniformly convex functions are superquadratic (Remark 2) and some of the ®-convex
functions are also superquadratic.

Example 1. Let f(x) = x*Inx, x > 0, lim x? lnic = 0. This function is superquadratic (see [11])
x—0

and negative on [0,1]. Hence, f on I = [a,a+ 1], a > 0 is ¢-convex where ¢ = —f is defined
on [0,1].

Example 2. From Definitions 1 and 3 it is obvious that when a superquadratic function f is
negative, the function f is ¢-convex where ¢ = —f.
Therefore, according to [Example 4.2] in [11], the functions

1
fr(x) =—=1+xF)r, p>0,
are superquadratic and negative. Hence, these functions are also ¢-convex where ¢ = —f.

Example 3. As in Example 2, the same holds for the functions f(x) = —x,0<p <2,x >0,
which are ¢-convex where ¢ = —f.

Example 4. Let f(x) = —xP,x>1,1<p <2,0<a<x<a+1. Then, f is g-convex where
p(x)=xT,x€[0,1]andl <q<p <2

Example 5. The function

f(x) = %ln(l + xz) —xarctan(x), f(0)=0

satisfies
/ /

f (x) = —arctan(x) f(0)=0

and is superquadratic (see [11]).
Therefore, this function is superquadratic and because it is negative on [0, o) it is also ¢-convex

for¢p = —f.
Example 6. The function
X —
flx) = / Ht—2) it
0 VEZ+1
%x\/x2+1—2\/x2+1— %ln(aﬁ— V1) 42, x20

is superquadratic and f(x) < 0, x € [0, T|, where T satisfies 2 < T < 3and f(x) >0, x > T.
Therefore, on [a,a + 1], a > 0 is ¢p-convex where p = —f,0 < x < T.

Another set of functions f that are either ¢-convex or strongly convex are
Example 7. Let f(x) = x¢(x), x > 0, where ¢ is convex. It is easy to verify that

Hf (x)+ (1= f(y) = ftx+ (1= )y) + 1 - )¢ (0)(x —y)’

holds. Therefore, if ¢ (0) < O it means that f : Ry — R is ¢-convex, ¢ = —¢' (0)x2 and x > 0.

If ¢ (0) > 0, it means that f is strongly convex and uniformly convex where ® = ¢ (0)x2.
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In particular, the function f(x) = x(x — 1)*" = x¢(x), x > 0 where the function ¢(x) =

(x—=1)*", n = 1,2,... is convex and satisfies ¢ (0) = —2n. Therefore, f is ¢-convex where
¢ = 2nx>.
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