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Abstract

A neighbor full sum distinguishing total coloring of a graph G is a proper k-total coloring
¢ such that no two adjacent vertices u and v satisfy w(u) # w(v), where w(v) = ¢(v) +
Yeso P(€) + Luenw) ¢(u) and N(v) = {u[uv € E(G)}. The minimum positive integer k is
called the neighbor full sum distinguishing total coloring of G, or ftndix (G) for short. In
this article, we verify that for a normal planar graph G, ftndiy, (G) < A(G) +3if g(G) > 5
and A(G) > 22, which extends the result of Yue, et al. by reducing the girth condition from
6to 5.

Keywords: neighbor full sum distinguishing total coloring; planar graph; discharging
method

MSC: 05C15

1. Introduction

In this paper, we consider that all graphs are simple, undirected and connected.
A graph is said to be planar if it can be embedded in a plane such that its edges intersect
only at their endpoints. Let G be a planar graph. We denote by V(G), E(G) and F(G)
the vertex set, the edge set and the face set, respectively. The degree of a vertex v € V(G)
is the number of edges associated with v, and written as dg(v). A vertex with a degree
of exactly k, at least k and at most k is referred to as a k-vertex, k™ -vertex and k™ -vertex,
respectively. Specifically, if dg(v) = 1, then v is called a leaf. Moreover, the maximum
degree of G, denoted by A(G), is defined as A(G) = max{d(v) | v € V(G)}. In turn,
the minimum degree of G, denoted by §(G), is defined as 6(G) = min{d(v) | v € V(G)}.
The maximum average degree mad(G) of a graph G is the maximum of the average degrees
of its subgraphs. For a face f € F(G), the degree of f, denoted by d(f), is defined as
the number of edges on the boundary of f, and the definition of a k-, k*-, or k™ -face is
similar to that of the corresponding vertex. A cycle of length k > 3 in G is called a k-cycle,
and the minimum length among all k-cycles is known as the girth of G, denoted by g(G).
Additionally, a graph G is normal if it has no isolated edges.

A proper k-total coloring of a graph is a mapping from k colors to its vertices and edges
such that no two incident elements receive the same colors. In recent years, neighbor sum
distinguishing total coloring of graphs as a constrained k-total coloring was first introduced
by Piléniak and Wozniak [1] in 2015, which has received much attention. A proper k-
total coloring ¢ of a graph G is said to be a neighbor sum distinguishing total coloring if
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¢(u) # ¢(v) for any uv € E(G), where ¢(x) = ¢(x) + Y5, ¢(e) for each x € V(G), and the
minimal number k of such coloring is called neighbor sum distinguishing total chromatic
number, denoted by x%.(G). Moreover, they also proposed the conjecture below.

Conjecture 1 ([1]). Let G be a graph of order at least 2. Then, x4 (G) < A(G) + 3.

Meanwhile, they showed that Conjecture 1 is valid for various classes of graphs,
including complete graphs, cubic graphs, and so on. Subsequently, many results have
been achieved in the study of neighbor sum distinguishing total coloring on planar graphs.
In 2016, Qu et al. [2] obtained that x¥(G) < max{A(G) + 3,14} for a planar graph G.
Later, Wang et al. [3] confirmed the validity of Conjecture 1 for planar graphs without
containing 4-cycles, and then, Wang et al. [4] further proved that if planar graph G contains
no adjacent triangles and A(G) > 8, then x{(G) < A(G) + 3. In the same year, Ge et al. [5]
showed that x¥(G) < max{A(G) + 3,10} if planar graph G does not contain 5-cycles.
In 2022, Nakprasit et al. [6] proved that x{(G) < A(G) + 3 for a planar graph G without
4-cycles adjacent to 3-cycles and A(G) > 7. In 2023, Huang et al. [7] verified that for any
graph G with mad(G) < 4, x¥(G) < max{9,A(G) +2}. Additionally, they provided a
characterization of the neighbor sum distinguishing total chromatic number for graphs
satisfying mad(G) < 4 and A(G) > 8. In 2024, Du et al. [8] presented two significant
results regarding planar graph G. The first one is that if G has no 3-cycles adjacent to
4-cycles with A(G) > 8 and without cut edges, then x§ < A(G) + 2. The second is that
if G has no 4-cycles intersecting with 6-cycles and A(G) > 7, then x¥ < A(G) + 3. Just
recently, Duan et al. [9] verified that x{(G) < max{A(G) + 3,10} for planar graph G
without intersecting 4-cycles.

In 2017, Flandrin [10] extended the definition of neighbor sum distinguishing total
coloring by incorporating the colors of adjacent vertices to form the notion of full sum,
and introduced the concept of neighbor full sum distinguishing total coloring of graphs. For a
graph G, suppose ¢ : V(G) UE(G) — {1,2,...,k} is a proper k-total coloring of G. For each
vertexv € V(G),let N(v) = {u | uv € E(G)} and w(v) = ¢(v) + Leso P(€) + Luen(o) P(1)-
Furthermore, if w(u) # w(v) for any uv € E(G), then ¢ is termed a neighbor full sum
distinguishing k-total coloring of G, abbreviated as k-NFSDTC of G. The smallest integer
k for which a neighbor full sum distinguishing k-total coloring exists in G is referred to
as the neighbor full sum distinguishing total chromatic number of G, simplified as findiy (G).
Cheng et al. [11] provided an insight for the neighbor full sum distinguishing total coloring
through two specific types of Halin graphs. In 2023, Cui et al. [12] proposed Conjecture 2
and validated it for graphs such as paths, cycles, stars, wheels, complete bipartite graphs,
complete graphs and trees.

Conjecture 2 ([12]). If G is a normal graph, then ftndiy (G) < A(G) + 2.

Recently, Yue et al. showed in [13] that ftndix (G) < A(G) + 3 if G is a normal planar
graph with ¢(G) > 6 and A(G) > 10. Inspired by Conjecture 2, we extend the result of [13]
under the condition g(G) > 5 in some sense.

Theorem 1. Let G be a normal planar graph with g(G) > 5 and A(G) > 22. Then,

ftndix (G) < A(G) + 3.
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2. Demonstration of Main Result

At first, we present some lemmas to be utilized in the subsequent proof.
Lemma 1 ([12]). For n > 3, suppose Sy, is a star of order n + 1. Then, findiz(S,) = n + 1.

Lemma 2 ([14]). Let By and By be the sets of integers, with |By| = m > 2 and |By| = n > 2. Let
Bs ={x+y | x € B,y € By,x # y}. Then, |B3| > m + n — 3. Moreover, if By # By, then
|Bs| > m+n—2.

By the definition of neighbor full sum distinguishing total coloring, it is evident that
Lemma 3 always holds.

Lemma 3. For a graph G, let u be a vertex of degree at least 2 in G. If v is a leaf neighbor of u, then
w(u) # w(v).

Proof of Theorem 1. Suppose that G is a normal planar graph. For a vertex v of G, we
denote by D¢ (v) the number of neighbors of v that are not leaves, and N]? (v) the quantity
of neighbors of v with degree k in G. If dg(v) = 2, then v is called a good 2-vertex when
NY(v) = 0, otherwise, it is called a bad 2-vertex (ie., Ny (v) # 0). Let Ng(v) be the
quantity of bad 2-vertices neighboring v in G. For a face f of G, let N]? (f) be the number
of vertices with degree k that are incident to f. In addition, Figure 1 illustrates a part of
the reducible configurations of G originated from the proof. In these configurations, solid
dots denote vertices with specified degrees, whereas hollow dots indicate vertices whose
degrees remain unspecified.

(% VU1 Z1 23
V2 z4
U3 v u v v
V2 V3 Z2 z5
Gl G2 G3
21 Z4 w1 U1
22 25 : 5 v
v v
z3 Z6 Wy V11
G Gs Ge

Figure 1. Partially reducible configuration of G. G represents a structure that a 3-vertex v is adjacent
to at least two other 3-vertices, which is utilized in the proof of Claim 4; G, denotes a structure that a
4-vertex v is adjacent to a 2-vertex, which is used in the proof of Claim 5; G3 represents a structure
that a 5-vertex v is adjacent to at least two 2-vertices, which is applied in the proof of Claim 7; G4
presents a structure that a 6-vertex v is adjacent to at least four 2-vertices, which is applied in the proof
of Claim 8; Gs describes the configuration of neighbors surrounding a vertex v where D (v) = 11,
which is used in the proof of Claim 9. Gg represents a configuration where a 51 -vertex v is adjacent
to a bad 2-vertex that is incident with two 5-faces, which is used in the proof of Fact 2.

To proceed a proof by contradiction, assume that G is a minimal counterexample to
Theorem 1 with the minimal |V| 4 |E|. Itis evident that G is connected due to the minimality.
Let G’ be a proper normal subgraph of G. Then, G’ has a (A(G) + 3)-NFSDTC, denoted
by ¢'. For each vertex x € V(G), let w’(x) denote the full sum of x under the coloring ¢'.
In what follows, we drive some claims by extending ¢’ to be a (A(G) + 3)-NFSDTC ¢ of G
to contradict the minimality of G.

Claim 1. No 4~ -vertex is adjacent to a leaf in G.
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Proof. Without loss of generality, assume that there exists a 4-vertex v adjacent to a leaf v;.
Let vy, v3 and v4 be the neighbors of v other than v1, and G’ = G — v;. Then, from the mini-
mality of G, G’ has a (A(G) + 3)-NFSDTC ¢'. From the principles of proper total coloring,
we have ¢p(v10) ¢ {¢'(v), p' (vv2), ' (vv3), ¢’ (voy)}, which means that there are 4 forbidden
colors for v1v at most. Thus, v1v has at least A(G) +3 —4 = A(G) — 1 > 21 feasible colors.
Likewise, v1 has atleast A(G) + 3 — 2 > 23 feasible colors. By Lemma 2, it follows that there
are at least 42 different values for ¢(v1) + ¢(v10). Hence, w(v) = w'(v) + ¢(v1) + ¢(v10)
also has at least 42 distinct values. Therefore, there must exist a value for w(v) such
that w(v) # W'(v7), wW(v) # w'(v3) and w(v) # w'(vy). In addition, by Lemma 3, we
have w(v) # w(v1). Consequently, G has a (A(G) + 3)-NFSDTC ¢, which contradicts the
minimality of G. O

The following Claims 2 and 3 can be found in [13], so we omit their proof here.
Claim 2 ([13], Claim 2). There is no 2-vertex adjacent to two other 2-vertices in G.
Claim 3 ([13], Claim 3). There is no 2-vertex adjacent to a 3-vertex in G.

Claim 4. 3-vertex has at most one neighbor of degree 3 in G.

Proof. Assume that there exists a 3-vertex v adjacent to two 3-vertices in G. Let v; (i=1,2,3)
be the neighbors of v with d(v1) = dg(v2) = 3, as shown in the structure G; in Figure 1.
Let v4 and v5 be the neighbors of v; other than v, and v and v7 be the neighbors of v,
other than v. The other neighbors of v; excluding v are denoted by z, for 1 < p < k,
where 2 < k < A(G) — 1. Let G’ = G — v. Then, by the minimality of G, there exists a
(A(G) + 3)-NFSDTC ¢’ for G'. We now color the vertex v and its incident edges.

Assume, without loss of generality, that d;(v3) = A(G). From the principles of proper
total coloring, we have ¢(v3v) & {¢'(zpv3) |1 < p < A(G) — 1} U {¢(v3)}; this indicates
that the edge v3v has A(G) forbidden colors and 3 feasible colors. Likewise, v has A(G) — 1
feasible colors since ¢(v) ¢ {¢'(v3), p(v3v),¢'(v1),¢'(v2)}. By Lemma 2, it follows that
$(v3v) + ¢p(v) has at least A(G) different values, and thus, w(v3) = w'(v3) + ¢(v30) + ¢(v)
also has at least A(G) different values. Therefore, there exists a value for w(v3) yielding
w(v3) # w(zp) with1 < p < A(G) — 1.

Next, we consider the distinguishability of the full sums at v; and v, with their
neighbors, as well as v3 and v. Based on the previous discussion above, ¢(v3v) and ¢(v)
have already been determined. Then, by the principles of proper total coloring, ¢(vv;) ¢
{p(v30), ¢(v),¢'(v1),¢'(v104), ' (v105) }, which means that the edge vv; has A(G) — 2
feasible colors. Similarly, ¢p(vva) ¢ {p(v30), p(v), p(vv1), ¢ (v2), P (v206), ¢’ (v2v7)}. This
implies that the edge vv, has A(G) — 3 feasible colors. Furthermore, from the definition
of neighbor full sum distinguishing total coloring, at most, one feasible color for vv, will
cause w(v) = w(vy), leaving A(G) —4 > 22 — 4 = 18 > 2 feasible colors for vv,. Thus,
w(vy) = W'(v2) + ¢(v) + ¢(vvy) could take at least 18 different values, and so, there exists
a value for w(vy) such that w(vy) # w(ve) and w(vy) # w(vy).

At this point, ¢(vv;) has also been determined. From the definition of neighbor full
sum distinguishing total coloring, there is at most one feasible color for vv; that leads to
w(v3) = w(v), and at most one leading to w(v) = w(vy). So, this leaves A(G) —4 > 18 > 2
feasible colors for vvy. Therefore, w(vy) = w'(v1) 4+ ¢(v) + ¢(voy) also has at least 18 dis-
tinct values, guaranteeing a choice that satisfies w(v1) # w(v4) and w(v1) # w(vs). Thus,
G admits a (A(G) + 3)-NFSDTC ¢, which contradicts the minimality of G. [

Claim 5. There is no 2-vertex adjacent to a 4-vertex in G.
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Proof. Assume that there exists a 2-vertex u adjacent to a 4-vertex v in G. Let u; be the
neighbor of u distinct from v. Let v1, v and v3 be the neighbors of v other than u, as
shown in the reducible configuration G, depicted in Figure 1. Let G’ = G — u. Then, by the
minimality of G, G’ admits a (A(G) + 3)-NFSDTC ¢'. Next, we will color the vertex u and
its removal edges.

Assume, without loss of generality, that dg(u1) = A(G), and z, are the neighbors of
uq distinct from v, where 1 < p < A(G) — 1. From the principles of proper total coloring,
we have ¢p(uqu) ¢ {¢'(u1zp) | 1 < p < A(G) =1} U {¢'(u1)}. Therefore, the edge uqu
has A(G) forbidden colors and 3 feasible colors. Likewise, ¢(u) & {¢'(u1), p(uqu), ¢’ (v)};
this means that u has A(G) feasible colors. Meanwhile, ¢p(uv) ¢ {p(uju), ¢(u), ¢’ (v),
¢’ (vo1), ¢’ (vva), ¢ (vv3)}, and thus, the edge uv has A(G) — 3 feasible colors. From the
definition of neighbor full sum distinguishing total coloring, there is at most one color from
the feasible colors for uju that results in w(u) = w(v). Analogously, there exists at most
one color among the feasible colors for uv that results in w(u1) = w(u). Consequently, uu
possesses 2 remaining feasible colors, while v has A(G) — 4 remaining feasible colors. Note
that u has at least A(G) feasible colors. Hence, it follows from Lemma 2 that ¢(uqu) + ¢(u)
would obtain at least A(G) different values, and thus, w(uy) = w'(u1) + ¢p(ugu) + ¢(u)
also has A(G) different values at least. Therefore, there must exist a value for w(u7) such
that w(uy) # w(zp) with 1 < p < A(G) — 1 simultaneously.

Next, we consider the distinguishability of the full sum for v and its neighbors v1, v,
and v3. Based on the previous analysis concerning w(u1) # w(zp) for1 < p < A(G) —1,
the color ¢(u) is now determined. Given that A(G) > 22, there are at least A(G) —4 > 18 >
3 different values feasible for ¢(uv). Hence, w(v) = w'(v) + ¢(u) + ¢(uv) also takes at
least 18 different values; this means that there exists a value for w(v) yielding w(v) # w(v;)
with 1 < i < 3. Thus, G admits a (A(G) + 3)-NFSDTC ¢, which contradicts the minimality
of G. O

Claim 6. A 5" -vertex is adjacent to at least 4 non-leaf neighbors. Moreover, if the 5T -vertex is
adjacent to precisely 4 non-leaf neighbors, then it does not have a 2-vertex as its neighbor in G.

Proof. Firstly, we show that any 5" -vertex v is adjacent to at least 4 non-leaf neighbors in
G. Assume by a contradiction that v has at most three non-leaf neighbors. For convenience,
we write vy, ..., vy as the leaf neighbors of v, and z, . . ., z; as its non-leaf neighbors, where
k+t=dg(v)and 0 <t < 3.

When t = 0, v has no non-leaf neighbors, which implies that G is a star. Therefore,
from Lemma 1, G admits a (A(G) + 1)-NFSDTC ¢, which contradicts the minimality of G.

Without loss of generality, suppose that v has three non-leaf neighbors, z1, z2 and z3.
Then, k = dg(v) — 3 > 2 at this moment. This means that v has at least two leaves. Let
G' = G — v1. Then, by the minimality of G, there exists a (A(G) + 3)-NFSDTC ¢’ for G'.
From the principles of proper total coloring, vv; has at least A(G) + 3 — dg(v) > 3 feasible
colors since ¢p(voy) ¢ {¢'(vv;) | 2 < i < k}U{P' (v), ¢ (vz1),¢'(vz2), ¢’ (vz3)}. Similarly,
v1 has at least A(G) + 3 — 2 > 23 feasible colors. By Lemma 2, we have that ¢(v1) + ¢(vvq)
owns at least 24 distinct values; this implies that w(v) = «'(v) + ¢(v1) + ¢(vovy) also
takes at least 24 distinct values. So, there must exist a value for w(v) satisfying w(v) ¢
{w(z1),w(z2),w(z3)}. Furthermore, by Lemma 3, we have w(v) # w(v;) (1 <i < k). Thus,
G admits a (A(G) + 3)-NFSDTC ¢ extended from ¢’, contradicting the minimality of G.

Next, we will prove that for any 5" -vertex v in G, if Dg(v) = 4, then N§ (v) = 0.
Assume that there exists a 57-vertex v (say, briefly) with Dg(v) = 4 adjacent to a 2-
vertex z1. Let vy,..., v for k = dg(v) — 4 denote the leaves of v, and zy, ..., z4 denote
the non-leaf neighbors of v. Let G’ = G — v1. Then, by the minimality of G, there exists
a (A(G) + 3)-NFSDTC ¢’ for G'. From the principles of proper total coloring, ¢(vvy) ¢
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{¢'(v),¢'(z10), ¢ (z20), ¢’ (z30), ¢’ (z40) } U {¢'(vv;) | 2 < i < k}. Thus, vo; should have
at most dg(v) forbidden colors, leaving at least A(G) + 3 — dg(v) > 3 feasible colors.
Likewise, ¢(v1) obtains at least A(G) + 3 — 2 > 23 feasible colors. Hence, by Lemma 2, we
see that ¢(v1) + ¢(vv1) has at least 24 distinct values, which yields that w(v) = w'(v) +
¢(v1) + ¢(vvy) also has at least 24 distinct values. Therefore, there must exist a value
for w(v) such that w(v) ¢ {w(z1),w(z2),w(z3)}. It further follows by Lemma 3 that
w(v) # w(v;) with 1 <i < k. Consequently, G admits a (A(G) + 3)-NFSDTC ¢ extended
from ¢’, which contradicts the minimality of G. [

Claim 7. No 5" -vertex v with Dg(v) = 5 has at least two 2-vertices in G.

Proof. Suppose that G has a 57 -vertex v with Dg(v) = 5 having two neighbors of degree 2,
e.g., z1 and zp. Let v1, vy, .. ., v denote the leaves of v with k = d;(v) — 5. For convenience,
we write z3, z4 and z5 as the other three non-leaf neighbors of v.

Case 1. dg(v) =5.

Here, k = 0. This indicates that v is not a leaf, as depicted by the structure G3 in
Figure 1. Let G’ = G — z;. Then, by the minimality of G, there exists a (A(G) + 3)-NFSDTC
¢’ for G'. Let zg be the other neighbor of z;, differing from v. We now color the vertex z;
and its incident edges.

Assume, without loss of generality, that d;(z¢) = A(G). Let zg for 1 <i < A(G) —1
be the neighbors of z¢ differ from z;. From the principles of proper total coloring, ¢(z¢z1) ¢
{¢'(z626) | 1 < i < A(G) —1}U{¢'(z6)}. Therefore, z¢z1 has A(G) forbidden colors
and 3 feasible colors. Similarly, ¢(z1) & {¢'(2z6), P(2621), ¢’ (v)}; thus, z1 has A(G) feasible
colors. Furthermore, ¢(z10) & {¢p(z621), P(21), ¢’ (v), ¢’ (vz2), ¢’ (vz3), ¢ (vz4) and ¢’ (vz5) }.
Hence, z1v has A(G) — 4 feasible colors. According to the definition of neighbor full
sum distinguishing total coloring, there is at most one feasible color for zgz; such that
w(z1) = w(v). Similarly z;v has at most one feasible color resulting in w(z¢) = w(z7).
As a result, zgz1 has 2 remaining feasible colors, and z;v has A(G) — 5 remaining colors.
Since z1 has A(G) feasible colors, from Lemma 2, ¢(z62z1) + ¢(z1) would take at least A(G)
distinct values. This implies that w(zs) = w'(z¢) + ¢(z621) + ¢(z1) also takes at least
A(G) different values. Thus, there exists a value for w(z¢) satisfying w(zs) # w(ze,;) with
1<i<A(G)—1.

We next consider the full sum distinguishability of vertex v with its neighbors zy, z3,
z4 and zs. From the analysis of w(zg) # w(zg;) above, for 1 < i < A(G) — 1, ¢(z1) is
now defined. Since A(G) > 22, ¢(z1v) has at least A(G) —5 > 17 > 4 distinct values.
This indicates that w(v) = w'(v) + ¢(z1) + ¢$(z10) also takes at least 17 different values.
Consequently, one can find a value for w(v) yielding w(v) # w(zj) where2 < j < 5.
Consequently, G admits a (A(G) + 3)-NFSDTC ¢ extended from ¢’, contradicting the
minimality of G.

Case 2. dg(v) > 6.

At this moment, k > 1. This indicates that v has at least one leaf. Let G’ = G — 1.
Then, by the minimality of G, G’ admits a (A(G) + 3)-NFSDTC ¢'. From the principles
of proper total coloring, the edge vv; possesses A(G) + 3 —dg(v) > 3 feasible colors,
and vertex v; possesses A(G) + 3 — 2 > 23 feasible colors. Thus, ¢(v1) + ¢(vv;) would
take at least 23 distinct values, which means that w(v) = w'(v) + ¢(v1) + ¢(vo7) also takes
at least 23 different values. Hence, there must exist a value for w(v) satisfying w(v) # w(z;)
for 1 < j < 5. Furthermore, by Lemma 3, we have w(v) # w(v;) for 1 <i < k. Therefore,
one can obtain a (A(G) + 3)-NFSDTC ¢ of G by extending ¢, contradicting the minimality
of G. O
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Claim 8. No 6™ -vertex v with Dg(v) = 6 is adjacent to at least four 2-vertices, in which at least
one neighbor is a bad 2-vertex.

Proof. Suppose that G has a 6 -vertex v with D (v) = 6 adjacent to at least four 2-vertices.
Let z1,...,z¢ be the non-leaf neighbors of v, and let v; be the leaf neighbors of v, where
1<j<kandk =dg(v)—6.

Firstly, we will show that NY (v) < 3. Suppose that dg(z1) = -+ = dg(zs) = 2.
The proof will proceed by concerning the value of dg(v).

Case 1. dg(v) = 6.

Here, k = 0, this indicates that v is not adjacent to the leaf, as illustrated in the structure
Gy in Figure 1. Let G’ = G — z1. Then, from the minimality of G, there is a (A(G) + 3)-
NFSDTC ¢’ in G'. Let zy denote the other neighbors of z; differ from v. We now assign
colors to the vertex z; and its incident edges.

Without loss of generality, assume that d;(z7) = A(G). Let z7; be the neigh-
bors of z7 other than z;, where 1 < i < A(G) —1. From the principles of proper
total coloring, ¢(z7z1) ¢ {¢'(z7z7;) | 1 < i < A(G) —1} U{¢'(z7)}. This implies
that edge z7z1 has A(G) forbidden colors, and so, it leaves 3 feasible colors. Similarly,
p(z1) ¢ {¢'(z7),¢(z721),¢'(v)}, and thus, z; has A(G) feasible colors. Additionally,
since ¢(z10) ¢ {¢(z721),9(21),9'(v), ¢'(022), ¢’ (vz3), ¢ (0z4), ¢’ (v25), ¢ (026)}, there are
A(G) — 5 feasible colors for edge z1v. According to the definition of neighbor full sum
distinguishing total coloring, there is at most one feasible color for edge zyz, causing
w(z1) = w(v), and at most one feasible color for edge z1v, leading to w(z7) = w(z1). Thus,
two feasible colors remain for edge z7z1, and A(G) — 6 colors for edge z1v. Since z1 has
A(G) feasible colors, from Lemma 2, ¢(z7z1) + ¢(z1) would take at least A(G) different
values. Consequently, w(z7) = w'(z7) + ¢(z7z1) + ¢(z1) also has at least A(G) different
values, guaranteeing the existence of a value for w(zy) such that w(zy) # w(zy;), where
1<i<AG)—1.

Now, we discuss the full sum distinguishability of v and its neighbors zy, . . ., z¢. Based
on the previous analysis of w(zy) # w(zy;) for 1 <i < A(G) — 1, the color ¢(z;) is now
fixed. Since A(G) > 22, there are at least A(G) — 6 > 16 > 5 distinct values for ¢(z10).
This indicates that w(v) = w'(v) + ¢(z1) + ¢(z1v) also takes at least 16 distinct values.
Accordingly, there exists a value for w(v) yielding w(v) # w(z;) for2 < t < 6. Thus, ¢’
can be extended to a (A(G) + 3)-NFSDTC of G, contradicting the minimality of G.

Case 2. dg(v) > 7.

Here, k > 1, which means that v has a leaf neighbor. Let G’ = G —v;. Then, by
the minimality of G, G’ admits a (A(G) + 3)-NFSDTC ¢’. According to the definition of
neighbor full sum distinguishing total coloring, vv; has atleast A(G) + 3 — dg(v) > 3 feasible
colors, and v; has A(G) +3 —2 > 23 feasible colors. Hence, ¢(v1) + ¢(vv1) would take
at least 23 distinct values; this indicates that w(v) = «w'(v) + ¢(v1) + ¢(vv1) has at least 23
distinct values. Therefore, there is a value for w(v) satisfying w(v) # w(z;) for1 <t < 6.
Moreover, by Lemma 3, it follows that w(v) # w(v;) forall 1 < j < k. Thus, one can obtain a
(A(G) 4 3)-NFSDTC ¢ of G by extending ¢, contradicting the minimality of G.

Secondly, we prove that NQG (v) = 0. Suppose that v is adjacent to a bad 2-vertex
z1. Let z7 be the other neighbor of z; besides v and dg(zy) = 2. Let zg be the other
neighbor of z; differing from z;. Let G’ = G — z1. Then, by the minimality of G, G’ has a
(A(G) + 3)-NFSDTC ¢'.

Without loss of generality, assume that dg(v) = A(G). From the principles of proper
total coloring, ¢p(vz1) & {¢'(vv;) | 1 < j < kfU{¢'(vze) | 2 <t < 6} U{¢'(v)}. This
means that vz; has A(G) forbidden colors and 3 feasible colors. Likewise, ¢(z1) ¢
{¢'(v), p(vz1), ¢'(z7)}, which follows that z; has A(G) feasible colors. Furthermore,
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$(z12z7) & {Pp(vz1), P(z1), ¢ (z7), ¢’ (z728) }; thus, z1z7 has A(G) — 1 feasible colors. From the
definition of neighbor full sum distinguishing total coloring, there is at most one feasible
color for edge vz causing w(z1) = w(zy), and at most one feasible color for z;z7, similarly
causing w(v) = w(z1). Hence, 2 feasible colors remain for vz;, and A(G) — 2 feasible
colors for zqzy. Since z1 has A(G) feasible colors, by Lemma 2, ¢(vz;) + ¢(z1) has at least
A(G) different values; this indicates that w(v) = w'(v) + ¢(vz1) + ¢(z1) takes at least A(G)
distinct values. Thus, there is a value for w(v) such that w(v) # w(v;) for 1 < j <k, as well
as w(v) # w(z;) for2 <t < 6.

Finally, we consider the full sum distinguishability of z;y and its neighbor zg. Based on
the previous analysis of w(v) # w(v;) for 1 <j <k, and w(v) # w(z) for2 <t <6, ¢(21)
is already determined. Since A(G) > 22, there are at least A(G) — 2 > 20 distinct values for
$(z127); as aresult, w(zy) = w'(z7) + ¢(z1) + ¢p(z127) possesses no fewer than 20 distinct
values. Therefore, there is a value for w(zy) satisfying w(z7) # w(zs), and thus, there exists
a (A(G) +3)-NFSDTC ¢ in G extending from ¢’, contradicting the minimality of G. [

Claim 9. No 7*-vertex v with Dg(v) = k for 7 < k < 11 has at least k — 3 neighbors of degree 2,
in which at least k — 5 neighbors are bad 2-vertices.

Proof. Without loss of generality, suppose that G contains a 7*-vertex v with Dg(v) = 11.
Let w; denote the leaf neighbors of v for 1 < i < r, and v; for1 < j < 11 denote the
neighbors of v with degree of at least 2, where r = dg(v) — 11, as in the structure Gs
depicted in Figure 1.

(1) We aim to show that N¥' (v) < 7. Assume by a contradiction that v has at least eight
2-vertices. Letdg(v1) = - - - = dg(vg) = 2, and z denote the other neighbor of v; besides v.
Two cases are considered depending on the degree of v.

Case 1. dg(v) > 12.

In this case, r > 1, which implies that v has at least one leaf neighbor. Let G’ = G — w;.
Then, by the minimality of G, G’ admits a (A(G) + 3)-NFSDTC ¢'. From the principles
of proper total coloring, vw; has at least A(G) +3 — dg(v) > 3 feasible colors, and wq
has A(G) + 1 > 23 feasible colors. Thus, ¢(w;) + ¢(vw;) takes no fewer than 23 distinct
values. Furthermore, w(v) = &'(v) + ¢(w1) + p(vw;) takes at least 23 different values.
Therefore, there is a value for w(v) satisfying w(v) # w(v;) where 1 < j < 11. Meanwhile,
by Lemma 3, it follows that w(v) # w(w;) for 1 < i < r. Consequently, G admits a
(A(G) + 3)-NFSDTC ¢ extending ¢, contradicting the minimality of G.

Case 2. dg(v) = 11.

Here, r = 0, indicating that v has no leaf. Let G’ = G — v1. Then, by the minimality of
G, G’ admits a (A(G) + 3)-NFSDTC ¢'. Suppose without loss of generality that dg(z) =
A(G). Let z, be the neighbors of z other than v; for 1 < p < A(G) — 1. From the
principles of proper total coloring, ¢(zv1) & {¢'(zzp) | 1 < p < A(G) —1} U{¢'(z)}, which
implies that there are 3 feasible colors for zv;. Similarly, ¢p(v1) ¢ {¢'(z), p(zv1),¢'(v)},
which means that v1 has A(G) feasible colors. Moreover, ¢(v10) ¢ {¢(zv1), ¢(v1),¢'(v)} U
{¢'(vv;) | 2 < j < 11}; hence, v1v has at least A(G) — 10 feasible colors. By the definition
of neighbor full sum distinguishing total coloring, there is at most one color for zv; causing
w(v1) = w(v), and at most one color for v1v similarly causing w(z) = w(v;1). Thus, zv;
has 2 remaining feasible colors and v1v has A(G) — 11 remaining feasible colors. Since v;
has A(G) feasible colors, it follows from Lemma 2 that ¢(zv1) + ¢(v1) has at least A(G)
different values. This further implies that w(z) = w’(z) + ¢(zv1) + ¢(v1) would take at
least A(G) different values. Hence, w(z) # w(zp) for1 < p < A(G) — 1.

Now, we consider the full sum distinguishability between v and its neighbors v; for
2 < j < 11. Based on the above analysis of w(z) # w(zp) for1 < p < A(G) — 1, ¢(v1)
is now determined. Since A(G) > 22, there are at least 11 feasible colors for vyv. This
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indicates that w(v) = w'(v) + ¢(v1) + ¢(v1v) would take at least 11 different values. Thus,
there is a value for w(v) such that w(v) # w(v;) where 2 < j < 11, which contradicts the
minimality of G.

(2) We here aim to prove that NjG (v) < 5. Assume that v is adjacent to at least six bad
2-vertices. For convenience, we write vy, .. ., vg as these bad 2-vertices, and z is a neighbor
of v; distinct from v with dg(z) = 2.

If dg(v) > 12, then r > 1; this indicates that v has at least one leaf. This case can be
proved using the same method as Case 1 in (1).

If dg(v) = 11, then r = 0. In this case, it means that v has no leaf. Let G’ = G — v;.
Then by the minimality of G, G’ admits a (A(G) + 3)-NFSDTC ¢'. Let z; be a neighbor of z
distinct from v;. We then assign colors to v; and its incident edges.

From the principles of proper total coloring, zv; has 2 forbidden colors and A(G) + 1
feasible colors since ¢(zv1) ¢ {¢'(zz1),¢'(z)}. Similarly, ¢p(v1) € {¢'(z), p(zv1), ¢'(v)},
and thus, v; has A(G) feasible colors. Furthermore, ¢p(v10) ¢ {¢p(zv1), ¢p(v1),¢'(v)} U
{¢'(voj) | 2 < j < 11}. Hence, v1v has A(G) — 10 feasible colors. By the definition of
neighbor full sum distinguishing total coloring, there is at most one color for zv; causing
w(v1) = w(v), and at most one color for v1v causing w(z) = w(vy). Therefore, zv; owns at
least A(G) feasible colors, and v1v owns at least A(G) — 11 feasible colors. Note that v; has
A(G) feasible colors. Hence, it follows from Lemma 2 that ¢(zv1) + ¢(v1) would take at
least 2A(G) — 3 > 41 different values. It induces that w(z) = w’(z) + ¢(zv1) + ¢(v1) also
has at least 41 different values. Hence, there is a value for w(z) such that w(z) # w(z7).

We next consider the full sum distinguishability of v and its neighbors v; for 2 <
j < 11. From the above analysis of w(z) # w(z1), the value ¢(z) is already determined.
Since A(G) > 22, v1v has at least A(G) — 11 > 11 feasible colors. This indicates that
w(v) = &' (v) + ¢(v1) + p(vqv) also takes at least 11 different values. Accordingly, there
is a value for w(v) ensuring that w(v) # w(v;), where 2 < j < 11. Therefore, G admits a
(A(G) + 3)-NFSDTC ¢ by extending ¢’, which contradicts the minimality of G. O

From the statement of Claim 9, the following relationships can be derived, as shown
in Table 1.

Table 1. The relationships between D¢ (v) = k (7 < k < 11), N§ (v) and Nic(v).

k 7 8 10 11
maxNy (v) 3 4 5
maxN{ (v) 1 2 4 5

Claim 10. No 127" -vertex v with Dg(v) > 12 has at least one neighbor that is a bad 2-vertex.

Proof. Suppose that G contains a 12 -vertex v such that Dg(v) = 12. Letv; for1 <i <
dg(v) — 1 be the neighbors of v, and z be a bad 2-vertex adjacent to v, z; be the neighbor
of z distinct from v with dg(z1) = 2, and z be the neighbor of z; distinct from z. Let
G' = G — z. Then, by the minimality of G, there is a (A(G) + 3)-NFSDTC ¢’ of G’. We now
color the vertex z and its incident edges.

Assume without loss of generality that d;(v) = A(G). From the principles of proper
total coloring, ¢(vz) ¢ {¢'(vv;) | 1 < i < A(G) —1} U {¢'(v)}. Therefore, vz has A(G)
forbidden colors and 3 feasible colors. Similarly, we have that z has A(G) feasible colors
due to ¢(z) ¢ {¢'(v), p(vz),¢'(21)}, and zz1 has at least A(G) — 1 feasible colors because
$(zz1) & {P(vz), p(2),¢'(21),¢’'(z122) }. Furthermore, by the definition of neighbor full
sum distinguishing total coloring, there is at most one feasible color for vz such that
w(z) = w(z1), and at most one feasible color for zz; such that w(v) = w(z). Thus, vz
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possesses at least 2 feasible colors, and zz; possesses at least A(G) — 2 feasible colors. Note
that z has A(G) feasible colors. Hence, it follows from Lemma 2 that ¢(vz) + ¢(z) would
take at least A(G) different values. Therefore, w(v) = w'(v) + ¢(vz) + ¢(z) also takes
at least A(G) different values. So, there is a value for w(v) such that w(v) # w(v;) for
1<i<A(G)—1.

Now, we consider the full sum distinguishability between z; and its neighbor z;.
By the analysis above concerning w(v) # w(v;) for1 < i < A(G) — 1, the value ¢(z) is
already determined. Since A(G) > 22, there are at least A(G) — 2 > 20 feasible colors
for zz1. Hence, w(z1) = w'(z1) + ¢(z) + ¢(zz1) would take at least 20 different values,
and so, there is a value for w(z1) such that w(z1) # w(zp). Consequently, one can obtain a
(A(G) + 3)-NFSDTC ¢ of G by extending ¢’, thus contradicting the minimality of G. [

Let H be the graph obtained from G by removing all leaves. Then, H is a connected
subgraph of G with g(H) > 5 and A(H) > 22. Furthermore, we have that Claims 1-10 also
hold for H, and 6(H) > 2. The additional properties of H are given as follows:

Fact 1.

(1) Forallv e V(G), Dy(v) = Dg(v);
(2) Ifdg(v) =kwith2 <k <4, thendy(v) =k
(3) For f € F(H) with dy(f) =5, NI (f) > 2.

Proof. Since H is a connected subgraph obtained from G by removing all leaves, the state-

ments (1) and (2) follow from Claims 1-3 directly. Next, we need to prove statement (3).

Let f = v1v9v3v405v1 be a 5-face in H. Then, the proof relies on analyzing Nf (f).

o If NJI(f) = 0, then by Claim 4, the face f is associated with at most three 3-vertices.
Hence, NfL(f) > 2.

e If NJ{(f) = 1, we may suppose that dj;(v;) = 2, and then by Claims 2, 3, 5 and 6, it
follows that dyy(v;) > 5and dy(vs) > 5.

o If NJI(f) = 2, we consider two cases in the following:

-  When f is at least incident to a bad 2-vertex, we suppose dy(v1) = dy(v2) = 2.
From Claims 2, 3 and 5-10 we have either 5 < dy(v3) < 11 and dy(v3) # 6 or
5 <dy(vs) <11and dy(vs) # 6.

—  When f is not incident to any bad 2-vertex, we suppose that dy(v1) = dp(v3) =2
Then, from Claims 2, 3 and 5-9, we obtain dy(vy) > 6, dy(vs4) > 5 and dy(vs) > 5.

e If NJI(f) = 3, according to Claim 2, the only possible configuration is dy(v;) =
dp(v3) = dy(vs) = 2. Using Claims 2, 3 and 5-10, it follows that 7 < dp(vp) < 11
and 7 < dH(Z)5) <11.

o If NzH (f) > 4, this contradicts the structural conditions described in Claim 2, and thus,
such a case does not occur.

This completes the proof of (3). O

For a 3"-vertex v in H with NQH (v) # 0, we conclude that each of its bad 2-vertex is
only adjacent to at most one 5-face, which is formed together with v and its other neighbors
(which may be some good 2-vertices). If not, a bad 2-vertex associated with two 5-faces
would yield a 4-cycle, thereby contradicting the condition ¢(H) > 5, as illustrated by the
configuration Gg in Figure 1. Thus, each bad 2-vertex adjacent to v is incident with at most
one 5-face. Furthermore, if any two bad 2-vertices adjacent to v are associated with the
same 67 -face, then the number of 5-faces incident to v attains its maximum. In particular,
if the number of bad 2-vertices adjacent to v is odd, and all bad 2-vertices are pairwise
adjacent to a common 6" -face, then there must exist one bad 2-vertex that is associated
with a 6'-face individually. Based on the above, we have the following fact.
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Fact 2. Every 3" -vertex v is associated with at most dp(v) — [ zz(v)-‘ distinct 5-faces in G.

Subsequently, we carried out an analysis of charge transfer in the connected planar
graph H. Applying Euler’s formula (i.e., |V(H)| — |[E(H)| + |F(H)| = 2) together with
the Handshaking Lemma (i.e., Yoy () 40 (0) = Lrer(r) du(f) = 2|E(H)|), we derive the
following equation:

Y, du(v)—6)+ Y, (du(f)—6) =—12

veV(H) veF(H)

Thus, the initial charge function on H is defined as follows:

(a) Forevery vertexv € V(H), let ch(v) = 2dy(v) — 6.
(b) Forevery face f € F(H),letch(f) =dy(f) — 6.

A set of discharging rules are then applied to redistribute the charges among the ver-
tices and faces. During the discharging process, the total sum of charges remains unchanged
at —12. Upon completing the redistribution, we derive a new charge function ch’ (say) such
that ch’(x) > 0 for every x € V(H) U F(H), leading to the following contradiction:

0< Y, o (x)= Y ch(x)=-12.

xeV(H)UF(H) xeV(H)UE(H)

The discharging rules are defined as follows:

(R1) Each 4" -vertex gives % to each incident 5-face.

(R2) Each 5T-vertex gives 2 to each adjacent bad 2-vertex, and gives 1 to each adjacent
good 2-vertex.

Now, we determine the new charge for all x € V(H) U F(H). First, we consider the
new charge of each v € V(H).

(1) dy(v) = 2. If vis a bad 2-vertex, then by Claims 2, 3, 5 and (R2), ¢h’(v) = ch(v) +2 =
—2+42 = 0. If v is a good 2-vertex, then by Claims 2, 3, 5 and (R2), ch’'(v) =
ch(v)+1+1=-2+2=0.

(2) dy(v) = 3. One needs to set ch’(v) = ch(v) = 0.

(3) dy(v) = 4. From Fact 2, we have that v is incident with at most four 5-faces. Then, by
Claim 5 and (R1), we have ¢/’ (v) > ch(v) — 3 x4=2-2=0.

(4) dy(v) = 5. Based on Claim 7, when v is adjacent to a good 2-vertex, it is incident with at
most five 5-faces. Therefore, from (R1) and (R2), we have ch’(v) > ch(v) —1—1 x5 =
4—1-— % = % > 0; when v is adjacent to bad 2-vertices, by Fact 2, it is incident with
at most four 5-faces. Thus, by (R1) and (R2), we get c¢h’(v) > ch(v) —2 — % x4 =
4—-4=0.

(5) dp(v) = 6. By Claim 8, we know that v is incident with at most six 5-faces. Therefore,
it follows from (R1) and (R2) that ch’(v) > ch(v) —3 — 3 x6=6—-6=0.

(6) dy(v) = 7. Together with Claim 9, Fact 2, (R1) and (R2), when v is not adjacent to
any bad 2-vertex, is adjacent to at most three good 2-vertices and is incident with
seven 5-faces, we have c/’(v) > ch(v) —3 — 3 x 7 = 3 > 0; when v is adjacent to bad
2-vertices, we have ¢’ (v) > ch(v) —2—-2—-1x6=8-7=1>0.

(7) dy(v) = 8. Based on Claim 9, Fact 2, (R1) and (R2), when v is not adjacent to any bad
2-vertex, is adjacent to at most four good 2-vertices and is incident with eight 5-faces,
then ch’(v) > ch(v) —4 — } x 8 = 2 > 0; when v is adjacent to one bad 2-vertex,



Axioms 2025, 14, 496

12 of 14

we have c/’(v) > ch(v) —3—2—1 x7 = 3 > 0; when v is adjacent to two bad
2-vertices, it follows that ch’(v) > ch(v) —2—4— 1 x7=1>0.

(8) dy(v) = 9. From Claim 9, Fact 2, (R1) and (R2), when v is not adjacent to any bad

2-vertex, it can be adjacent to at most five good 2-vertices and incident with nine
5-faces, and thus, ch’(v) > ch(v) —5— % x 9 = 3 > 0; when v is adjacent to one
bad 2-vertex, we have ch’(v) > ch(v) —4 —2 — § x 8 = 2 > 0; when v is adjacent to
two bad 2-vertices, it follows that ci’(v) > ch(v) —3—4— 1 x8 =1 > 0; when v is
adjacent to three bad 2-vertices, we get ch’(v) > ch(v) —2—6— 1 x7=1>0.

(9) dy(v) = 10. According to Claim 9, Fact 2, (R1) and (R2), when v is not adjacent to any

bad 2-vertex, it can be adjacent to at most six good 2-vertices and incident with ten
5-faces, and thus, ci’(v) > ch(v) — 6 — 1 x 10 = 3 > 0; when v is adjacent to one
bad 2-vertex, we have ch’(v) > ch(v) —5—2 — 4 x 9 = 3 > 0; when v is adjacent to
two bad 2-vertices, it follows that ci’(v) > ch(v) —4—4— 1 x9=3 > 0;when v is
adjacent to three bad 2-vertices, we get ch’(v) > ch(v) —3 —6 — 3 x 8 =1 > 0; when
v is adjacent to four bad 2-vertices, we obtain ch’(v) > ch(v) —2 -8 — 1 x 8 = 0.

(10) dy(v) = 11. From Claim 9, Fact 2, (R1) and (R2), when v is not adjacent to any bad

2-vertex, it can be adjacent to at most seven good 2-vertices and incident with eleven
5-faces, hence ch'(v) > ch(v) —7 — 4 x 11 = § > 0; when v is adjacent to one bad
2-vertex, we have ch’(v) > ch(v) —6 —2— 1 x 10 = 3 > 0; when v is adjacent to
two bad 2-vertices, it follows that ch’(v) > ch(v) —5—4—1 x10=2 > 0; when v s
adjacent to three bad 2-vertices, we obtain ch’(v) > ch(v) —4—6—1x9 =3 > 0;
when v is adjacent to four bad 2-vertices, we get ch’(v) > ch(v) —3 -8 — 1 x9 =
1 > 0; when v is adjacent to five bad 2-vertices, we have ch’(v) > ch(v) —2 — 10 —
Ix8=0.

(11) dy(v) = k > 12. By Claim 10, v is adjacent to at most k good 2-vertices and incident

with k 5-faces. Therefore, according to (R1) and (R2), we have ch'(v) > ch(v) — k —
Ixk=2k-6-k-5k=5-6>0.

Next, we will consider the new charge of every f € F(H).

(@ When dg(f) = 5, from Fact 1 (3), f is incident with at least two 4" -vertices. Therefore,

from (R1), we have c//(f) > ch(f) + 3 x2=-1+1=0.

(b) When dy(f) = k > 6, it follows that ch’(f) = ch(f) =k —6 > 0.

According to the process of the charge transfer described above, we present the

following Table 2 to provide a clearer understanding and observation.

Table 2. The initial charge, amount transfer, and final charge for Vx € V(H) U F(H).

2-vertex 3-vertex 4-vertex 5-vertex 6-vertex 7-vertex 8-vertex
initial charge -2 0 2 4 6 8 10
amount transfer 2 0 <2 <4 <6 <7 < 179
final charge 0 0 >0 >0 >0 >1 > %
9-vertex 10-vertex 11-vertex 12+ -vertex 5-face 61 -face
initial charge 12 14 16 >2k — 6 -1 >0
amount transfer < % <14 <16 < % >1 0
final charge >3 >0 >0 >0 >0 >0

In the table, only the final charge of 2-vertex and 5-face equals the initial charge plus the amount transferred,

while that of other elements equal the initial charge minus the amount transferred. k refers to the degree of the
12*-vertex in the table.
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Consequently, the condition ¢/’ (x) > 0 holds for all x € V(H) U F(H), resulting in a
contradiction. The proof is therefore completed. [J

3. Conclusions and Future Work

In this paper, we prove by constructing a minimal counterexample and employing the
discharging method that for a normal planar graph G, if g(G) > 5 and A(G) > 22, then
ftndiy (G) < A(G) + 3. This result extends our previous work [13] to some extent.

This result is derived under the condition of a large maximum degree and the restricted
girth of a planar graph G; however, its neighbor full sum distinguishing total chromatic
numbers has not yet achieved the bound (A(G) + 2) described in Conjecture 2. Most
notably, the proof process tells us that it is quite necessary to search for more detailed
reducible configurations and to design more precise charge transfer rules.

In future research, one can consider the neighbor full sum distinguishing total coloring
of normal planar graphs with g(G) < 4, reduce the lower bound of the maximum degree
currently presented in this result, and further attempt to answer Conjecture 2.
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